math.QA/9906029 4 Jun 1999

math.QA/9906029 ITFA-98-15

The Large N Limits of the Chiral Potts Model

Helen Au-Yang and Jacques H.H. Perk

Department of Physics, Oklahoma State University, 145 Physical Sciences, Stillwater, OK 74078-3072, USA^1 Department of Mathematics and Statistics, The University of Melbourne, Parkville, Victoria 3052, Australia Institute for Theoretical Physics, University of Amsterdam, Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands.

Abstract

In this paper we study the large-N limits of the integrable N-state chiral Potts model. Three chiral solutions of the star-triangle equations are derived, with states taken from all integers, or from a finite or infinite real interval. These solutions are expected to be chiral-field lattice deformations of parafermionic conformal field theories. A new two-sided hypergeometric identity is derived as a corollary.

Key words: Chiral Potts Model; Star-Triangle Equations; R-matrix; Chiral Fields; Hypergeometric Functions

1 Introduction

When the integrable N-state chiral Potts model was introduced, it was the first example of an exactly solvable lattice model whose Boltzmann weights both require the use of higher-genus algebraic functions for their uniformization and do not have “the difference property” [1–6]. Since then, much has been written about many aspects of this model and we refer the reader to the recent review [7] for more information. In this paper we shall concentrate our attention on just one aspect, namely the large N limit. We have written about this once before [8], but we can now present a much more complete and improved version containing several new results in addition.

1 Permanent address. E-mail address: perk@okstate.edu .

Preprint submitted to Elsevier Preprint 3 June 1999

The chiral Potts model is a spin model on a two-dimensional lattice (or more generally a planar graph). At each site (or vertex) of the lattice (or graph), there is a state variable or “spin” that takes on N values a, b, · · · = 1, 2, · · · , N, (mod N). The Boltzmann weights are associated with pair interactions along edges. We assume that there are two types of such weights W and W , which on a square lattice would correspond to horizontal and vertical interactions. We assume also that the weights only depend on the difference modulo N of the two spin states a and b at the two endpoints of each edge, which is the Potts property. The chiral character^2 (handedness or breakdown of parity) is expressed by W (a − b) ≢ W (b − a) and can only occur if N > 2.

The integrable chiral Potts model [1–6] is a nontrivial generalization of the critical Fateev–Zamolodchikov model [9]. The fact that its rapidity variables lie on a higher-genus curve makes this model special among the many solvable lattice models. In spite of this several results exist for it. Therefore, its large-N limits should provide interesting generalizations of certain nonchiral ∞-state models of Fateev and Zamolodchikov [9–11], very different from the SOSmodel of Baxter [12] and the few other ∞-state models [13–16] that have been introduced. From existing thermodynamic results for the finite-N case, we can infer corresponding results for the N = ∞ cases that may be of interest in later studies. We expect, for example, a direct relation with new integrable chiral-field deformations of parafermionic conformal field theories.

This paper is organized as follows. In section 2 we present the Boltzmann weights of the integrable chiral Potts model and its dual model, also adding new details not given in [8]. In section 3 we give the three different large-N limits of the weights, while treating the more technical details in Appendix B. The three corresponding large-N limits of the star-triangle equations are given in detail in section 4. In section 5, it is shown that the results of the previous section 4 imply a new two-sided hypergeometric summation formula. Finally, a short discussion is given in section 6.

2 Integrable N-state Chiral Potts Model

In this section we shall review earlier results on our higher-genus solution of the star-triangle equations for the chiral Potts model [1–6] and present in more detail a reparametrization [8,17] that is particularly suitable for the large-N limit.

2 This chiral aspect allows us to mimic the effect of further-neighbor interactions within the context of a nearest-neighbor interaction model, see [7] and references quoted there.

Fig. 1. The square lattice represented by solid lines is diagonally oriented here, with spins taking N different values at its vertices and Boltzmann weights W and W associated with pair interactions along the two types of edges. The positions of the spins of the dual lattice are indicated by open circles. The medial graph is represented by the dashed oriented horizontal and vertical lines, also called “rapidity lines,” carrying the spectral or rapidity variables p and q.

2.1 Star-Triangle Equation for Chiral Potts Model

The N-state chiral Potts model can be defined on a general graph with spin states a, b, · · · taking values 1, · · · , N on the vertices and Boltzmann weights W (a, b) = W (a − b) associated with edges. W (n) is periodic in n mod N.

In the integrable model, one assumes that there are oriented straight lines (the rapidity lines) on the medial graph, which are dashed lines shown in Fig. 1 for the case of a square lattice. They are obtained by connecting the middles of all pairs of edges (solid lines in the figure) that are incident to a single site and share a common face. No more than two rapidity lines meet at any given point. These lines carry variables p, q, · · · and arrows specifying their orientations. In nearly all solvable models the weights depend on the differences of these rapidity variables. For our class of integrable spin-pair interaction models the weights can be graphically represented as in Fig. 2. These weights must satisfy the star-triangle equation

N∑ d=1 W_{qr}(b − d) W_{pr}(a − d) W_{pq}(d − c)

= R_{pqr} W_{pq}(a − b) W_{pr}(b − c) W_{qr}(a − c). (2.1)

Fig. 2. Boltzmann weights W_{pq}(a − b) and W_{pq}(a − b). We need to put an arrow on each edge to distinguish W_{pq}(a − b) from W_{pq}(b − a). Note the relative orientation of this arrow with respect to the orientations of the two rapidity lines in each case.

Here the factor R_{pqr} can be determined as [5,6,18]

R_{pqr} =

F_{pq}F_{qr} F_{pr}

, F_{pq} = { ∏N l=1 ∑N j=1 ω^{−jl} W_{pq}(j) ∏N l=1 W_{pq}(l) }_1/N , (2.2)

with

ω ≡ e^{2πi/N} ≡ e^{2π√−1/N} . (2.3)

The easiest way to derive (2.2) is to set a = 0 in (2.1) and then to take the determinant with respect to the matrix indices b and c, leading to determinants of products of diagonal and cyclic matrices; this argument first appeared in print in [18]. The star-triangle equation (2.1) can be symbolically represented as in Fig. 3.

Fig. 3. The star-triangle relations, which allow one to move a rapidity line p through a vertex, which is the intersection of two other rapidity lines q and r.

2.2 Weights of Integrable Chiral Potts Model

In [1–6] one family of integrable chiral Potts models, with an arbitrary number of states per site N ≥ 2, has been deduced with weights W_{pq}(a − b) and W_{pq}(a − b) satisfying the star-triangle equation (2.1) for all a, b, c = 1, . . . , N. These weights are given by

W_{pq}(n) W_{pq}(0) = ( μ_p μ_q )n n∏ j=1 y_q − x_pω^j y_p − x_qω^j , W_{pq}(n) W_{pq}(0)

= (μ_pμ_q)^n n∏ j=1 ωx_p − x_qω^j y_q − y_pω^j

. (2.4)

Here,^3 the parameters p≡ (x_p, y_p, μ_p) and q ≡ (x_q, y_q, μ_q) are restricted by the two periodicity requirements W_{pq}(N + n) = W_{pq}(n), W_{pq}(N + n) = W_{pq}(n), yielding (μ_p μ_q )N = y^N_p − x^N_q y^N_q − x^N_p

, (μ_pμ_q)^N = y^N_q − y^N_p x^N_p − x^N_q

, (2.5)

which can be recombined as

μ^N_p x^N_p ± y^N_p 1 ± μ^N_p = μ^N_q x^N_q ± y^N_q

1 ± μ^N_q

≡ λ_±, (2.6)

independent of p and q. We write λ_± = ±c(1∓k^′)/k, with c a constant that can be absorbed by a trivial rescaling of all the x_p, y_p, x_q, y_q by a common factor that will drop out of (2.4), and with k and k^′ numbers related by k^2 + k^{′2} = 1. Then the conditions (2.5) reduce to

μ^N_p = k^′/(1 − k x^N_p ) = (1 − k y^N_p )/k^′, x^N_p + y^N_p = k(1 + x^N_p y^N_p ). (2.7)

These equations describe a complex curve, which is the intersection of two “Fermat cylinders,” and the genus of this curve is g = N^2(N −2)+1. For each Boltzmann weight the two line (or rapidity) variables p and q are two points on this higher-genus algebraic curve, so that the usual difference-variable transformation cannot be carried out, except for special subcases where the genus degenerates to g ≤ 1. Here the substitutions k = 0, k^′ = ±1 reduce the curve

3 To connect with the original homogeneous notation [5,6], we must set x_p ≡ a_p/d_p, y_p ≡ b_p/c_p, μ_p ≡ d_p/c_p, and similarly with p replaced by q, r, · · ·. A proof that the star-triangle equation (2.1) is satisfied is given in the appendix of [6].

(2.7) to a product of genus-zero curves and the weights degenerate to those of the self-dual Fateev–Zamolodchikov model [9].

In general the model is not self-dual and the dual weights are found by Fourier transform. We first note that the periodic weights in (2.4) are of the form W (n) W (0) = n∏ j=1 x_1 − x_2ω^j x_4 − x_3ω^j , x^N_1 − x^N_2 x^N_4 − x^N_3

= 1, (2.8)

so that the linear recursion relation

(x_4 − x_3ω^n)W (n) = (x_1 − x_2ω^n)W (n − 1) (2.9)

is satisfied. We can apply the Fourier (or duality) transformation^4

W^{(f)}(m) ≡ N^{−1} N −1∑ n=0 ω^{−mn}W (n), (2.10)

leading to

x_4W^{(f)}(m) − x_3W^{(f)}(m − 1) = ω^{−m}x_1W^{(f)}(m) − ω^{1−m}x_2W^{(f)}(m − 1), (2.11) or W^{(f)}(n) W^{(f)}(0) = n∏ j=1 ωx_2 − x_3ω^j x_1 − x_4ω^j

. (2.12)

Therefore, the weights dual to (2.4) are

W^{(f)}_{pq} (n) W^{(f)}pq (0) = n∏ j=1 ωμ_px_p − μ_qx_qω^j μ_py_q − μ_qy_pω^j , W^{(f)}_{pq}(n) W^{(f)}pq(0) = n∏ j=1 ωμ_pμ_qx_q − y_pω^j ωμ_pμ_qx_p − y_qω^j

, (2.13)

which are again both of the form (2.8).

4 Here we added a normalization factor N^{−1} that is needed in the N → ∞ limit.

2.3 Reparametrization

In order to proceed, we introduce new parameters to describe the higher-genus curve of rapidity variables. These parameters are real when the Boltzmann weights W_{pq}(a − b) and W_{pq}(a − b) are real and positive. We begin with the substitutions^5

x_p = e^{iϕp/N} , y_p = ω^{12} e^{iθp /N} , x_q = e^{iϕq/N} , y_q = ω^{12} e^{iθq/N} , (2.14)

so that from the last identity in (2.7) we find k = sin^1_2 (θ_p − ϕ_p) sin^1_2 (θ_p + ϕ_p) = sin^1_2 (θ_q − ϕ_q) sin^1_2 (θ_q + ϕ_q)

. (2.15)

This is equivalent to

e^{iϕp} = e^{iθp} +k 1 + k e^{iθp}

, (2.16)

and similarly with p replaced by q. From (2.16) we have

cos ϕ_p =

2k + (1 + k^2) cos θ_p 1 + k^2 + 2k cos θ_p

, sin ϕ_p =

(1 − k^2) sin θ_p 1 + k^2 + 2k cos θ_p

. (2.17)

We will also need two parameters that will describe the dual model, see e.g. (2.29). The first one is given by

λ_p ≡ θ_p + ϕ_p 2π = 1 π arctan sin θ_p cos θ_p + k

, (2.18)

where the last step follows from (2.16). Also using (2.15) we find

θ_p − ϕ_p = 2 arcsin(k sin πλ_p), (2.19)

θ_p = πλ_p + arcsin(k sin πλ_p), ϕ_p = πλ_p − arcsin(k sin πλ_p), (2.20)

which expresses θ_p and ϕ_p in terms of λ_p. The other parameter γ_p is defined by e^{γp±πiλp} ≡ e^{±iθp} +k √ 1 − k^2

. (2.21)

5 Our definitions of θ_p and ϕ_p differ by a factor N from Baxter’s [17]. This change of normalization will be necessary in the large N limit.

These two expressions are equivalent in view of (2.16) and (2.18). Multiplying them and using the second equality in (2.17) we find

e^{2γp} =

1 + k^2 + 2k cos θ_p

1 − k^2 = sin θ_p sin ϕ_p

. (2.22)

Because of (2.20) this γ_p is also a function of λ_p, i.e.

e^{±γp} = √ 1 − k^2 sin^2πλ_p ± k cos πλ_p √ 1 − k^2

. (2.23)

From (2.7) and (2.14) we have μ^N_p = (1 + k e^{θp} )/k^′ so that

μ_p = ( e^{iθp} sin θ_p e^{iϕp} sin ϕ_p

)_1/_2N

, (2.24)

after using (2.18) and (2.21).

With the help of (2.14) and (2.24) we can now rewrite the results (2.4) as [17]

W_{pq}(n) W_{pq}(0) = ( sin θ_p sin ϕ_q sin θ_q sin ϕ_p )n/_2N n ∏ j=1 sin[π(j −^1_2 )/N − (θ_q − ϕ_p)/2N] sin[π(j −^1_2 )/N + (ϕ_q − θ_p)/2N] , (2.25)

W_{pq}(n) W_{pq}(0) = ( sin θ_p sin θ_q sin ϕ_p sin ϕ_q )n/_2N n ∏ j=1 sin[π(j − 1)/N + (ϕ_q − ϕ_p)/2N] sin[πj/N − (θ_q − θ_p)/2N] . (2.26)

Similarly, using (2.14) and (2.24), their Fourier transforms (2.10) become^6

W^{(f)}_{pq} (n) W^{(f)}pq (0) = e^{in(ϕp−θp +ϕq −θq )/2N} n∏ j=1 sin[π(j − 1)/N + (ϕ̃_q − ϕ̃_p)/2N] sin[πj/N − (θ̃_q − θ̃_p)/2N] , (2.27)

W^{(f)}_{pq}(n) W^{(f)}pq(0) = e^{in(θp−ϕp−θq +ϕq )/2N} n∏ j=1 sin[π(j −^1_2 )/N − (ϕ̃_q − θ̃_p)/2N] sin[π(j −^1_2 )/N + (θ̃_q − ϕ̃_p)/2N] , (2.28)

6 Eq. (7) and (8) of [8] have misprints, which can be corrected by replacing n by N − n in their left-hand sides.

where

ϕ̃_p = πλ_p − iγ_p =^1_2 (θ_p + ϕ_p) −^1_2 i log sin θ^p sin ϕ_p , θ̃_p = πλ_p + iγ_p =^1_2 (θ_p + ϕ_p) +^1_2 i log sin θ^p sin ϕ_p

. (2.29)

By direct substitution we can show that if the weights satisfy the star-triangle equation (2.1) then their Fourier transforms satisfy the star-triangle equation

N R_{pqr}

W^{(f)}_{qr} (a) W^{(f)}_{pr} (b) W^{(f)}_{pq}(a + b) = N −1∑ d=0 W^{(f)}_{pq} (b − d) W^{(f)}_{pr} (a + b − d) W^{(f)}_{qr} (d). (2.30)

This equation has the exact same form as equation (2.1), as can be seen replacing a → a − b, b → b − c, a + b → a − c, and c + d → d. Therefore, from the proof [6] that the weights (2.25), (2.26) satisfy (2.1) we conclude that the weights (2.27), (2.28) satisfy (2.30).

For θ_p = ϕ_p, θ_q = ϕ_q we recover the self-dual Fateev and Zamolodchikov [9] solution with

W^{(f)}(n) W^{(f)}(0) = W (n) W (0) = W (N − n) W (0) , W^{(f)}(n) W^{(f)}(0) = W (n) W (0) = W (N − n) W (0)

, (2.31)

which are trigonometric expressions (g = 0) of the difference variable θ_q − θ_p. In this nonchiral special case the Boltzmann weights depend only on this one parameter, which is the difference of two rapidity variables. The more general chiral weights depend on the two rapidity variables separately, living on a higher-genus curve.

3 The N → ∞ Limit of the Boltzmann Weights

In this section we shall obtain the N → ∞ limit of the Boltzmann weights of the previous section. We shall give explicit formulae for all three regimes.

3.1 General form of the Boltzmann weights

Note that the Boltzmann weights (2.25) and (2.26) or their dual weights (2.27) and (2.28) all have the product form W (n) W (0) = A^{n/N} n∏ j=1 sin (π(j + α − 1)/N) sin (π(j + β − 1)/N)

, (3.1)

where

A = sin πβ/ sin πα, (3.2)

with α and β given constants depending on parameters θ_p, θ_q, ϕ_p, and ϕ_q satisfying (2.15). Also, the condition on A guarantees that W (n+N) = W (n), using a trivial exercise on complex exponentials.

More precisely, we have to use in case of (2.25) and (2.26)

α_{pq} = 1 2 + ϕ_p − θ_q 2π , β_{pq} = 1 2 + ϕ_q − θ_p 2π , (3.3)

α_{pq} = ϕ_q − ϕ_p 2π , β_{pq} = 1 + θ_p − θ_q 2π , (3.4)

which all four satisfy equations of the form ξ_{pq} + ξ_{qr} − ξ_{pr} = ξ_{qq}, or

α_{pq} + α_{qr} − α_{pr} = β_{pq} + β_{qr} − β_{pr}, (3.5)

α_{pq} + α_{qr} = α_{pr}, β_{pq} + β_{qr} = 1 + β_{pr}. (3.6)

Similarly, we have to use in case of (2.27) and (2.28)

α^{(f)}_{pq} = ϕ̃_q − ϕ̃_p 2π , β^{(f)}_{pq} = 1 + θ̃_p − θ̃_q 2π , (3.7)

α^{(f)}_{pq} = 1 2 + θ̃_p − ϕ̃_q 2π , β^{(f)}_{pq} = 1 2 + θ̃_q − ϕ̃_p 2π , (3.8)

satisfying

α^{(f)}_{pq} + α^{(f)}_{qr} = α^{(f)}_{pr} , β^{(f)}_{pq} + β^{(f)}_{qr} = 1 + β^{(f)}_{pr} , (3.9)

α^{(f)}_{pq} + α^{(f)}_{qr} − α^{(f)}_{pr} = β^{(f)}_{pq} + β^{(f)}_{qr} − β^{(f)}_{pr} . (3.10)

The four corresponding constants A, Ā, A^{(f)}, Ā^{(f)}, as given in (3.2) with the corresponding α and β substituted, are worked out in Appendix A and they agree with (2.25) through (2.28), as was to be expected.

Important symmetries of weight (3.1) are

W (n|α, β) W (0|α, β) = W (0|β, α) W (n|β, α) = W (n ± N|α, β) W (0|α, β) , (3.11) W (−n|α, β) W (0|α, β) = W (N − n|α, β) W (0|α, β) = W (n|1 − β, 1 − α) W (0|1 − β, 1 − α) , (3.12)

which is easily verified from (3.1). This allows us to restrict ourselves to study W (n) only for 0 ≤ n ≤^1_2 N, while reducing the other case^1_2 N ≤ n ≤ N or equivalently −^1_2 N ≤ n ≤ 0 to this case. This symmetry shows up explicitly in the following, particularly in (3.17), (3.19), (3.21), and (B.4).

We can conclude from (3.12) that W (N − n) = W (n) for α + β = 1. Then the chirality disappears and the model reduces to the model of Fateev and Zamolodchikov [9].

3.2 General N → ∞ formula

Naively, in the limit N → ∞, we can drop the sin symbols in (3.1). This leads us to introduce the function

P (n|α, β) ≡ Γ(α + n)Γ(β) Γ(β + n)Γ(α) = n∏ j=1 j + α − 1 j + β − 1 = (α)_n (β)_n , if n ≥ 0,

= −n∏ j=1 j − β j − α = (1 − β)_{−n} (1 − α)_{−n} , if n ≤ 0, (3.13)

where Γ(x) is the Gamma function and (x)_n = Γ(x+n)/Γ(x) the Pochhammer symbol [19,20]. The finite-N corrections are described by the function

S_n(α) ≡ log n∏ j=1 sin[π(j +α−1)/N] π(j +α−1)/N , (3.14)

which has an asymptotic expansion derived in Appendix B. Using (B.2) there, we immediately have an asymptotic expansion formula for (3.1) in terms of powers of 1/N, i.e.^7

log W (n) W (0)

= log [ A^{n/N} P (n|α, β) ] + S_n(α) − S_n(β)

= log [ A^{n/N} P (n|α, β) ] + ∞∑ l=0 B_{l+1}(α) − B_{l+1}(β) (l + 1)! ( π N )l

× ( d dz )l log ( sin z z )| | | z=πn/N − ( d dz )l log (sin z z )| | | z=0 , (3.15)

where the B_m(x) are Bernoulli polynomials [19,20]. Only the term l = 0 will be relevant in the limit N → ∞ and the terms l ≥ 1 are finite-N corrections, for which bounds are derived in Appendix B. Using B_1(x) = x−^1_2 and B_2(x) = x^2 − x +^1_6 [19,20] and restricting ourselves to l ≤ 1 we can rewrite (3.15) as

W (n) W (0) = A^{n/N} P (n|α, β) ( sin(πn/N) πn/N )α_−β

× exp [ π(α − β)(α + β − 1) 2N ( cot πn N − N πn ) + O(N^{−2}) ] . (3.16)

The last line of (3.16) gives the leading correction for large N and can be ignored in the limit. We can use (3.16) to study three regimes for the large N limit. We shall work this out in the following three subsections.

3.3 The regime I: N → ∞, n finite

First we study the limit N → ∞, while n remains finite. In this case, (3.16) results in W (n) W (0) = Γ(α + n)Γ(β) Γ(β + n)Γ(α) = Γ(1 − β − n)Γ(1 − α) Γ(1 − α − n)Γ(1 − β) , −∞ < n < ∞, (3.17)

which is just the naive limit P (n|α, β) given in (3.13). Using the well-known asymptotic expansion formula of the Gamma function [19,20], we have

Γ(z + α) Γ(z + β) = z^{α−β} ( 1 + (α − β)(α + β − 1) 2z + O(z^{−2}) ) , (3.18)

7 Formula (12) in [8] has the higher orders misprinted and is only correct to the order needed in the actual N → ∞ limits, which are presented correctly in [8].

for z → +∞, which is also equation 1.18(4) of [19]. Therefore, W (n) W (0) = n^{α−β} Γ(β) Γ(α) ( 1 + O(n^{−1}) ) , for n → +∞, = |n|^{α−β} Γ(1 − α) Γ(1 − β) ( 1 + O(|n|^{−1}) ) , for n → −∞. (3.19)

This shows that the Boltzmann weights vanish in the limit whenever ℜα < ℜβ, where ℜz is the real part of z.

3.4 The regime II: N, n → ∞, n/N finite

For the second regime we study N, n → ∞ such that x ≡ 2πn N (3.20)

remains finite. Consequently, the weights W (n) in (3.1), which originally took N different values and which were periodic modulo N, now depend on the continuous spin values x and they are periodic modulo 2π.

We can now substitute the asymptotic formula (3.19) for P (n|α, β) into (3.16), while assuming without loss of generality −^1_2 N ≤ n ≤^1_2 N and rearranging the resulting expression. We immediately arrive at

W (x) = W (0) A^{x2π} ( N π sin^1_2 x )α_−β Γ(β) Γ(α)

, if 0 < x ≤^1_2 π,

= W (0) A x 2π ( N π sin^1_2 |x| )α_−β Γ(1 − α) Γ(1 − β)

, if −^1_2 π ≤ x < 0. (3.21)

This can be summarized as a function periodic modulo 2π, i.e. W (x) = C A x 2π − ⌊ x 2π ⌋ | | |sin^1_2 x | | | α−β , (3.22)

where ⌊x⌋ stands for the largest integer ≤ x and

C = W (0) ( N π )α_−β Γ(β) Γ(α) , A = sin πβ sin πα = Γ(α)Γ(1 − α) Γ(β)Γ(1 − β)

. (3.23)

In this regime II, we have to rescale W (0) with a power of N as N → ∞ in order to keep the constant C finite.

For the special case α + β = 1, we have A = 1 and the chirality vanishes. This special limit has been mentioned first by Fateev and Zamolodchikov in [9] and is generalized above to α + β ≠ 1.

3.5 The regime III: N, n → ∞, n/N → 0

A crossover regime intermediate between regimes I and II appears when both N, n → ∞ such that n/φ(N) → x for some function φ(N) with φ(N) → ∞ and φ(N)/N → 0. We have W (x) = D A^{− 12 sign(x)} |x|^{α−β}, −∞ < x < ∞, (3.24)

which is a chiral generalization of the Boltzmann weight in Zamolodchikov’s Fishnet Model [10]. Here, D = W (0) φ(N)^{α−β} Γ(β) Γ(α)

A^{12} , (3.25)

implying again that W (0) need be suitably rescaled in the limit N → ∞. We note that (3.24) is also the asymptotic large-n behavior (3.19) for regime I and the small-x limiting behavior of (3.22) in regime II. The sign function in (3.24) arises as coefficients in (3.19) and (3.21) differ by a factor A for n positive or negative, see also (3.23).

We note that we can reproduce the previously known cases [9,10] by setting α + β = 1 and A = 1. Now we have only one condition (3.2) on A, i.e. A = sin πβ/ sin πα. This provides us with the deformations (3.17), (3.22), and (3.24), which define integrable field theories with chirality.

3.6 Duality of regime I and regime II

The limiting Boltzmann weights in Regimes I and II are each other’s dual under Fourier duality transformation. More precisely, if the limiting weights are in Regime II, their Fourier transforms are in Regime I, and vice versa. This follows from the way that we have constructed the limits. However, there is also a direct way to show this, as the infinite Fourier sum can be performed using a transformation formula of the Gauss hypergeometric function F(a, b; c; x) [21]. Thus we obtain a formula for the double-sided hypergeometric function_1H_1 as defined for example by Slater [22], i.e.^8

1H_1 [ α β | | | | e^{ix} ] ≡ ∞∑ n=−∞ (α)_n (β)_n e^{inx} =_1H_1 [ 1 − β 1 − α | | | | e^{−ix} ]

= F(α, 1; β; e^{ix}) + F(1 − β, 1; 1 − α; e^{−ix}) − 1

= 2^{β−α−1} Γ(1 − α)Γ(β) Γ(β − α) e^{i(1−α−β)(x−π)/2} (sin^1_2 x)^{β−α−1}, (3.26)

for 0 < x < 2π (and periodically extended mod 2π). The inverse Fourier transform of (3.26) corresponds to integral 3.892.1 of [20], where we need to replace ν → β − α, β → α + β − 1 + 2n, x → π −^1_2 z, resulting in

1 2π 2π∫ 0 dz e^{−inz+i(1−α−β)z/2} (sin^1_2 z)^{β−α−1} =

2^{1−β+α} e^{iπ(1−α−β)/2} (−1)^n (β − α)B(β + n, 1 − α − n) = 2^{1−β+α} e^{iπ(1−α−β)/2} Γ(β − α) (−1)^n Γ(β + n)Γ(1 − α − n)

, (3.27)

in agreement with (3.26) as

(x)_n =

Γ(x + n) Γ(x)

= (−1)^n

Γ(1 − x) Γ(1 − x − n) = (−1)^n (1 − x)_{−n} . (3.28)

It is easily verified that, up to a possible overall constant factor, (3.26) and (3.27) relate the regime I result (3.17) with the regime II result (3.22), provided an appropriate transformation of the α and β parameters is made. From (3.3), (A.1), (2.29), and (A.3), we find for this duality transformation

β − α − 1 = α^{(f)} − β^{(f)},

α + β − 1 = − i π log A^{(f)}, A^{(f)} = sin πβ^{(f)} sin πα^{(f)}

, (3.29)

whereas, from (3.3), (A.1), (2.29), and (3.7), its inverse is given by

β^{(f)} − α^{(f)} − 1 = α − β,

α^{(f)} + β^{(f)} − 1 = i π log A, A = sin πβ sin πα . (3.30)

8 Start from 2.9 (27) of [19], with a = α, b = 1, c = β, z = e^{ix}, substituting the definitions 2.9 (1), (13), (22). Next use eqs. 2.1.2 (6) and F(a, 0; c; z) = 1.

The equations (3.29) and (3.30) differ only by one minus sign in front of the i, coming from the corresponding difference of the finite Fourier transform and its inverse.

4 The N → ∞ Limit of the Star-Triangle Equation

In this section we shall examine the various limits of the star-triangle equation (2.1), now we have obtained explicit prescriptions on how to take the N → ∞ limit of the Boltzmann weights of the N-state chiral Potts model.

4.1 Principal domain

There are several parameter domains that require separate treatment. But from now on, we shall assume that all W (n) encountered become vanishingly small whenever n, N − n ≫ 0. In view of (3.19) and (3.21), this means that all ℜ(β − α) > 0.

From (3.3), (3.4), (3.7), (3.8), (3.29), and (3.30) we find

β − α = 1 − β + α = 1 − β^{(f)} + α^{(f)} = β^{(f)} − α^{(f)}, (4.1)

independent of the choice of rapidity variables p, q, which we have suppressed in (4.1). Therefore, we define our principal domain by the condition

0 < ℜ(β − α) < 1, (4.2)

for all occurring (α,β) pairs. This condition is easily satisfied, even with α_{pq}, β_{pq}, α_{pr}, β_{pr}, α_{qr}, β_{qr}, and their barred versions, all being real.

The summation over d in (2.1) has to be split in several pieces as we must choose to which of the three N → ∞ regimes each of the three weights in the summand belongs. We shall see that under condition (4.2) all pieces but one can be ignored and that the three types of large-N behavior I, II, or III do not mix: If we take the three spin states a, b, and c in (2.1) such that all three weights in the right-hand side of (2.1) are in the same regime, the dominant part of the sum over spin state d comes from the piece with all three weights in the left-hand side of (2.1) being in the identical regime.

4.2 The constant R_{pqr}

The next calculation to be done is the evaluation of the large-N limit of the constants R_{pqr} or F_{pq} given in (2.2). We break this up in several steps.

First, we can rewrite the F_{pq} in (2.2) as

F_{pq} = N

W^{(f)}_{pq}(0) W_{pq}(0) exp(L̄^{(f)}_{pq} − L_{pq}), (4.3)

where

L_{pq} ≡ 1 N N∑ l=1 log W_{pq}(l) W_{pq}(0)

, L̄^{(f)}_{pq} ≡ 1 N N∑ l=1 log W^{(f)}_{pq}(l) W^{(f)}pq(0)

. (4.4)

Here both the L_{pq} and the L̄^{(f)}_{pq} can be evaluated in an identical fashion under condition (4.2), substituting the regime II asymptotic form (3.22) and (3.23), while replacing the sum by an integral. Therefore, in an obvious simplification of notation suppressing the rapidity subscripts, L_{pq} becomes

L = log [ (N/π)^{α−β} Γ(β)/Γ(α) ]

+ 1 N N∑ l=1 [( (n/N) − ⌊n/N⌋ ) log A + (α − β) log sin |πn/N| ]

≈ log [ (N/π)^{α−β} Γ(β)/Γ(α) ]

+ 1 2π 2π∫ 0 dx [( (x/2π) − ⌊x/2π⌋ ) log A + (α − β) log sin |^1_2 x| ]

= log [ (N/2π)^{α−β} A^{1/2} Γ(β)/Γ(α) ] , for N → ∞, (4.5)

where the elementary integral 4.224.3 of [20] has been used. Similarly,

L̄^{(f)} ≈ log [ (N/2π)^{α(f)−β(f)} Ā^{(f)1/2} Γ(β^{(f)})/Γ(α^{(f)}) ] , for N → ∞. (4.6)

It is easily checked that the corrections to (4.5) and (4.6) are irrelevant in the large-N limit.

Similarly, W^{(f)}(0)/W (0) is also dominated by the regime II contribution given by (3.22) and (3.23), i.e.

W^{(f)}(0) W (0) = 1 N N∑ l=1 [ (N/π)^{α−β} Γ(β)/Γ(α) ] Ā^{(n/N )−⌊n/N ⌋}| sin πn/N|^{α−β}

≈ [ (N/π)^{α−β} Γ(β)/Γ(α) ] 1 2π 2π∫ 0 dx Ā^{x/2π}(sin^1_2 x)^{α−β}

= (N/2π)^{α−β} Ā^{1/2} Γ(β)Γ(1 − β + α) Γ(α)Γ(β^{(f)})Γ(1 − α^{(f)})

, for N → ∞. (4.7)

We have used the integral (3.27) for n = 0, after substituting the barred version of (3.30), i.e.

α − β = β^{(f)} − α^{(f)} − 1, log Ā = πi (1 − α^{(f)} − β^{(f)}). (4.8)

Then the last line of (4.7) is obtained using (4.8) once more. As before in (4.5) and (4.6), (4.7) gives the coefficient of the leading N-power as N → ∞. Correction terms can be obtained, but they will not be needed.

We can now substitute (4.4)–(4.8) into (4.3) and simplify the result. This is worked out in Appendix C and the result is

F_{pq} = [ (N/2π)^{βpq−αpq} A^{−1/2}pq

] W_{pq}(0) W_{pq}(0)

Γ(α_{pq})Γ(β_{pq})Γ(1 − α_{pq}) Γ(βpq)Γ(βpq − αpq)

, (4.9)

giving us the desired expression for R_{pqr} = F_{pq}F_{qr}/F_{pr}. We note that the factor in square brackets in (4.9) cancels out in view of (3.5) and (A.1). Hence,

lim_{N →∞} R_{pqr} =

W_{pq}(0)W_{pr}(0)W_{qr}(0) W_{pq}(0)W_{pr}(0)W_{qr}(0) r^∞_{pqr}, (4.10)

where

r^∞_{pqr} ≡ f_{pq}f_{qr} f_{pr}

, f_{pq} ≡

Γ(α_{pq})Γ(β_{pq})Γ(1 − α_{pq}) Γ(βpq)Γ(βpq − αpq)

. (4.11)

We see that R_{pqr} is independent of N in leading order in the large-N limit. Finite-N corrections can be worked out but are not needed here, as we shall only consider the actual N → ∞ limit.

Note that f_{pq} and r^∞_{pqr} are invariant under α_{pq} → 1 − β_{pq}, β_{pq} → 1 − α_{pq}, whereas F_{pq} and r^∞_{pqr} are invariant under α_{pq} → 1 − β_{pq}, β_{pq} → 1 − α_{pq}, but f_{pq} is not.

4.3 Regime I

We can first consider the large-N limit of (2.1), while keeping a − b, a − c, and thus also b − c finite. Without loss of generality, we can then restrict ourselves to considering the case a, b, and c finite. The three Boltzmann weights in the right-hand side of (2.1) take the regime-I form (3.17). The sum over d in (2.1) needs to be split up in the limit. In one part |d| remains finite but can become arbitrarily large and the three weights in the left-hand side of (2.1) also take the regime-I form. The summand of (2.1) then decays as |d|^κ for |d| → ∞. From (3.17), and using (3.6) and (4.1), we see that

κ = α_{qr} − β_{qr} + α_{pr} − β_{pr} + α_{pq} − β_{pq} = α_{qr} − β_{qr} + β_{pr} − α_{pr} − 1 + α_{pq} − β_{pq} = −2, (4.12)

so that the sum over d converges as ∑ |d|^{−2}. In the part of the sum for which |d|/N does not tend to zero, the three weights in the left-hand side of (2.1) belong to regime II and now we can use (3.21) to show that the summand scales as N^κ = N^{−2}. As the total sum has N terms, this contribution vanishes in the limit.

The contribution of the crossover regime III connecting regimes I and II also vanishes. To show this in more detail, we can split the sum over d in a piece −N^{2/3} < d ≤ N^{2/3}, and a piece N^{2/3} < d ≤ N − N^{2/3}. In the first piece, the summand is bounded by |d|^{−2}-behavior as shown above and in (3.24) and (3.25); therefore, the error made by replacing the sum with −N^{2/3} < d ≤ N^{2/3} by a sum −∞ < d ≤ ∞ vanishes as O(N^{−2/3}). For the second piece we can use (3.21), (3.24) and (3.25) to show that the summand is O(N^{2κ/3}) and with less than N terms of order O(N^{−4/3}) its contribution vanishes as O(N^{−1/3}).

To summarize, all six Boltzmann weights must take the regime-I form (3.17)

W_{pq}(n) =

(α_{pq})_n

(βpq)_n

, W_{pq}(n) =

(α_{pq})_n

(βpq)_n

, (4.13)

solving the star-triangle equation ∞∑ d=−∞ W_{qr}(b − d) W_{pr}(a − d) W_{pq}(d − c)

= r^∞_{pqr} W_{pq}(a − b) W_{pr}(b − c) W_{qr}(a − c), (4.14)

provided the α and β parameters satisfy (3.3), (3.4), and (2.16). In (4.13) and

(4.14) we have chosen the normalization W_{pq}(0) = W_{pq}(0) = 1.

Equation (4.14) is related to the Dougall–Ramanujan identity [23]. We shall return to this in the next section.

4.4 Regime II

We can next consider the large-N limit of (2.1), while keeping (a − b)/N, (a − c)/N, and (b − c)/N fixed and nonzero. The three Boltzmann weights in the right-hand side of (2.1) now take the regime-II form (3.21). Again, the sum over d in (2.1) needs to be split up in this limit. Now the dominant part is the one with all three weights in the left-hand side of (2.1) belonging to regime II. Only when d is close to a, b, or c, one of the weights can be of the form of regime I or III. Because of the principal domain condition (4.2) these contributions can be ignored in the large-N limit and the sum can be replaced by an integral as is done twice in subsection 4.2.

In the previous section we have seen that the summand in the left-hand side of (2.1) scales as N^{−2} in the large-N limit, when the three weights belong to regime II. The right-hand side of (2.1) now scales as N^κ = N^{−1}, since

κ = α_{pq} − β_{pq} + α_{pr} − β_{pr} + α_{qr} − β_{qr}

= α_{pq} − β_{pq} + β_{pr} − α_{pr} − 1 + α_{qr} − β_{qr} = −1. (4.15)

Therefore, it is natural to multiply (2.1) by N and to replace N^{−1} ∑ d by (2π)^{−1} ∫ dx, so that the star-triangle equation becomes

1 2π 2π∫ 0 dw W_{qr}(y − w) W_{pr}(x − w) W_{pq}(w − z)

= R^∞_{pqr} W_{pq}(x − y) W_{pr}(y − z) W_{qr}(x − z), (4.16)

as also follows after suitable rescalings of the Boltzmann weights and R_{pqr}, i.e.

R^∞_{pqr} ≡ lim_{N →∞} N^{−1}R_{pqr} (4.17)

and the two equations (4.20) below. Equation (4.16) has the solution

W_{pq}(x) = e^{(γp−γq)(} x 2π − ⌊ x 2π ⌋ ) | | |sin^1_2 x | | | λp−λq , W_{pq}(x) = e^{(γp+γq)(} x 2π − ⌊ x 2π ⌋ ) | | |sin^1_2 x | | | λq−λp−1 , (4.18) using the normalization C_{pq} = C_{pq} = 1 in (3.22), together with (3.3), (3.4), (2.18), (A.1), and (A.2), which imply

A_{pq} = e^{γp−γq} , α_{pq} − β_{pq} = λ_p − λ_q, Ā_{pq} = e^γp^{+γ}q , α_{pq} − β_{pq} = λ_q − λ_p − 1. (4.19)

Here γ_p and λ_p are related by (2.23). If λ_p < λ_q < λ_r < 1+λ_p all six Boltzmann weights in (4.16) are real and positive and the parameters are in the principal domain.

According to (3.23), the condition C_{pq} = C_{pq} = 1 implies

W_{pq}(0) = ( N π )β_{pq−}α_{pq} Γ(α_{pq})

Γ(βpq)

, W_{pq}(0) = ( N π )β_{pq−}α_{pq} Γ(α_{pq})

Γ(βpq)

. (4.20)

Substituting this in (4.17), while using (4.10) and (4.11), we arrive at

R^∞_{pqr} = f̃_{pq}f̃_{qr} f̃_{pr} , f̃_{pq} ≡ 1 π Γ(β_{pq})Γ(α_{pq}) Γ(αpq)Γ(βpq) f_{pq} =

Γ(α_{pq})Γ(1 − α_{pq}) πΓ(βpq − αpq)

, (4.21)

where the π and N factors have been redistributed using (3.5) and (3.6).

It can be shown that the Boltzmann weights obtained by dropping the integral part ⌊x/2π⌋ in (4.18) also satisfy the same star-triangle equation (4.16). The resulting chiral solution can be viewed as the nonchiral Fateev–Zamolodchikov large-N solution [9] with a site-dependent gauge transformation.

Since W_{pq}(x) and W_{pq}(x) as given in (4.18) are now functions of x periodic modulo 2π, their Fourier transforms

W^{(f)}_{pq} (j) = 1 2π 2π∫ 0 dx e^{−ijx} W_{pq}(x), W^{(f)}_{pq}(j) = 1 2π 2π∫ 0 dx e^{−ijx} W_{pq}(x),

(4.22)

are over all integer value j, ranging from −∞ to ∞. Substituting (4.22) into (4.16), we find that these Fourier transforms satisfy the star-triangle equation 1 R^∞_{pqr}

W^{(f)}_{qr} (a − b) W^{(f)}_{pr} (b − c) W^{(f)}_{pq}(a − c) = ∞∑ d=−∞ W^{(f)}_{pq} (b − d) W^{(f)}_{pr} (a − d) W^{(f)}_{qr} (d − c), (4.23) in which the sum is over all integer values of d.

4.5 Regime III

As the final case, we can consider the large-N limit of (2.1), while keeping (a − b)/φ(N), (a − c)/φ(N), and (b − c)/φ(N) fixed at finite and nonzero values. The three Boltzmann weights in the right-hand side of (2.1) now take the regime-III form (3.24). Also in this case, the sum over d in (2.1) needs to be split up. Now the dominant part is the one with all three weights in the left-hand side of (2.1) belonging to regime III. Only when d is close to a, b, or c, one of these weights can be of the form of regime I, while the other two weights are of the form of regime III. Because of the principal domain condition (4.2) these regime-I contributions can be ignored in the large-N limit and the sum can be replaced by an integral as is done twice already in subsections 4.2 and 4.4. Also, the three weights in the summand of (2.1) can only simultaneously take the form (3.21) of regime II. This contribution is O(N^{−1}) as in subsection 4.3 and can be ignored.

Hence, we can prove a star-triangle equation of the form (4.16), but with integration over (−∞, +∞), i.e.

+∞∫ −∞ dw W_{qr}(y − w) W_{pr}(x − w) W_{pq}(w − z)

= R̂^∞_{pqr} W_{pq}(x − y) W_{pr}(y − z) W_{qr}(x − z), (4.24)

where

R̂^∞_{pqr} ≡ lim_{N →∞} φ(N)^{−1}R_{pqr}. (4.25)

Equation (4.24) has the solution

W_{pq}(x) = e^{− 12 (γp−γq )sign(x)} |x|^{λp−λq} ,

W_{pq}(x) = e^{− 12 (γp+γq )sign(x)} |x|^{λq−λp−1}, (4.26)

using the normalization D_{pq} = D_{pq} = 1 in (3.24), together with (4.19). Again, γ_p and λ_p are related by (2.23). If λ_p < λ_q < λ_r < 1 + λ_p all six Boltzmann weights in (4.24) are real and positive.

According to (3.25), the condition D_{pq} = D_{pq} = 1 implies

W_{pq}(0) = φ(N)^{βpq−αpq}

Γ(α_{pq})

Γ(βpq)

, W_{pq}(0) = φ(N)^{βpq−αpq}

Γ(α_{pq})

Γ(βpq)

. (4.27)

Substituting this in (4.25), while using (4.10) and (4.11), we arrive at

R̂^∞_{pqr} = f̂_{pq}f̂_{qr} f̂_{pr} , f̂_{pq} ≡ Γ(β^{pq})Γ(α^{pq}) Γ(αpq)Γ(βpq) f_{pq} =

Γ(α_{pq})Γ(1 − α_{pq})

Γ(βpq − αpq)

, (4.28)

where the φ(N) factors have been redistributed using (3.5) and (3.6).

It can be shown that the nonchiral Boltzmann weights obtained by setting γ_p = γ_q = 0 in (4.26) satisfy the same star-triangle equation (4.24). The resulting solution can be viewed as the Fishnet Model of Zamolodchikov [10]. It also generalizes Symanzik’s conformal integral [11], which has been used by Zamolodchikov to prove the star-triangle equation for the Fishnet Model and which has also provided the proof for the N = ∞ Fateev-Zamolodchikov model [9] via a conformal transformation, ξ = tan^1_2 w.

4.6 Remark on R-matrix

Following our joint work with Baxter [5], we can make an R-matrix by taking the product of four weights in any of the above regimes I, II, or III. Taking four weights of type I, we have

R(a, b, c, d) = W p_1q_1 (a − c) Wp_1q_2 (c − b) W p_2q_2 (d − b) Wp_2q_1 (a − d). (4.29)

Similarly, we can also take four weights of type II or III. Then any such infinite-dimensional R-matrix satisfies the usual Yang-Baxter equation. But these solutions are very different from those of [12–16].

5 Two-Sided Hypergeometric Sum

In this section we shall rewrite the star-triangle equation (4.14) with solution (4.13) as a new double-sided hypergeometric identity.

5.1 More symmetric star-triangle equation

The star-triangle equation (4.14) can be written in a more symmetric form with permutation symmetry among the Boltzmann weights in each of the two sides.

We start by applying (3.12) to the W_{pq} in (4.14), followed by substituting d = −n and and replacing all six weights by (4.13). We arrive at

∞∑ n=−∞ (α_{qr})_{b+n} (α_{pr})_{a+n} (1 − β_{pq})_{c+n} (βqr)_{b+n} (βpr)_{a+n} (1 − αpq)_{c+n}

= r^∞_{pqr}

(α_{pq})_{a−b} (α_{pr})_{b−c} (α_{qr})_{a−c} (βpq)_{a−b} (βpr)_{b−c} (βqr)_{a−c} , (5.1)

This result seems to invite us to introduce a more symmetric notation. For the three external spin states in the star-triangle equation we write

m_1 ≡ a, m_2 ≡ b, m_3 ≡ c. (5.2)

It is logical to associate pr with 1, qr with 2, and pq with 3. The other quantities in (5.1) are then rewritten as^9

x_1 ≡ α_{pr}, x_2 ≡ α_{qr}, x_3 ≡ 1 − β_{pq}, y_1 ≡ β_{pr}, y_2 ≡ β_{qr}, y_3 ≡ 1 − α_{pq}, u_1 ≡ α_{pr}, u_2 ≡ α_{qr}, u_3 ≡ α_{pq}, v_1 ≡ β_{pr}, v_2 ≡ β_{qr}, v_3 ≡ β_{pq}, (5.3)

f_1 ≡ f_{pr}, f_2 ≡ f_{qr}, f_3 ≡ f_{pq}, (5.4)

where the f_j for j = 1, 2, 3 are given by (4.11), i.e.

f_1 =

Γ(x_1)Γ(v_1)Γ(1 − u_1)

Γ(y_1)Γ(v_1 − u_1) , f_2 =

Γ(u_2)Γ(y_2)Γ(1 − x_2)

Γ(v_2)Γ(y_2 − x_2)

, f_3 =

Γ(u_3)Γ(y_3)Γ(1 − x_3) Γ(v_3)Γ(y_3 − x_3)

, (5.5)

and r^∞_{pqr} = f_2f_3/f_1. Therefore, (5.1) takes the much more symmetric form

9 The parameters x_j and y_j , for j = 1, 2, 3, should not be confused with the rapidity variables x_p and y_p of (2.4).

∞∑ n=−∞ (x_1)_{m1+n} (x_2)_{m2+n} (x_3)_{m3+n} (y_1)_{m1+n} (y_2)_{m2+n} (y_3)_{m3 +n} = f_2f_3 f_1

(u_1)_{m1−m2} (u_2)_{m2−m3} (u_3)_{m1 −m3} (v_1)_{m1−m2} (v_2)_{m2−m3} (v_3)_{m1−m3}

. (5.6)

The quantities (5.3) are not independent. From (3.3) and (3.4) we find that the six variables u_j and v_j depend in a linear and symmetric fashion on the six variables x_j and y_j, i.e.

u_1 = 1 + x_2 − y_3, v_1 = y_2 − x_3, u_2 = 1 + x_1 − y_3, v_2 = y_1 − x_3, u_3 = 1 + x_1 − y_2, v_3 = y_1 − x_2, (5.7)

so that (5.6) simplifies further to ∞∑ n=−∞ 3∏ j=1 (x_j)_{mj+n} (y_j)_{mj+n} = f_2f_3 f_1 ∏ ∏ 1≤i<j≤3 (1 + x_i − y_j)_{mi−mj} (y_i − x_j)_{mi−mj} . (5.8)

Since (3.28) implies

(1 + x_i − y_j )_{mi−mj} (y_i − x_j)_{mi−mj} = (1 + x_j − y_i)_{mj−mi} (y_j − x_i)_{mj −mi}

, (5.9)

the symmetry in (5.8) is even larger than is manifested there, namely the full permutation symmetry group S_3.

5.2 The two conditions to be satisfied

The integrable chiral Potts model solution (2.4) of the star-triangle equation (2.1) has not six free parameters, but only four independent ones, namely the rapidity variables x_p, x_q, x_r, and the modulus parameter k. Therefore, two conditions must be imposed on the new variables x_j and y_j with j = 1, 2, 3.

The first relation is a linear relation, which is a direct consequence of (4.12) and (5.3). It reads

x_1 + x_2 + x_3 + 2 = y_1 + y_2 + y_3. (5.10)

This is in fact the Saalschütz condition, which plays such an important role in the theory of hypergeometric functions [19,22].

The second relation can be found from (4.19), which is derived in Appendix A and holds for all N. From (4.19) we can derive

A_{pr}Ā_{qr} = Ā_{pq} = Ā_{qp} = A_{qr}Ā_{pr}, A_{pq}A_{qr} = A_{pr}, A_{pq}A_{qp} = 1. (5.11)

From the first equality in (5.11) and (5.3), we then find

sin πx_1 sin πx_2 sin πx_3 = sin πy_1 sin πy_2 sin πy_3, (5.12)

and we may call this the “periodicity condition” due to its relation with the periodicity mod N property.

Since (5.12) is a nonlinear relation, we may ask ourselves what the ambiguity is in solving x_3 and y_3 from them. Let us use the abbreviations S ≡ sin πx_1 sin πx_2 sin πy_1 sin πy_2

, T ≡ x_1 + x_2 − y_1 − y_2, (5.13)

which are single-valued functions of x_1, x_2, y_1, y_2. We then must solve

y_3 = x_3 + T + 2, sin πy_3 = S sin πx_3. (5.14)

This has the solution

x_3 = 1 2πi log S − e^{−iπT} S − e^{iπT} , y_3 = x_3 + T + 2, (5.15)

so that the only ambiguity is a translation x_3 → x_3 +M, y_3 → y_3 +M, shifting x_3 and y_3 by a common integer M. We will use this freedom below and we conclude that we have indeed found the required two conditions for (5.8) to hold.

5.3 A double-sided hypergeometric identity

Equation (5.8) can be further simplified after we work out f_2f_3/f_1. We can do this using (5.5) and v_j − u_j = 1 + x_j − y_j, for j = 1, 2, 3, which follows from (5.7). The result is

f_2f_3 f_1 = π^2 sin πu_1 sin πx_2 sin πx_3 sin π(y_1 − x_1) 3∏ j=1 Γ(y_j)Γ(u_j ) Γ(x_j )Γ(v_j)Γ(y_j − x_j)

. (5.16)

Here the functional equation of the Gamma function Γ(z)Γ(1 − z) = π/ sin πz has been used. Substituting (5.16) and (5.7) in (5.8), we obtain ∞∑ n=−∞ 3∏ j=1 Γ(x_j + m_j + n) Γ(y_j + m_j + n) = G(x_1, x_2, x_3|y_1, y_2, y_3)

∏_3 i=1 ∏_3

j=1 Γ(y_i − x_j + m_i − m_j)

, (5.17)

where the function G(x_1, x_2, x_3|y_1, y_2, y_3) is given by

G(x_1, x_2, x_3|y_1, y_2, y_3) ≡ π^5 sin πx_2 sin πx_3

∏_3

i=1 sin π(y_i − x_1)

, (5.18)

and can also be expressed as a product of ten Gamma functions.

We can simplify (5.17) further by absorbing the integers m_j in the x_j and the y_j, i.e. x_j + m_j → x_j, y_j + m_j → y_j. The function G(x_1, x_2, x_3|y_1, y_2, y_3) is invariant under this translation. We also note that in this way we utilize the freedom in solving the two conditions (5.10) and (5.12) in subsection 5.2.

As the main conclusion of this section, we find from the large-N limit of the chiral Potts model that the following double-sided hypergeometric identity holds: ∞∑ n=−∞ 3∏ i=1 Γ(x_i + n) Γ(y_i + n) = G(x_1, x_2, x_3|y_1, y_2, y_3)

∏_3 i=1 ∏_3

j=1 Γ(y_i − x_j)

, (5.19)

where

G(x_1, x_2, x_3|y_1, y_2, y_3) = 3∏ j=2 Γ(x_j )Γ(1 − x_j) 3∏ i=1 Γ(y_i − x_1)Γ(1 − y_i + x_1), (5.20)

or equivalently (5.18). The identity (5.19) holds provided both the Saalschütz condition and the periodicity condition of subsection 5.2 hold, i.e.

x_1 + x_2 + x_3 + 2 = y_1 + y_2 + y_3, sin πx_1 sin πx_2 sin πx_3 = sin πy_1 sin πy_2 sin πy_3. (5.21)

Equation (5.19) is clearly also an identity for

3H_3

[ x_1, x_2, x_3 y_1, y_2, y_3 | | | | 1 ] = 3∏ i=1 Γ(y_i) Γ(x_i) ∞∑ n=−∞ 3∏ i=1 Γ(x_i + n) Γ(y_i + n)

, (5.22) which involves the double-sided hypergeometric function_3H_3 as defined e.g. by Slater [22].

We should emphasize that (5.19) holds whenever (5.21) is satisfied and none of the x_j is an integer. The summand and the right-hand side of (5.19) are meromorphic functions of their six variables and the sum converges absolutely like |n|^{−2} due to (5.21), see also subsection 4.3. From (5.15) we see that all solutions of (5.21) are connected by analytic continuation, and the ambiguities in solving (5.21) relate to the way we go around the logarithmic branchpoints in (5.15).

More generally, the N → ∞ limit treated in this paper corresponds to a q ≡ ω → 1 limit of the cyclic (basic) hypergeometric functions of [7,24]. Looking back, the theory of these cyclic hypergeometric functions seems to be nearly synonymous with the theory of the integrable chiral Potts model. The fact that we have found yet another new hypergeometric identity confirms this point of view.

No direct proof of (5.19) has been given here. Such a proof should exist and the various symmetries of (5.19),

• Permutations of x_1, x_2, x_3, • Permutations of y_1, y_2, y_3, • Reflections x_j → 1 − y_j, y_j → 1 − x_j, for j = 1, 2, 3 simultaneously, • Translations x_j → x_j + M, y_j → y_j + M, shifting x_j and y_j by a common integer M, for j = 1, 2 or 3, • Shifts y_i → y_i + M, y_j → y_j − M, i ≠ j, M an integer,

should be helpful in such a proof. The left-hand side and the double product in the denominator of the right-hand side of (5.19) are both separately invariant under the first three of these symmetries, where for the reflection symmetry it has been assumed that the conditions (5.21) hold and the functional equation of the Gamma function has to be used. The fourth symmetry extends (5.19) to a star-triangle equation, as seen above in (5.17), transforming one solution of (5.21) into another one. Similarly, the fifth symmetry also maintains the validity of (5.19).

Therefore, the function G(x_1, x_2, x_3|y_1, y_2, y_3) given by (5.18) or (5.20) should also exhibit the same symmetries, i.e.

G(x_1, x_2, x_3|y_1, y_2, y_3) = G(1−y_1, 1−y_2, 1−y_3|1−x_1, 1−x_2, 1−x_3) = G(x_2, x_1, x_3|y_1, y_2, y_3) = G(x_3, x_2, x_1|y_1, y_2, y_3) = G(x_1, x_2, x_3|y_2, y_1, y_3) = G(x_1, x_2, x_3|y_3, y_2, y_1). (5.23)

This is verified in Appendix D, to which we refer for some details.

5.4 Relation with the Dougall–Ramanujan formula

It is probably now a good idea to ask ourselves how equation (5.19) fits in the existing mathematical literature. There are not many identities available for double-sided hypergeometric functions^{10} and one obvious source for them is the textbook of Slater [22]. It is easily seen that the double-sided hypergeometric sum_pH_p({a}; {b}; z) converges only on parts of the unit circle in the z-plane, and there are a few identities for z = 1 available.

Slater gives a general_3H_3-identity following from a more general_5H_5-identity of Dougall. The identity reads

3H_3

[ x_1, x_2, x_3 1 + a − x_1, 1 + a − x_2, 1 + a − x_3 | | | | 1 ]

= Γ(1 −^1_2 a)Γ(1 +^1_2 a)Γ(1 +^3_2 a − x_1 − x_2 − x_3) Γ(1 − a)Γ(1 + a) × 3∏ j=1 Γ(1 − x_j)Γ(1 + a − x_j) Γ(1 + a − x_1 − x_2 − x_3 + x_j)Γ(1 +^1_2 a − x_j)

. (5.24)

see (6.1.2.6) of [22], with b = x_1, c = x_2, d = x_3. Note that this has four free parameters, just like in (5.19) where there are two relations (5.21) among the six parameters. It is easily checked that (5.19) and (5.24) are different, and one may say that (5.24) also has six parameters x_j and y_j = 1 + a − x_j, but with two linear relations, whereas one of the relations in (5.21) is nonlinear.

When a = 0, (5.24) reduces to the Dougall–Ramanujan formula, ∞∑ n=−∞ 3∏ i=1 Γ(x_i + n) Γ(1 − x_i + n) = Γ(1 − x_1 − x_2 − x_3)

∏_3

i=1 Γ(x_i) ∏ ∏ 1≤i<j≤3 Γ(1 − x_i − x_j)

, (5.25)

with x_1 = −x, x_2 = −y, x_3 = −z in [23] and valid for ℜ(x_1 + x_2 + x_3) < 1. Note, while comparing with (5.19), that we must set y_i = 1 − x_i and the nonlinear periodicity condition (5.12) is automatically satisfied. Imposing the Saalschütz condition (5.10) implies 3∑ i=1 x_i =^1_2 , 3∑ i=1 y_i =^5_2 , y_i = 1 − x_i, (5.26)

10 We are grateful to Professor G.E. Andrews for his comments on this section.

so that (5.25) reduces to ∞∑ n=−∞ 3∏ i=1 Γ(x_i + n) Γ(1 − x_i + n)

= Γ(^1_2 ) 3∏ i=1 Γ(x_i) Γ(x_i +^1_2 )

. (5.27)

It is a simple exercise to show that the special case x_1 +x_2 +x_3 =^1_2 , y_i = 1−x_i of (5.19) coincides with (5.27).^{11}

Some other interesting hypergeometric sums have been evaluated in [25], now under certain nonlinear conditions, but (5.19) appears still to be new.

6 Discussion

There are several reasons why the above results may be of interest, although much of this will have to be deferred to future publications.

First, the integrable chiral Potts model for finite N is intimately related with integrable deformations of a series of parafermionic conformal field theories [26]. It was originally proposed in [26] that the Fateev–Zamolodchikov model [9] constitutes a series of critical lattice models in the same universality classes for each N. This has been numerically checked by Alcaraz [27] for N ≤ 8. The more general chiral Potts model provides therefore lattice deformations of the conformal theory in the chiral-field direction, see e.g. [28,29].

This picture should extend also to the large-N limit. In section 3 we have constructed three different N → ∞ limits of the integrable chiral Potts model. These lead to three solutions of the star-triangle equations, with an infinite sum or finite or infinite integral, as is shown in section 4. Such exact solutions with an infinite state space per spin ought to be of interest as they should relate to new chiral integrable deformations of parafermionic conformal field theories.

There are not many nontrivial exact results for nearest-neighbor systems with infinite spin dimensionality. However, for the chiral Potts model with finite N, exact results exist for the free energy [17,30–32], order parameter [33], groundstate energy and excitation spectra [34–36] of the associated quantum chain, and surface tensions [37–40]. Many of these results have been obtained using systems of functional equations for transfer matrices [41,42].

Large-N limits of these quantities can be constructed. For example, we can use

11 Only the functional relation Γ(z)Γ(1 − z) = π/ sin πz and the duplication formula Γ(2z) = 2^{2z−1}Γ(z)Γ(z +^1_2 )/Γ(^1_2 ) of the Gamma function [19,20] are required.

a conjecture for the order parameters [33], i.e. for each n with 1 ≤ n ≤ N − 1 an order parameter is given by the expectation value

⟨ω^{na0} ⟩ = (1 − k^{′2})^{n(N −n)/2N 2} , (6.1)

where a_0 = 0, · · · , N − 1 is the random value of a given bulk spin, say at the origin. In the limiting regime I, where this spin a_0 can run through all positive and negative integers, (6.1) tends to

⟨e^{ixa0} ⟩ = (1 − k^{′2})^{x(2π−x)/8π2} , (6.2)

where x is a real number 0 < x < 2π resulting from the limit 2πn/N → x. Similar limits can be constructed from existing exact results for some other thermodynamic quantities.

The precise status of (6.2) must still be determined as the above construction presumes the interchange of the N → ∞ limit with the thermodynamic limit followed by the field limit defining the order parameter. Furthermore, it would be interesting to study all these thermodynamic quantities further within a larger ∞-state model containing the integrable manifold and we hope to return to this in the future.

Finally, from a mathematical point of view, the N → ∞ limit corresponds to a q ≡ ω → 1 limit of the cyclic (basic) hypergeometric functions of [7,24], which are intimately related with the integrable chiral Potts model. However, the connection of the double-sided series (3.26) and (5.19) with more general cyclic hypergeometric series will be treated elsewhere.

Acknowledgments

We thank our hosts Professors A.J. Guttmann, P.A. Pearce, and P.J. Forrester at the University of Melbourne and Professors H.W. Capel and B. Nienhuis at the University of Amsterdam for much support. We thank Professor G.E. Andrews for helpful discussions and our many other colleagues in Melbourne and Amsterdam for their warm hospitality. This work has been supported in part by NSF Grants Nos. PHY 97–22159 and PHY 97–24788. Some further financial support from The University of Melbourne and from FOM (‘Stichting voor Fundamenteel Onderzoek der Materie’), which is financially supported by the NWO (‘Nederlandse Organisatie voor Wetenschappelijk Onderzoek’), is gratefully acknowledged.

A The Constant A

In this appendix we verify that the formula for constant A given in (3.2) works out in all four cases.

Substituting (3.3) and (3.4) we get, using (2.17) and (2.22),

(A_{pq})^2 = cos^{2 1}_2 (θ_p − ϕ_q) cos^{2 1}_2 (θ_q − ϕ_p) = 1 + cos θ_p cos ϕ_q + sin θ_p sin ϕ_q 1 + cos θ_q cos ϕ_p + sin θ_q sin ϕ_p = 1 + k^2 + 2k cos θ_p 1 + k^2 + 2k cos θ_q = sin θ_p sin ϕ_q sin ϕ_p sin θ_q

= e^{2γp−2γq} , (A.1) and

(Ā_{pq})^2 = sin^{2 1}_2 (θ_q − θ_p) sin^{2 1}_2 (ϕ_q − ϕ_p) = 1 − cos θ_p cos θ_q − sin θ_p sin θ_q 1 − cos ϕ_q cos ϕ_p − sin ϕ_q sin ϕ_p = (1 + k^2 + 2k cos θ_p)(1 + k^2 + 2k cos θ_q) 1 − k^2 = sin θ_p sin θ_q sin ϕ_p sin ϕ_q

= e^{2γp+2γq} , (A.2)

so that we receive agreement with (2.25) and (2.26). The signs of the square roots are easily verified for the limit θ_q → θ_p and ϕ_q → ϕ_p in case of (A.1), or ϕ_p → θ_p and ϕ_q → θ_q for case (A.2).

Similarly, substituting (3.7) and (3.8) into the constants A of (3.2) and using (2.21) we have

A^{(f)}_{pq} = sin^1_2 (θ̃_p − θ̃_q) sin^1_2 (ϕ̃_p − ϕ̃_q)

= e^{iπ(λp+λq)} e^{γq−iπλq} − e^{γp−iπλp} e^{γq+iπλq} − e^{γp+iπλp} = e^{i(ϕp+ϕq−θp −θq )/2}, (A.3)

Ā^{(f)}_{pq} = cos^12 ( ϕ̃_p − θ̃_q) cos^1_2 (θ̃_p − ϕ̃_q)

= e^{iπ(λq−λp)} e^{γp+iπλp} e^{γq−iπλq} +1 e^{γp−iπλp} e^{γq+iπλq} +1 = e^{i(ϕq−θq −ϕp+θp )/2}, (A.4)

in agreement with (2.27) and (2.28).

B Mathematical Details of Large-N Limit

In this appendix we prove that S_n(α) ≡ n∑ j=1 log sin[π(j +α−1)/N] π(j +α−1)/N (B.1)

is asymptotically for large N given by S_n(α) ≈ ∞∑ j=0 B_j(α) j! ( π N )j_{−1} [ ϕ^{(j)}(πn/N) − ϕ^{(j)}(0) ] , (B.2)

where ϕ(z) ≡ z∫ 0 dz^′ log sin z^′ z^′ (B.3)

and ϕ^{(j)}(z) is its jth derivative.

The expression (B.1), valid for 0 ≤ n < N, must be replaced by

S_n(α) = − −n∑ j=1 log sin[π(j −α)/N] π(j −α)/N = −S_{N −n}(1−α), (B.4)

for −N < n ≤ 0, which has the identical asymptotic expansion (B.2). This can be easily verified using

B_j(1 − α) = (−1)^j B_j(α) (B.5)

and ϕ^{(j)}(−z) − ϕ^{(j)}(0) = (−1)^{j+1}[ϕ^{(j)}(z) − ϕ^{(j)}(0)]. (B.6)

From elementary calculus we note that the derivatives dϕ(z) dz = log sin z z , d^2ϕ(z) dz^2

= cot z − 1 z , (B.7)

have Taylor expansions involving the Bernoulli numbers [19,20,43]. We have ϕ(z) = ∞∑ l=2 (2i)^lB_l z^{l+1} l (l+1)! = ∞∑ k=1 (−1)^k2^{2k}B_{2k} z^{2k+1} 2k (2k+1)! = − ∞∑ k=1 ζ(2k)z^{2k+1} k(2k+1)π^{2k} , (B.8)

convergent for |z| < π. Here ζ(s) is the Riemann zeta function.

Therefore, we can write

S_n(α) = n∑ j=1 ∞∑ l=2 ( 2πi N )l B_l l·l! (j +α−1)^l. (B.9)

For − N < α, n + α − 1 < N, (B.10)

this is absolutely convergent, allowing us to perform the sum over l in terms of Bernoulli polynomials [19,20],

B_n(x) ≡ “(x + B)^n ” ≡ n∑ k=0 ( n k ) B_k x^{n−k}, (B.11)

with the properties

B_n(x + 1) = B_n(x) + nx^{n−1}, (B.12) n∑ j=1 (j +α−1)^l =

B_{l+1}(α+n) − B_{l+1}(α) l+1 , (B.13)

B_{l+1}(α+n) = “(α+n+B)^{l+1} ” = l+1∑ k=0 ( l+1 k ) B_k(α) x^{l+1−k}. (B.14)

We find therefore

S_n(α) = ∞∑ l=2 l∑ k=0 ( 2πi N )l B_l l B_k(α) k! ( d dx )k x^{l+1} (l+1)! | | | | x=n . (B.15)

Here the sum over l converges absolutely within range (B.10).

However, the double sum converges only relatively, as one can also verify numerically. In order to obtain the result (B.2) we need to interchange the two sums, leading to an asymptotic expansion as a consequence. We find

S_n(α) = ∞∑ k=0 B_k(α) k! N π ( d dx )k_∞ ∑ l=k l≥2 (2i)^l B_l l·(l+1)! (πx N )l_{+1}| | | | x=n , (B.16)

from which (B.2) immediately follows, or equivalently

S_n(α) ≈ N π ϕ(πn/N) + (α −^1_2 )ϕ^{(1)}(πn/N) + ∞∑ l=1 B_{l+1}(α) (l + 1)! ( π N )l [ ϕ^{(l+1)}(πn/N) − ϕ^{(l+1)}(0) ] , (B.17)

after using B_0(α) = 1, B_1(α) = α −^1_2 , ϕ(0) = ϕ^{(1)}(0) = 0.

The first line of (B.17) is sufficient for our purposes, as we need to keep only terms of order O(1) as N → ∞. Therefore, we conclude this appendix with estimating the second line. For n ≥ 2, 0 ≤ x ≤ 1, the Bernoulli polynomial can be expressed as [19,20]

B_n(x) = − 2·n! (2π)^n ∞∑ k=1 cos(2πkx−^1_2 πn) k^n , (B.18)

so that |B_n(x)| ≤ 2·n! (2π)^n ζ(n), for n ≥ 2, 0 ≤ x ≤ 1, (B.19)

with 1 < ζ(n) ≤ ζ(2) = π^2/6. Also, for m = 2, 3, · · · , and |z| < π, we have from (B.8)

ϕ^{(m)}(z) − ϕ^{(m)}(0) = − ∞∑ k=⌈m/2⌉ 2·(2k−1)! ζ(2k)z^{2k+1−m} (2k+1−m)! π^{2k} , (B.20)

where ⌈x⌉ is the smallest integer ≥ x. Since all the coefficients in (B.20) are negative, we have

ϕ^{(m)}(z) − ϕ^{(m)}(0) = (−1)^{m+1}[ϕ^{(m)}(−z) − ϕ^{(m)}(0)] ≤ 0 (B.21)

and monotonically decreasing for 0 ≤ z ≤ π. Therefore, we can estimate (B.20) by replacing all ζ(2k) by its minimum 1 or its maximum ζ(2⌈^1_2 m⌉), which makes the sum a binomial-type expansion. We find

χ^{(m)}(z) ≤ −(sign z)^{m+1} [ ϕ^{(m)}(z) − ϕ^{(m)}(0) ] ≤ ζ(2⌈^1_2 m⌉) χ^{(m)}(z), (B.22)

where

χ^{(2n)}(z) ≡ (2n − 2)! [ 1 (π − |z|)^{2n−1} − 1 (π + |z|)^{2n−1} ] , χ^{(2n+1)}(z) ≡ (2n − 1)! [ 1 (π − |z|)^{2n} + 1 (π + |z|)^{2n} − 2 π^{2n} ] , (B.23)

which are both positive for n = 1, 2, · · ·.

Bounds (B.19) and (B.22) are quite sharp, as can also be numerically verified. The bounds show that (B.2) is an asymptotic expansion, with absolute value of terms roughly bounded by l!/(πN)^l and error less than the bound on the first ignored term. This is true for N ≥ 2 and |n| < N. But the expansion becomes particularly useful for large N and the full range of n taken as |n| ≤^1_2 N.

C Derivation of (4.8)

The factor F ≡ F_{pq} is obtained substituting (4.4)–(4.8) into (4.3). We can simplify it using (4.1) and the functional equation of the Gamma function Γ(x)Γ(1 − x) = π/ sin πx. This gives

F = 2 ( N 2π )β_−α Ā_1/_2 Ā_{(f)}1/2 A^{1/2} Γ(α)Γ(β )Γ(1 − β + α) sin πα^{(f)} Γ(α)Γ(β)

. (C.1)

Part of this expression can be simplified further using A ≡ sin πβ/ sin πα, (4.8) and (4.1). More precisely,

4Ā Ā^{(f)} sin^2 πα^{(f)} = 4Ā sin πα^{(f)} sin πβ^{(f)}

= 2Ā cos π(α^{(f)} − β^{(f)}) − 2Ā cos π(α^{(f)} + β^{(f)})

= −2Ā cos π(α − β) + 2Ā cosh log Ā

= Ā^2 − 2Ā cos π(α − β) + 1 = sin^2 π(β − α) sin^2 πα

. (C.2)

Taking the square root of this in domain (4.2) and applying it to (C.1) we find F = ( N 2π )β_−α Γ(α)Γ(β)Γ(1 − β + α) sin π(β − α)

A^{1/2}Γ(α)Γ(β) sin πα

. (C.3)

This can be further reduced to (4.8) using the functional equation of the Gamma function again.

D Verification of (5.23)

In this appendix we show that under the conditions (5.21), or 2 + 3∑ j=1 x_j = 3∑ j=1 y_j, 3∏ j=1 sin πx_j = 3∏ j=1 sin πy_j ≡ τ /(2i)^3. (D.1)

the symmetry relations (5.23) hold or, equivalently, sin π(y_1 − x_1) sin π(y_2 − x_1) sin π(y_3 − x_1) sin πx_1

≡ σ/(2i)^2 (D.2)

is fully symmetric both in {x_1, x_2, x_3} and in {y_1, y_2, y_3} and it is also invariant under x_j → 1 − y_j, y_j → 1 − x_j, for j = 1, 2, 3 simultaneously. Indeed this gives (5.23), as G(x_1, x_2, x_3|y_1, y_2, y_3) = (2πi)^5τ /σ. With the definitions ξ_i ≡ e^{iπxi} , η_i ≡ e^{iπyi} , for i = 1, 2, 3, (D.3)

the conditions (D.1) become

ξ_1ξ_2ξ_3 = η_1η_2η_3 ≡ ρ, 3∏ i=1 (ξ_i − ξ^{−1}_i ) = 3∏ i=1 (η_i − η^{−1}_i ) = τ. (D.4)

We can now expand ρτ and rearrange terms. We obtain

ρ^2 3∑ i=1 (ξ^{−2}_i − η^{−2}_i ) = 3∑ i=1 (ξ^2_i − η^2_i ). (D.5)

We use this to expand σ. Successively, we find σ = ρ^2 − ξ^2_1 ρ^2

∑_3

i=1 η^{−2}_i + ξ^4_1

∑_3

i=1 η^2_i − ξ^6_1 ρξ^2_1 (ξ^2_1 − 1) = ξ^2 ξ^2_3 − ρ^2

∑_3

i=1 ξ^{−2}_i +

∑_3

i=1 ξ^2_i −

∑_3

i=1 η^2_i + ξ^2_1

∑_3

i=1 η^2_i − ξ^4_1 ρ(ξ^2_1 − 1) = 3∑ i=1 (η^2_i − ξ^2_i )/ρ. (D.6)

This shows that σ has the required permutation symmetries. The invariance of σ under the reflection symmetry ξ_i → −η^{−1}_i , η_i → −ξ^{−1}_i , (i = 1, 2, 3), and ρ → −ρ^{−1}, (D.7) follows from (D.5) and (D.6). As τ obeys these symmetries trivially, we can now complete the proof of (5.23).

References

[1] H. Au-Yang, B. M. McCoy, J. H. H. Perk, S. Tang and M.-L. Yan, Commuting transfer matrices in the chiral Potts models: Solutions of startriangle equations with genus > 1, Phys. Lett. A 123, pp. 219–223 (1987).

[2] B. M. McCoy, J. H. H. Perk, S. Tang and C.-H. Sah, Commuting transfer matrices for the four-state self-dual chiral Potts model with a genus-three uniformizing Fermat curve, Phys. Lett. A 125, pp. 9–14 (1987).

[3] J. H. H. Perk, Star-triangle equations, quantum Lax pairs, and higher genus curves, in Theta Functions Bowdoin 1987, Proc. Symp. Pure Math., Vol. 49, part 1, L. Ehrenpreis and R. C. Gunning, eds. (Am. Math. Soc., Providence, R.I., 1989), pp. 341–354.

[4] H. Au-Yang, B. M. McCoy, J. H. H. Perk and S. Tang, Solvable models in statistical mechanics and Riemann surfaces of genus greater than one, in Papers dedicated to Professor Mikio Sato on the occasion of his sixtieth birthday, Algebraic Analysis, Vol. 1, M. Kashiwara and T. Kawai, eds. (Academic Press, San Diego, 1988), pp. 29–40.

[5] R. J. Baxter, J. H. H. Perk and H. Au-Yang, New solutions of the star-triangle relations for the chiral Potts model, Phys. Lett. A 128, pp. 138–142 (1988).

[6] H. Au-Yang and J. H. H. Perk, Onsager’s star-triangle equation: Master key to integrability, in Integrable systems in quantum field theory and statistical mechanics, Advanced Studies in Pure Mathematics, Vol. 19, M. Jimbo, T. Miwa and A. Tsuchiya, eds. (Kinokuniya–Academic, Tokyo, 1989), pp. 57–94.

[7] H. Au-Yang and J. H. H. Perk, The many faces of the chiral Potts model, Int.

J. Mod. Phys. B 11, pp. 11–26 (1997).

[8] H. Au-Yang and J. H. H. Perk, The N → ∞ limit of the chiral Potts model, Int. J. Mod. Phys. (Proc. Suppl.) 3A, pp. 430–434 (1993).

[9] V. A. Fateev and A. B. Zamolodchikov, Self-dual solutions of the star-triangle relations in Z_N -models, Phys. Lett. A 92, pp. 37–39 (1982).

[10] A. B. Zamolodchikov, “Fishing-net” diagrams as a completely integrable system, Phys. Lett. B 97, pp. 63–66 (1980).

[11] K. Symanzik, On calculations in conformal invariant field theories, Lett.

Nuovo Cim., Ser. 2, 3, pp. 734–738 (1972).

[12] R. J. Baxter, Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg chain. II. Equivalence to a generalized ice-type lattice model, Ann. Phys. 76, pp. 25–47 (1973); Eight-vertex model in lattice statistics and one-dimensional anisotropic Heisenberg chain. III. Eigenvectors of the transfer matrix and Hamiltonian, Ann. Phys. 76, pp. 48–71 (1973).

[13] V. A. Fateev and A. B. Zamolodchikov, The exactly solvable case of a 2D lattice of plane rotators, Phys. Lett. A 92, pp. 35–36 (1982).

[14] M. Gaudin, Matrices R de dimension infinie, J. Phys. France 49, pp. 1857– 1865 (1988).

[15] Y. Shibukawa and K. Ueno, Completely Zsymmetric R matrix, Lett. Math.

Phys. 25, pp. 239–248 (1992); A new solution of the Yang–Baxter equation with complete Zsymmetry, Int. J. Mod. Phys. A (Proc. Suppl.) 3A, pp. 309–312 (1993); Infinite-dimensional R matrix with complete Zsymmetry, in Quantum groups, integrable statistical models and knot theory, M. L. Ge and H. J. de Vega, eds. (World Scientific, Singapore, 1993), pp. 302–318.

[16] Y. Shibukawa, Vertex-IRF correspondence and factorized L-operators for an elliptic R-operator, Commun. Math. Phys. 172, pp. 661–677 (1995).

[17] R. J. Baxter, Free energy of the solvable chiral Potts model, J. Stat. Phys. 52, pp. 639–667 (1988).

[18] V. B. Matveev and A. O. Smirnov, Some comments on the solvable chiral Potts model, Lett. Math. Phys. 19, pp. 179–185 (1989).

[19] Higher Transcendental Functions, Vol. 1, H. Bateman Manuscript Project, eds.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, (McGraw-Hill, New York, 1953), Ch. I, II.

[20] I. S. Gradshteyn, I. M. Ryzhik and A. Jeffrey, Table of Integrals, Series, and Products, Fifth Edition, (Academic Press, London, 1993), sections 8.3, 9.1, 9.6.

[21] See [19], eqs. 2.1.2 (6), 2.9 (1), (13), (22), (27), and text following 2.9 (44).

[22] L. J. Slater, Generalized Hypergeometric Functions, (Cambridge Univ. Press, Cambridge, 1966), Ch. 6.

[23] See [19], eq. 4.5 (7).

[24] S. M. Sergeev, V. V. Mangazeev and Yu. G. Stroganov, The vertex formulation of the Bazhanov–Baxter model, J. Stat. Phys. 82, pp. 31–49 (1996).

[25] J. H. C. Searle, The summation of series, Mess. Math. 38, pp. 138–144 (1909).

[26] A. B. Zamolodchikov and V. A. Fateev, Nonlocal (parafermion) currents in two-dimensional conformal quantum field theory and self-dual critical points in Z_N -symmetric statistical systems, Zh. Eksp. Teor. Fiz. 89, pp. 380–399 (1985) [Sov. Phys. JETP 62, pp. 215–225 (1985)].

[27] F. C. Alcaraz, Parafermions and surface exponents of self-dual Z(N) spin models from conformal invariance, J. Phys. A 20, pp. L623–L628 (1987).

[28] G. Albertini and B. M. McCoy, Correlation functions of the chiral Potts chain from conformal field theory and finite-size corrections, Nucl. Phys. B 350, pp. 745–788 (1991).

[29] J. L. Cardy, Critical exponents of the chiral Potts model from conformal field theory, Nucl. Phys. B 389, pp. 577–586 (1993).

[30] R. J. Baxter, Chiral Potts model: eigenvalues of the transfer matrix, Phys.

Lett. A 146, pp. 110–114 (1990).

[31] R. J. Baxter, Calculation of the eigenvalues of the transfer matrix of the chiral Potts model, in Proceedings of the Fourth Asia-Pacific Physics Conference, Vol. 1, S. H. Ahn, I.-T. Cheon, S. H. Choh and C. Lee, eds. (World Scientific, Singapore, 1991), pp. 42–57.

[32] R. J. Baxter, Free energy of the chiral Potts model in the scaling region, J.

Stat. Phys. 82, pp. 1219–1234 (1996).

[33] G. Albertini, B. M. McCoy, J. H. H. Perk and S. Tang, Excitation spectrum and order parameter for the integrable N-state chiral Potts model, Nucl. Phys. B 314, pp. 741–763 (1989).

[34] G. Albertini, B. M. McCoy and J. H. H. Perk, Commensurate-incommensurate transition in the ground state of the superintegrable chiral Potts model, Phys. Lett. A 135, pp. 159–166 (1989); Eigenvalue spectrum of the superintegrable chiral Potts model, in Integrable systems in quantum field theory and statistical mechanics, Advanced Studies in Pure Mathematics, Vol. 19, M. Jimbo, T. Miwa and A. Tsuchiya, eds. (Kinokuniya–Academic, Tokyo, 1989), pp. 1–55; Level crossing transitions and the massless phases of the superintegrable chiral Potts chain, Phys. Lett. A 139, pp. 204–212 (1989).

[35] R. J. Baxter, The superintegrable chiral Potts model, Phys. Lett. A 133, pp. 185–189 (1988); Superintegrable chiral Potts model: Thermodynamic properties, an “inverse” model, and a simple associated Hamiltonian, J. Stat. Phys. 57, pp. 1–39 (1989).

[36] B. M. McCoy and S.-S. Roan, Excitation spectrum and phase structure of the chiral Potts model, Phys. Lett. A 150, pp. 347–354 (1990).

[37] R. J. Baxter, Chiral Potts model with skewed boundary conditions, J. Stat.

Phys. 73, pp. 461–495 (1993).

[38] R. J. Baxter, Interfacial tension of the chiral Potts model, J. Phys. A 27, pp.

1837–1849 (1994).

[39] H. Au-Yang and J. H. H. Perk, The chiral Potts models revisited, J. Stat. Phys.

78, pp. 17–78 (1995).

[40] M. J. O’Rourke and R. J. Baxter, Interfacial tension of the chiral Potts model, J. Stat. Phys. 82, pp. 1–29 (1996).

[41] V. V. Bazhanov and Yu. G. Stroganov, Chiral Potts model as a descendent of the six-vertex model, J. Stat. Phys. 59, pp. 799–817 (1990).

[42] R. J. Baxter, V. V. Bazhanov and J. H. H. Perk, Functional relations for transfer matrices of the chiral Potts model, Int. J. Mod. Phys. B 4, pp. 803– 870 (1990).

[43] See e.g. [20], eq. 1.411.7.