arXiv:nlin.SI/0201019 v3 2 Feb 2002

Hyperelliptic Solutions of Sine-Gordon Equation and Weierstrass al Functions

Shigeki MATSUTANI

8-21-1 Higashi-Linkan Sagamihara 228-0811 Japan

Abstract

Explicit hyperelliptic solutions of the sine-Gordon equations are constructed in terms of the hyperelliptic al-functions characterized by two ramified points over non-degenerated hyperelliptic curve y^2 = f(x) of arbitrary genus g without using any θ function. The solutions show what symmetry the sine-Gordon equation exhibits. 2000 MSC: 37K20, 35Q53, 14H45, 14H70 PACS: 02.30.Gp, 02.30.Dk, 02.30.Jr, 43.25.Rq

§1. Introduction

There is so many studies and papers on the sine-Gordon equation, which is related to many objects and models in physics and differential geometry. As probably citation of these studies might make larger than the main text, I will cite only the several works but it is does not mean that we will neglect the these works. We think that these are also important and I hope that readers should recognize that we cite the references in the cited references.

In the series of studies [Ma1-4], I want to unify the theories of integrable nonlinear partial differential equations in the nineteenth and twentieth centuries following the recent similar movements [references in Ma4, BEL]. The theory in the nineteenth century is the theory in which we start with a fixed algebraic curve whereas the theory in the last century is that in which we start form the differential equations. We think that both are important to understand the integrable nonlinear partial differential equations.

From this viewpoint, I investigate the hyperelliptic solutions in the sine-Gordon equation in this article. However there have been so many works on the hyperelliptic solutions on the sine-Gordon equation, owing to Kozel, Kotlyarov, McKean, Dubrovin, Novikov and so on [Bo, BBEIM, BEL, GN, TD and the references therein]. In [Bo, BBEIM, BEL, GN, TD and the references therein], they regarded log F (0) as the solution of the sine-Gordon equation for a curve C^′_g determined by the affine equation y^2 = xh(x), where h is 2g-th polynomial of x and F (0) = x_1x_2 · · · x_g for an element (x_1, x_2, · · · , x_g) of symmetric product Sym^g(C^′_g) of the curve C^′_g. Further Buchstaber, Enolskii and Leykin also considered the hyperelliptic solutions of the sine-Gordon equation in fashion in the nineteenth century and identified F (0) with hyperelliptic ℘ function, ℘_{g,1} [BEL]. However we emphasize that we should regard F (0) as a square of the hyperelliptic al function for the curve, which was discovered by Weierstrass [Ba2, W].

0e-mail:RXB01142@nifty.ne.jp 1

As I found the hyperelliptic solution of the modified Korteweg-de Vries in terms of al function [Ma3, 4], the well-known correspondence between solutions of MKdV and sine-Gordon equations might suggest that we should express the hyperelliptic solutions of the sine-Gordon equation in terms of hyperelliptic al functions. Accordingly, we will revise the results of [Bo, BBEIM, BEL, GN and the references therein] in this article. Further employing the scheme shown in [Ba2], we give very simple derivation of the solutions, which does not need any θ-function Baker-Akhiezer function nor σ function. We express it only by the rational functions of a given affine curve and primitive functions.

Further we regard that ℘_{g,1} solutions has a duality between the ramified point (0, 0) and ∞ and generalize it to pair of ∞ and a general ramified point (b_r, 0) in the section 3.

It is known that the sine-Gordon equation gives a connection between affine differential geometry and affine algebraic geometry, which is related to constant Gauss curvature (CGC) surfaces and constant mean curvature (CMC) surfaces immersed in R^3. However the constant mean curvature surface with genus g is not well-established, even though the surface with genus g = 1 and related spectral curve with higher genus is well-known due to Bobenko [Bo]. We think that the later solution should be regarded as a real analytically embedding of elliptic Jacobi variety in hyperelliptic Jacobi variety with higher genus. In order to construct a CMC surface with higher genus, we think that we should consider sine-Gordon equation in sub-variety in the Jacobi variety.

Hence we give another generalization of the results of [Bo, BBEIM, BEL, GN, TD and the references therein] to the case of a pair of ramified points at §4, which has more natural properties as mentioned in §5. In other words, the sine-Gordon equation and its solution can be regarded as ∂ ∂t_P ∂ ∂t_Q log([2P − 2Q]) = A([2P − 2Q] − [2Q − 2P ]), (1-1)

where P and Q are ramified points, A is a constant number, [D] is a meromorphic function over Sym^g (C_g) with a divisor D^g and t_P ′ is a coordinate in the Jacobi variety such that it is identified with a local parameter at a ramified point P ’ up to constant.

§2. Differentials of a Hyperelliptic Curve

In this section, we will give the conventions which express the hyperelliptic functions in this article. As there is a good self-contained paper on theories of hyperelliptic sigma functions [BEL2] besides [Ba1,2,3], we will give them without explanations and proves.

We denote the set of complex number by C and the set of integers by Z.

Convention 2-1. We deal with a hyperelliptic curve C_g of genus g (g > 0) given by the affine equation, y^2 = f(x)

= λ_{2g+1}x^{2g+1} + λ_{2g}x^{2g} + · · · + λ_2x^2 + λ_1x + λ_0 = (x − b_r)h_r(x), (2-1) where λ_{2g+1} ≡ 1 and λ_j ’s. We use the expressions f(x) := (x − b_1)(x − b_2) · · ·(x − b_{2g})(x − b_{2g+1}) = Q(x)P (x), Q(x) := (x − a_1)(x − a_2) · · ·(x − a_g ), P (x) := (x − c_1)(x − c_2) · · ·(x − c_g)(x − c), (2-2) where b_j’s are complex values and b_{2g+2} = ∞.

Definition 2-2 [Ba1 , Ba2, BEL2, Ô1].

For a point (x_i, y_i) ∈ C_g, we define the following quantities. (1) The unnormalized differentials of the first kind are defined by,

du^{(r,i)}_1 := dx_i 2y_i , du^{(r,i)}_2 := (x_i − b_r)dx_i 2y , · · · , du^{(r,i)}_g := (x_i − b_r)^{g−1}dx_i 2y . (2-3)

dv^{(i)}_1 := Q(x_i)dx_i 2Q^′(a_1)(x_i − a_1)y_i

, dv^{(i)}_2 := Q(x_i)dx_i 2Q^′(a_2)(x_i − a_2)y_i , · · · , dv^{(i)}_g := Q(x_i)dx_i 2Q^′(a_g)(x_i − a_g)y_i . (2-4) (2) By defining the Abel map for g-th symmetric product of the curve C_g,

u ≡ (u^{(r)}_1 , · · · , u^{(r)}_g ) : Sym^g(C_g) −→ C^g , ( u^{(r)}_k ((x_1, y_1), · · · , (x_g, y_g)) := g∑ i=1 ∫_{(xi,yi )} ∞ du^{(r,i)}_k ) , (2-5) and v ≡ (v_1, · · · , v_g) : Sym^g(C_g) −→ C^g , ( v_k ((x_1, y_1), · · · , (x_g, y_g)) := g∑ i=1 ∫_{(xi,yi )} ∞ dv^{(i)}_k ) , (2-6)

the Jacobi variety J_g are defined as complex torus, J_g := C^g /Λ. (2-7) Here Λ is a g-dimensional lattice generated by ω.

Definition 2-3.

(1) Hyperelliptic al-function is defined by [Ba2 p.340, W],

al_r(u) = γ^′ √ F (b_r), (2-8) where γ^′ is a certain constant factor and F (x) := (x − x_1) · · ·(x − x_g) = (x − b_r − x_1 + b_r) · · ·(x − b_r − x_g + b_r). (2-9)

(2) We define the hyperelliptic ℘_{gi} function as

F (x) = x^g − g∑ i=1 ℘_{g,i}x^{g−i}. (2-10)

Definition 2-4.

(1) A polynomial associated with F (x) is defined by

π^{(r)}_i (x) := F (x) x − x_i = χ^{(r)}_{i,g−1}(x − b_r)^{g−1} + χ^{(r)}_{i,g−2}(x − b_r)^{g−2} + · · · + χ^{(r)}_{i,1} (x − b_r) + χ^{(r)}_{i,0} , (2-11)

where χ^{(r)}_{i,g−1} ≡ 1,

χ^{(r)}_{i,0} = F (b_r)/(x_i − b_r), (2-12)

and so on.

(2) We will introduce g × g-matrices,

W^{(r)} := χ^{(r)}_{1,0} χ^{(r)}_{1,1} · · · χ^{(r)}_{1,g−1} χ^{(r)}_{2,0} χ^{(r)}_{2,1} · · · χ^{(r)}_{2,g−1} . . . . ... . . χ^{(r)}_{g,0} χ^{(r)}_{g,1} · · · χ^{(r)}_{g,g−1} , Y = y_1

y_2 ... y_g ,

M :=

1 x_1 − a_1 1 x_2 − a_1 · · · 1 x_g − a_1 1 x_1 − a_2 1 x_2 − a_2 · · · 1 x_g − a_2 . . . . ... . . 1 x_1 − a_g 1 x_2 − a_g · · · 1 x_g − a_g

,

Q =

√ Q(x_1) P (x_1 ) √ Q(x_2) P (x_2) ... √ Q(x_g) P (x_g )

,

A = Q^′(a_1) Q^′(a_2) ... Q^′(a_g) , F^′ = F^′(x_1) F^′ (x_2) ... F^′ (x_g)

, (2-13)

where F^′(x) := dF (x)/dx.

Lemma 2-5.

(1) The inverse matrix of W is given by W^{(r)−1} = F^{(r)′−1}V^{(r)}, where V^{(r)} is Vandermond matrix,

V^{(r)} =

1 1 · · · 1 (x_1 − b_r) (x_2 − b_r) · · · (x_g − b_r) (x_1 − b_r)^2 (x_2 − b_r)^2 · · · (x_g − b_r)^2 . . . . . . (x_1 − b_r)^{g−1} (x_2 − b_r)^{g−1} · · · (x_g − b_r)^{g−1}

. (2-14)

(2) det M = (−1)^{g(g−1)/2}P (x_1, · · · , x_g)P (a_1, · · · , a_g) ∏ k,l(x_k − a_l) , (2-15)

where P (z_1, · · · , z_g) := ∏ i<j (z_i − z_j ). (2-16) (3) M^{−1} = [( F (a_j )Q(x_i) F^′(x_i)Q^′(a_j )(a_j − x_i) ) i,j ] .

(MQ)^{−1}A = [( 2y_iF (a_j ) F^′(x_i)(a_j − x_i) ) i,j ] . (2-17)

Proof. (1) is obtained by direct computations. (2) is due to [T], which is a wellknown results. Since the zero and singularity give the right hand side as CP (x_1, · · · , x_g)P (a_1, · · · , a_g)/ ∏ k,l (x_k − a_l), (2-18)

for a certain constant C. In order to determine C, we multiply ∏ k,l(x_k − a_l) both sides and let x_1 = a_1, x_2 = a_2, · · ·, and x_g = a_g. Then C is determined as above. (3) is obtained by the Laplace formula using the minor determinant for the inverse matrix.

We note that by expanding the a_i’s, Lemma 2-4 (2) gives the identities | | | | | x^α_1 x^α_2 · · · x^α_g x^β_1 x^β_2 · · · x^β_g . . . . ... . . x^λ_1 x^α_2 · · · x^λ_g

| | | | | = | | | | |

H_α H_{α−1} · · · H_{α−g+1} H_β H_{β−1} · · · H_{β−g+1} . . . . ... . . H_λ H_{λ−1} · · · H_{λ−g+1}

| | | | | , (2-19)

where H_α is homogeneous polynomial of x_1, · · · , x_g of order α. This is closely related to Schur polynomials and a key of the derivation of KdV hierarchy and KP equation by Baker in the paper [Ba3]. 5

Lemma 2-5.

Let ∂^{(r)}u_i := ∂/∂u^{(r)}_i , ∂^{(r)}v_i := ∂/∂v^{(r)}_i , and ∂_{xi} := ∂/∂x_i. (1) ∂^{(r)}_{u1} ∂^{(r)}_{u2} . . ∂^{(r)}u_g = 2YF^{′−1} ·^tW^{(r)} ∂_{x1} ∂_{x2} . . ∂_{xg} . (2-20)

(2) ∂_{v1} ∂_{v2} . . ∂_{vg} = 2(MQ)^{−1}A ∂_{x1} ∂_{x2} . . ∂_{xg} . (2-21)

Proof. The proofs are given by direct computation [Ma4].

§3. Hyperelliptic Solutions of Sine-Gordon Equation at (b_r, ∞)-type

In this section, we will give hyperelliptic solutions of the sine-Gordon equation in terms of theory of hyperelliptic function developed in nineteenth century. This solution is revised version of [BELL].

Then we will give the first theorem of this article as follows, which is essentially the same as [Bo, BBEIM, BELL, GN, TD and references therein]

Theorem 3-1.

By letting

ϕ^{(r)}(u) := 1 √ −1 log F (b_r) √ f^′(b_r)

, (3-1)

ϕ^{(r)} obeys the sin-Gordon equation, ∂ ∂u^{(r)}_{g−1} ∂ ∂u^{(r)}g ϕ^{(r)} = 4 √ f^′(b_r) sin(ϕ^{(r)}). (3-2)

Proof. : In order to prove the theorem, we rewrite (3-2) as ∂ ∂u^{(r)}_{g−1} ∂ ∂u^{(r)}_g log F (b_r) = F (b_r) − μ_0 F (b_r)

. (3-3)

We will prove this formula (3-3) in remainder in this section.

From (2-20), we will express u’s by the affine coordinate x_i’s, ∂ ∂u^{(r)}_g = g∑ i=1 2y_i F^′(x_i) ∂ ∂x_i , 6

∂ ∂u^{(r)}_1 = g∑ i=1 2y_iχ^{(r)}_{i,1} F^′(x_i) ∂ ∂x_i = F (b_r) g∑ i=1 2y_i (x_i − b_r)F^′(x_i) ∂ ∂x_i (3-4)

Hence the right hand side of (3-3) becomes − ∂^2 ∂u^{(r)}_1 ∂u^{(r)}_g log F (b_r) = F (b_r) g∑ j=1,i=1 2y_j (x_i − b_r)^2F^′(x_j ) ∂ ∂x_j 2y_i F^′ (x_i)(x_i − b_r)^2

. (3-5)

Here we will note the derivative of F (x), which is shown by direct computations. ∂ ∂x_k ([ ∂ ∂x F (x) ] x=x_i ) = 1 2 [ ∂^2 ∂x^2 F (x) ] x=x_k . (3-6)

Then we obtain the formulation − ∂ ∂u^{(r)}_1 ∂ ∂u^{(r)}_g log F (b_r) = F (b_r) g∑ i=1 1 F^′(x_i) [ ∂ ∂x ( f(x) (x − b_r)F^′(x) )] x=x_i −F (b_r) ∑ k,l,k≠l 4y_ky_l (b_r − x_k )(b_r − x_l)(x_k − x_l)F^′(x_k)F^′(x_l)

. (3-7)

The proof of theorem 3-1 finishes due to next lemma. Lemma 3-2.

(1)_g ∑ k=1 1 F^′(x_k) [ ∂ ∂x ( f(x) (x − b_r)^2F^′(x) )] x=x_k = 1 − f^′(b_r) F (b_r)^2

. (3-8) (2) ∑ k,l,k≠l 2y_k y_l (b_r − x_k)(b_r − x_l)(x_k − x_l)F^′(x_k)F^′(x_l)

= 0. (3-9)

Proof. : In order to prove (1), we will consider an integral over a contour in the curve C_g and step by five processes as follows.

(1) Let ∂C^o_g be the boundary of a polygon representation C^o_g of C_g, ∮ ∂C^o_g f(x) (x − b_r)^2F (x)^2 dx = 0. (3-10)

(2) The divisor of the integrand of (1) is ( f(x) (x − b_r)^2F (x)^2 dx ) = 2 2g+1∑

i=1,b_i≠b_r (b_i, 0) − 2(b_r, 0) − 2 g∑ i=1 (x_i, y_i) − 2 g∑ i=1 (x_i, −y_i) − ∞. (3-11)

(3) Noting that the local parameter t at ∞ is x = 1/t^2,

res_∞ f(x) (x − b_r)F (x)^2 dx = −2. (3-12) 7

(4) Noting that the local parameter t at (x_k, ±y_k) is t = x − x_k, res_{(xk ,±yk )} f(x) (x − b_r)F (x)^2 dx = 1 F^′ (x_k) [ ∂ ∂x ( f(x) (x − b_r)F^′(x) )] x=x_k . (3-13)

(5) Noting that the local parameter t at (b_r, 0) is t^2 = x − b_r,

res_{(br ,0)} f(x) (x − b_r)F (x)^2 dx = 2 f^′(b_r) F (b_r)^2

. (3-14)

By arranging them, we obtain (3-9). On the other hand, (2) can be proved by using a trick: for i ≠ j, 1 (b_r − x_k)(b_r − x_l)(x_k − x_l) = 1 (x_k − x_l)^2 ( 1 (b_r − x_k) − 1 (b_r − x_l) ) . (3-15)

Then we have (3-9).

Here we will give a comment on the solutions in Theorem 3-1.

Remark 3-3.

(1) First we remark that ℘_{g,1} ≡ x_1x_2 · · · x_g = F (0), which is (al_1/γ^′)^2 for the case of a_1 ≡ 0.

Hence our results is a trivial generalization of the results of [Bo, BBEIM, BEL, GN, TD and the references therein] in this article.

(2) In the proof, we have never used any θ-function, Baker-Akhiezer function nor sigma function.

We believe that this proof is simpler than other derivation [Bo, BBEIM, BEL, GN, TD]. We note that our method is based on the Baker’s scheme in the paper [Ba3].

(3) This solution consists with our solution of the MKdV equation [Ma3, 4]. We can find that there is similarity between solutions of the MKdV equation and sine-Gordon equation.

(4) If we restrict (x_1, x_2, · · · , x_g) such that

|F (b_r)| = constant, (3-16)

ϕ^{(r)} is real value. Especially, for the case that configuration all x_1, x_2, · · · , x_g are in a circle whose contour is b_r in the complex plane C , the condition is satisfied when we construct the curve C_g using the double plane C with (g + 1)-cuts. In this case, the problem might be connected with dynamics of many-body-system in a circle.

(5) We note the relation between al_r and the sigma function, al_r (u) = γ^′σ(u + B_r)/σ(u) for a half period matrix B_r related to (b_r, 0). Hence the solution is the same as that in [Bo, GN, TD and references therein] because the Riemannian theta function differs with sigma function only by a factor. Further we have

al_r(u + B_r) = 1 al_r(u)

. (3-17)

Thus, there is a duality between b_r and ∞.

(6) Let us fix the parameter x_2, · · · , x_g and regard F (b_r) as a function of x_1 over C_g. Then its divisor is (F (b_r)) = (b_r, 0) − ∞. (3-18) 8

Table 1: (b_r, ∞)-type (b_r, 0) ∞ F (b_r) 0 ∞ 1/F (b_r) ∞ 0

(7) By letting t^2 = (x_i − b_r) around (b_r, 0), we have

du^{(r,i)}_1 |_{(br ,0)} = 2 √ f^′(b_r) dt, (3-19)

while for s^2 = 1/x around ∞,

du^{(r,i)}_g |_{(∞)} = −2ds. (3-20)

(8) Due to above considerations, solution in Theorem 4-1 of sine-Gordon equation has the duality between ramified point (b_r, 0) and ∞.

§4. Hyperelliptic Solutions of Sine-Gordon Equation at (a_1, a_2)-type

In the previous section, we have a solution with a duality between a ramified point and ∞-point as mentioned in Remark 3-4. As there is a symmetries between a ramified point and ∞-point in the curve C_g, we will in this section, we will give hyperelliptic solutions of the sine-Gordon equation having a duality between ramified points (a_1, 0) and (a_2, 0).

Then we will give our main theorem of this article as follows. Theorem 4-1.

For a curve f^′(a_1) = −f^′(a_2), letting

ϕ^{(1,2)}(u) := 1 √ −1 log F (a_1) F (a_2)

, (4-1)

ϕ^{(r)} obeys the sin-Gordon equation, ∂ ∂v_1 ∂ ∂v_2 ϕ^{(1,2)} = f^′(a_1) (a_1 − a_2) sin(ϕ^{(1,2)}). (4-2)

Proof. Let us prove the theorem. (4-2) means ∂ ∂v_1 ∂ ∂v_2 log F (a_1) F (a_2) = F (a_1)F (a_2) (a_1 − a_2) ( f^′(a_1) F (a_1)^2 + f^′(a_2) F (a_2)^2 ) . (4-3)

From (2-17) and (2-21), the derivative v’s are expressed by the affine coordinate x_i’s, ∂ ∂v_r = F (a_r ) g∑ j=1 2y_j F^′(x_j )(x_j − a_r) ∂ ∂x_j . (4-4) 9

The right hand side of (4-3) becomes,

∂^2 ∂v_1∂v_2 log F (a_1) F (a_2)

= F (a_1) g∑ j=1i=1 2y_j (x_i − a_1)F^′(x_j ) ∂ ∂x_j 2y_iF (a_2) F^′ (x_i)(x_i − a_2)

(a_1 − a_2) (x_i − a_1)(x_i − a_2)

. (4-5)

The right hand side is

F (a_1)F (a_2) g∑ i=1 1 F^′ (x_i) [ ∂ ∂x ( f(x)(a_2 − a_1) (x − a_1)^2(x − a_2)^2F^′(x) )] x=x_i −F (a_1)F (a_2) ∑ k,l,k≠l 2y_ky_l(a_2 − a_1) F^′ (x_k)F^′(x_l)(x_l − a_1)(x_k − a_2)(x_k − a_1)(x_l − a_2)(x_l − x_k)

. (4-6)

Then the proof of theorem 4-1 is completely done due to next lemma. Lemma 4-2. (1) g∑ i=1 1 F^′(x_i) [ ∂ ∂x ( f(x) (x − a_1)^2(x − a_2)^2F^′(x) )] x=x_i = 1 (a_1 − a_2)^2 ( f^′(a_1) F (a_1)^2 − f^′(a_1) F (a_1)^2 ) . (4-7) (2) ∑ k,l,k≠l 2y_k y_l(a_2 − a_1) F^′(x_k)F^′(x_l)(x_l − a_1)(x_k − a_2)(x_k − a_1)(x_l − a_2)(x_l − x_k )

= 0. (4-8)

Proof. : In order to prove (1), we will consider an integral over a contour in the curve C_g and step by five processes as follows.

(1) Let ∂C^o_g be the boundary of a polygon representation C^o_g of C_g, ∮ ∂C^o_g f(x) (x − a_1)^2(x − a_2)^2F (x)^2 dx = 0. (4-9)

(2) The divisor of the integrand of (1) is ( f(x) (x − a_1)^2(x − a_2)^2F (x)^2 dx )

= 2 2g+1∑

i=1,b_i≠a_1,a_2 (b_i, 0) − 2(a_1, 0) − 2(a_2, 0) − 2 g∑ i=1 (x_i, y_i) − 2 g∑ i=1 (x_i, −y_i) + 3∞. (4-10) (3) Noting that the local parameter t at (x_k, ±y_k) is t = x − x_k, res_{(xk ,±yk )} f(x) (x − a_1)^2(x − a_2)^2F (x)^2 dx = 1 F^′(x_k) [ ∂ ∂x ( f(x) (x − a_1)^2(x − a_2)^2F^′(x) )] x=x_k . (4-11)

(4) Noting that the local parameter t at (a_1, 0) is t^2 = x − a_1,

res_{(a1 ,0)} f(x) (x − a_1)^2(x − a_2)^2F (x)^2 dx = 2 f^′(a_1) (a_1 − a_2)^2F (a_1)^2

. (4-12)

(5) Noting that the local parameter t at (a_2, 0) is t^2 = x − a_2,

res_{(a2 ,0)} f(x) (x − a_1)^2(x − a_2)^2F (x)^2 dx = 2 f^′(a_2) (a_2 − a_1)^2F (a_2)^2

. (4-13)

By arranging them, we obtain (4-9). (2) is obvious.

Here we will give a comment on the solutions in Theorem 4-1 as we did in Remark 3-3 for Theorem 3-1.

Remark 4-3.

(1) Since the curve given by an affine curve defined over C has freedom as a compact Riemannian surface, e.g., translation, rotation, dilatation, and exchanges between ramified points, the solution (4-1) for (4-2) is essentially the same as (3-1) for (3-2) from the viewpoint of theory of algebraic geometry. In other words, (4-1) should be regarded as another representation of (3-1). However transformation among different representations is not easy in general. Further when one evaluates some several concrete value, he sometimes need concrete computations after fixing an affine curve, i.e., the strategy of the theory in the nineteenth century. Since the representation (4-1) exhibits democracy of the ramified point, we believe that it has some advantages.

(2) Let us fix the parameter x_2, · · · , x_g and regard F (a_1)/F (a_2) as a function of x_1 over C_g.

Its divisor is (F (a_1)/F (a_2)) = (a_1, 0) − (a_2, 0). (4-14)

Table 2: (a_1, a_2)-type

(a_1, 0) (a_2, 0)

F (a_1)/F (a_2) 0 ∞ F (a_2)/F (a_1) ∞ 0

(3) By letting t^2_c = (x_i − a_c) around (a_c, 0) (c = 1, 2), we have

dv^{(i)}_c |_{(ac,0)} = 1 √ f^′(a_c) dt_c. (4-15)

(4) Roughly speaking, due to above considerations, the second solution of sine-Gordon equation also has the duality between ramified point (a_1, 0) and (a_2, 0).

§5 Discussion

We give a natural solution of sine-Gordon equation in Theorem 3-1 and 4-1. In terms of them, we gave remarks on Remark 3-4 and 4-4, the sine-Gordon equation exhibits the symmetries of two ramified points in the curve C_g. Accordingly as mentioned in (1-1), it can be regarded as ∂ ∂t_P ∂ ∂t_Q log([2P − 2Q]) = A([2P − 2Q] − [2Q − 2P ]), (5-1)

where P and Q are ramified points, A is a constant number, [D] is a meromorphic function over Sym^g (C_g) with a divisor D^g and t_P ′ is a coordinate in the Jacobi variety such that it is identified with a local parameter at a ramified point P ’ up to constant. This reminds us of a function z and 1/z of a Riemannian sphere C P^1 . For a computation of homotopy group π_2(S^2), we sometimes perform a computation of gauge transformation around equator i.e., S^1 for the functions defined around north hemisphere and south one, which gives topological charge. Similarly the sine-Gordon 11

equation and elastica problem are related to such topological charge [GN, Ma3]. Thus when one considers the topological charge, we expect that our representation might influence the problem.

Further we give another comment on the second solutions in Theorem 4-1. We note that for

fixing x_1, · · · , x_{g−1} and x_g → ∞,

F (a_1) F (a_2) is finite and has a value. In other words, (4-1) has a

meaning over the theta divisor Θ_{g−1}, even though σ-function vanishes and F (b_r) diverges there. Here we have used the notation,

Θ_m := ( u^{(r)}_k ((x_1, y_1), · · · , (x_m, y_m)) := m∑ i=1 ∫_{(xi,yi )} ∞ du^{(r,i)}_k ) k=1,··· ,g . (5-2)

Further we have a sequence,

J ≡ Θ_g ⊃ Θ_{g−1} ⊃ Θ_{g−2} ⊃ · · · ⊃ Θ_0 ≡ point. (5-3)

Here Θ_1 is regarded as the curve C_g itself. It is also important that

F (a_1) F (a_2) and (4-1) is finite and

has a value for any Θ_a. Further in our later expression, ∞ is just a ramified point. Thus it might be natural to consider the case Ξ_{g−1}(a_g),

Ξ_m := ( v_k((x_1, y_1), · · · , (x_m, y_m)) := m∑ i=1 ∫_{(xi,yi )} ∞ dv^{(i)}_k + g∑ i=1 ∫_{(ai,0)} ∞ dv^{(i)}_k ) k=1,··· ,g . (5-4)

and a filtration, J ≡ Ξ_g ⊃ Ξ_{g−1} ⊃ Ξ_{g−2} ⊃ · · · ⊃ Ξ_2 (5-5)

It is important that

F (a_1) F (a_2) and dv^{(i)}_k are finite and has a value for any Ξ_m. If the local parameters

preserves well-definedness of the equation, we might have a solution of the sine-Gordon equation over sub-variety rather than Jacobi variety [Ma5]. We expect that this might be related to a constant Gauss/mean curvature surface with higher genus in R^3 as a generalization of Bobenko’s result.

According to [GN], there exists a reality problem in the sine-Gordon equation, we also hope that our representations (3-1) and (4-1) might have some effects on the problem.

Acknowledgment We thank Prof. Y. Ônishi for crucial discussions and encouragements. It is acknowledged that lectures of Prof. W. Rossman and Prof. I. A. Taimanov at Tokyo metropolitan university and a suggestion by Prof. A. R. Its on Schottky representations influenced this work.

References

[Ba1] Baker, H. F., Abelian functions – Abel’s theorem and the allied theory including the theory of the theta functions –, Cambridge Univ. Press, 1897, republication 1995.

[Ba2] , On the hyperelliptic sigma functions, Amer. J. of Math. XX (1898), 301-384. [Ba3] , On a system of differential equations leading to periodic functions, Acta math. 27 (1903), 135-156. [Bo] Bobenko, A. I., All constant mean curvature tori in R^3, S^3, H^3 in terms of theta-functions, Math. Ann.

290 (1991), 209-245. 12

[BBEIM]E. D. Belokolos, A. I. Bobenko, V. Z. Enol’skii, A. R. Its and V. B. Matveev, Algebro-Geometric Approach to Nonlinear Integrable Equations, Springer, New York, 1994.

[BEL] Buchstaber, V. M., Enolskii, V. Z. and Leykin D. V., Kleinian Functions, Hyperelliptic Jacobians and Applications, Reviews in Mathematics and Mathematical Physics (London) (1997), Gordon and Breach, India, 1-125.

[GN] Grinevich, P. G. and Novikov, S. P., Topological Charge of the real periodic finite-gap Sine-Gordon solutions, math-ph/0111039 (2001).

[Kl1] Klein F., Ueber hyperelliptische Sigmafunctionen, Math. Ann. 27 (1886), 431-464. [Kl2] Klein F., Vorlesungen über die Entwicklung der Mathematik im 19. Jahrhundert I, Springer, Berlin, 1926. [Ma1] Matsutani S., Closed Loop Solitons and Sigma Functions: Classical and Quantized Elasticas with Genera One and Two”, J. Geom. Phys. 39 (2001), 50-61.

[Ma2] , Hyperelliptic Solutions of KdV and KP equations: Reevaluation of Baker’s Study on Hyperelliptic Sigma Functions, J. Phys. A 34 (2001), 4721-4732.

[Ma3] , Hyperelliptic Loop Solitons with Genus g: Investigations of a Quantized Elastica, to appear J.

Geom. Phys. nlin.SI/0108002.

[Ma4] , Explicit Hyperelliptic Solutions of Modified Korteweg-de Vries Equation: Essentials of Miura Transformation, preprint, nlin.SI/0108002 (2001).

[Ma5] , On Sine-Gordon Equation on Subvarieties in Hyperelliptic Jacobian, in preparation. [TD] Tanaka, S. and Date, E, KdV equation (KdV houteishiki), Kinokuniya, Tokyo, 1979. (japanese) [T] Takagi, T., Daisuu-Gaku-Kougi (Lecture of Algebra), Kyouritsu, Tokyo, 1930. (japanese) [W] Weierstrass K, Mathematische Werke I, Mayer und Müller, Berlin, 1894.