arXiv:nlin.SI/0509027 v1 12 Sep 2005

LAX REPRESENTATION OF WZNW-LIKE SYSTEMS

A.V. Balandin^1 Department of Mathematics and Mechanics N.I.Lobatchevsky Nizhny Novgorod State University 23 Gagarin ave., 603600 Nizhny Novgorod, Russia e-mail: balandin @ mm.unn.ru

O.N. Pakhareva Department of Mathematics and Mechanics N.I.Lobatchevsky Nizhny Novgorod State University 23 Gagarin ave., 603600 Nizhny Novgorod, Russia e-mail: pakhareva@rambler.ru

The Lax representation and Backlund transformations for the systems similar to WZNW (Wess-Zumino-Novicov-Witten) systems and non-abelian affine Toda models are obtained in present paper. One of these systems is a new integrable extension of well known sine-Gordon equation.

1 Introduction

Chiral-type systems (see e.g. [1]) are the systems of partial differential equations of the form U^α_{xy} + G^α_{βγ} U^β_x U^γ_y + Q^α = 0. (1)

Here the Greek indices α, β, γ range from 1 to n and the subscripts denote partial derivatives with respect to the independent variables x and y. The coefficients G^α_{βγ} , Q^α are assumed to be smooth functions of the variables U^1, U^2, ..., U^n. The summation rule over the repeated indices is also assumed.

If system (1) is the system of Euler-Lagrange equations then the Lagrangian can be given by

L = g_{αβ} (U^δ)U^α_x U^β_y + a_{αβ}(U^δ)U^α_x U^β_y + Q(U^δ), (2)

where g_{αβ} is a non-degenerate symmetric matrix, a_{αβ} is a skew-symmetric matrix and Q is a smooth function of the variables U^1, U^2, ..., U^n. Notice that

1corresponding author

Euler-Lagrange systems for Lagrangian (2) usually are referred as general nonlinear sigma-models (see e.g. [2] ,[3]). These systems contain the special class of systems referred as WZNW(Wess-Zumino-Novicov-Witten)([4] ,[5] , [6], [7]).

Recall that the WZNW systems can be defined in the following way. Let H be a semi-simple Lie group, (U^α) a local coordinate system on H and Φ^α = T^α_β dU^β a basis of left-invariant forms. Then

G^α_{βγ} = T̃^α_δ T^δ_{β,γ} (3)

are the coefficients of the first flat affine connection of the group H. Here and further T̃^α_β denotes the inverse matrix for T^α_β and comma denotes the partial derivative T^δ_{β,γ} = ∂T^δ_β ∂U^γ . WZNW system associated with the semi-simple Lie group H is the system of the form (1) with Q^α = 0 and coefficients G^α_{βγ} defined by (3).

To obtain the Lagrangian L_1 for WZNW system define a 2-form σ = a_{αβ}dU^α ∧ dU^β which satisfies the condition dσ = 2 3 h^0_{αδ}C^δ_{βγ} Φ^α ∧ Φ^γ ∧ Φ^β .

Here C^α_{βγ} are the structure constants of the group H determined by the basis Φ^α and h^0_{αβ} is the Killing form of the Lie algebra h of the group H with respect to the dual basis. Such 2-form σ exist, at least locally, since 3-form Ψ =^2_3 h^0_{σδ} C^σ_{φψ}T^δ_αT^φ_β T^ψ_γ dU^α ∧ dU^γ ∧ dU^β is closed due to the Jacobi identity. Then the Lagrangian L_1 is of the form

L_1 = h^0_{γδ} T^γ_α T^δ_β U^α_x U^β_y + a_{αβ}U^α_x U^β_y . (4)

It is well known that WZNW systems admit the Lax representation.

In Section 2 the Euler-Lagrange systems for the Lagrangian

L_2 = h^0_{γδ}T^γ_α T^δ_β U^γ_x U^δ_y + ka_{αβ}U^α_x U^β_y

are considered. Here k is an arbitrary constant, h^0_{αβ}, T^α_β , a_{αβ} are of the same sense as above. We will call such systems the WZNW-like systems. The Lax representation and Backlund transformation for these WZNW-like systems are constructed in Section 2.

In Section 3 we give a slight addition to Lesnov-Saveliev construction [8] of Lax representation of nonlinear systems. Lesnov-Saveliev method affords to associate some integrable system with symmetric space G/H. The systems obtained by this way are usually referred as non-abelian affine Toda models ( [3] , [9]). Our observation affords to obtain additional integrable systems in case H is a direct product of simple Lie groups. Further we mention some new integrable systems associated with the symmetric spaces SO(p + 3)/(SO(p) × SO(3)), SO(p + 2)/(SO(p) × SO(2)). 2 WZNW-like systems

A construction of the Lax representation for some chiral field systems

U^α_{xy} + G^α_{βγ} U^β_x U^γ_y = 0 (5)

is proposed here.

Let Θ^a be a basis of left-invariant forms of a Lie group G. It is well known that the forms Θ^a satisfy the Cartan structure equations

dΘ^a = C^a_{bc}Θ^c ∧ Θ^b, (6)

where C^a_{bc} are the structure constants.

We say that system (5) admits a Lax representation with the Lie group G if the system Θ^a = A^adx + B^ady (7)

is completely integrable (in the sense of Frobenius) on solutions of the system (5), i.e. if the substitution of expressions (7) into (6) results in the system equivalent to (5).

We will consider the groups for which Cartan’s structure equations can be written in the form dθ^α = D^α_{βi}φ^i ∧ θ^β , (8)

dφ^i = C^i_{jk} φ^k ∧ φ^j + R^i_{βγ} θ^γ ∧ θ^β , (9) where D^α_{βi}, C^i_{jk}, R^i_{βγ} = const, the Greece indices α, β, γ range from 1 to n (n=dimG/H), indices i, j, k range from 1 to r.

It is well known [10] that Eqs.(8) and (9) could also be considered as the structure equations of some locally symmetric space G/H, where C^i_{jk} are the structure constants of the isotropy group H.

We look for the Lax representation of system (5) in the form

θ^α = U^α_β (λU^β_x dx + 1 λ U^β_y dy), (10)

φ^i = (−Γ^i_α + H^i_α)U^α_β U^β_x dx + (−Γ^i_α − H^i_α)U^α_β U^β_y dy, (11) where λ is a parameter, U^α_β , Γ^i_α, H^i_α are the smooth functions of variables U^1, U^2, ..., U^n. Substitute the expressions (10),(11) into Eqs.(8). Taking into account (5) and collecting similar terms, we arrive at equations U^α_{β,γ} − U^α_δ G^δ_{βγ} + D^α_{μi}(Γ^i_ν + H^i_ν )U^μ_β U^ν_γ = 0, (12)

U^α_{γ,β} − U^α_δ G^δ_{βγ} + D^α_{μi}(Γ^i_ν − H^i_ν )U^μ_γ U^ν_β = 0. (13) Subtracting (13) from (12) and separating out the symmetric and skewsymmetric parts of result, we obtain the equalities U^α_{[β,γ]} + D^α_{μi}Γ^i_ν U^μ_{[β}U^ν_{γ]} = 0, (14)

D^α_{μi}H^i_ν U^μ_{(β}U^ν_{γ)} = 0. (15) Now from Eqs.(12),(13) in terms of (14),(15) it follows that U^α_δ G^δ_{[βγ]} = D^α_{μi}H^i_ν U^μ_{[β}U^ν_{γ]}, (16)

U^α_δ G^δ_{(βγ)} = U^α_{(β,γ)} + D^α_{μi}Γ^i_ν U^μ_{(β}U^ν_{γ)}. (17) Analogously, substituting (10) and (11) into Eqs.(9) and taking into account (5),(14),(15),(16),(17), we get

Γ^i_{[μ;ν]} + H^i_σD^σ_{[μ|j|}H^j_{ν]} − Γ^i_σD^σ_{[μ|j|}Γ^j_{ν]} = C^i_{jk} Γ^k_{[μ}Γ^j_{ν]} − C^i_{jk}H^k_{[μ}H^j_{ν]} − R^i_{μν} , (18)

H^i_{(μ;ν)} = H^i_σ D^σ_{(μ|j|}Γ^j_{ν)} + 2C^i_{jk} H^k_{(μ}Γ^j_{ν)}. (19) Here we assume dΓ^i_ν = Γ^i_{ν;σ} U^σ_β dU^β , dH^i_ν = H^i_{ν;σ} U^σ_β dU^β . So the following theorem is proved.

Theorem 1 Let G be a Lie group with the structure equations (8),(9) and G^α_{βγ} , U^α_β , Γ^i_α, H^i_α are smooth functions satisfying the conditions (14)-(19). Then equalities (10),(11) define the Lax representation of the system (5).

Example 1.

The proposed construction can be used to obtain well known Lax representation of chiral fields equations valued in symmetric space G/H (see e.g. [11]).

Let θ^α = U^α_β dU^β are the basic forms and φ^i = −Γ^i_αU^α_β dU^β are the connection forms of the symmetric space G/H. Then from (8),(9) it follows that U^α_{[μ,ν]} = −D^α_{φi}Γ^i_ψ U^φ_{[μ}U^ψ_{ν]},

Γ^i_{[μ,ν]} − Γ^i_σD^σ_{[μ|i|}Γ^i_{ν]} = C^i_{jk} Γ^k_μΓ^j_ν − R^i_{μν} .

Assume H^i_α = 0 in (11). Then the conditions (14),(15),(18),(19) are fulfilled and equations(8)-(11) define the Lax representation of the system (5), where

G^α_{[βγ]} = 0,

G^α_{(βγ)} = Ũ^α_σ [U^σ_{(β,γ)} + D^α_{φi}Γ^i_ψ U^φ_{(β} U^ψ_{γ)}], i.e. G^α_{βγ} are the coefficients of the canonical affine connection of the symmetric space G/H with respect to the holonomic basis.

Example 2.

Let H be a Lie group. Consider the symmetric space (H × H)/H with the canonical affine connection. Then the structure equations of the symmetric space (H × H)/H are of the form (8),(9), where C^i_{jk} are the structure constants of the group H, D^α_{βi} = 2C^α_{βi}, R^i_{αβ} = −C^i_{αβ} and all indices range from 1 to n = dimH. Assuming Γ^i_α = 0, H^i_α = δ^i_α in (10),(11), we obtain the Lax representation of the system (5) with coefficients G^α_{βγ} of the form

G^α_{[βγ]} = 2Ũ^α_δ C^δ_{φψ}U^φ_β U^ψ_γ ,

G^α_{(βγ)} = 2Ũ^α_δ U^δ_{β,γ}.

Here U^α_β are the smooth functions with the following properties

U^α_{[β,γ]} = 0, det||U^α_β || ≠ 0.

Theorem 2 Let H be a semi-simple Lie group and 1) (U^α) is a local coordinate system on the group H;

2) C^α_{βγ} are the structure constants of the Lie group H with respect to the basis of left-invariant forms Φ^α = T^α_β dU^β ;

3) h^0_{αβ} is the Killing form of the Lie algebra h of the group H given in the dual basis;

4) h_{αβ} is the Killing metric of the group H, i.e.

h_{αβ} = h^0_{φψ}T^φ_α T^ψ_β ; (20)

5) σ = a_{αβ}dU^α ∧ dU^β is the 2-form which satisfies the condition dσ = 2 3 h^0_{δσ}C^σ_{βγ} Φ^δ ∧ Φ^γ ∧ Φ^β .

Then the system of Euler-Lagrange equations for Lagrangian

L = h_{αβ}U^α_x U^β_y + ka_{αβ}U^α_x U^β_y (21)

admits the Lax representation. Here k ≠ ±1 is an arbitrary constant.

Proof. Consider the symmetric space (H × H)/H with the structure equations (8),(9), where D^α_{βi} = 2C^α_{βi}, R^i_{αβ} = −C^i_{αβ} and all indices range from 1 to n. Assume U^α_β = 1 2 √ k^2 − 1T^α_β ,

Γ^i_α = − 1 √ k^2 − 1 δ^i_α, H^i_α = k √ k^2 − 1 δ^i_α, where k ≠ ±1 is an arbitrary constant. Then the expressions (10),(11) define the Lax representation for the system

U^α_{xy} + T̃^α_σ [T^σ_{(β,γ)} + kC^σ_{φψ} T^φ_β T^ψ_γ ]U^β_x U^γ_y = 0. (22)

Now prove that the system (22) is the system of Euler’s equations for Lagrangian (21). Indeed, the Euler equations for the Lagrangian (21) results in the system (5), where G^α_{βγ} = 1 2 h̃^{αδ}(h_{δγ,β} + h_{δβ,γ} − h_{βγ,δ}) + 3 2 h̃^{αδ}a_{[δγ,β]}. (23)

One can easily verify that in our case we have the equalities

G^α_{(βγ)} = 1 2 h̃^{αδ}(h_{δγ,β} + h_{δβ,γ} − h_{βγ,δ}) = T̃^α_δ T^δ_{(β,γ)}. (24) So the coefficients G^α_{βγ} of the Euler equations are of the form (22) if the torsion A^α_{βγ} = G^α_{[βγ]} = kT̃^α_σ C^σ_{φψ} T^φ_β T^ψ_γ (25)

of the connection satisfies the following condition A_{αβγ} = h_{δα}A^δ_{βγ} =^3_2 a_{[αγ,β]}. Taking into account (20), we obtain A_{αβγ} = kh^0_{σδ} C^σ_{φψ}T^δ_αT^φ_β T^ψ_γ .

Notice that 3-form Ψ =^2_3 h^0_{σδ}C^σ_{φψ} T^δ_αT^φ_β T^ψ_γ dU^α ∧ dU^γ ∧ dU^β is closed due to the Jacobi identity. Therefore there exist, at least locally, a 2-form σ such that the equality dσ = Ψ is fulfilled. So assuming a_{αβ}dU^α ∧ dU^β = σ, we obtain that the Euler equations for Lagrangian (21) coincide with the system (22). □

Remark. One can easily verify that the coefficients G^α_{βγ} defined by equalities (24),(25) are the coefficients of the affine connection of homogeneous reductive space which can be characterized by the following conditions: ∇R^α_{βγδ} = 0, ∇A^α_{βγ} = 0. Moreover, one can see that the Ricci identities

R^α_{[βγδ]} = 0

are true for the connection with coefficients defined by (24),(25).

Notice that the Lax representation without parameter for the systems with such connection was mentioned in [12].

The Backlund transformation for the systems (22) can be obtained from the following theorem

Theorem 3 Let C^α_{βγ} , ^C^α_{βγ} be the structure constants of n-dimensional Lie algebras and functions U^α_β = U^α_β (U^γ ), V^α_β = V^α_β (V^γ ) satisfy the equations: U^α_{[β,γ]} = C^α_{φψ} U^φ_β U^ψ_γ , det||U^α_β || ≠ 0, (26)

V^α_{[β,γ]} = ^C^α_{φψ}V^φ_β V^ψ_γ , det||V^α_β || ≠ 0, (27)

Then the equalities U^α_β U^β_x = V^α_β V^β_x , (28)

U^α_β U^β_y = −V^α_β V^β_y (29) define the Backlund transformations between the systems

U^α_{xy} + Ũ^α_δ [U^δ_{(β,γ)} + ^C^δ_{φψ}U^φ_β U^ψ_γ ]U^β_x U^γ_y = 0, (30)

V^α_{xy} + Ṽ^α_δ [V^δ_{(β,γ)} + C^δ_{φψ}V^φ_β V^ψ_γ ]V^β_x V^γ_y = 0 (31)

Proof. Indeed, take the derivatives of equalities (28),(29) with respect to variables x and y. Then adding and subtracting the obtained equalities and taking into account (26),(27),(28),(29), we arrive at the systems (30),(31). □ Corollary 1. The equalities (28),(29) define the Backlund transformations between the systems

U^α_{xy} + Ũ^α_δ [U^δ_{(β,γ)} + kC^δ_{φψ}U^φ_β U^ψ_γ ]U^β_x U^γ_y = 0, (32)

V^α_{xy} + W̃^α_δ [W^δ_{(β,γ)} + 1 k C^δ_{φψ}W^φ_β W^ψ_γ ]V^β_x V^γ_y = 0, (33)

were k = const and functions U^α_β = U^α_β (U^γ ), W^α_β = W^α_β (V^γ ) satisfy the equations U^α_{[β,γ]} = C^α_{φψ}U^φ_β U^ψ_γ , det||U^α_β || ≠ 0, (34) W^α_{[β,γ]} = C^α_{φψ} W^φ_β W^ψ_γ , det||W^α_β || ≠ 0. (35) Proof. Assume C^α_{βγ} = C^α_{βγ} , ^C^α_{βγ} = kC^α_{βγ} , W^α_β = kV^α_β . Then the functions U^α_β , W^α_β satisfy the Eqs.(35),(34) and the systems (30),(31) coincide with the systems (32),(33).□

3 Systems associated with the symmetric space G/(H_1 × ... × H_p) We use the local coordinate approach to Lesnov-Saveliev construction in order to find the Lax representation for some systems of the form (1).

Let G/H be a symmetric space with the structure equations of the form dω^{α′} = D^{α′}_β′_γ θ^γ ∧ ω^{γ′} , (36)

dθ^α = C^α_{βγ} θ^γ ∧ θ^β + R^α_β′_γ′ ω^{γ′} ∧ ω^{β′} . (37) Here the Greek indices α, β, γ range from 1 to n and indices α^′, β^′, γ^′ range from n + 1 to r. We assume ω^{α′} = λM^{α′} dx + 1 λ N^{α′} dy, (38)

θ^α = T^α_{1β}U^β_x dx + T^α_{2β}U^β_y dy, (39) where M^{α′} , N^{α′} , T^α_{1β}, T^α_{2β} are the smooth functions of variables U^1, ..., U^n.One can easily verify that the following theorem is true [13].

Theorem 4 Let C^α_{βγ} be the structure constants of the isotropy group H of some locally symmetric space G/H with the structure equations (36),(37). Assume that there exist matrices ‖T^α_{1β}‖, ‖T^α_{2β}‖ and functions M^{α′} , N^{α′} with the following properties:

T^α_{i[β,γ]} = C^α_{μν} T^μ_{iβ} T^ν_{iγ} (i = 1, 2), (40)

det‖T^α_{1β} − T^α_{2β}‖ ≠ 0, (41) M^{α′}_{,δ} = D^{α′}_β′_γ T^γ_{2δ} M^{β′} , (42)

N^{α′}_{,δ} = D^{α′}_β′_γ T^γ_{1δ} N^{β′} . (43) Then equalities (38),(39) define the Lax representation of the system (1) if the functions G^α_{βγ} , Q^α are of the form G^α_{βγ} = P̃^α_δ [P^δ_{(β,γ)} + 2C^δ_{φψ} S^φ_β S^ψ_γ − 2C^δ_{φψ} P^φ_{(γ} S^ψ_{β)}],

Q^α = −P̃^α_δ R^δ_β′_γ′ N^{γ′} M^{β′} ,

where S^α_β =^1_2 (T^α_{1β} + T^α_{2β}), P^α_β =^1_2 (T^α_{1β} − T^α_{2β}) and P̃ denotes the inverse matrix for P .

The question under consideration is how to find the functions T^α_{iβ} , M^{α′} , N^{α′} satisfying the condition (40)-(43). One solution can be obtained by the following way. Let C^α_{βγ} be the structure constants of the group H with respect to a basis of left-invariant forms Φ^α = T^α_β dU^β . Assume T^α_{1β} = T^α_β , T^α_{2β} = 0 (or T^α_{1β} = 0, T^α_{2β} = T^α_β ). Then one can see that (40),(41) and the compatibility conditions for the systems (42),(43) are fulfilled. So the equalities (36)-(39) define the Lax representation of the system (1) with the coefficients Q^α and G^α_{βγ} mentioned in theorem 4. Notice that this Lax representation coincide with one obtained by Lesnov-Saveliev [8]. Further we give another solution of the equations (40)-(43) in case H is a direct product of simple groups H_1, ..., H_p.

Let G/H be a locally symmetric space and H = H_1 × H_2, where H_1, H_2 are the simple Lie groups. Split the local coordinates (U^α) into to groups (U^{α1} , U^{α2} ) according to the decomposition of the group H and rewrite the structure equations of the symmetric space G/H in the form

dω^{β′} = D^{β′}_γ′_{α1} θ^{α1} ∧ ω^{γ′} + D^{β′}_γ′_{α2} θ^{α2} ∧ ω^{γ′} , (44)

dθ^{α1} = C^{α1}_{β1γ1} θ^{γ1} ∧ θ^{β1} + R^{α1}_β′_γ′ ω^{γ′} ∧ ω^{β′} , (45)

dθ^{α2} = C^{α2}_{β2γ2} θ^{γ2} ∧ θ^{β2} + R^{α2}_β′_γ′ ω^{γ′} ∧ ω^{β′} . (46)

We will use the following notations.

1) g, h, h_1, h_2 are the Lie algebras of the groups Lie G, H, H_1, H_2 respectively. 2) C^{α1}_{β1γ1} , C^{α2}_{β2γ2} are the structure constants of the Lie groups H_1, H_2 with respect to the bases of left-invariant forms Φ^{α1} = T^{α1}_{β1} dU^{β1} , Φ^{α2} = T^{α2}_{β2} dU^{β2} . 3) h^0_{α1β1} , h^0_{α2β2} are the matrices of the Killing forms h^0_1(·, ·), h^0_2(·, ·) of the Lie algebras h_1, h_2 given in the bases dual to the bases Φ^{α1} , Φ^{α2} and g^0(·, ·) is the Killing form of the algebra g.

4) S_i are the constants satisfying the equalities

h^0_i (·, ·) = S_ig^0(·, ·)_{|hi} (i = 1, 2). (47)

Such constants exist due to simplicity of the subalgebras h_1, h_2. 5) h_{α1β1} , h_{α2β2} are the Killing metrics of the groups H_1 and H_2 respectively, i.e. h_{αiβi} = h^0_{γiδi} T^{γi}_{αi} T^{δi}_{βi} , (i = 1, 2). (48) 6) σ_i = a_{αiβi} dU^{αi} ∧dU^{βi} (i = 1, 2) are the 2-forms which satisfy the conditions dσ_i = 2 3 h^0_{αiδi} C^{δi}_{βiγi} Φ^{αi} ∧ Φ^{γi} ∧ Φ^{βi} . (49) Theorem 5 Let G/H be a locally symmetric space, G the semi-simple Lie group and H = H_1 × H_2, where H_1, H_2 are the simple Lie groups.

Then the Euler’s system for Lagrangian

L = S_2[h_{α1β1} (U^{γ1} ) + ε_1a_{α1β1} (U^{γ1} )]U^{α1}_x U^{β1}_y +

+S_1[h_{α2β2} (U^{γ2} ) + ε_2a_{α2β2} (U^{γ2} )]U^{α2}_x U^{β2}_y + Q (50) admits the Lax representation if

Q = 4S_1S_2g^0_γ′_δ′ M^{γ′} N^{δ′} , (51)

ε_i = ±1 (i = 1, 2), and functions M^{γ′} , N^{δ′} satisfy the following conditions: M^{γ′}_{,β1} = 1 − ε_1 2 D^{γ′}_δ′_{α1} T^{α1}_{β1} M^{δ′} , M^{γ′}_{,β2} =

1 − ε_2 2 D^{γ′}_δ′_{α2} T^{α2}_{β2} M^{δ′} , (52) N^{γ′}_{,β1} = 1 + ε_1 2 D^{γ′}_δ′_{α1} T^{α1}_{β1} N^{δ′} , N^{γ′}_{,β2} =

1 + ε_2 2 D^{γ′}_δ′_{α2} T^{α2}_{β2} N^{δ′} . (53)

Proof. Assume

θ^{α1} =

1 + ε_1 2 T^{α1}_{β1} U^{β1}_x dx +

1 − ε_1 2 T^{α1}_{β1} U^{β1}_y dy, (54)

θ^{α2} =

1 + ε_2 2 T^{α2}_{β2} U^{β2}_x dx +

1 − ε_2 2 T^{α2}_{β2} U^{β2}_y dy, (55) ω^{γ′} = λM^{γ′} dx + 1 λ N^{γ′} dy. (56)

Substituting the expressions (54)-(56) into the structure equations (44)-(46), we arrive at the system of the form (1) with coefficients G^{α1}_{β1γ1} = T̃^{α1}_{δ1} (T^{δ1}_{(β1,γ1)} + ε_1T^{δ1}_{[β1,γ1 ]}), (57)

G^{α2}_{β2γ2} = T̃^{α2}_{δ2} (T^{δ2}_{(β2,γ2)} + ε_2T^{δ2}_{[β2,γ2 ]}), (58)

Q^{α1} = 2ε_1T̃^{α1}_{δ1} R^{δ1}_β′_γ′ M^{γ′} N^{β′} , (59)

Q^{α2} = 2ε_2T̃^{α2}_{δ2} R^{δ2}_β′_γ′ M^{γ′} N^{β′} . (60) Prove that this system is the Euler-Lagrange system for the Lagrangian (50). Indeed, the Euler equations for the Lagrangian (50) results in the system U^{α1}_{xy} + G^{α1}_{β1γ1} U^{β1}_x U^{γ1}_y − 1 2S_2 h̃^α1^β1 Q_{,β1} = 0,

U^{α2}_{xy} + G^{α2}_{β2γ2} U^{β2}_x U^{γ2}_y − 1 2S_1 h̃^α2^β2 Q_{,β2} = 0, where the coefficients G^{α1}_{β1 γ1} , G^{α2}_{β2 γ2} are of the form (57),(58). The proof of this fact is analogous to the proof of the theorem 2.

Now prove that the functions −^1_{2S2} h̃^{α1β1} Q_{,β1} coincide with the functions (59). Let g = h ⊕ m be a canonical decomposition, i.e. [h, h] ⊂ h, [h, m] ⊂ m, [m, m] ⊂ h.

Then due to the properties of the Killing form and (47) it is true that h^0_1(h, [m_1, m_2]) = S_1g^0(m_1, [m_2, h]) (61) for any arbitrary elements h ∈ h_1, m_1, m_2 ∈ m.

The equalities (61) are equivalent to the following conditions h^0_{α1φ1} R^{φ1}_β′_γ′ = Sg^0_β′_δ′ D^{δ′}_γ′_{α1} . (62) Now differentiating expression (51) and taking into account (52),(53) and (62), we obtain Q_{,β1} = 4S_1S_2g^0_γ′_δ′ (M^{γ′}_{,β1} N^{δ′} + M^{γ′} N^{δ′}_{,β1} ) =

= 4S_1S_2g^0_γ′_δ′ (

1 − ε_1 2 D^{γ′}_ψ′_{α1} T^{α1}_{β1} M^{ψ′} N^{δ′} +

1 + ε_1 2 D^{δ′}_ψ′_{α1} T^{α1}_{β1} M^{γ′} N^{ψ′} ) =

= −4ε_1S_2h^0_{α1φ1} R^{φ1}_δ′_γ′ T^{α1}_{β1} M^{γ′} N^{δ′}

and the functions −^1_{2S2} h̃^{α1β1} Q_{,β1} coincide with the functions (59). Analogously one can verify that the functions −^1_{2S1} h̃^{α2β2} Q_{,β2} coincide with the functions (60).□ Remark. In case ε_1 = ε_2 we come to the system which can be obtained by means of Lesnov-Saveliev construction.

Analogously can be proved the following theorem.

Theorem 6 Let G/H be a locally symmetric space, G the semi-simple Lie group and H = H_1 × ... × H_p, where H_1, ..., H_p are the simple Lie groups.

Then the Euler’s system for Lagrangian L = p∑ i=1 S S_i [h_{αiβi} (U^{γi} ) + ε_ia_{αiβi} (U^{γi} )]U^{αi}_x U^{βi}_y + 4Sg^0_β′_γ′ M^{β′} N^{γ′} admits the Lax representation. Here ε_i = ±1; h_{αiβi} are the Killing metrics of the groups H_i (i = 1, p); S = S_1...S_p; constants S_i are defined by equalities

h^0_i (·, ·) = S_ig^0(·, ·)_{|hi} ;

a_{αiβi} are defined as in previous theorems by 2-forms σ_i; and M^{β′} , N^{γ′} are defined analogously to previous theorem.

Example 3.(The system associated with SO(6)/(SO(3) × SO(3)).)

Choose the coordinates U^1, U^2, U^3 of the group SO(3) to be Euler’s angles. Then the left-invariant forms can be written in the following form

Φ^1 = − cos U^2dU^3 − sin U^2 sin U^3dU^1,

Φ^2 = sin U^3 cos U^2dU^1 − sin U^2dU^3,

Φ^3 = − cos U^3dU^1 − dU^2 and dΦ^1 = Φ^3 ∧ Φ^2, Φ^2 = Φ^1 ∧ Φ^3, Φ^3 = Φ^2 ∧ Φ^1 are the structure equations of the group SO(3). On the second group H_2 = SO(3) we choose the local coordinates U^4, U^5, U^6 and left-invariant forms Φ^4, Φ^5, Φ^6 analogously.

Rewrite the structure equations of the symmetric space SO(6)/(SO(3) × SO(3)) in the form

dΩ = Ω ∧ Ω, Ω = ‖ ‖ ‖ ‖ θ^a_b ω^a_b′ ω^{a′}_b θ^{a′}_b′ ‖ ‖ ‖ ‖ , (63)

where the forms θ^a_b = −θ^b_a, θ^{a′}_b′ = −θ^{b′}_a′ , ω^{a′}_b = −ω^b_a′ , the indices a, b, c... range from 1 to 3 and a^′, b^′, ... range from 4 to 6.

Assume ε_1 = −1, ε_2 = 1, i.e.

θ^1_2 = (− cos U^3U^1_y − U^2_y )dy, θ^1_3 = (− sin U^3 cos U^2U^1_y + sin U^2U^3_y )dy,

θ^2_3 = (− cos U^2U^3_y − sin U^2 sin U^3U^1_y )dy, θ^4_5 = (− cos U^6U^4_x − U^5_x )dx, (64)

θ^4_6 = (− sin U^6 cos U^5U^4_x +sin U^5U^6_x )dx, θ^5_6 = (− cos U^5U^6_x −sin U^5 sin U^6U^4_x )dx, ω^a′ = λM^a_a′ dx + 1 λ N^a_a′ dy. (65) Substituting the expressions (64),(65) into Eqs.(63) and equating the coefficients with λ and^1_λ , we arrive at the system of partial differential equations for the functions M^a_a′ , N^a_a′ . Integrating this system, we find the simplest solution: M^1_6 = sin U^2 sin U^3, M^2_6 = − cos U^2 sin U^3, M^3_6 = cos U^3, N^3_4 = k sin U^2 sin U^3, N^3_5 = −k cos U^5 sin U^6, N^3_6 = k cos U^6, where k = const, and the other functions M^a_a′ , N^a_a′ vanish. Substituting these functions M^a_a′ , N^a_a′ , into Eqs.(65), we obtain the Lax representation of the Euler-Lagrange system for Lagrangian L = 3∑ β_1=1

U^{β1}_x U^{β1}_y + 2 cos U^3U^1_y U^2_x + 6∑ β_2=4

U^{β2}_x U^{β2}_y

+ cos U^6(U^4_y U^5_x + U^4_x U^5_y ) − cos U^6(U^4_y U^5_x − U^4_x U^5_y ) + 2k cos U^3 cos U^6. (66)

Example 4.(An integrable extension of the sine-Gordon equation)

Notice that the system of Euler-Lagrange equations for the Lagrangian (66) admits the reduction which is similar to one shown in [14]. Indeed, inserting the expressions

U^1_x = − cos U^3U^2_x , U^1_y = − 1 cos U^3

U^2_y ,

U^4_x = − 1 cos U^6

U^5_x , U^4_y = − cos U^6U^5_y

in this system, we arrive at the system

U^2_{xy} +U^3_y U^2_x ctgU^3+ 1 sin U^3 cos U^3

U^3_x U^2_y = 0, U^3_{xy} −U^2_y U^2_x tgU^3+k sin U^3 cos U^6 = 0,

U^5_{xy} +U^5_y U^6_x ctgU^6+ 1 sin U^6 cos U^6

U^5_x U^6_y = 0, U^6_{xy} −U^5_y U^5_x tgU^6+n cos U^3 sin U^6 = 0.

The latter system is not the system of Euler-Lagrange equations. However, it admits the Backlund transformation defined by the equalities

U^2_y = cos U^3 1 + cos U^3

V^1_y , U^2_x = 1 1 + cos U^3

V^1_x , U^3 = V^2,

U^5_y = 1 1 + cos U^6

V^3_y , U^5_x = cos U^6 1 + cos U^6

V^3_x , U^6 = V^4,

to the Euler-Lagrange one

V^1_{xy} + 1 sin V^2

V^1_y V^2_x + 1 sin V^2

V^2_y V^1_x = 0,

V^2_{xy} − sin V^2 (1 + cos V^2)^2

V^1_y V^1_x + k sin V^2 cos V^4 = 0,

V^3_{xy} + 1 sin V^4

V^3_y V^4_x + 1 sin V^4

V^4_y V^3_x = 0, (67)

V^4_{xy} − sin V^4 (1 + cos V^4)^2

V^3_y V^3_x + k cos V^2 sin V^4 = 0.

The Lagrangian for the system (67) is of the form

L = V^1_x V^1_y tg^2

V^2 2 + V^2_x V^2_y + V^3_x V^3_y tg^2

V^4 2 + V^4_x V^4_y + 2k cos V^2 cos V^4. (68)

Remark 1. The system (67) could be considered as a "doubled" complex sine-Gordon system. Indeed, inserting V^1 = V^3, V^2 = V^4 in (67), we arrive at the complex sine-Gordon system. Further, assuming V^1 = V^3 = V, V^2 = V^4 = 0 we obtain well known sine-Gordon equation.

Remark 2. The metric associated with the Lagrangian (68) is the product of two black hole metrics [15].

Remark 3. The system (67) admits the Lax representation which can be written in the form (63), where

θ^1_2 = 1 2 cos^{V 2}_2

(V^1_x dx + V^1_y dy), θ^1_3 = − sin^{V 2}_2 2 cos^{2 V 2}_2

(V^1_x dx − V^1_y dy),

θ^2_3 = 1 2 (V^2_x dx − V^2_y dy), θ^4_5 = 1 2 cos^{V 4}_2

(V^3_x dx + V^3_y dy),

θ^4_6 = − sin^{V 4}_2 2 cos^{2 V 4}_2

(V^3_x dx − V^3_y dy), θ^5_6 = 1 2 (V^4_x dx − V^4_y dy), ω^a′ = λM^a_a′ dx + 1 λ N^a_a′ dy, M^a_4 = M^1_a′ = 0, N^a_4 = N^1_a′ = 0,

M^2_5 = sin

V^2 2 sin V^4 2 , M^2_6 = − sin

V^2 2 cos V^4 2 , M^3_5 = − cos

V^2 2 sin V^4 2 , M^3_6 = cos

V^2 2 cos V^4 2 , N^2_5 = k sin

V^2 2 sin V^4 2 , N^2_6 = k sin

V^2 2 cos V^4 2 , N^3_5 = k cos

V^2 2 sin V^4 2 , N^3_6 = n cos

V^2 2 cos V^4 2 . Notice, that we construct the Lax representation of the system (67) with the help of the structure equations of the symmetric space SO(6)/(SO(3) × SO(3)). Further we give examples of new integrable systems similar to Example 4. These systems differ from ones mentioned in theorem 5 but the Lax representations for them are associated with the symmetric spaces of the form G/(H_1 × H_2).

Theorem 7 To every symmetric space of the form SO(p + 3)/(SO(p) × SO(3)) (p ≥ 3) there corresponds the Lax representation of Euler’s equations for Lagrangian

L = g_{α1 β1} U^{α1}_x U^{β1}_y + a_{α1β1} U^{α1}_x U^{β1}_y − 2(p − 2)[V^1_x V^1_y tg^2

V^2 2 + V^2_x V^2_y ]

+4(p − 2)M^b_b′ N^{b′}_b . (69) Here g_{α1 β1} , a_{α1β1} are of the same sense as in previous theorems, Latin indices a, b range from 1 to p; indices a^′, b^′ range from p + 1 to p + 3 and functions M^b_b′ , N^b_b′ will be defined in the proof.

Proof. We use the embedding of the group SO(p + 3) into GL(p + 3) and rewrite the structure equations of the symmetric space SO(p + 3)/(SO(p) × SO(3)) in form (63), where indices a, b = 1, p, a^′, b^′ = p + 1, p + 3. Let the coefficients H^a_{bδ1} = −H^b_{aδ1} be defined by the embedding of the Lie algebra so(p) into the gl(p). Then these coefficients satisfy the identities:

H^a_{bδ1} C^{δ1}_{β1γ1} = H^a_{d[γ1} H^d_{|b|β1]}, (p − 2)H^a_{bβ1} H^b_{aγ1} = h_{β1γ1} , (70)

where C^{δ1}_{β1γ1} and h_{β1γ1} are the structure constants and the Killing metric of so(p) whit respect to the basis Φ^{α1} = T^{α1}_{β1} dU^{β1} .

Assume

θ^a_b = H^a_{bβ1} T^{β1}_{γ1} U^{γ1}_x dx, θ^{p+1}_{p+2} = 1 2 cos^{V 2}_2

(V^1_x dx + V^1_y dy), (71)

θ^{p+1}_{p+3} = − sin^{V 2}_2 2 cos^{2 V 2}_2

(V^1_x dx − V^1_y dy), θ^{p+2}_{p+3} = 1 2 (V^2_x dx − V^2_y dy), (72) ω^a′ = λM^a_a′ dx + 1 λ N^a_a′ dy in (63). Then we obtain the completely integrable systems for the functions M^a_a′ , N^a_a′ : M^a_a′_{,β1} = 0, M^a_{p+1,V} 1 = 1 2 cos^{V 2}_2

M^a_{p+2} + sin^{V 2}_2 2 cos^{2 V 2}_2

M^a_{p+3}, M^a_{p+1,V} 2 = 0,

M^a_{p+2,V} 1 = − 1 2 cos^{V 2}_2

M^a_{p+1}, M^a_{p+2,V} 2 = − 1 2 M^a_{p+3}, M^a_{p+3,V} 1 = − sin^{V 2}_2 2 cos^{2 V 2}_2

M^a_{p+1},

M^a_{p+3,V 2} =^1_2 M^a_{p+2}, N^a_a′_{,β1} = 2H^a_{bγ1} T^{γ1}_{β1} N^b_a′ , N^a_{p+1,V 1} =^1_{2 cos V 22} N^a_{p+2}−^{sin V} 2 2 2 cos^{2 V 2}_2 N a p+3, N^a_{p+1,V} 2 = 0, N^a_{p+2,V} 1 = − 1 2 cos^{V 2}_2

N^a_{p+1}, N^a_{p+2,V} 2 = 1 2 N^a_{p+3},

N^a_{p+3,V} 1 = sin^{V 2}_2 2 cos^{2 V 2}_2

N^a_{p+1}, N^a_{p+3,V} 2 = − 1 2 N^a_{p+2}.

One can verify that integrating these systems and then substituting the found solutions and expressions (71),(72) into Eqs.(63), we obtain the Lax representation of the Euler-Lagrange system for Lagrangian (69). □

Theorem 8 To every symmetric space

SO(p + 2)/(SO(p) × SO(2)) (p ≥ 3) there corresponds the Lax representation of Euler’s equations for Lagrangian

L = [g_{α1β1} (U^{γ1} ) + a_{α1β1} (U^{γ1} )]U^{α1}_x U^{β1}_y − 2(p − 2)k^2V_xV_y + 4(p − 2)M^b_b′ N^{b′}_b , where k = const. Proof. The Lax representation of these system we obtain substituting

θ^a_b = H^a_{bβ1} T^{β1}_{γ1} U^{γ1}_x dx, θ^{p+1}_{p+2} = kV_y dy, (73) ω^a′ = λM^a_a′ dx + 1 λ N^a_a′ dy in (63). Here the functions M^a_a′ , N^a_a′ satisfy the following equations:

M^a_a′_{,β1} = 0, M^a_{p+1,V} = kM^a_{p+2}, M^a_{p+2,V} = −kM^a_{p+1}, (74)

N^a_a′_{,β1} = H^a_{bγ1} T^{γ1}_{β1} N^b_a′ , N^a_a′_{,V} = 0. □ Example 5.(The system associated with SO(5)/(SO(3) × SO(2)).)

Choose the local coordinates and left-invariant forms on the group SO(3) as in Example 1. Assume M^1_5 = sin U^2 sin U^3, M^2_5 = − cos U^2 sin U^3, M^3_5 = cos U^3, M^a_4 = 0, N^1_a′ = N^2_a = 0, N^3_4 = l sin kV, N^3_5 = l cos kV, l = const, k = const. Then we obtain the Lax representation of the Euler- Lagrange system for the Lagrangian L = 3∑ α_1=1

U^{α1}_x U^{α1}_y + k^2V_xV_y + 2 cos U^3U^1_y U^2_x + 2l cos U^3 cos kV.

Carrying out the reductions and the Backlund transformation analogous to Example 1, we obtain the system

V^1_{xy} + 1 sin V^2

V^1_y V^2_x + 1 sin V^2

V^2_y V^1_x = 0,

V^2_{xy} − sin V^2 (1 + cos V^2)^2

V^1_y V^1_x + l sin V^2 sin V^3 = 0, (75)

V^3_{xy} + l k cos V^2 sin kV^3 = 0 which is the Euler’s system for the Lagrangian

L = V^1_x V^1_y tg^2

V^2 2 + V^2_x V^2_y + k^2V^3_x V^3_y + 2l cos V^2 cos kV^3. (76)

This system admits the Lax representation of the form (63), where

θ^1_2 = 1 2 cos^{V 2}_2

(V^1_x dx + V^1_y dy), θ^1_3 = − sin^{V 2}_2 2 cos^{2 V 2}_2

(V^1_x dx − V^1_y dy),

θ^2_3 = 1 2 (V^2_x dx − V^2_y dy), θ^4_5 = kV^3_x dx, ω^A′ = λM^A_A′ dx + 1 λ N^A_A′ dy, M^A_4 = M^1_5 = N^1_4 = N^1_5 = 0, M^2_5 = − sin^{V 2}_2 , M^3_5 = cos^{V 2}_2 , N^2_4 = l sin^{V 2}_2 sin kV^4, N^2_5 = l sin^{V 2}_2 cos kV^3, N^3_4 = l cos^{V 2}_2 sin kV^3, N^3_5 = l cos^{V 2}_2 cos kV^3.

Notice that the integrable systems with Lagrangian

L = V^1_x V^1_y tg^2

V^2 2 + V^2_x V^2_y + k^2V^3_x V^3_y + Q

were completely studied by Meshkov A.G. and Demskoi D.K. (see e.g. [1],[16]).

4 Acknowledgments

The authors are grateful to Ferapontov E.V., Stepanov N.A. and Tuzov Y.V. for helpful discussions.

References

[1] Demskoi D. K., Meshkov A. G. Zero-curvature representation for a chiral-type three-field system. Inverse Problems 19 (2003), no. 3, p. 563–571.

[2] Dijkgraaf R., Verlinde H. L., Verlinde E. P. String propagation in a black hole geometry. Nucl.Phys.B371 (1992), p. 269–314.

[3] Bilal A. Non-abelian Toda theory: a completely integrable model for strings on a black hole background. Nuclear Phys. B 422 (1994), no. 1-2, p. 258–288.

[4] Wess J., Zumino B. Consequences of anomalos ward identities.

Phys.Lett.B 37(1971) P.95–97.

[5] Novikov S. P. The Hamiltonian formalism and a multivalued analogue of Morse theory. (Russian) Uspekhi Mat. Nauk 37 (1982), no. 5(227), 3–49, 248.

[6] Witten E. Nonabelian bosonization in two-dimenisions. Commun.Math.Phys.92 (1984), p. 455–472.

[7] Gawedzki K., Kupiainen A. G/H conformal field theory from gauged WZW model. Phys.Lett.B215 (1988), p.119–123.

[8] Leznov A. N., Saveliev M. V. Two-dimensional exactly and completely integrable dynamical systems. Monopoles, instantons, dual models, relativistic strings, Lund-Regge model, generalized Toda lattice, etc. Comm. Math. Phys. 89 (1983), no. 1, p. 59–75.

[9] Hollowood T. J., Miramontes J. L. Q-Han Park Massive Integrable Soliton Theories. Nucl.Phys. B445 (1995), p. 451–468.

[10] Helgason S. Differential geometry, Lie groups, and symmetric spaces.

Pure and Applied Mathematics, 80, 1978, 628 pp.

[11] Zakharov V. E., Mikhailov A. V. Relativistically invariant twodimensional models of field theory which are integrable by means of the inverse scattering problem method. (in Russian) Zh. Eksp. Teor. Fiz.74 (1978), p. 1953–1973.

[12] Balandin A. V. A system of differential equations that admits a zero curvature representation. (in Russian) Uspekhi Mat. Nauk 45 (1990), no. 6(276), p. 125–126; translation in Russian Math. Surveys 45 (1990), no. 6, p. 141–142.

[13] Balandin A.V., Pakhareva O.N., Potemin G.V. Lax representation of the chiral-type field equations. Phys. Lett. A. 2001. V. 283, N. 3-4. P. 168—176.

[14] Getmanov B.S. An integrable two-dimensional Lorentz-invariant nonlinear model of a complex scalar field (complex sine-Gordon-II). (in Russian) Teoret. Mat. Fiz. 1981. V. 48. N. 1, p.13-23.

[15] Witten E. On string theory and black holes. Phys.Rev.D44 (1991), p.

314–324

[16] Demskoi D.K., Meshkov A.G. The Lax representation for a triplet of scalar fields. (in Russian) Teoret. Mat. Fiz. 2003. V. 134, N. 3, p. 401.