arXiv:nlin.SI/0503030 v3 10 Jun 2005

DAMTP-2005-26

A dispersionless integrable system associated to Diff(S^1) gauge theory

Maciej Dunajski^∗

Department of Applied Mathematics and Theoretical Physics University of Cambridge Wilberforce Road, Cambridge CB3 0WA, UK and George Sparling^†

Department of Mathematics University of Pittsburgh Pittsburgh, PA 15260, USA

Abstract A dispersionless integrable system underlying 2 + 1-dimensional hyperCR Einstein– Weyl structures is obtained as a symmetry reduction of the anti–self–dual Yang–Mills equations with the gauge group Diff(S^1). Two special classes of solutions are obtained from well known soliton equations by embedding SU(1, 1) in Diff(S^1).

∗email M.Dunajski@damtp.cam.ac.uk †email sparling@twistor.org

1 From ASDYM equations to Einstein–Weyl structures

The idea of allowing infinite–dimensional groups of diffeomorphisms of some manifold Σ as gauge groups provides a link between the Yang–Mills–Higgs theories on R^n and conformal gravity theories on R^n × Σ. The gauge–theoretic covariant derivatives and Higgs fields are reinterpreted as a frame of vector fields thus leading to a conformal structure [21]. This program has lead, among other things, to a dual description of certain two–dimensional integrable systems: as symmetry reductions of anti–self–dual Yang–Mills (ASDYM), or as special curved anti–self–dual conformal structures [22, 16, 6, 7].

In this paper we shall give the first example of a dispersionless integrable system in 2+1 dimension which fits into this framework (Theorem 1.1). As a spin–off we shall obtain a gauge– theoretic characterisation of hyperCR Einstein–Weyl spaces in 2+1 dimensions (Theorem 1.2). We shall also construct two explicit new classes of solutions to the system (1.1) out of solutions to the nonlinear Schrödinger equation, and the Korteweg de Vries equation (formulae (2.2) and (2.4)).

Consider a pair of quasi-linear PDEs

u_t + w_y + uw_x − wu_x = 0, u_y + w_x = 0, (1.1)

for two real functions u = u(x, y, t), w = w(x, y, t). This integrable system has recently been used to characterise a class of Einstein–Weyl structures in 2+1 dimensions [4]. It has also appeared in other contexts [19, 17, 18, 8] as an example of 2+1 dimensional dispersionless integrable models.

The equations (1.1) arise as compatibility conditions [L, M] = 0 of an overdetermined system of linear equations LΨ = MΨ = 0, where Ψ = Ψ(x, y, t, λ) is a function, λ is a spectral parameter, and the Lax pair is given by

L = ∂_t − w∂_x − λ∂_y , M = ∂_y + u∂_x − λ∂_x. (1.2)

This should be contrasted with Lax pairs for other dispersionless integrable systems [20, 23, 10, 13, 1] which contain derivatives w.r.t the spectral parameter.

The first equation in (1.1) resembles a flatness condition for a connection with the underlying Lie algebra diff(Σ), where Σ = S^1 or R. The following result makes this interpretation precise

Theorem 1.1 The system (1.1) arises as a symmetry reduction of the anti–self–dual Yang Mills equations in signature (2, 2) with the infinite–dimensional gauge group Diff(Σ) and two commuting translational symmetries exactly one of which is null. Any such symmetry reduction is gauge equivalent to (1.1).

Proof. Consider the flat metric of signature (2, 2) on R^4 which in double null coordinates y^μ = (t, z, t̃, z̃) takes the form ds^2 = dtdt̃ − dzdz̃, and choose the volume element dt ∧ dt̃ ∧ dz ∧ dz̃. Let A ∈ T^∗R^4 ⊗ g be a connection one– form, and let F be its curvature two–form. Here g is the Lie algebra of some (possibly infinite dimensional) gauge group G. In a local trivialisation A = A_μdy^μ and F = (1/2)F_{μν} dy^μ ∧ dy^ν , where F_{μν} = [D_μ, D_ν ] takes its values in g. Here D_μ = ∂_μ − A_μ is the covariant derivative. The connection is defined up to gauge transformations A → b^{−1}Ab − b^{−1}db, where b ∈ Map(R^4, G). The ASDYM equations on A_μ are F = − ∗ F , or

F_{tz} = 0, F_t~_t − F_{zz̃} = 0, F~_{tz̃} = 0.

These equations are equivalent to the commutativity of the Lax pair L = D_t − λD_{z̃} , M = D_z − λD~_t for every value of the parameter λ.

We shall require that the connection possesses two commuting translational symmetries, one null and one non–null which in our coordinates are in ∂~_t and ∂_ỹ directions, where z = y + ỹ, z̃ = y − ỹ. Choose a gauge such that A_{z̃} = 0 and one of the Higgs fields Φ = A~_t is constant. The Lax pair has so far been reduced to L = ∂_t − W − λ∂_y , M = ∂_y − U − λΦ, (1.3) where W = A_t and U = A_z are functions of (y, t) with values in the Lie algebra g, and Φ is an element of g which doesn’t depend on (y, t). The reduced ASDYM equations are

∂_y W − ∂_tU + [W, U] = 0, ∂_yU + [W, Φ] = 0.

Now choose G = Diff(Σ), where Σ is some one–dimensional manifold, so that (U, W, Φ) become vector fields on Σ. We can choose a local coordinate x on Σ such that Φ = ∂_x, W = w(x, y, t)∂_x, U = −u(x, y, t)∂_x (1.4) where u, w are smooth functions on R^3. The reduced Lax pair (1.3) is identical to (1.2) and the ASDYM equations reduce to the pair of PDEs (1.1). □ Recall that a Weyl structure on an n dimensional manifold W consists of a torsion-free connection D and a conformal structure [h] which is compatible with D in a sense that Dh = ω ⊗ h for some one-form ω and h ∈ [h]. We say that a Weyl structure is Einstein–Weyl if the traceless part of the symmetrised Ricci tensor of D vanishes. The three–dimensional Einstein– Weyl structure is called hyperCR [3, 9, 5, 4] if its mini-twistor space [11] is a holomorphic bundle over C P^1.

In [4] it was demonstrated that if n = 3, and [h] has signature (+ + −) then all Lorentzian hyperCR Einstein–Weyl structures are locally of the form

h = (dy + udt)^2 − 4(dx + wdt)dt, ω = u_xdy + (uu_x + 2u_y )dt, (1.5)

where u, w satisfy (1.1). This result combined with Theorem 1.1 yields the following coordinate independent characterisation of the hyperCR Einstein–Weyl condition

Theorem 1.2 The ASDYM equations in 2 + 2 dimensions with two commuting translational symmetries one null and one non–null, and the gauge group Diff(Σ) are gauge equivalent to the hyperCR Einstein–Weyl equations in 2+1 dimensions.

This is a Lorentzian analogue of a Theorem proved in [2] in the Euclidean case. The readers should note that in [2] the result is formulated in terms of the Hitchin system, and not reductions of the ASDYM system.

2 Reductions to KdV and NLS

Reductions of the ASDYM equations with G = SU(1, 1) by two translations (one of which is null) lead to well–known integrable systems KdV, and NLS [15]. The group SU(1, 1) is a subgroup of Diff(S^1) which can be seen by considering the Mobius action of SU(1, 1) ζ −→ M(ζ) = αζ + β βζ + α , |α|^2 − |β|^2 = 1

on the unit disc. This restricts to the action on the circle as |M(ζ)| = 1 if |ζ| = 1. We should therefore expect that equation (1.1) contains KdV and NLS as its special cases (but not necessarily symmetry reduction). To find explicit classes of solutions to (1.1) out of solutions to KdV and NLS we proceed as follows. Consider the matrices

τ_+ = ( 0 1 0 0 ) , τ_− = ( 0 0 1 0 ) , τ_0 = ( 1 0 0 −1 )

with the commutation relations

[τ_+, τ_−] = τ_0, [τ_0, τ_+] = 2τ_+, [τ_0, τ_−] = −2τ_−.

The NLS equation iϕ_t = − 1 2 ϕ_{yy} + ϕ|ϕ|^2, ϕ = ϕ(y, t) (2.1) arises from the reduced Lax pair (1.3) with W = 1 2i (−|ϕ|^2τ_0 + ϕ_y τ_− − ϕ_y τ_+), U = −ϕτ_− − ϕτ_+, Φ = iτ_0.

Now we replace the matrices by vector fields on Σ corresponding to the embedding of su(1, 1) in diff(Σ) τ_+ −→ 1 2i e^{2ix} ∂ ∂x , τ_− −→ − 1 2i e^{−2ix} ∂ ∂x , τ_0 −→ 1 i ∂ ∂x , and read off the solution to (1.1) from (1.4) u = 1 2i (ϕe^{2ix} − ϕe^{−2ix}), w = 1 2 |ϕ|^2 + 1 4 (e^{2ix}ϕ_y + e^{−2ix}ϕ_y). (2.2)

The second equation in (1.1) is satisfied identically, and the first is satisfied if ϕ(y, t) is a solution to the NLS equation (2.1).

Analogous procedure can be applied to the KdV equation 4v_t − v_{yyy} − 6vv_y = 0, v = v(y, t). (2.3) The Lax pair for this equation is given by (1.3) with W = ( q_y τ_+ − κτ_− − (1 2 q_{yy} + qq_y ) τ_0 ) , U = τ_+ − qτ_0 − (q_y + q^2)τ_−, Φ = τ_−,

where κ = 1 4 q_{yyy} + qq_{yy} + 1 2 q_y^2 + q^2q_y, and v = 2q_y .

Now we choose x such that τ_+ −→ −x^2 ∂ ∂x , τ_− −→ ∂ ∂x , τ_0 −→ 2x ∂ ∂x , and read off the expressions for u and w

u = x^2 + 2xq + q_y + q^2, w = −x^2q_y − x(q_{yy} + 2qq_y) − κ. (2.4)

The second equation in (1.1) holds identically, and the first is satisfied if v is a solution to (2.3).

In references [17, 18] the so called ‘universal hierarchy’ was studied and a general procedure of constructing its differential reductions was proposed. The system (1.1) arises from the first two flows of this hierarchy, but it is not clear how the differential constraints imposed in [17, 18] can be understood from the Diff(S^1) point of view. It would be interesting to see whether our reductions to NLS and KdV are ‘differential’ in the sense of the above references.

One remark is in place: There is a standard procedure [12] of constructing anti–self–dual conformal structures with symmetries out of EW structures in 3 or 2+1 dimensions. The procedure is based on solving a linear generalised monopole equation on the EW background. Moreover, the hyperCR EW structures always lead to hyper–complex conformal structures with a tri–holomorphic Killing vector, and it is possible to choose a monopole such that there exist a Ricci–flat metric in the conformal class [9]. Any hyperCR EW (1.5) structure given in terms of KdV, or NlS potential by (2.4) or (2.2) will therefore lead to a (+ + −−) ASD Ricci–flat metric with a tri–holomorphic homothety. The explicit formulae for the metric in terms of solutions to (1.1) can be found in [4]. Another class of ASD Ricci–flat metrics has been constructed from KdV and NLS, by embedding SU(1, 1) in a Lie algebra of volume preserving transformations of the Poincare disc [6]. These metrics generically do not admit any symmetries, and therefore are different from ours.

Acknowledgements

Both authors were partly supported by NATO grant PST.CLG.978984. MD is a member of the European Network in Geometry, Mathematical Physics and Applications. We wish to thank the anonymous referee for valuable comments.

References

[1] Bogdanov, L. V.Konopelchenko, B. G. (2004) Symmetry constraints for dispersionless integrable equations and systems of hydrodynamic type. Phys. Lett. A330, 448–459.

[2] Calderbank, D.M.J. Integrable background geometries, preprint.

[3] Calderbank, D.M.J. & Pedersen, H. (2000) Selfdual spaces with complex structures, Einstein–Weyl geometry and geodesics, Ann. Inst. Fourier 50 (2000), no. 3, 921–963.

[4] Dunajski, M. (2004) A class of Einstein–Weyl spaces associated to an integrable system of hydrodynamic type. J. Geom. Phys. 51, 126-137.

[5] Dunajski, M. & Tod K.P. (2001) Einstein–Weyl Structures from Hyper–Kähler Metrics with conformal Killing Vectors, Diff. Geom. Appl. 14, 39-55.

[6] Dunajski, M., Mason, L. J.& Woodhouse, N.M.J. (1998) From 2D integrable systems to self-dual gravity. J. Phys. A 31, 6019–6028.

[7] Dunajski, M. (2002) Hyper-complex four-manifolds from the Tzitzeica equation. J.

Math. Phys. 43, 651–658.

[8] Ferapontov, E. V. & Khusnutdinova, K. R. (2004) The characterization of twocomponent (2 + 1)-dimensional integrable systems of hydrodynamic type. J. Phys. A 37, 2949–2963.

[9] Gauduchon, P. & Tod K.P. (1998) Hyper-Hermitian metrics with symmetry, Journal of Geometry and Physics 25, 291–304.

[10] Guil, F., Manas, M., Martinez Alonso, L. (2003) The Whitham hierarchies: reductions and hodograph solutions. J. Phys. A 36, no. 14, 4047–4062.

[11] Hitchin, N.(1982) Complex manifolds and Einstein’s equations, in Twistor Geometry and Non-Linear systems, Springer LNM 970, ed. Doebner, H.D. & Palev, T.D..

[12] Jones, P. & Tod, K.P. (1985) Minitwistor spaces and Einstein-Weyl spaces, Class. Quantum Grav. 2 565-577.

[13] Konopelchenko, B.G., Martinez Alonso, L. & Ragnisco, O. (2001) , The ∂-approach to the dispersionless KP hierarchy, J. Phys. A 34, no. 47 10209-10217.

[14] Krichever, I. M. (1994) The τ -function of the universal Whitham hierarchy, matrix models and topological field theories. Comm. Pure Appl. Math. 47 no. 4, 437–475.

[15] Mason, L.J. & Sparling, G.A.J. (1989) Nonlinear Schrodinger and Korteweg de Vries are reductions of self-dual Yang-Mills, Phys. Lett. A 137(1,2), 29-33.

[16] Mason, L.J & Woodhouse, N.M.J. (1996) Integrability, Self-Duality, and Twistor Theory, L.M.S. Monographs New Series, 15, OUP.

[17] Martinez Alonso, L. & Shabat, A.B. (2003) Towards a theory of differential constraints of a hydrodynamic hierarchy, J. Nonlinear Math. Phys. 10, 229-242.

[18] Martinez Alonso, L. & Shabat, A.B. (2004) Hydrodynamic reductions and solutions of a universal hierarchy, Teoret. Mat. Fiz. 140 216-229.

[19] Pavlov, M.V. (2003) Integrable hydrodynamic chains, J. Math. Phys. 44, no. 9. 4134– 4156.

[20] Takasaki, K. & Takebe, T.(1995) Integrable Hierarchies and Dispersionless Limit, Rev.

Math. Phys. 7 743-808.

[21] Ward, R.S. (1990) The SU(∞) chiral model and self-dual vacuum spaces, Class. Quantum Grav. 7 L217-L222.

[22] Ward, R. S. (1992) Infinite-dimensional gauge groups and special nonlinear gravitons.

J. Geom. Phys. 8, 317–325.

[23] Zakharov, E.V. (1994) Dispersionless limit of integrable systems in 2 + 1 dimensions, in Singular Limits of Dispersive Waves, Ed. N.M. Ercolani et al., Plenum Press, NY, 165-174.