arXiv:math.DG/0702205v1 8 Feb 2007

Lorentzian symmetric spaces in supergrav- ity José Figueroa-O’Farrill

Abstract. I will discuss the emergence of lorentzian symmetric spaces as supersymmetric supergravity backgrounds. I will focus on supergravity theories in dimension 11, 10, and 6, and will concentrate on the determination of the so-called maximally supersymmetric backgrounds, for which a classification exists up to local isometry. A special class of lorentzian symmetric spaces also plays a rôle in the determination of parallelisable supergravity backgrounds in type II supergravity, which I will also summarise. (To appear in the proceedings of the programme Geometry of pseudo-riemannian manifolds with application to physics hosted by the Erwin Schrödinger International Institute for Mathematical Physics.)

Mathematics Subject Classification (2000). Primary 53-B30; Secondary 83-50.

Keywords. Lorentzian geometry; supergravity.

Contents

1 Introduction 2

2 The geometries of interest 3 2.1 Lorentzian symmetric spaces . . . . . . . . . . . . . . . . . . . . . 3 2.2 Lorentzian parallelisable manifolds . . . . . . . . . . . . . . . . . . 5 2.3 Flat metric connections with closed torsion . . . . . . . . . . . . . 6 2.4 Bi-invariant lorentzian metrics on Lie groups . . . . . . . . . . . . 9

3 Supergravity 12 3.1 Eleven-dimensional supergravity . . . . . . . . . . . . . . . . . . . 14 3.2 Ten-dimensional IIB supergravity . . . . . . . . . . . . . . . . . . . 16 3.3 Six-dimensional (2, 0) and (1, 0) supergravities . . . . . . . . . . . . 18

4 Maximally supersymmetric backgrounds 19 4.1 Kałuża–Klein reduction . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2 Eleven-dimensional supergravity . . . . . . . . . . . . . . . . . . . 20 4.3 Ten-dimensional IIA supergravity . . . . . . . . . . . . . . . . . . . 22 4.4 Ten-dimensional IIB supergravity . . . . . . . . . . . . . . . . . . . 23 4.5 Six-dimensional (2, 0) and (1, 0) supergravities . . . . . . . . . . . . 25

4.5.1 A six-dimensional Cahen–Wallach space . . . . . . . . . . . 25 4.5.2 The Freund–Rubin backgrounds . . . . . . . . . . . . . . . 26 4.6 Five-dimensional N = 2 supergravity . . . . . . . . . . . . . . . . . 27

5 Parallelisable type II backgrounds 29 5.1 Ten-dimensional parallelisable geometries . . . . . . . . . . . . . . 30 5.2 Type II backgrounds . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1. Introduction

The purpose of this short review is to highlight the rôle of lorentzian geometry in the supergravity limit of string theories. That lorentzian geometry plays a rôle in such theories should not come as a surprise, given that the supergravity theories in question are lorentzian theories; that is, some (if not all) of the gravitational degrees of freedom are encoded in the form of a (local) lorentzian metric. What may be a little surprising is the fact that, with notable exceptions, until relatively recently the lorentzian nature of the solutions had not been fully exploited. Indeed, most early papers studying solutions to the supergravity field equations concentrated on decomposable geometries L×R, where L is a lorentzian space-form (e.g., Minkowski or (anti) de Sitter spacetime) and R a riemannian manifold, which would invariably become the focus of the ensuing analysis. This is not to say that such solutions are geometrically or physically uninteresting. In fact, they have motivated the study of a large class of riemannian geometries which otherwise might have remained largely in obscurity: Calabi–Yau manifolds, manifolds with G_2 and Spin(7) holonomy, as well as manifolds whose metric cones have such holonomies, e.g., Sasaki–Einstein and nearly Kähler manifolds, among others. However they do miss interesting solutions, as we will try to illustrate in this review.

This review is organised as follows. In Section 2 we introduce the geometries of interest, namely lorentzian symmetric spaces and in particular thoese which admit an absolute parallelism, which translates into the question of which of these spaces are Lie groups admitting bi-invariant lorentzian metrics. In Section 3 we discuss the geometrical aspects of supergravity theories. Much more could and should eventually be written about this, but for the purposes of this review we will limit ourselves to treat supergravity theories as collections of geometric PDEs whose form is highly constrained, despite at first seeming ad hoc. For reasons explained in the body of the review, we will consider only the following supergravity theories: eleven-dimensional supergravity, ten-dimensional type IIB and the chiral six-dimensional (1, 0) and (2, 0) supergravities. In Section 4 we discuss the classification of maximally supersymmetric solutions of the above theories and also of ten-dimensional type IIA supergravity, which can be obtained from eleven-dimensional supergravity via Kałuża–Klein reduction, a technique we review in Section 4.1. Finally in Section 5 we discuss parallelisable backgrounds in the common sector of type II supergravity.

Acknowledgments. Most of the work described in this review was obtained

in collaboration with a number of colleagues whom it is a pleasure to thank and remember: Matthias Blau, Ali Chamseddine, Chris Hull, Kawano Teruhiko, Patrick Meessen, George Papadopoulos, Simon Philip, Wafic Sabra, Joan Simón, Sonia Stanciu and Yamaguchi Satoshi. A lot of this work was either done or started while I was a guest and/or co-organiser of scientific programmes hosted by the Erwin Schrödinger Institute for Mathematical Physics in Vienna and it is again my pleasure to thank the ESI staff for all their support. It is only fitting that this review should appear in a volume born out of one such programme and I would like to take this opportunity to reiterate my thanks to Dmitri Alekseevsky and Helga Baum for the chance to participate in it.

2. The geometries of interest

In this section we will quickly review the geometries of interest: lorentzian symmetric spaces and, in particular, those which are parallelisable.

2.1. Lorentzian symmetric spaces. We start by reviewing the classifi-

cation of lorentzian symmetric spaces.

The classification of symmetric spaces in indefinite signature is hindered by the fact that there is no splitting theorem saying that if the holonomy representation is reducible, the space is locally isometric to a product. In fact, local splitting implies both reducibility and a nondegeneracy condition on the factors [1]. This means that one has to take into account reducible yet indecomposable holonomy representations. The general semi-riemannian case is still open, but indecomposable lorentzian symmetric spaces were classified by Cahen and Wallach [2] almost four decades ago. Indeed, they stated the following theorem

Theorem 2.1 (Cahen–Wallach [2]). Let (M, g) be a simply-connected lorentzian symmetric space. Then M is isometric to the product of a simply-connected riemannian symmetric space and one of the following:

• R with metric −dt^2;

• the universal cover of n-dimensional de Sitter or anti de Sitter spaces, where n ≥ 2; or

• a Cahen–Wallach space CW_n(A) with n ≥ 3 and metric given by (2.2) below.

If we drop the hypothesis of simply-connectedness then this theorem holds up to local isometry, which is the version of the theorem of greater relevance in supergravity.

The n-dimensional Cahen–Wallach spaces CW_n(A) are constructed as follows. Let V be a real vector space of dimension n−2 endowed with a euclidean structure ⟨−, −⟩. Let V^∗ denote its dual. Let Z be a real one-dimensional vector space and

Z^∗ its dual. We will identify Z and Z^∗ with R via canonical dual bases {e_+} and {e_−}, respectively. Let A ∈ S^2V^∗ be a symmetric bilinear form on V . Using the euclidean structure on V we can associate with A an endomorphism of V also denoted A: ⟨A(v), w⟩ = A(v, w) for all v, w ∈ V . We will also let ♭ : V → V^∗ and ♯ : V^∗ → V denote the musical isomorphisms associated to the euclidean structure on V .

Let g_A be the Lie algebra with underlying vector space V ⊕ V^∗ ⊕ Z ⊕ Z^∗ and with Lie brackets [e_−, v] = v^♭ [e_−, α] = A(α^♯) [α, v] = A(v, α^♯)e_+ , (2.1)

for all v ∈ V and α ∈ V^∗. All other brackets not following from these are zero. The Jacobi identity is satisfied by virtue of A being symmetric. Notice that since its second derived ideal is central, g_A is (three-step) solvable.

Notice that k_A = V^∗ is an abelian Lie subalgebra, and its complementary subspace p_A = V ⊕ Z ⊕ Z^∗ is acted on by k_A. Indeed, it follows easily from (2.1) that [k_A, p_A] ⊂ p_A and [p_A, p_A] ⊂ k_A ,

whence g_A = k_A ⊕ p_A is a symmetric split. Lastly, let B ∈ ( S^2p^∗_A )_{kA} denote the invariant symmetric bilinear form on p_A defined by B(v, w) = ⟨v, w⟩ and B(e_+, e_−) = 1 , for all v, w ∈ V . This defines on p_A a k_A-invariant lorentzian scalar product of signature (1, n − 1).

We now have the required ingredients to construct a (lorentzian) symmetric space. Let G_A denote the connected, simply-connected Lie group with Lie algebra g_A and let K_A denote the Lie subgroup corresponding to the subalgebra k_A. The lorentzian scalar product B on p_A induces a lorentzian metric g on the space of cosets M_A = G_A/K_A , turning it into a symmetric space.

Introducing coordinates x^±, x^i naturally associated to e_±, e_i, where e_i is an orthonormal frame for V , we can write the Cahen–Wallach metric explicitly as

g = 2dx^+dx^− + n−2∑ i,j=1 A_{ij} x^ix^j (dx^−)^2 + n−2∑ i=1 ( dx^i )_2 . (2.2)

Proposition 2.2 (Cahen–Wallach [2]). The metric on M_A defined above is indecomposable if and only if A is nondegenerate. Moreover, M_A and M_A′ are isometric if and only if A and A^′ are related in the following way: A^′(v, w) = cA(Ov, Ow) for all v, w ∈ V , for some orthogonal transformation O : V → V and a positive scale c > 0.

From this result one sees that the moduli space M_n of indecomposable such metrics in n dimensions is given by

M_n = ( S^{n−3} − Δ ) / S_{n−2} , where Δ = { (λ_1, . . . , λ_{n−2}) ∈ S^{n−3} ⊂ R^{n−2} | λ_1 · · · λ_{n−2} = 0 } is the singular locus consisting of eigenvalues of degenerate A’s, and S_{n−2} is the symmetric group in n − 2 symbols, acting by permutations on S^{n−3} ⊂ R^{n−2} .

Local isometric embeddings. Indecomposable lorentzian symmetric spaces in d ≥ 2 are locally isometric to algebraic varieties in pseudo-euclidean spaces. This is well-known for both de Sitter and anti de Sitter spaces. Indeed, let κ > 0. Then the quadric in E^{n,1} consisting of points (x_0, x_1, . . . , x_n) ∈ R^{n+1} such that

−x^2_0 + x^2_1 + x^2 + · · · + x^2_n = 1/κ^2

has constant sectional curvature κ and hence is locally isometric to a de Sitter space, whereas the quadric in E^{n−1,2} consisting of points (x_0, x_1, . . . , x_n) ∈ R^{n+1} such that −x^2_0 + x^2_1 + x^2 + · · · + x^2_{n−1} − x^2_n = −1/κ^2

has constant section curvature −κ and hence is locally isometric to an anti de Sitter space.

Similarly, the n-dimensional Cahen–Wallach spaces are locally isometric to the intersection of two quadrics in E^{n,2} . Indeed, let (u^1, v^1, u^2, v^2, x^i), for i = 1, . . . , n− 2, be flat coordinates in E^{n,2} relative to which the metric takes the form

2du^1dv^1 + 2du^2dv^2 + 9∑ i=1 dx^idx^i . (2.3)

Then the Cahen–Wallach space with matrix A is locally isometric to the induced metric on the intersection of the two quadrics

(u^1)^2 + (u^2)^2 = 1 and 2u^1v^1 + 2u^2v^2 = 9∑ i,j=1 A_{ij} x^ix^j . (2.4)

This was proven in [3].

2.2. Lorentzian parallelisable manifolds. A subclass of the lorentzian

symmetric spaces are the parallelisable manifolds.

Recall that a differentiable manifold M is said to admit an absolute parallelism if it admits a smooth trivialisation of the frame bundle. Such a trivialisation consists of a smooth global frame and hence also trivialises the tangent bundle;

whence manifolds admitting absolute parallelisms are parallelisable in the topological sense. The reduction theorem for connections on principal bundles (see, for example, [4, Section II.7]) allows us to think of absolute parallelisms in terms of holonomy groups of connections. Indeed, an absolute parallelism is equivalent to a smooth connection on the frame bundle with trivial holonomy. This implies, in particular, that the connection is flat and if the manifold is simply-connected then flatness is also sufficient.

So far these notions are purely (differential) topological and make no mention of metrics or any other structure on the manifold. The question arises whether there is a metric on M which is consistent with a given absolute parallelism, so that parallel transport is an isometry; or turning the question around, whether a given pseudo-riemannian manifold (M, g) admits an absolute parallelism consistent with it. In terms of connections, a consistent absolute parallelism is equivalent to a metric connection with torsion with trivial holonomy; or, locally, to a flat metric connection with torsion.

Cartan and Schouten [5, 6] essentially solved the riemannian case by generalising Clifford’s parallelism on the 3-sphere in two different ways. The three-sphere can be understood both as the unit-norm quaternions and also as the Lie group SU(2) = Sp(1). The latter characterisation generalises to other (semi)simple Lie groups, whereas the former gives rise to the parallelism of the 7-sphere thought of as the unit-norm octonions. It follows from the results of Cartan and Schouten that a simply-connected irreducible riemannian manifold admitting a consistent absolute parallelism (equivalently a flat metric connection) is isometric to one of the following: the real line, a simple Lie group with the bi-invariant metric induced from a multiple of the Killing form, or the round 7-sphere.

Their proofs might have had gaps which were addressed by Wolf [7, 8], who also generalised these results to arbitrary signature, subject to an algebraic curvature condition saying that the pseudo-riemannian manifold (M, g) is of “reductive type,” a condition which is automatically satisfied in the riemannian case. (See Wolf’s paper for the precise condition.) In the case of lorentzian signature, Cahen and Parker [9] showed that one can relax the “reductive type” condition; completing the classification of absolute parallelisms consistent with a lorentzian metric.

Wolf also showed that if one also assumes that the torsion is parallel, then, in any signature, (M, g) is locally isometric to a Lie group with a bi-invariant metric. In fact, as we will show below in Section 2.3, one obtains the same result starting with the weaker hypothesis that the torsion three-form is closed, which will be the case needed in supergravity.

The results of Cahen and Parker [9] actually show that in lorentzian signature one gets for free that the torsion is parallel. Therefore it follows that an indecomposable lorentzian manifold (M, g) admits a consistent absolute parallelism if and only if it is locally isometric to a lorentzian Lie group with bi-invariant metric.

2.3. Flat metric connections with closed torsion. We will now

show that a pseudo-riemannian manifold (M, g) with a flat metric connection with closed torsion three-form is locally isometric to a Lie group admitting a bi-invariant metric.

Let (M, g) be a pseudo-riemannian manifold and let D be a metric connection with torsion T . In other words, Dg = 0 and for all vector fields X, Y on M, T : Λ^2T M → T M is defined by T (X, Y ) = D_X Y − D_Y X − [X, Y ] . In terms of the torsion-free Levi-Cività connection ∇, we have D_X Y = ∇_X Y +^1_2 T (X, Y ) .

Since both Dg = 0 and ∇g = 0, T is skew-symmetric: g(T (X, Y ), Z) = −g(T (X, Z), Y ) , (2.5) for all vector fields X, Y, Z and gives rise to a torsion three-form H ∈ Ω^3(M), defined by H(X, Y, Z) = g(T (X, Y ), Z) . We will assume that H is closed and in this section we will characterise those manifolds for which D is flat.

Let R^D denote the curvature tensor of D, defined by R^D(X, Y )Z = D_{[X,Y ]}Z − D_X D_Y Z + D_Y D_X Z . Our strategy will be to consider the equation R^D = 0, decompose it into types and solve the corresponding equations. We will find that T is parallel with respect to both ∇ and D, and this will imply that (M, g) is locally a Lie group with a bi-invariant metric and D the parallelising connection of Cartan and Schouten [5].

The curvature R^D is given by R^D(X, Y )Z = R(X, Y )Z −^1_2 (∇_X T )(Y, Z) +^1_2 (∇_Y T )(X, Z) −^1_4 T (X, T (Y, Z)) +^1_4 T (Y, T (X, Z)) , where R = R^∇ is the curvature of the Levi-Cività connection. The tensor R^D(X, Y, Z, W ) := g(R^D(X, Y )Z, W ) takes the following form R^D(X, Y, Z, W ) = R(X, Y, Z, W ) −^1_2 g((∇_X T )(Y, Z), W ) +^1_2 g((∇_Y T )(X, Z), W ) −^1_4 g(T (X, T (Y, Z)), W ) +^1_4 g(T (Y, T (X, Z)), W ) , where we have defined the Riemann tensor as usual: R(X, Y, Z, W ) := g(R(X, Y )Z, W ) .

Using equation (2.5) we can rewrite R^D as R^D(X, Y, Z, W ) = R(X, Y, Z, W ) −^1_2 g((∇_X T )(Y, Z), W ) +^1_2 g((∇_Y T )(X, Z), W ) +^1_4 g(T (X, W ), T (Y, Z)) −^1_4 g(T (Y, W ), T (X, Z)) , which is manifestly skew-symmetric in X, Y and in Z, W . Observe that unlike R, the torsion terms in R^D do not satisfy the first Bianchi identity. Therefore breaking R^D into algebraic types will give rise to more equations and will eventually allow us to characterise the data (M, g, T ) for which R^D = 0.

Indeed, let R^D = 0 and consider the identity S_{XY Z} R^D(X, Y, Z, W ) = 0 , where S denotes signed permutations. Since R does obey the Bianchi identity S_{XY Z} R(X, Y, Z, W ) = 0 , we obtain the following identity

S_{XY Z} g((∇X T )(Y, Z), W ) = −^1_2 S_{XY Z} g(T (W, X), T (Y, Z)) . (2.6)

Now we use the fact that the torsion three-form H is closed, which can be written as g((∇_X T )(Y, Z), W ) − g((∇_Y T )(X, Z), W ) + g((∇_Z T )(X, Y ), W ) − g((∇_W T )(X, Y ), Z) = 0 , or equivalently, g((∇_W T )(X, Y ), Z) =^1_2 S_{XY Z} g((∇_X T )(Y, Z), W ) .

This turns equation (2.6) into g((∇_W T )(X, Y ), Z) = −^1_4 S_{XY Z} g(T (W, X), T (Y, Z)) . (2.7) From this equation it follows that g((∇_W T )(X, Y ), Z) = −g((∇_X T )(W, Y ), Z) , so that g((∇_W T )(X, Y ), Z) is totally skew-symmetric. This means that ∇H = dH = 0, whence H and hence T are parallel. Therefore equation (2.6) simplifies to S_{XY Z} g(T (W, X), T (Y, Z)) = 0 . (2.8)

Equation (2.9) is the Jacobi identity for T . Indeed, notice that g(T (W, X), T (Y, Z)) = H(W, X, T (Y, Z)) = H(X, T (Y, Z), W ) = g(T (X, T (Y, Z)), W ) , whence equation (2.9) is satisfied if and only if

S_{XY Z} T (X, T (Y, Z)) = 0 . (2.9)

This means that the tangent space T_pM of M at every point p becomes a Lie algebra where the Lie bracket is given by the restriction of T to T_pM. More is true and the restriction to T_pM of the metric g gives rise to an (ad-)invariant scalar product: g(T (X, Y ), Z) = g(X, T (Y, Z)) . By a theorem of Wolf [7, 8] (based on the earlier work of Cartan and Schouten [5, 6]) if (M, g) is complete then it is a discrete quotient of a Lie group with a bi-invariant metric. In general, we can say that (M, g) is locally isometric to a Lie group with a bi-invariant metric.

Indeed, since D is flat, there exists locally a parallel frame {ξ_i} for T M. Since ξ_i is parallel, from the definition of the torsion,

T (ξ_i, ξ_j ) = −[ξ_i, ξ_j ] .

Moreover, since T is parallel relative to D, we see that [ξ_i, ξ_j ] is also parallel with respect to D, whence it can be written as a linear combination of the ξ_i with constant coefficients. In other words, they span a real Lie algebra g. The homomorphism g → C^∞(M, T M) whose image is the subalgebra spanned by the {ξ_i} integrates, once we choose a point in M, to a local diffeomorphism G → M. This is also an isometry if we use on G the metric induced from the one on the Lie algebra, whence we conclude that (M, g) is locally isometric to a Lie group with a bi-invariant metric.

2.4. Bi-invariant lorentzian metrics on Lie groups. In this section

we will briefly review the structure of Lie groups admitting a bi-invariant lorentzian metric. It is well-known that bi-invariant metrics on a Lie group are in bijective correspondence with (ad-)invariant scalar products on the Lie algebra. Therefore it is enough to study those Lie algebras possessing an invariant lorentzian scalar product. We shall call them lorentzian Lie algebras in this review.

It is well-known that reductive Lie algebras admit invariant scalar products: Cartan’s criterion allows us to use the Killing forms on the simple factors and any scalar product on an abelian Lie algebra is trivially invariant. Another well-known example of Lie algebras admitting an invariant scalar product are the classical doubles. Let h be any Lie algebra and let h^∗ denote the dual space on which h acts via the coadjoint representation. The definition of the coadjoint representation is such that the dual pairing h ⊗ h^∗ → R is an invariant scalar product on the semidirect product h ⋉ h^∗ with h^∗ an abelian ideal. The Lie algebra h ⋉ h^∗ is called the classical double of h and the invariant metric has split signature (r, r) where dim h = r.

It turns out that all Lie algebras admitting an invariant scalar product can be obtained by a mixture of these constructions. Let g be a Lie algebra with an invariant scalar product ⟨−, −⟩_g. Now let h act on g as skew-symmetric derivations; that is, preserving both the Lie bracket and the scalar product. First of all, since h acts on g preserving the scalar product, we have a linear map

h → so(g) ∼= Λ^2g ,

with dual map c : Λ^2g → h^∗ ,

where we have used the invariant scalar product to identity g and g^∗ equivariantly. Since h preserves the Lie bracket in g, this map is a cocycle, whence it defines a class [c] ∈ H^2(g; h^∗) in the second Lie algebra cohomology of g with coefficients in the trivial module h^∗. Let g ×_c h^∗ denote the corresponding central extension. The Lie bracket of g ×_c h^∗ is such that h^∗ is central and if X, Y ∈ g, then

[X, Y ] = [X, Y ]_g + c(X, Y ) ,

where [−, −]_g is the original Lie bracket on g. Now h acts naturally on g ×_c h^∗ preserving the Lie bracket; the action on h^∗ being given by the coadjoint representation. This then allows us to define the double extension of g by h,

d(g, h) = h ⋉ (g ×_c h^∗)

as a semidirect product. Details of this construction can be found in [10, 11]. The remarkable fact is that d(g, h) admits an invariant scalar product: ⟨(X, h, α), (Y, k, β)⟩ = ⟨X, Y ⟩_g + α(k) + β(h) + B(h, k) , (2.10) for all X, Y ∈ g, h, k ∈ h, α, β ∈ h^∗ and where B is any invariant symmetric bilinear form on h.

We say that a Lie algebra with an invariant scalar product is indecomposable if it cannot be written as the direct product of two orthogonal ideals. A theorem of Medina and Revoy [10] (see also [12] for a refinement) says that an indecomposable (finite-dimensional) Lie algebra with an invariant scalar product is either one-dimensional, simple, or a double extension d(g, h) where h is either simple or one-dimensional and g is a (possibly trivial) Lie algebra with an invariant scalar product. Any (finite-dimensional) Lie algebra with an invariant scalar product is then a direct sum of indecomposables.

If the scalar product on g has signature (s, t), then the scalar product on the double extension d(g, h) has signature (s + r, t + r), where r = dim h. This means that if we are interested in lorentzian signature, we can double extend at most once and by a one-dimensional h.

Therefore indecomposable lorentzian Lie algebras are either reductive or double extensions d(g, h) where g has a positive-definite invariant scalar product and h is one-dimensional. In the reductive case, indecomposability means that it has to be simple, whereas in the latter case, since the scalar product on g is positivedefinite, g must be reductive. A result of [11] (see also [12]) then says that any semisimple factor in g splits off resulting in a decomposable Lie algebra. Thus if the double extension is to be indecomposable, g must be abelian. In summary, an indecomposable lorentzian Lie algebra is either simple or a double extension of an abelian Lie algebra by a one-dimensional Lie algebra and hence solvable (see, e.g., [10]).

In summary, an indecomposable lorentzian Lie algebra is either isomorphic to so(1, 2) with (a multiple of) the Killing form, or else is solvable and can be described as a double extension d_{2n+2} := d(E^{2n} , R) of the abelian Lie algebra E^{2n} with the (trivially invariant) euclidean “dot” product by a one-dimensional Lie algebra acting on E^{2n} via a non-degenerate skew-symmetric linear map J : E^{2n} → E^{2n} . Let ω ∈ Λ^2(E^{2n} )^∗ denote the associated 2-form: ω(v, w) = ⟨v, Jw⟩.

More concretely, the double extension d_{2n+2} has underlying vector space V = E^{2(d−1)} ⊕R⊕R, and if (v, v^−, v^+), (w, w^−, w^+) ∈ V , then their Lie bracket is given by [(v, v^−, v^+), (w, w^−, w^+)] = (v^−J(w) − w^−J(v), 0, v · J(w)) and their inner product follows by polarisation from | |(v, v^−, v^+) | |^2 = v · v + 2v^+v^− + b(v^−)^2 ,

where b ∈ R is arbitrary. One can however always set b = 0 via a Lie algebra automorphism and we will do so here; although there are situations when one may wish to retain this freedom.

The unique simply-connected Lie group with Lie algebra d_{2n+2} is a solvable (2n + 2)-dimensional Lie group admitting a bi-invariant metric ds^2 = 2dx^+dx^− − ⟨Jx, Jx⟩ (dx^−)^2 + ⟨dx, dx⟩ , (2.11) relative to natural coordinates (x, x^−, x^+). The parallelising torsion has 3-form

H = dx^− ∧ ω . (2.12)

The non-degenerate skew-symmetric endomorphism J can be brought to a Jordan normal form consisting of nonzero 2 × 2 blocks via an orthogonal transformation. The skew-eigenvalues λ_1, . . . , λ_n, which are different from zero, can be arranged so that they obey: 0 < λ_1 ≤ λ_2 ≤ · · · ≤ λ_n. Finally a positive rescaling of J can be absorbed into reciprocal rescalings of x^±, so that we can set λ_n, say, equal to 1 without loss of generality. Therefore we see that the moduli space of metrics (2.11) is given by an (n − 1)-tuple λ = (λ_1, . . . , λ_{n−1}) where 0 < λ_1 ≤ · · · ≤ λ_{n−1} ≤ 1. It is clear that they are particular cases of the Cahen– Wallach spaces discussed in Section 2.1.

3. Supergravity

Supergravity is one of the later jewels of 20th century theoretical physics. It started out as an attempt to ‘gauge’ the supersymmetry of certain quantum field theories, but it was quickly realised that it provides a nontrivial extension of Einstein gravity. Supergravity theories are fairly rigid—their structure dictated largely by the representation theory of the spin groups. A good modern review of the structure of supergravity theories is [13]. It is fair to say, however, that supergravity theories are still somewhat mysterious to most mathematicians and much remains to be done to make this beautiful chapter of modern mathematical physics accessible to a larger mathematical audience. That, however, is a task for a different occasion. For our present purposes, each supergravity theory will be a collection of geometric PDEs and our interest will be in finding special types of solutions.

We shall be interested uniquely in lorentzian supergravity theories in dimension d ≥ 4. There are supergravity theories in lower dimensions and in other metric signatures, but we will not discuss them here. Neither will we discuss other types of supergravity theories: heterotic, gauged, conformal, massive,... The two-volume set [14] reprints many of the foundational supergravity papers.

For reasons which are well-known, namely the otherwise non-existence of nontrivial interacting theories, the dimension of the spacetime will be bounded above by 11. Apart from the dimension of the spacetime, the other important invariant is the “number of supercharges”, denoted n, which is an integer multiple of the dimension of the smallest irreducible real spinor representation in that spacetime dimension. For dimension ≥ 4 the number of supercharges ranges from 4 to 32.

In Table 3, which is borrowed from [13], we tabulate the different supergravity theories in d ≥ 4. The seemingly baroque notation is not too important: M refers to the unique eleven-dimensional supergravity theory [15, 16] which is a low-energy limit of M-theory (hence the name), types I [17, 18], IIA [19, 20, 21] and IIB [22, 23, 24] supergravities are the low-energy limits of the similarly named string theories, whereas the notation N = n or (p, q) is historical and denotes the multiplicity of the spinor (or half-spinor) representations in the corresponding supersymmetry algebra. The original supergravity theory [25, 26] is the fourdimensional N = 1 theory. The top entry in each column has been highlighted to indicate that upon dimensional reduction it gives rise to all the theories below it in the same column. As we will explain below, this means that for many purposes, especially the classification of solutions, it is generally enough to understand the ‘top’ theories and, indeed, we will concentrate on those.

Indeed, supergravity theories in different dimensions may be related by a procedure known as Kałuża–Klein reduction. This can be read off from Table 3: any supergravity theory in the table can be obtained by Kałuża–Klein reduction from any theory sitting above it in the same column. In practice this means that a solution to any of the supergravity theories in the table can be lifted to a solution of any theory above it in the same column, should there be any. Conversely, any solution of a supergravity theory which is invariant under a one-dimensional Lie group gives rise to a local solution (and indeed global if the action is free and proper) of the supergravity theory immediately below it in the same column. We d ↓ n → 32 24 20 11 M 10 IIA IIB 9 N=2 8 N=2 7 N=4 6 (2,2) (3, 1) (4, 0) (2, 1) (3, 0) 5 N=8 N=6 4 N=8 N=6 N = 5

d ↓ n → 16 12 8 4 10 I 9 N = 1 8 N = 1 7 N = 2 6 (1, 1) (2, 0) (1, 0) 5 N=4 N = 2 4 N=4 N = 3 N = 2 N = 1

Table 1. Lorentzian supergravity theories in d ≥ 4

shall be particularly interested in the reduction from d = 11 supergravity to d = 10 type IIA supergravity, and in the reduction and subsequent truncation from the d = 6 (1, 0) supergravity to minimal d = 5 N = 2 supergravity.

We shall be interested in solutions of the field equations coming from these supergravity theories. Such a solution is described in geometric terms by the following data:

• a d-dimensional lorentzian spin manifold (M, g) with a (possibly twisted) real rank n spinor bundle S → M, and

• certain additional geometric data, which will be different in each supergravity theory, consisting of differential forms or, more generally, sections of certain fibre bundles over M,

all subject to field equations which generalise the coupled Einstein–Maxwell equations familiar from four-dimensional Physics.

The above geometric data defines a connection D on the spinor bundle S as well as a (possibly empty) set of endomorphisms of S. Together they define a class of sections of S, parallel with respect to D and in the kernel of the endomorphisms, which are called Killing spinors.

We will be particularly interested in the cases where the connection D is flat, so that it admits the maximum number of parallel sections. In this case, the field equations are automatically satisfied. In general, the field equations are intimately related to integrability conditions for the existence of parallel sections of D.

3.1. Eleven-dimensional supergravity. Eleven-dimensional supergrav-

ity was predicted by Nahm [15] and constructed soon thereafter by Cremmer, Julia and Scherk [16]. We will only be concerned with the bosonic equations of motion. The geometrical data consists of (M, g, F ) where (M, g) is an eleven-dimensional lorentzian manifold with a spin structure and F ∈ Ω^4(M) is a closed 4-form. The equations of motion generalise the Einstein–Maxwell equations in four dimensions. The Einstein equation relates the Ricci curvature to the energy momentum tensor of F . More precisely, the equation is

Ric(g) = T (g, F ) (3.1)

where the symmetric tensor

T (X, Y ) =^1_2 ⟨ı_X F, ı_Y F ⟩ −^1_6 g(X, Y )|F |^2 ,

is related to the energy-momentum tensor of the (generalised) Maxwell field F . In the above formula, ⟨−, −⟩ denotes the scalar product on forms, which depends on g, and |F |^2 = ⟨F, F ⟩ is the associated (indefinite) norm. The generalised Maxwell equations are now nonlinear:

d ⋆ F = −^1_2 F ∧ F . (3.2)

Definition 3.1. A triple (M, g, F ) satisfying the equations (3.1) and (3.2) is called a (bosonic) background of eleven-dimensional supergravity.

Let S denote the bundle of spinors on M. It is a real vector bundle of rank 32 with a spin-invariant symplectic form (−, −). A differential form on M gives rise to an endomorphism of the spinor bundle via the composition

c : ΛT^∗M^{∼=}−→ Cℓ(T^∗M) → End S ,

where the first map is the bundle isomorphism induced by the vector space isomorphism between the exterior and Clifford algebras, and the second map is induced from the action of the Clifford algebra Cℓ(1, 10) on the spinor representation S of Spin(1, 10). In signature (1, 10) one has the algebra isomorphism

Cℓ(1, 10) ∼= Mat(32, R) ⊕ Mat(32, R) ,

hence the map Cℓ(1, 10) → End S has kernel. In other words, the map c defined above involves a choice. This comes down to choosing whether the (normalised) volume element in Cℓ(1, 10) acts as ± the identity. In our conventions, the volume element acts as minus the identity.

Definition 3.2. We say that a background (M, g, F ) is supersymmetric if there exists a nonzero spinor ε ∈ Γ(S) which is parallel with respect to the supersymmetric connection D : Γ(S) → Γ(T^∗M ⊗ S) defined, for all vector fields X, by

D_X ε = ∇_X ε + Ω_X (F )ε , (3.3)

where ∇ is the spin connection and Ω(F ) : T M → End S is defined by

Ω_X (F ) =^1_{12} c(X^♭ ∧ F ) −^1_6 c(ı_X F ) ,

with X^♭ the one-form dual to X.

A nonzero spinor ε which is parallel with respect to D is called a Killing spinor. This is a generalisation of the usual geometrical notion of Killing spinor (see, for example, [27]). The name is apt because Killing spinors are “square roots” of Killing vectors. Indeed, one has the following

Proposition 3.3. Let ε_i, i = 1, 2 be Killing spinors: Dε_i = 0. Then the vector field V defined, for all vector fields X, by

g(V, X) = (ε_1, X · ε_2)

is a Killing vector and moreover [28] preserves F .

The fundamental object in eleven-dimensional supergravity is the connection D, whose curvature encodes the field equations. Indeed, the field equations are equivalent [28, 29] to

e^i · R^D_{X,ei} = 0 for every vector field X,

where (e_i) is an orthonormal frame and (e^i) is dual coframe and · is Clifford multiplication.

Alas, D is not induced from a connection on the tangent bundle and in fact, it does not even preserve the symplectic structure. Nevertheless one has the following

Proposition 3.4. [30] The holonomy of D is contained in SL(32, R).

An important open problem is to determine the possible holonomy groups of D subject to the field equations. In a way, the field equations play the rôle of the torsion-free condition in the holonomy problem for affine connections. Except for the above result there are no other results of a general nature and although the infinitesimal holonomy of a number of solutions are known [31, 32], a general pattern has yet to emerge.

A coarser invariant than the holonomy of D is the dimension of its kernel; that is, the dimension of the space of Killing spinors. It is customary to write this as a fraction ν = dim{Killing spinors} rank S which in this case is of the form k/32 for some integer k = 0, 1, . . . , 32.

In Section 4.2 we will review the classification of those bacgrounds with ν = 1; that is, those backgrounds where D is flat. We will see that they are all given by lorentzian symmetric spaces. In fact, it was shown in [33] that if ν >^3_4 , then M is locally homogeneous and moreover it was conjectured that there exist backgrounds with ν =^3_4 which are not locally homogeneous; although at present none have been constructed. At the other end of the spectrum, the general form of (g, F ) which admit (at least) one Killing spinor is known [28, 34].

3.2. Ten-dimensional IIB supergravity. Ten-dimensional IIB super-

gravity [22, 23, 24] is somewhat more complicated than eleven-dimensional supergravity due to the proliferation of dynamical fields and the fact that it cannot be obtained by Kałuża–Klein reduction from any higher-dimensional supergravity theory.

A type IIB supergravity background is described by the geometric data we describe presently. First of all, we have a ten-dimensional lorentzian spin manifold (M, g) together with a self-dual 5-form F . Now let H be the complex upper half-plane, thought of as the riemannian symmetric space SU(1, 1)/ U(1) and let τ : M → H be a smooth map. We may think of SU(1, 1) as the total space of a principle circle bundle over H and we let L → H denote the associated complex line bundle. Let L_τ = τ^∗L denote the pull-back bundle over M. Choosing a section σ : H → SU(1, 1), we may pull back to M the left-invariant Maurer–Cartan form on SU(1, 1): its component along u(1) defines a connection A on L_τ , whereas the component perpendicular to u(1), relative to the invariant lorentzian scalar product on su(1, 1), defines a one-form B on M with values in L^2_τ . Both A and B can be written explicitly in terms of τ. Indeed, if we let z = (τ − i)/(τ + i) be the Cayley transform of τ, so that |z| < 1, then there is a choice of section σ for which A = Im(zdz) 1 − |z|^2 and B = dz 1 − |z|^2 . Finally, let G be a 3-form on M with values in L_τ . On the bundles Λ^pT^∗M ⊗ L^q_τ we have connections ∇^{p,q} obtained from the Levi-Cività connection on T M (and hence the tensor bundles) and the connection A on L_τ (and hence its powers). We will let

d^{∇p,q} : Ω^p(M; L^q_τ ) → Ω^{p+1}(M; L^q_τ ) and δ^{∇p,q} : Ω^p(M; L^q_τ ) → Ω^{p−1}(M; L^q_τ )

denote the associated differential and co-differential on L^q_τ -valued differential forms. We will let ⟨−, −⟩ denote the natural pairing

Ω^p(M; L^q_τ ) ⊗ Ω^p(M; L^{q′}_τ ) → Ω^0(M; L^{q+q′}_τ )

induced from the metric g. With these notational remarks behind us, we can finally define a IIB supergravity background.

Definition 3.5. The data (M, g, τ, F, G) described above defines a IIB supergravity background provided that the following equations are satisfied:

δ^{∇1,2} B =^1_4 |G|^2 δ^{∇3,1} G(X, Y ) = ⟨ B, ı_X ı_Y G ⟩ −^{2i}_3 ⟨ı_X ı_Y F, G⟩ d^{∇3,1} G = −B ∧ G d^{∇5,0} F =^i_8 G ∧ G Ric(X, Y ) = B(X)B(Y ) + B(Y )B(X) + 4 ⟨ı_X F, ı_Y F ⟩ +^1_4 (⟨ ı_X G, ı_Y G ⟩ + ⟨ ı_Y G, ı_X G ⟩) −^1_8 ⟨ G, G ⟩ g(X, Y ) . Let S_± denote the half-spinor bundles over M. They are real, symplectic and have rank 16. Let S := S_− ⊗ L^{1/2}_τ , where L^{1/2}_τ is the square-root bundle of L_τ . Let S := S_− ⊗ L^{−1/2}_τ . Notice that if ε ∈ Ω^0(M; S), then ε ∈ Ω^0(S). Furthermore the Clifford action of differential forms on spinors extends to an action

c : Ω^p(M; L^q_τ ) → Hom ( Ω^0 (M; S_± ⊗ L^r_τ ) , Ω^0 ( M; S_{(−1)}p ⊗ L^{r+q}_τ )) . Similarly we have a connection ∇^s acting on Ω^0(M; S_± ⊗ L^s_τ ) which is defined using the spin connection and the connection A on L_τ . We are now in a position to define a type IIB supergravity Killing spinor.

Definition 3.6. A IIB supergravity Killing spinor is a nonzero section ε of S satisfying the following two conditions

c(B)ε =^1_4 c(G)ε (3.4)

∇^{1/2}_X ε = −^i_4 c(F )c(X^♭)ε −^1_{32} ( c(ı_X G) − 2c(X^♭ ∧ G) ) ε . (3.5)

Just like in eleven-dimensional supergravity, IIB Killing spinors are square roots of Killing vectors. Indeed, the image of the natural map

Ω^0(M; S) ⊗ Ω^0(M; S) → vector fields

consists of Killing vectors which in addition preserve the geometric data of a background. Again it is possible to show that if the space of Killing spinors of a supersymmetric background of type IIB supergravity has (real) dimension > 24, then the background is locally homogeneous [35].

Type IIB supergravity backgrounds are acted upon by SU(1, 1), which is the duality group of type IIB supergravity. The metric g and the five-form F are SU(1, 1)-invariant, whereas SU(1, 1) acts on z (hence on τ) via fractional linear transformations: ( a b b a ) · z = az + b bz + a . Moreover, the bundle L → H is a homogeneous bundle of SU(1, 1) hence there is an action of SU(1, 1) on sections of L and its powers. Putting these two actions together we see that γ ∈ SU(1, 1) sends sections of L^p_τ (and also differential forms and spinors with values in such a bundle) to sections of L^p_{γτ} .

The classification of the maximally supersymmetric background will be presented in Section 4.4, which is based on the papers [36] and [37]. In the opposite extreme, there has been steady progress recently on the determination of the general form of the backgrounds admitting some supersymmetry [38, 39, 40].

3.3. Six-dimensional (2, 0) and (1, 0) supergravities. We start

by describing the field content and Killing spinor equations of (1, 0) [41] and (2, 0) [42, 43] chiral supergravities in six dimensions. We start as usual by describing the relevant spinorial representations. The spin group Spin(1, 5) ∼= SL(2, H ), whence the irreducible spinorial representations are quaternionic of complex dimension 4. There are two inequivalent representations S_± which are distinguished by their chirality. Let S_1 denote the fundamental representation of Sp(1): it is a quaternionic representation of complex dimension 2, and similarly let S_2 denote the fundamental representation of Sp(2), which is a quaternionic representation of complex dimension 4. The tensor products S_+ ⊗ S_1 and S_+ ⊗ S_2 are complex representations of Spin(1, 5) × Sp(1) and Spin(1, 5) × Sp(2), respectively, with a real structure. We will let S = [S_+ ⊗ S_1] and S = [S_+ ⊗ S_2]

denote the underlying real representations. Clearly S is a real representation of dimension 8 and S is a real representation of dimension 16. If (M, g) is a sixdimensional lorentzian spin manifold, then we will let S and S denote the bundles of spinors associated with the representations S and S, respectively. The groups Sp(1) and Sp(2) are the R-symmetry groups of these supergravity theories.

Definition 3.7. A (1, 0) supergravity background consist of a six-dimensional lorentzian spin manifold (M, g) together with a closed antiself-dual 3-form H subject to the Einstein equation

Ric(X, Y ) = −^1_4 ⟨ı_X H, ı_Y H⟩ .

Such a background is said to be supersymmetric if there are nonzero sections ε of S obeying D_X ε := ∇_X ε −^1_2 c(ı_X H)ε = 0 , (3.6)

for all vector fields X, where c : Ω(M) → Cℓ(T^∗M) → End(S) is the action of forms on sections of S, and ∇ is induced from the Levi-Cività connection.

We remark that the connection D in equation (3.6) is induced from a spin connection with torsion three-form H.

Similarly for (2, 0) supergravity, we have the following

Definition 3.8. A (2,0) supergravity background consists of a six-dimensional lorentzian spin manifold (M, g), a V -valued closed antiself-dual 3-form H, where V is the five-dimensional real representation of the R-symmetry group Sp(2) ∼= Spin(5) together with a Sp(2)-invariant scalar product, subject to the Einstein equation Ric(X, Y ) = −^1_4 ⟨ı_X H, ı_Y H⟩ , where ⟨−, −⟩ now also includes the Sp(2)-invariant inner product on V . Such a background is said to be supersymmetric if there are nonzero sections ε of S obeying D_X ε = ∇_X ε −^1_2 c(ı_X H)ε = 0 , (3.7)

for all vector fields X and where c : Ω(M; V ) → Cℓ(T^∗M) ⊗ Cℓ(V ) → End(S) is the action of V -valued forms on sections of S.

Notice that in (2, 0) supergravity, the anti-selfduality of H imply that H ∧H = 0 in Ω^6(M; Λ^2V ).

Maximal supersymmetry implies that the connections D acting on S and D on S are flat. In the case of (1, 0) supergravity, D is a spin connection with torsion and maximally supersymmetric solutions correspond to six-dimensional lorentzian manifolds admitting a flat metric connection with anti-selfdual closed torsion threeform. We saw in Section 2.3 that (M, g) is locally isometric to a Lie group with a bi-invariant lorentzian metric. In the case of (2, 0) supergravity, D does not have such an obvious geometrical interpretation, but it is proven in [44] that, up to the natural action of the R-symmetry group, the (2, 0) maximally supersymmetric backgrounds are in one-to-one correspondence with those of (1, 0) supergravity.

The general form of a supersymmetric background in (1, 0) supergravity has been obtained in [45], who in particular also determine the maximally supersymmetric backgrounds by a different method, closely related to the one in [36, 37].

4. Maximally supersymmetric backgrounds

In this section we review the known results about maximally supersymmetric backgrounds in a number of the more interesting supergravity theories. Several of the theories under the consideration will be tackled directly: d = 11 supergravity, d = 10 IIB supergravity and the d = 6 supergravities, whereas the maximally supersymmetric backgrounds of d = 10 IIA and d = 5 N = 2 supergravities will be obtained from those d = 11 and d = 6 supergravities by the technique of Kałuża–Klein reduction. As this technique is very useful, we will review it briefly now.

4.1. Kałuża–Klein reduction. In this section we will briefly review the

geometric underpinning of Kałuża–Klein reduction. We start with a supergravity background (M, g, F, . . . ) which is invariant under a one-dimensional Lie group Γ, acting freely and properly on M by isometries which in addition preserve any other geometric data F, . . . . We shall let ξ denote a Killing vector field for the Γ-action. Since the action is free, ξ is nowhere vanishing. We will also assume that ξ is spacelike; although this is not strictly necessary and indeed time-like reductions can be quite useful, especially in the context of topological field theories.

The original spacetime M is to be thought of as the total space of a principal Γ-bundle π : M → N = M/Γ, where π the map taking a point in M to the Γorbit on which it lies. At every point p in M, the tangent space T_pM of M at p decomposes into two orthogonal subspaces: T_pM = V_p ⊕ H_p, where the vertical subspace V_p = ker π_∗ consists of those vectors tangent to the Γ-orbit through p, and the horizontal subspace H_p = V^⊥_p is its orthogonal complement relative to the metric g. The resulting decomposition is indeed a direct sum by virtue of the nowhere-vanishing of the norm of ξ, whose value at p spans V_p for all p. The derivative map π_∗ sets up an isomorphism between T_pM and T_qN, where π(p) = q. As is well-known, there is a unique metric on N for which this isomorphism is also an isometry and for which the map π is a riemannian submersion. We will call this metric h.

The horizontal sub-bundle H gives rise to a connection one-form α on M such that H = ker α and such that α(ξ) = 1. We remark that α is invariant, so that L_ξ α = 0. This means that the curvature 2-form dα is both invariant and horizontal—that is, ı_ξdα = 0. Such forms are called basic and it is a basic fact that they define forms on N. Hence dα defines a 2-form on N.

Finally the norm |ξ| of the Killing vector is itself Γ-invariant and hence defines a function on N. Since ξ is spacelike, this function is positive and hence it is convenient to write it as the exponential of a real valued function ϕ : N → R which is (up to a constant multiple) called the dilaton.

In summary, and omitting the pull-backs on h and ϕ, we can write the metric g as g = h + e^{2ϕ}α^2 .

The other geometric data also reduces. For example, if F is an invariant differential form on M, it gives rise to two differential forms on N simply by decomposing F = G − α ∧ H , where α is the connection one-form defined above. The forms G and H are basic and hence define differential forms on N. Indeed, it is clear from the above expression that H = −ı_ξF , so that it is manifestly horizontal. Invariance of F means that H is closed, whence it is also invariant. Finally, we observe that G is also basic. It is manifestly horizontal, and invariance follows by a simple calculation using that G, H and dα are horizontal.

4.2. Eleven-dimensional supergravity. Maximal supersymmetry im-

plies the flatness of the supersymmetric connection (3.3). Calculating the curvature of this connection and separating into types one arrives at the following conditions: • ∇F = 0; • the Riemann curvature tensor is given by

Riem(g) =^1_{12} T^{[4]} +^1_{36} (g ⊙ T^{[2]}) −^1_{72} |F |^2(g ⊙ g) , (4.1)

where ⊙ is the Kulkarni–Nomizu product (see, e.g., [46, §1.G, 1.110]), and the tensors T^{[2k]} ∈ C^∞(M, S^2Λ^kT^∗M), for k = 1, 2 are defined by

T^{[2]}(X, Y ) := ⟨ι_X F, ι_Y F ⟩ T^{[4]}(X, Y, W, Z) := ⟨ι_X ι_Y F, ι_W ι_Z F ⟩ for all vector fields X, Y, W, Z; and

• F obeys the Plücker identity:

ı_X ı_Y ı_Z F ∧ F = 0 ,

for all vector fields X, Y, Z.

The first two conditions imply that the Riemann tensor is parallel, whence (M, g) is locally symmetric, whence locally isometric to one of the spaces in Theorem 2.1. Every such space is acted on transitively by a Lie group G (the group of transvections), whence if we fix a point in M (the origin) with isotropy H, M is isomorphic to the space of cosets G/H. Let g denote the Lie algebra of G and h the Lie subalgebra corresponding to H. Then g admits a vector space decomposition g = h ⊕ m, where m is isomorphic to the tangent space of M at the origin. The Lie brackets are such that

[h, h] ⊂ h [h, m] ⊂ m [m, m] ⊂ h .

The metric g on M is determined by an h-invariant inner product B on m.

Since F is parallel, it is G-invariant. This means that it is uniquely specified by its value at the origin, which defines an h-invariant four-form on m. For F = 0, the right-hand side of equation (4.1) vanishes, and hence g is flat. We will therefore assume that F ≠ 0. The Plücker identity says that it is then decomposable, whence it determines a four-dimensional vector subspace n ⊂ m as follows: if at the origin F = θ_1 ∧ θ_2 ∧ θ_3 ∧ θ_4, then m is the span of (the dual vectors to) the θ_i. Furthermore, because F is invariant, we have that H leaves the space n invariant, whence [h, n] ⊂ n, which means that the holonomy group of M (which is isomorphic to H) acts reducibly. In lorentzian signature this does not imply that the space is locally isometric to a product, since the metric may be degenerate when restricted to n. Therefore we must distinguish between two cases, depending on whether or not the restriction B|_n of B to n is or is not degenerate.

If B|_n is non-degenerate, then it follows from the de Rham–Wu decomposition theorem [1] that the space is locally isometric to a product N × P , with N and P locally symmetric spaces of dimensions four and seven, respectively. Explicitly, we can see this as follows: there exists a B-orthogonal decomposition m = n ⊕ p, with p := m^⊥, where [h, p] ⊂ p because of the invariance of the inner product. Let g_N = h ⊕ n and g_P = h ⊕ p. They are clearly both Lie subalgebras of g. Let G_N and G_P denote the respective (connected, simply-connected) Lie groups. Then N will be locally isometric to G_N /H and P will be locally isometric to G_P /H, and M will be locally isometric to the product. The metrics on N and P are induced by the restrictions of n and p respectively of the inner product B on n ⊕ p, denoted

B_n = B|_n B_p = B|_p .

(4.2)

We shall denote the metrics on N and P induced from the above inner products by h and m, respectively.

On the other hand if the restriction B|_n is degenerate, so that n is a null fourdimensional subspace of m, the four-form F is also null. From Theorem 2.1 one sees (see, e.g., [47]) that the only lorentzian symmetric spaces admitting parallel null forms are those which are locally isometric to a product M = CW_d(A) × Q_{11−d}, where CW_d(A) is a d-dimensional Cahen-Wallach space and Q_{11−d} is an (11−d)- dimensional riemannian symmetric space.

In summary, there are two separate cases to consider:

1. (M, g) = (N_4 × P_7, h ⊕ m) (locally), where (N, h) and (P, m) are symmetric spaces and where F is proportional to (the pull-back of) the volume form on (N, h); or

2. M = CW_d(A) × Q_{11−d} (locally) and d ≥ 3, where Q_{11−d} is a riemannian symmetric space.

In [36] these cases are analysed further, resulting in the following theorem.

Theorem 4.1 (FO-Papadopoulos [36]). Let (M, g, F ) be a maximally supersymmetric solution of eleven-dimensional supergravity. Then it is locally isometric to one of the following:

• AdS_7(−7R) × S^4(8R) and F = √ 6R dvol(S^4), where R > 0 is the constant scalar curvature of M;

• AdS_4(8R) × S^7(−7R) and F = √ −6R dvol(AdS_4), where R < 0 is again the constant scalar curvature of M; or

• CW_{11}(A) with A = −^{μ2}_{36} diag(4, 4, 4, 1, 1, 1, 1, 1, 1) and

F = μ dx^− ∧ dx^1 ∧ dx^2 ∧ dx^3. One must distinguish between two cases:

– μ = 0: which recovers the flat space solution E^{1,10} with F = 0; and – μ ≠ 0: all these are isometric and describe a symmetric plane wave.

The first two solutions are the well-known Freund–Rubin backgrounds [48] and [49], whereas the plane wave was originally discovered by Kowalski-Glikman [50] and rediscovered subsequently in [47]. All of these solutions are locally isometric to the intersection of two quadrics in E^{11,2} . Moreover, as shown in [51, 3] they are related by “plane-wave limits” [52, 53].

4.3. Ten-dimensional IIA supergravity. Type IIA supergravity [21,

19, 20] is obtained by dimensional reduction from eleven-dimensional supergravity. From the discussion in Section 4.1 and the fact that a d = 11 background is characterised by a metric g and a 4-form F , it follows that a IIA supergravity background is characterised by a quintuplet (h, ϕ, Ω, G, H) where h is a lorentzian metric on a ten-dimensional spacetime N, ϕ is a real function on N, Ω a closed 2-form which is the curvature of a principal Γ-bundle over N, G a 4-form on N and H a 3-form on N. The PDEs satisfied by these fields are obtained by reducing those in d = 11 supergravity by the action of the group Γ.

It is a fundamental property of the Kałuża–Klein reduction, that any IIA supergravity background can be lifted (or “oxidised”) to a background of elevendimensional supergravity possessing a one-parameter group symmetries. If the IIA supergravity solution preserves some supersymmetry, its lift to eleven dimensions will preserve at least the same amount of supersymmetry. This means that a maximally supersymmetric solution of IIA supergravity will uplift to one of the maximally supersymmetric solutions of eleven-dimensional supergravity determined in the previous section. Therefore the determination of the maximally supersymmetric IIA backgrounds reduces to classifying those dimensional reductions of the maximally supersymmetric eleven-dimensional backgrounds which preserve all supersymmetry.

As explained already in [47], the only such reductions are the reductions of the flat eleven-dimensional background by a translation subgroup of the Poincaré group. In summary, one has

Corollary 4.2 (FO-Papadopoulos [36]). Any maximally supersymmetric solution of type IIA supergravity is locally isometric to E^{1,9} with zero fluxes and constant dilaton.

4.4. Ten-dimensional IIB supergravity. A maximally supersymmet-

ric background of IIB supergravity admits a (real) 32-dimensional space of Killing spinors. Since this is the (real) rank of the spinor bundle S defined in Section 3.2, it means that at any given point, there is a basis for the spinor bundle consisting of Killing spinors. These spinors satisfy equation (3.4), whence c(B) and c(G) must vanish separately, which in turn imply the vanishing of G and B. In particular, this has a consequence that z and hence τ are constant, whence the connection A on L_τ also vanishes. Maximally supersymmetric backgrounds have the form (M, g, F ) and are parametrised by the upper half-plane via the constant parameter τ. Maximally supersymmetry now implies the flatness of the connection D defined by equation (3.5) and which takes the simplified form

D_X ε = ∇_X ε +^i_4 c(F )c(X^♭)ε ,

where ∇ is the spin connection. Notice that the equations of motion now say that F is closed.

Computing the curvature of this connection, and separating into types, we arrive at the following conditions: • ∇F = 0; • the Riemann curvature tensor is given by R(X, Y, Z, W ) = ⟨ı_X ı_Z F, ı_Y ı_W F ⟩ − ⟨ı_X ı_W F, ı_Y ı_Z F ⟩ . (4.3) Since F is parallel, this means that so is the Riemann tensor, whence (M, g) is locally symmetric; and

• F obeys an identity reminiscent of both the Plücker and Jacobi identities:

λ(ı_X ı_Y ı_Z F )F = 0 for all vector fields X, Y, Z, (4.4)

where λ : Ω^2(M) → End(Λ^5T^∗M) is the composition of the (metric-induced) isomorphism Ω^2(T M) ∼= so(T M) between 2-forms and skew-symmetric endomorphisms of the tangent bundle and the action of such endomorphisms on the 5-forms.

It was proved in [37] that equation (4.4) implies that F = G + ⋆G, where G = θ_1 ∧ θ_2 ∧ θ_3 ∧ θ_4 ∧ θ_5 is a parallel decomposable form.

The ensuing analysis follows closely the case of eleven-dimensional supergravity and will not be repeated here. We must distinguish between two cases, depending on whether or not the five-form G is null. First suppose that G (and hence F ) is not null. Then the five-form G induces a local decomposition of (M, g) into a product N_5 × P_5 of two five-dimensional symmetric spaces (N, h) and (P, m), where G ∝ dvol(N) and hence ⋆G ∝ dvol(P ). Since (M, g) is lorentzian, one of the spaces (N, h) and (P, m) is lorentzian and the other riemannian. By interchanging G with ⋆G if necessary, we can assume that G has positive norm and hence that N is riemannian.

In summary, there are two separate cases to consider:

1. (M, g) = (N_5 × P_5, h ⊕ m) (locally), where (N, h) and (P, m) are symmetric spaces and where F = G + ⋆G and G is proportional to (the pull-back of) the volume form on (N, h); or

2. M = CW_d(A) × Q_{10−d} (locally) and d ≥ 3, where Q_{10−d} is a riemannian symmetric space.

In [36] these cases are analysed further, resulting in the following theorem.

Theorem 4.3 (FO-Papadopoulos [36]). Let (M, g, F^+_5 , ...) be a maximally supersymmetric solution of ten-dimensional type IIB supergravity. Then it has constant axi-dilaton (normalised so that z = 0 in the formulas below), all fluxes vanish except for the one corresponding to the self-dual five-form, and is locally isometric to one of the following:

• AdS_5(−R) × S^5(R) and F = 2 √_R 5 ( dvol(AdS_5) + dvol(S^5) ) , where ±R are the scalar curvatures of AdS_5 and S^5, respectively; or

• CW_{10}(A) with A = −μ^21 and F =^1_2 μ dx^− ∧ (dx^1 ∧ dx^2 ∧ dx^3 ∧ dx^4 + dx^5 ∧ dx^6 ∧ dx^7 ∧ dx^8). One must distinguish between two cases:

– μ = 0: which yields the flat space solution E^{1,9} with zero fluxes; and – μ ≠ 0: all these are isometric and describe a symmetric plane wave.

The first solution is the well-known Freund–Rubin background mentioned originally in [22]. The plane wave solution was discovered in [54]. As in elevendimensional supergravity, the solutions above are locally isometric to the intersection of two quadrics in E^{10,2} and as shown in [51, 3] they are related by plane-wave limits.

4.5. Six-dimensional (2, 0) and (1, 0) supergravities. In this case,

maximal supersymmetry implies the flatness of the supersymmetric connection D in (3.6) which, as explained in Section 3.3, is induced from a metric connection with closedd torsion 3-form H. In Section 2.3 we showed that (M, g) is locally isometric to a six-dimensional Lie group with a bi-invariant lorentzian metric. The only extra condition is that H, the canonical bi-invariant 3-form associated to such a Lie group, should be self-dual.

We therefore look for Lie algebras with invariant lorentzian scalar products relative to which the canonical invariant 3-form is anti-self dual. As explained in Section 2.4, such Lie algebra is a direct sum of indecomposables. Furthermore, if the Lie algebra is indecomposable then it must be the double extension of an abelian Lie algebra by a one-dimensional Lie algebra and hence solvable (see, e.g., [10]).

These considerations make possible the following enumeration of six-dimensional lorentzian Lie algebras:

1. E^{1,5}

2. E^{1,2} ⊕ so(3)

3. E^3 ⊕ so(1, 2)

4. so(1, 2) ⊕ so(3)

5. d(E^4 , R)

where the last case actually corresponds to a family of Lie algebras, depending on the action of R on E^4 , which is given by a homomorphism R → so(4).

Imposing the condition of anti-selfduality trivially discards cases (2) and (3) above. Case (1) is the abelian Lie algebra with Minkowski metric. The remaining two cases were investigated in [44] (see also [45]) in detail and we review this below.

4.5.1. A six-dimensional Cahen–Wallach space. Let e_i, i = 1, 2, 3, 4, be an orthonormal basis for E^4 , and let e_− ∈ R and e_+ ∈ R^∗ , so that together they span d(E^4 , R). The action of R on E^4 defines a map ρ : R → Λ^2E^4 , which can be brought to the form ρ(e_−) = αe_1 ∧ e_2 + βe_3 ∧ e_4 via an orthogonal change of basis in E^4 which moreover preserves the orientation. The Lie brackets of d(E^4 , R) are given by [e_−, e_1] = αe_2 [e_−, e_2] = −αe_1 [e_1, e_2] = αe_+

[e_−, e_3] = βe_4 [e_−, e_4] = −βe_3 [e_3, e_4] = βe_+ ,

and the scalar product is given (up to scale) by ⟨e_−, e_−⟩ = b ⟨e_+, e_−⟩ = 1 ⟨e_i, e_j ⟩ = δ_{ij} . The first thing we notice is that we can set b = 0 without loss of generality by the automorphism fixing all e_i, e_+ and mapping e_− → e_− −^1_2 be_+. We will assume that this has been done and that ⟨e_−, e_−⟩ = 0. A straightforward calculation shows that the three-form H is anti-selfdual if and only if β = α. Let us put β = α from now on. We must distinguish between two cases: if α = 0, then the resulting algebra is abelian and is precisely E^{1,5} . On the other hand if α ≠ 0, then rescaling e_± → α^{±1}e_± we can effectively set α = 1 without changing the scalar product. Finally we notice that a constant rescaling of the scalar product can be undone by an automorphism of the algebra. As a result we have two cases: E^{1,5} (obtained from α = 0) and the algebra

[e_−, e_1] = e_2 [e_−, e_2] = −e_1 [e_1, e_2] = e_+

[e_−, e_3] = e_4 [e_−, e_4] = −e_3 [e_3, e_4] = e_+

, (4.5)

with scalar product given by

⟨e_+, e_−⟩ = 1 and ⟨e_i, e_j ⟩ = δ_{ij} . (4.6)

There is a unique simply-connected Lie group with the above Lie algebra which inherits a bi-invariant lorentzian metric. This Lie group is a six-dimensional analogue of the Nappi–Witten group [55], which is based on the double extension d(E^2 , R) [11]. This was denoted NW_6 in [56], where one can find a derivation of the metric on this six-dimensional group. The supergravity solution was discovered by Meessen [57] who called it KG6 by analogy with the maximally supersymmetric plane wave of eleven-dimensional supergravity discovered by Kowalski-Glikman [50] and rediscovered in [47].

The metric is easy to write down once we choose a parametrisation for the group. The calculation is routine (see, for example, [56]) and the result is

g = 2dx^+dx^− −^1_4 ∑ i (x^i)^2(dx^−)^2 + ∑ i (dx^i)^2 . (4.7)

In these coordinates the three-form H is given by

H =^2_3 dx^− ∧ (dx^1 ∧ dx^2 + dx^3 + dx^4) .

4.5.2. The Freund–Rubin backgrounds. Finally we discuss case (4), with Lie algebra so(1, 2) ⊕ so(3). Let e_0, e_1, e_2 be a pseudo-orthonormal basis for so(1, 2). The Lie brackets are given by

[e_0, e_1] = −e_2 [e_0, e_2] = e_1 [e_1, e_2] = e_0 .

Similarly let e_3, e_4, e_5 denote an orthonormal basis for so(3), with Lie brackets

[e_5, e_3] = −e_4 [e_5, e_4] = e_3 [e_3, e_4] = −e_5 .

The most general invariant lorentzian scalar product on so(1, 2) ⊕ so(3) is labelled by two positive numbers α and β and is given by

e_0 e_1 e_2 e_3 e_4 e_5 e_0 −α 0 0 0 0 0 e_1 0 α 0 0 0 0 e_2 0 0 α 0 0 0 e_3 0 0 0 β 0 0 e_4 0 0 0 0 β 0 e_5 0 0 0 0 0 β .

Anti-selfduality of the canonical three-form implies that β = α. There is a unique simply-connected Lie group with Lie algebra so(1, 2) ⊕ so(3), namely ~SL(2, R) × SU(2), where ~

SL(2, R) denotes the universal covering group of SL(2, R). This group inherits a one-parameter family of bi-invariant metrics. This solution is none other than the standard Freund–Rubin solution AdS_3 ×S^3, with equal radii of curvature, where strictly speaking we should take the universal covering space of AdS_3.

In summary, the following are the possible maximally supersymmetric backgrounds of (1, 0) supergravity, and of (2, 0) supergravity up to the action of the R-symmetry group. First of all we have a one-parameter family of Freund-Rubin backgrounds locally isometric to AdS_3 ×S^3, with equal radii of curvature. The anti-selfdual three-form H is then proportional to the difference of the volume forms of the two spaces. Then we have a six-dimensional analogue NW_6 of the Nappi–Witten group, locally isometric to a Cahen–Wallach symmetric space. Finally there is flat Minkowski spaceteime E^{1,5} . These backgrounds are related by Penrose limits which can be interpreted in this case as group contractions. The details appear in [56].

4.6. Five-dimensional N = 2 supergravity. In this section we will

review the dimensional reductions of the six-dimensional backgrounds just found. Dimensional reduction usually breaks some supersymmetry: in the ten- and elevendimensional supergravity theories, only the flat background remains maximally supersymmetric after dimensional reduction and then only by a translation. However for the six-dimensional backgrounds the situation is different. Indeed, in [58] it was shown that the thereto known maximally supersymmetric backgrounds with eight supercharges in six, five and four dimensions are related by dimensional reduction and oxidation. As we will see presently, this perhaps surprising phenomenon stems from the fact that the six-dimensional backgrounds are parallelised Lie groups. Our results will also give an a priori explanation to the empirical fact that these backgrounds are homogeneous [59].

We now explain the technical result which underlies this result. Let D be a metric connection with torsion T . We observe that if a vector field ξ is D-parallel then it is Killing. Now let ψ be a Killing spinor; that is, Dψ = 0. Then the Lie derivative of ψ along ξ is well-defined (see, for example, [60]) and, furthermore, it vanishes identically. Moreover, if L_ξψ = 0 for all Killing spinors then Dξ = 0.

For a parallelised Lie group G, the D-parallel vectors are either the left- or right-invariant vector fields, depending on the choice of parallelising connection. For definiteness, we will choose the connection whose parallel sections are the leftinvariant vector fields. Left-invariant vector fields generate right translations and are in one-to-one correspondence with elements of the Lie algebra g. Therefore every left-invariant vector field ξ determines a one-parameter subgroup K, say, of G and the orbits of such a vector field in G are the right K-cosets. The dimensional reduction along this vector field is smooth and diffeomorphic to the space of cosets G/K. We will be interested in subgroups K such that G/K is a five-dimensional lorentzian spacetime, which requires that the right K-cosets are spacelike. In other words, we require that the Killing vector ξ be spacelike. Bi-invariance of the metric guarantees that this is the case provided that the Lie algebra element ξ(e) ∈ g is spacelike relative to the invariant scalar product. Further notice that a constant rescaling of ξ does not change its causal property nor the subgroup K it generates: it is simply reparameterised. Therefore, in order to classify all possible reductions we need to classify all spacelike elements of g up to scale. Moreover elements of g which are related by isometric automorphisms (e.g., which are in the same adjoint orbit of G) give rise to isometric quotients. Thus, to summarise, we want to classify spacelike elements of g up to scale and up to automorphisms.

As discussed in Section 4.1, the reduction of the six-dimensional metric to five dimensions gives rise to a metric h, a dilaton ϕ and a curvature 2-form F . The dilaton ϕ is a logarithmic measure of the fibre metric ‖ξ_X ‖ which in our case is constant, and F = dα (omitting pullbacks). We can give an explicit formula for Ω using the Maurer–Cartan structure equations. Indeed, F = dα = ⟨X, dθ⟩ = −^1_2 ⟨X, [θ, θ]⟩ . (4.8) In terms of this data, the metric on the G is given by the usual Kałuża–Klein ansatz ds^2 = h + α^2 ,

where we have set the dilaton to zero in agreement with the choice of normalisation for ξ_X . More explicitly the metric on the five-dimensional quotient is given by h = ⟨θ, θ⟩ − ⟨X, θ⟩^2 . To reduce the anti-selfdual three-form H we first decompose it as

H = G_3 + α ∧ G_2 ,

where G_2 = ι_{ξX} H and G_3 are basic. Because dH = 0 it follows that dG_2 = 0 and that dG_3 + F ∧ G_2 = 0 where F = dα was defined above. Finally because H is anti-selfdual, it follows that G_3 and G_2 are related by Hodge duality in five dimensions: G_3 = ⋆_hG_2. In other words, we have that

H = ⋆_hG_2 + α ∧ G_2 ,

where dG_2 = 0 and d ⋆_h G_2 = −F ∧ G_2.

In fact, in this case we have F = G_2. Indeed, using that H = −^1_6 ⟨θ, [θ, θ]⟩, we compute G_2 = ι_{ξX} H = −^1_2 ⟨X, [θ, θ]⟩ ,

which agrees with the expression for F derived in (4.8).

In summary, for the reductions under consideration, we obtain a maximally supersymmetric background of the minimal N=2 supergravity with bosonic fields (h, F ) given by the reduction of (g, H) where F = dα, h = g − α^2 and H = ⋆_hF + α ∧ F . The different reductions were classified in [44], to where we send the reader for details, hence obtaining all the maximally supersymmetric backgrounds of the minimal N=2 supergravity and thus completing the classification of supersymmetric backgrounds in [61]. Among the maximally supersymmetric backgrounds one finds the near-horizon geometries [62] of the rotating black holes of [63, 64], the symmetric plane-wave of [57] and the Gödel-like background discovered in [61].

5. Parallelisable type II backgrounds

In this section we will present a classification of parallelisable type II backgrounds, by which we mean backgrounds of both type IIA and type IIB supergravity. Since these theories contain different dynamical degrees of freedom, common backgrounds are necessarily very special.

Definition 5.1. A type II supergravity background consists of a ten-dimensional lorentzian spin manifold (M, g) together with a closed 3-form H and a smooth function ϕ : M → R subject to the equations of motion obtained by varying the (formal) action functional ∫ M e^{−2ϕ} ( R + 4|dϕ|^2 −^1_2 |H|^2 ) dvol_g , (5.1)

where R and dvol_g are the scalar curvature and the volume form associated to g.

We are interested in parallelisable backgrounds, for which the metric connection D with torsion 3-form H is flat. In that case, the equations of motion simplify to the following three conditions: ∇dϕ = 0 dϕ ∧ ⋆H = 0 |dϕ|^2 −^1_4 |H|^2 = 0 .

(5.2)

To discuss supersymmetry, we need to distinguish whether we are in type IIA or type IIB supergravity, since the spinor bundles are different. Let S_± denote the real 16-dimensional half-spin representations of Spin(1, 9) and let S_A = S_+ ⊕ S_− and S_B = S_+ ⊕ S_+. Let S_A and S_B denote the spinor bundles on M associated to S_A and S_B , respectively. We will let S denote either S_A or S_B , depending on which type II theory we are considering.

Definition 5.2. A type II background is supersymmetric if there are nonzero sections ε of S satisfying the two conditions:

Dε = 0 and c ( dϕ +^1_2 H ) ε = 0 ,

where c : Ω(M) → Cℓ(T M) → End(S) is the Clifford action of forms on spinors.

The supersymmetric parallelisable type II backgrounds were classified in [65, 66] and revisited in the context of heterotic supergravity in [67], whose treatment we follow.

5.1. Ten-dimensional parallelisable geometries. As explained in

Section 2.2, it is possible to list all the simply-connected parallelisable lorentzian manifolds in any dimension. The ingredients out of which we can make them are given in Table 2, whose last column follows from equation (5.2).

Indeed, in the case of a Lie group, that is, when dH = 0, equation (5.2) says that dϕ must be central, when thought of as an element in the Lie algebra. Since AdS_3, S^3 and SU(3) are simple, their Lie algebras have no centre, whence dϕ = 0. In the case of an abelian group there are no conditions, and in the case of CW_{2n}(A), the Lie algebra has a one-dimensional centre corresponding to ∂_+, whose dual one-form is dx^−. This means that dϕ must be proportional to dx^−, whence ϕ can only depend on x^−. Finally for S^7, the equation of motion ⋆H ∧ dϕ = 0 implies that dϕ = 0. To see this, notice that the parallelised S^7 possesses a nearly parallel G_2 structure and the differential forms decompose into irreducible types under G_2. For example, the one-forms corresponding to the irreducible seven-dimensional irreducible representation m of G_2 coming from the embedding G_2 ⊂ SO(7), whereas the two-forms decompose into g_2 ⊕ m, where g_2 is the adjoint representation which is irreducible since G_2 is simple. Now, H and ⋆H both are G_2-invariant and hence the map Ω^1(S^7) → Ω^2(S^7) defined by θ → ⋆(⋆H ∧ θ) is G_2-equivariant. Since it is not identically zero, it must be an isomorphism onto its image. Hence if ⋆H ∧ dϕ = 0, then also in this case dϕ = 0.

It is now a simple matter to put these ingredients together to make up all possible ten-dimensional combinations with lorentzian signature. Doing so, we arrive at Table 3 (see also [65], where the entry corresponding to E^{1,0} × S^3 × S^3 × S^3 had been omitted inadvertently and where the entries with S^7 had also been omitted due to the fact that in type II string theory dH = 0).

5.2. Type II backgrounds. First of all we notice that S^7 cannot appear

because dH = 0. Therefore the allowed backgrounds follow mutatis mutandis from the analysis of [65, 66]. We start by listing the possible backgrounds and then counting the amount of supersymmetry that each preserves. The results are summarised in Table 4 and Table 5, which also contains the analysis of the supersymmetry preserved by the background.

AdS_3 ×S^3 × S^3 × E. Here dϕ can only have nonzero components along the flat direction, which is spacelike, whence |dϕ|^2 ≥ 0. Equation (5.2) says that |H|^2 ≥ 0,

Space Torsion Dilaton AdS_3 dH = 0 |H|^2 < 0 constant E^{1,0} H = 0 unconstrained E^{0,1} H = 0 unconstrained S^3 dH = 0 |H|^2 > 0 constant S^7 dH ≠ 0 |H|^2 > 0 constant SU(3) dH = 0 |H|^2 > 0 constant CW2n(A) dH = 0 |H|^2 = 0 ϕ(x^−)

Table 2. Elementary parallelisable (lorentzian or riemannian) geometries

Spacetime Spacetime AdS_3 ×S^7 AdS3 ×S^3 × S^3 × E AdS3 ×S^3 × E^4 AdS3 ×E^7 E^{1,0} × S^3 × S^3 × S^3 E^{1,1} × SU(3) E^{1,2} × S^7 E^{1,3} × S^3 × S^3 E^{1,6} × S^3 E^{1,9} CW10(A) CW8(A) × E^2 CW6(A) × S^3 × E CW6(A) × E^4 CW4(A) × S^3 × S^3 CW4(A) × S^3 × E^3 CW_4(A) × E^6

Table 3. Ten-dimensional simply-connected parallelisable spacetimes

so that if we call R_0, R_1 and R_2 the radii of curvature of AdS_3 and of the two 3-spheres, respectively, then 1 R^2_1 + 1 R^2 ≥ 1 R^2_0 . This bound is saturated if and only if the dilaton is constant. AdS_3 ×S^3 × E^4 . This is the limit R_2 → ∞ of the above case. AdS_3 ×E^7 . This would be the limit R_1 → ∞ of the above case, but then the inequality R^{−2}_0 ≤ 0 cannot be satisfied. Hence this geometry is not a background

(with or without supersymmetry).

E^{1,9} . In this case H = 0, so |dϕ|^2 = 0. So we can take a linear dilaton along a null direction: ϕ = a + bx^−, for some constants a, b say.

E^{1,0} × S^3 × S^3 × S^3. The dilaton can only depend on the flat coordinate, which is timelike, so |dϕ|^2 ≤ 0. However |H|^2 > 0, whence this geometry is never a background (with or without supersymmetry).

E^{1,1} × SU(3). Here |H|^2 > 0, and dϕ can have components along E^{1,1} . Letting (x^0, x^1) be flat coordinates for E^{1,1} , we can take ϕ = a+^1_2 |H|x^1, for some constant a, without loss of generality.

E^{1,3} × S^3 × S^3. Here |H|^2 > 0 and dϕ can have components along E^{1,3} [68]. With (x^0, x^1, x^2, x^3) being flat coordinates for E^{1,3} , we take ϕ = a +^1_2 |H|x^1, for some constant a.

E^{1,6} × S^3. This is the limit R_2 → ∞ of the above case, where R_2 is the radius of curvature of one of the spheres [69, 70].

CW_{2n}(A)×E^{10−2n} , n = 2, 3, 4, 5. In these cases |H|^2 = 0 and hence |dϕ|^2 = 0, so that it cannot have components along the flat directions (if any). This means ϕ = a + bx^−, for constants a, b.

CW_4(A) × S^3 × S^3. Here |dϕ|^2 = 0, whereas |H|^2 > 0, hence there are no backgrounds with this geometry.

CW_{2n}(A) × S^3 × E^{7−2n} , n = 2, 3. Here |H|^2 > 0, whence |dϕ|^2 > 0. This means that we can take ϕ = a + bx^− +^1_2 |H|y, where y is any flat coordinate in E^{7−2n} and a, b are constants.

References

[1] H. Wu, “On the de Rham decomposition theorem,” Illinois J. Math. 8 (1964) 291–311.

[2] M. Cahen and N. Wallach, “Lorentzian symmetric spaces,” Bull. Am. Math. Soc.

76 (1970) 585–591.

[3] M. Blau, J. M. Figueroa-O’Farrill, and G. Papadopoulos, “Penrose limits, supergravity and brane dynamics,” Class. Quant. Grav. 19 (2002) 4753–4805.

arXiv:hep-th/0202111.

[4] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry. Wiley, 1963.

[5] É. Cartan and J. A. Schouten, “On the geometry of the group manifold of simple and semisimple groups,” Nederl. Akad. Wetensch. Proc. Ser. A 29 (1926) 803–815.

Geometry Dilaton AdS_3 ×S^3 × S^3 × E ϕ = a +^1_2 |H|y AdS3 ×S^3 × E^4 ϕ = a +^1_2 |H|y E^{1,1} × SU(3) ϕ = a +^1_2 |H|y E^{1,3} × S^3 × S^3 ϕ = a +^1_2 |H|y E^{1,6} × S^3 ϕ = a +^1_2 |H|y E^{1,9} ϕ = a + bx^− CW10(A) ϕ = a + bx^− CW8(A) × E^2 ϕ = a + bx^− CW_6(A) × S^3 × E ϕ = a + bx^− +^1_2 |H|y CW_6(A) × E^4 ϕ = a + bx^− CW_4(A) × S^3 × E^3 ϕ = a + bx^− +^1_2 |H|y CW4(A) × E^6 ϕ = a + bx^−

Table 4. Parallelisable backgrounds with a linear dilaton. The notation is such that y is a spacelike flat coordinate.

[6] É. Cartan and J. A. Schouten, “On riemannian geometries admitting an absolute parallelism,” Nederl. Akad. Wetensch. Proc. Ser. A 29 (1926) 933–946.

[7] J. A. Wolf, “On the geometry and classification of absolute parallelisms. I,” J. Diff.

Geom. 6 (1971/72) 317–342.

[8] J. A. Wolf, “On the geometry and classification of absolute parallelisms. II,” J.

Diff. Geom. 7 (1972) 19–44.

[9] M. Cahen and M. Parker, “Parallélismes absolus des variétés lorentziennes,” Ann.

Inst. Fourier (Grenoble) 27 (1977), no. 1, xi, 251–266.

[10] A. Medina and P. Revoy, “Algèbres de Lie et produit scalaire invariant,” Ann.

scient. Éc. Norm. Sup. 18 (1985) 553.

[11] J. M. Figueroa-O’Farrill and S. Stanciu, “Nonsemisimple Sugawara constructions,” Phys. Lett. B327 (1994) 40–46. arXiv:hep-th/9402035.

[12] J. M. Figueroa-O’Farrill and S. Stanciu, “On the structure of symmetric selfdual Lie algebras,” J. Math. Phys. 37 (1996) 4121–4134. arXiv:hep-th/9506152.

[13] A. Van Proeyen, “Structure of supergravity theories.” arXiv:hep-th/0301005. [14] A. Salam and E. Sezgin, eds., Supergravities in diverse dimensions. World Scientific, 1989.

[15] W. Nahm, “Supersymmetries and their representations,” Nucl. Phys. B135 (1978) 149–166.

34 José Figueroa-O’Farrill

Parallelisable Supersymmetries with dilaton being geometry constant nonconstant

AdS3 ×S^3 × S^3 × E 16 16 AdS3 ×S^3 × E^4 16 16 E^{1,1} × SU(3) × 16 E^{1,3} × S^3 × S^3 × 16 E^{1,6} × S^3 × 16 E^{1,9} 32 16 CW10(A) 16, 18(A), 20, 22(A), 24(B), 28(B) 16 CW_8(A) × E^2 16, 20 16 CW_6(A) × S^3 × E × 16 CW_6(A) × E^4 16, 24 16 CW4(A) × S^3 × E^3 × 16 CW4(A) × E^6 16 16

Table 5. Supersymmetric parallelisable backgrounds, with (A) or (B) indicating IIA or IIB.

[16] E. Cremmer, B. Julia, and J. Scherk, “Supergravity in eleven dimensions,” Phys.

Lett. 76B (1978) 409–412.

[17] B. W. Nilsson, “Simple ten-dimensional supergravity in superspace,” Nucl. Phys.

B188 (1981) 176–192.

[18] A. Chamseddine, “N=4 supergravity coupled to N=4 matter,” Nucl. Phys. B185 (1981) 403–415.

[19] I. Campbell and P. West, “N=2 D=10 nonchiral supergravity and its spontaneous compactification,” Nucl. Phys. B243 (1984) 112.

[20] M. Huq and M. Namazie, “Kaluza–Klein supergravity in ten dimensions,” Class.

Quant. Grav. 2 (1985) 293.

[21] F. Giani and M. Pernici, “N=2 supergravity in ten dimensions,” Phys. Rev. D30 (1984) 325–333.

[22] J. Schwarz, “Covariant field equations of chiral N=2 D=10 supergravity,” Nucl.

Phys. B226 (1983) 269.

[23] J. Schwarz and P. West, “Symmetries and transformations of chiral N=2 D=10 supergravity,” Phys. Lett. B126 (1983) 301–304.

[24] P. Howe and P. West, “The complete N=2 d=10 supergravity,” Nucl. Phys. B238 (1984) 181–220.

[25] D. Freedman, P. van Nieuwenhuizen, and S. Ferrara, “Progress toward a theory of supergravity,” Phys. Rev. D13 (1976) 3214–3218.

[26] S. Deser and B. Zumino, “Consistent supergravity,” Phys. Lett. B62 (1976) 335–337.

[27] H. Baum, T. Friedrich, R. Grunewald, and I. Kath, Twistor and Killing spinors on riemannian manifolds. No. 108 in Seminarberichte. Humboldt-Universität, Berlin, 1990.

[28] J. P. Gauntlett and S. Pakis, “The geometry of D = 11 Killing spinors,” J. High Energy Phys. 04 (2003) 039. arXiv:hep-th/0212008.

[29] I. Bandos, J. de Azcárraga, J. Izquierdo, M. Picón, and O. O Varela, “On BPS preons, generalized holonomies and D=11 supergravities,” Phys. Rev. D69 (2004) 105010. arXiv:hep-th/0312266.

[30] C. M. Hull, “Holonomy and symmetry in M-theory.” arXiv:hep-th/0305039.

[31] M. Duff and J. Liu, “Hidden spacetime symmetries and generalized holonomy in M- theory,” Nucl. Phys. B674 (2003) 217–230. arXiv:hep-th/0303140.

[32] A. Batrachenko, M. J. Duff, J. T. Liu, and W. Y. Wen, “Generalized holonomy of M-theory vacua.” arXiv:hep-th/0312165.

[33] J. M. Figueroa-O’Farrill, P. Meessen, and S. Philip, “Supersymmetry and homogeneity of M-theory backgrounds,” Class. Quant. Grav. 22 (2005) 207–226.

arXiv:hep-th/0409170.

[34] J. P. Gauntlett, J. Gutowski, and S. Pakis, “The geometry of D=11 null Killing spinors,” J. High Energy Phys. 12 (2003) 049. arXiv:hep-th/0311112.

[35] J. M. Figueroa-O’Farrill, E. Hackett-Jones, and G. Moutsopoulos, “Supersymmetry and homogeneity in ten-dimensional supergravities.” work in progress.

[36] J. M. Figueroa-O’Farrill and G. Papadopoulos, “Maximal supersymmetric solutions of ten- and eleven-dimensional supergravity,” J. High Energy Phys. 03 (2003) 048. arXiv:hep-th/0211089.

[37] J. M. Figueroa-O’Farrill and G. Papadopoulos, “Plücker-type relations for orthogonal planes,” J. Geom. Phys. (2003). arXiv:math.AG/0211170.

[38] U. Gran, J. Gutowski, and G. Papadopoulos, “The spinorial geometry of supersymmetric IIB backgrounds,” Class. Quant. Grav. 22 (2005) 2453–2492.

arXiv:hep-th/0501177.

[39] U. Gran, J. Gutowski, and G. Papadopoulos, “The G2 spinorial geometry of supersymmetric IIB backgrounds,” Class. Quant. Grav. 23 (2006) 143–206.

arXiv:hep-th/0505074.

[40] U. Gran, J. Gutowski, G. Papadopoulos, and D. Roest, “Systematics of IIB spinorial geometry,” Class. Quant. Grav. 23 (2006) 1617–1678.

arXiv:hep-th/0507087.

[41] H. Nishino and E. Sezgin, “Matter and gauge couplings of N=2 supergravity in six dimensions,” Phys. Lett. B144 (1984) 187.

[42] P. K. Townsend, “A new anomaly free chiral supergravity theory from compactification on K3,” Phys. Lett. B139 (1984) 283.

[43] Y. Tanii, “N=8 supergravity in six dimensions,” Phys. Lett. B145 (1984) 197–200.

36 José Figueroa-O’Farrill

[44] A. Chamseddine, J. M. Figueroa-O’Farrill, and W. A. Sabra, “Vacuum solutions of six-dimensional supergravities and lorentzian Lie groups.” arXiv:hep-th/0306278.

[45] J. Gutowski, D. Martelli, and H. Reall, “All the supersymmetric solutions of minimal six-dimensional supergravity.” arXiv:hep-th/0306235.

[46] A. Besse, Einstein Manifolds. Springer-Verlag, 1987.

[47] J. M. Figueroa-O’Farrill and G. Papadopoulos, “Homogeneous fluxes, branes and a maximally supersymmetric solution of M-theory,” J. High Energy Phys. 06 (2001) 036. arXiv:hep-th/0105308.

[48] P. Freund and M. Rubin, “Dynamics of dimensional reduction,” Phys. Lett. B97 (1980) 233–235.

[49] K. Pilch, P. van Nieuwenhuizen, and P. K. Townsend, “Compactification of d=11 supergravity on S^4 (or 11 = 7 + 4, too),” Nucl. Phys. B242 (1984) 377.

[50] J. Kowalski-Glikman, “Vacuum states in supersymmetric Kaluza-Klein theory,” Phys. Lett. 134B (1984) 194–196.

[51] M. Blau, J. M. Figueroa-O’Farrill, C. M. Hull, and G. Papadopoulos, “Penrose limits and maximal supersymmetry,” Class. Quant. Grav. 19 (2002) L87–L95.

arXiv:hep-th/0201081.

[52] R. Penrose, “Any space-time has a plane wave as a limit,” in Differential geometry and relativity, pp. 271–275. Reidel, Dordrecht, 1976.

[53] R. Güven, “Plane wave limits and T-duality,” Phys. Lett. B482 (2000) 255–263.

arXiv:hep-th/0005061.

[54] M. Blau, J. M. Figueroa-O’Farrill, C. M. Hull, and G. Papadopoulos, “A new maximally supersymmetric background of type IIB superstring theory,” J. High Energy Phys. 01 (2002) 047. arXiv:hep-th/0110242.

[55] C. Nappi and E. Witten, “A WZW model based on a non-semi-simple group,” Phys. Rev. Lett. 71 (1993) 3751–3753. arXiv:hep-th/9310112.

[56] S. Stanciu and J. M. Figueroa-O’Farrill, “Penrose limits of Lie branes and a Nappi–Witten braneworld,” J. High Energy Phys. 06 (2003) 025.

arXiv:hep-th/0303212.

[57] P. Meessen, “A small note on pp-wave vacua in 6 and 5 dimensions,” Phys. Rev.

D65 (2002) 087501. arXiv:hep-th/0111031.

[58] E. Lozano-Tellechea, P. Meessen, and T. Ortín, “On d=4, 5, 6 vacua with 8 supercharges,” Class. Quant. Grav. 19 (2002) 5921–5934. arXiv:hep-th/0206200.

[59] N. Alonso-Alberca, E. Lozano-Tellechea, and T. Ortín, “The near-horizon limit of the extreme rotating d=5 black hole as a homogeneous spacetime,” Class. Quant. Grav. 20 (2003) 423–430. arXiv:hep-th/0209069.

[60] J. M. Figueroa-O’Farrill, “On the supersymmetries of Anti-de Sitter vacua,” Class.

Quant. Grav. 16 (1999) 2043–2055. arXiv:hep-th/9902066.

[61] J. P. Gauntlett, J. Gutowski, C. M. Hull, S. Pakis, and H. Reall, “All supersymmetric solutions of minimal supergravity in five dimensions,” Class. Quant. Grav. 20 (2003) 4587–4634. arXiv:hep-th/0209114.

[62] J. P. Gauntlett, R. Myers, and P. K. Townsend, “Supersymmetry of rotating branes,” Phys. Rev. D59 (1999) 025001. arXiv:hep-th/9809065.

[63] J. C. Breckenridge, R. C. Myers, A. W. Peet, and C. Vafa, “D-branes and spinning black holes,” Phys. Lett. B391 (1997) 93–98. arXiv:hep-th/9602065.

[64] R. Kallosh, A. Rajaraman, and W. Wong, “Supersymmetric rotating black holes and attractors,” Phys. Rev. D55 (1997) 3246. arXiv:hep-th/9611094.

[65] J. M. Figueroa-O’Farrill, “On parallelisable NS-NS backgrounds,” Class. Quant.

Grav. 20 (2003) 3327–3340. arXiv:hep-th/0305079.

[66] T. Kawano and S. Yamaguchi, “Dilatonic parallelizable NS-NS backgrounds,” Phys. Lett. B568 (2003) 78–82. arXiv:hep-th/0306038.

[67] J. M. Figueroa-O’Farrill, T. Kawano, and S. Yamaguchi, “Parallelisable heterotic backgrounds,” J. High Energy Phys. 10 (2003) 012. arXiv:hep-th/0308141.

[68] R. Khuri, “A comment on string solitons,” Phys. Rev. D48 (1993) 2947–2948.

arXiv:htp-th/9305143.

[69] M. Duff and J. Lu, “Elementary five-brane solutions of D=10 supergravity,” Nucl.

Phys. B354 (1991) 141–153.

[70] C. Callan Jr, J. Harvey, and A. Strominger, “Supersymmetric string solitons.”

arXiv:hep-th/9112030.

Index

Lie algebra

double extension, 10 indecomposable, 10 lorentzian, 9 lorentzian symmetric space anti de Sitter, 3 Cahen–Wallach, 3 de Sitter, 3 isometric embedding, 5 parallelisable, 6

supergravity

d=10 IIB

background, 16 duality group, 17 Killing spinor, 17 d=10 type II

background, 29 parallelisable background, 29 supersymmetric background, 29 d=11

background, 14 Killing spinor, 14 supersymmetric background, 14 d=6 (1, 0) background, 18 (1, 0) supersymmetric background, 18 (2, 0) background, 18 (2, 0) supersymmetric background, 18 R-symmetry groups, 18

38

José Figueroa-O’Farrill School of Mathematics and Maxwell Institute for Mathematical Sciences University of Edinburgh United Kingdom E-mail: j.m.figueroa@ed.ac.uk