arXiv:nucl-th/0012089 25 Dec 2000

MULTI-GAP SUPERFLUIDITY IN NUCLEAR MATTER A.I. Akhiezer, A.A. Isayev, S.V. Peletminsky, A.A. Yatsenko Kharkov Institute of Physics and Technology, Academicheskaya Str. 1, Kharkov, 310108, Ukraine

Abstract

It is shown that under lowering density or temperature a nucleon Fermi superfluid can undergo a phase transition to a new superfluid state corresponding to superposition of states with singlet-triplet (ST) and triplet-singlet (TS) pairing of nucleons (in spin and isospin spaces). Such states arise as a result of branching from one-gap solution of the self-consistent equations, describing ST pairing of nucleons. The density and temperature dependence of the order parameters for new two-gap solutions is determined in the model with Skyrme effective forces.

PACS: 21.65.+f; 21.30.Fe; 71.10.Ay Keywords: symmetrical nuclear matter, superfluid-to-superfluid phase transition, pairing of nucleons, two-gap superfluid state, Skyrme forces.

As it is known, at sufficiently low temperatures a Fermi-liquid (FL) becomes unstable with respect to formation of Cooper pairs and passes into a superconducting (superfluid) state. Corresponding examples are an electron liquid in metals and superfluid phases of 3He. There are some experimental facts in favour of superfluidity of atomic nucleus as well [1]. Since the study of superfluidity of atomic nuclei is difficult due to finiteness of their sizes, it is of interest to study superfluidity of infinite nuclear matter, especially in view of astrophysical applications. This question has been considered in many works. However, earlier the normal-to-superfluid phase transition in nuclear matter has been studied only. In principle, at further lowering of temperature a superfluid FL of nucleons can again become unstable passing into a new superfluid state. Such states are characterized by not by one but a few order parameters and have a lower symmetry than the initial superfluid state. Thus, we are speaking of the superfluid-to-superfluid phase transitions in nuclear matter. We shall clarify the mechanism of appearance of new superfluid states as well as find the temperature dependence of the order parameters for these states.

1. Basic equations. We study multi-gap superfluidity of nuclear matter using Landau’s semiphenomenological concept of a Fermi-liquid. The basic formalism is laid out in more detail in Ref. [2], where the phase transitions to one-gap superfluid states of symmetrical nuclear matter have been studied. The present work is an extension of Ref. [2] and its main aspect is analysis of the phase transitions to multi-gap superfluid states. For simplicity we assume that the energy functional is invariant under rotations in the configurational, spin and isospin spaces (for infinite uniform nuclear matter the spinorbit interaction is equal to zero). Hence, superfluid phases (Cooper pairs) are classified by specifying the total spin of the pair, S = 0, 1, the isospin T = 0, 1, their projections S_z and T_z on the z axis, and the orbital angular momentum L = 0, 1, 2, ... The possible values of the orbital angular momentum L for each value of S and T must be found according to the Pauli principle. Each superfluid phase is described by its own set of order parameters: at S = 0, T = 0 by the scalar order parameter Δ_{00} (singlet-singlet pairing of nucleons), at S = 1, T = 0 or S = 0, T = 1 by the vector order parameter Δ_{k0} or Δ_{0k}, respectively (k = 1, 2, 3) (TS and ST pairing of nucleons) and at S = 1, T = 1 by the tensor order parameter Δ_{ik} (i, k = 1, 2, 3) (triplet-triplet pairing of nucleons). A nucleon superfluid FL is described by two distribution functions: the normal distribution function f_{κ1κ2} = Tr ϱa^+_{κ2} a_{κ1} and the anomalous distribution function g_{κ1κ2} = Tr ϱa_{κ2} a_{κ1} , where a^+_κ and a_κ are the creation and annihilation operators of fermions with momentum ⃗p, spin (isotopic spin) projection σ(τ ), κ ≡ (⃗p, σ, τ ), Trϱ... being the average of the operators with the density matrix of the system, ϱ. The energy of the system is specified as a functional of the distribution functions f and g, E = E(f, g). It determines the fermion one-particle energy ε and the matrix order parameter Δ of the system

ε_{κ1κ2} = ∂E ∂f_{κ2κ1} , Δ_{κ1κ2} = 2 ∂E ∂g^+_{κ2κ1} (1) The matrix self-consistent equation for determining the distribution functions f and g follows from the minimum condition for the thermodynamic potential Ω = −S + Y_0E + Y_{4a}N_a + Y_{4b}N_b (S is the entropy, N_a, N_b are the numbers of particles of species a and b, Y_0 = 1/T, Y_{4a} = −μ_a/T and Y_{4b} = −μ_b/T are the Lagrange multipliers, μ_a and μ_b are the chemical potentials of particles of species a and b, T is the temperature): f̂ = { exp(Y_0ε̂ + Ŷ_4) + 1 }_{−1} ≡ { exp(Y_0ξ̂) + 1 }_{−1} , (2)

f̂ = f g g^+ 1 − f̃ , ε̂ = ε Δ Δ^+ −ε̃

, Ŷ_4 =

Y_4 0

0 −Y_4 Here the quantities ε, Δ, Y_4 are, in turn, matrices in the space of the κ variables, with Y_{4κ1κ2} = Y_{4τ1} δ_{κ1κ2} (τ_1 = a, b) and the tilde stands for the transposition operation. Using the procedure of block diagonalization [2, 3] in an extended space 2×2, where the operator f̂ acts, one can express evidently the distribution functions f and g in terms of the quantities ε and Δ. In what follows, we consider the case of symmetrical nuclear matter (equal numbers of protons and neutrons, or Y_{4a} = Y_{4b} ≡ Y_4, μ_a = μ_b ≡ μ). In this case we obtain f = 1 2 ( 1 − ξ E tanh

Y_0E 2 ) , g = − 1 2E tanh

Y_0E 2 · Δ; E = √ ξ^2 + ΔΔ^+, ξ = ε +

Y_4 Y_0 (3)

We emphasize that the quantities f, g, ξ and Δ in Eq.(3) are matrices in the spin, isospin and momentum spaces. Further we shall study the unitary states of superfluid nuclear matter, for which the product ΔΔ^+ is proportional to the product of the unit matrices in the spin and isospin spaces, ΔΔ^+ ∝ σ_0τ_0. We consider as a particular case two-gap unitary states, for which the order parameters possess by the same symmetry properties on momentum:

Δ(⃗p) = Δ_{30}(⃗p)σ_3σ_2τ_2 + Δ_{03}(⃗p)σ_2τ_3τ_2, Δ_{30}(−⃗p) = Δ_{30}(⃗p), Δ_{03}(−⃗p) = Δ_{03}(⃗p) (4)

In this case the wave function of a Cooper pair describes the superposition of states with the triplet-singlet and singlet-triplet pairing of nucleons (TS-ST states):

g(⃗p) = g_{30}(⃗p)σ_3σ_2τ_2 + g_{03}(⃗p)σ_2τ_3τ_2, g_{30}(−⃗p) = g_{30}(⃗p), g_{03}(−⃗p) = g_{03}(⃗p), (5)

with the projections of total spin and isospin S_z = T_z = 0.

2. Self-consistent equations. The case T=0. To derive the self-consistent equations of a nucleon superfluid FL it is necessary to specify the energy functional, which we set in the form

E(f, g) = E_0(f) + E_{int}(g), E_0(f) = 4 V ∑ ⃗p ε_0(⃗p)f_{00}(⃗p), ε_0(⃗p) = ⃗p^2 2m , (6)

E_{int}(g) = 2 V ∑ ⃗p,⃗q {g^∗_{30}(⃗p)V_1(⃗p, ⃗q)g_{30}(⃗q) + g^∗_{03}(⃗p)V_2(⃗p, ⃗q)g_{03}(⃗q)} Here m is the effective nucleon mass, f_{00} is the coefficient of the product τ_0σ_0 in expansion of the distribution function f in the Pauli matrices, V_1, V_2 are the anomalous FL interaction amplitudes, which have the symmetry properties V_i(−⃗p, ⃗q) = V_i(⃗p, −⃗q) = V_i(⃗p, ⃗q), i = 1, 2. The quantity m contains account of the normal FL effects and represents itself the mass of a free nucleon, renormalized by the normal FL interaction (in the Skyrme model the quantity m is given by Eq. (10)). With allowance for Eqs. (1), (6), we obtain expressions for the quantities Δ_{30}, Δ_{03} as functions of the quantities g_{30} and g_{03}:

Δ_{30}(⃗p) = 1 V ∑ ⃗q V_1(⃗p, ⃗q)g_{30}(⃗q), Δ_{03}(⃗p) = 1 V ∑ ⃗q V_2(⃗p, ⃗q)g_{03}(⃗q) (7)

Conversely, expressions for the distribution functions g_{03} and g_{30} as functions of the quantities ξ, Δ_{30}, Δ_{03} can be found from Eqs. (3), (6). With account of them, we get the self-consistent equations for determining the order parameters of two-gap unitary states of superfluid nuclear matter:

Δ_{30}(⃗p) = − 1 V ∑ ⃗q V_1(⃗p, ⃗q) { Δ_+(⃗q) 4E_+(⃗q) tanh

Y_0E_+(⃗q) 2 + Δ_−(⃗q) 4E_−(⃗q) tanh

Y_0E_−(⃗q) 2 } , (8)

Δ_{03}(⃗p) = − 1 V ∑ ⃗q V_2(⃗p, ⃗q) { Δ_+(⃗q) 4E_+(⃗q) tanh

Y_0E_+(⃗q) 2 − Δ_−(⃗q) 4E_−(⃗q) tanh

Y_0E_−(⃗q) 2 }

Here Δ_± = Δ_{30} ± Δ_{03}, E_± = √ ξ^2 + |Δ_±|^2. According to Eq. (8), considering a nucleon superfluid FL is characterized by two types of fermion excitations with the gaps Δ_± in the spectrum. Eqs. (8) generalize equations of the BCS theory and contain the one-gap solutions with Δ_{30} ≠ 0, Δ_{03} ≡ 0 (TS pairing) and Δ_{30} ≡ 0, Δ_{03} ≠ 0 (ST pairing) as particular cases.

Let us give an analysis of Eqs. (8), using the model representations of the BCS theory. Precisely, we assume that the interaction amplitudes V_1 and V_2 are not equal to zero only in a narrow layer near the Fermi surface: |ξ| ≤ θ, θ ≪ ε_F (in numerical calculations we set θ = 0.1ε_F ). Besides, we choose the effective Skyrme forces [4] as the amplitudes of NN interaction. Relation between the anomalous FL amplitudes V_1, V_2 and the amplitudes of NN interaction has been set in Ref. [2]. Taking into account it, for the quantities V_1, V_2 we have:

V_{1,2}(⃗p, ⃗q) = t_0(1 ± x_0) + 1 6 t_3n^α(1 ± x_3) + 1 2h̄^2 t_1(1 ± x_1)(⃗p^2 + ⃗q^2), (9)

where n is the density of symmetrical nuclear matter, t_i, x_i, α are some phenomenological parameters. Note that the amplitudes V_1, V_2 contain no dependence from the parameters t_2, x_2, because the amplitudes V_1, V_2 are the even functions of the arguments ⃗p, ⃗q (see details in Ref. [2]). There are sets of parameters t_i, x_i, α, which differ for various versions of the Skyrme forces (we shall use the Ska, SkM, SkM^∗ and RATP potentials [4] as well as the SkP potential [5]). In the Skyrme model the effective nucleon mass is given by the expression h̄^2 2m = h̄^2 2m_0 + 1 16 (3t_1 + t_2(5 + 4x_2))n, (10)

m_0 being the mass of a free nucleon.

Let us consider the case T = 0. As a result of the above assumptions, we arrive at equations for determining the quantities Δ_{30} ≡ Δ_{30}(p = p_F ), Δ_{03} ≡ Δ_{03}(p = p_F ):

Δ_{30} = g_1 ∫_θ −θ dξ{( 1 E_+ + 1 E_− )Δ_{30} + ( 1 E_+ − 1 E_− )Δ_{03}}, (11)

Δ_{03} = g_2 ∫_θ −θ dξ{( 1 E_+ + 1 E_− )Δ_{03} + ( 1 E_+ − 1 E_− )Δ_{30}}

Here g_{1,2} = − ν_F V_{1,2}(p = p_F , q = p_F ) 4 and ν_F = mp_F 2π^2h̄^3 being the density of states at the Fermi surface of a proton (neutron) with the given spin projection. Eqs. (11) allow to determine the order parameters Δ_{30}, Δ_{03} in the TS–ST states of paired nucleons. In general case this can be done only numerically. Analytical consideration is possible if the conditions Δ_{30}, Δ_{03} ≪ θ are fulfilled (logarithmic approximation). Introducing the ratio of the order parameters α = Δ_{30}/Δ_{03} and performing integration in Eqs. (11) in this approximation, we arrive at the following equations for the quantities α and Δ_{03}: 1 g_1

= 4 ln 2θ Δ_{03}

+ 2( 1 α ln | | | 1 − α 1 + α | | | − ln |1 − α^2|), (12) 1 g_2

= 4 ln 2θ Δ_{03}

+ 2(α ln | | | 1 − α 1 + α | | | − ln |1 − α^2|). Excluding Δ_{03} from Eqs. (12), we obtain the equation φ(α) = 1 g_1 − 1 g_2 , φ(α) ≡ 2(α − 1 α ) ln | | | | 1 + α 1 − α | | | | (13)

Since φ_{min} = φ(0) = −4 (the point α = 0 is the point of removable discontinuity) and φ_{max} = φ(±∞) = 4, then Eq. (13) has the solution for α, if the coupling constants g_1 and g_2 satisfy the unequalities −4 < 1/g_1 − 1/g_2 < 4. These unequalities have to be fulfilled in the logarithmic approximation for existence of the TS–ST mixed state. In this case, they impose certain restrictions on the coupling constants g_1 and g_2. The sense of these restrictions is that the coupling constants in TS and ST pairing channels must be of the same order. Clearly that similar restrictions exist in a general case, when the conditions of the logarithmic approximation are not fulfilled.

The results of numerical determination of the order parameters Δ_{30}(n), Δ_{03}(n) as functions of density on the base of Eqs. (11) are displayed in Fig. 1. It is seen that at some critical density there appear two pair (±Δ_{30}(n), Δ_{03}(n)) of TS-ST solutions which thermodynamically are indistinguishable. We conclude that two–gap TS–ST superfluid states can arise in nuclear matter as a result of the density phase transition (at fixed temperature) from one-gap ST superfluid state (in the model with the Skyrme effective forces). Note that Eqs. (11) have two–gap solutions with Δ_{30} ≠ 0, Δ_{03} ≠ 0 in the case of the SkM, SkM^∗ and Ska potentials but have no such solutions for the RATP and SkP potentials. For the latter potentials the TS coupling constant is considerably larger than the ST coupling constant and, hence, the conditions for existence of two-gap solutions are broken. Concerning the potential SkP we remark that it has been used for the description of the pairing correlations in highly asymmetric nuclear matter [5] unlike to our case where we study superfluidity of symmetric nuclear matter.

3. Temperature behaviour of the order parameters. Given in the section 2 analysis relates to the case T = 0. It is clear, that if TS–ST states exist at T = 0 then such states arise first at some critical temperature T_{tsst}. To describe the temperature behaviour of the order parameters and the mechanism of appearance of the new solutions it is convenient to pass to the new independent variables x = Δ_{30} + Δ_{03}, y = Δ_{30} − Δ_{03}.

With allowance for Eq. (8), where we have replaced summation by integration, the selfconsistent equations in terms of the variables x and y are written in the form x + y 2g_1 = xλ(x, T ) + yλ(y, T ), x − y 2g_2 = xλ(x, T ) − yλ(y, T ), (14)

λ(x, T ) = ∫_θ −θ dξ E tanh E 2T , E = √ ξ^2 + x^2 Excluding the variable y from Eq. (14), for determining the function x = x(T ) we obtain the equation d(x, T ) · d(x · d(x, T ), T ) ≡ D(x, T ) = 1, d(x, T ) = 4g_1g_2λ(x, T ) − g_1 − g_2 g_2 − g_1

(15)

It is not difficult to see that the variables x and y are related by the formula y = xd(x, T ). Therefore, the order parameters Δ_{30}(T ), Δ_{03}(T ) can be found by the formulae:

Δ_{30} = 1 2 x(1 + d(x, T )), Δ_{03} = 1 2 x(1 − d(x, T )) (16)

One–gap solutions are obtained from Eqs. (16) as solutions of the equations d(x, T ) = 1 (triplet–singlet) and d(x, T ) = −1 (singlet–triplet) while corresponding critical temperatures T_{ts}, T_{st} are determined from the equations d(0, T_{ts}) = 1, d(0, T_{st}) = −1. As follows from evaluations with the Skyrme forces, for all densities, where the superfluid states exist, it holds g_1 > g_2. Analyzing the behaviour of the function D(x, T ), one can conclude that at temperatures T > T_{ts} there is no one–gap solutions; at temperatures T_{st} < T < T_{ts} there is only one TS solution; at temperatures T_{tsst} < T < T_{st} the system is characterized by two one–gap (TS and ST) solutions. Finally, at temperatures T < T_{tsst} we have, besides the previous solutions, two new TS–ST solutions as well.

To determine the critical temperature T_{tsst}, at which TS–ST solutions arise first we use the following considerations. Clearly, TS–ST solutions arise as a result of branching from TS or ST branch of solutions Eq. (15). In moment, when TS–ST solutions arise, the derivative D^′_x(x, T ) vanishes in the critical point (x_{tsst}, T_{tsst}). If branching occurs from TS solution, i.e., d(x, T ) = 1, then D^′_x = d^′_x(2+xd^′_x) > 0 for x > 0 (since the function D(x, T ) is even with respect to x, we can limit ourselves by the positive x; in this case d^′_x > 0) and the equation D^′_x = 0 has no solution. If branching occurs from ST solution, i.e., d(x, T ) = −1, then D^′_x = d^′_x(−2 + xd^′_x) and the critical point (x_{tsst}, T_{tsst}) is determined from the equations d(x, T ) = −1, xd^′_x(x, T ) = 2 (17) Calculation of the second derivative D^{′′}_{xx}(x, T ) in the critical point gives D^{′′}_{xx}(x_{tsst}, T_{tsst}) = 0, i.e., the mechanism of branching of TS–ST solutions is formation of inflection on the curve z = D(x, T_{tsst}) for x = x_{tsst}. All said above allows to approximate the function D(x, t) for T < T_{st} in vicinity of the inflection point in the form

D(x, T ) = A(x − x_{st}(T ))^3 + C(T )(x − x_{st}(T )) + 1 (18)

(x_{st}(T ) is the singlet–triplet branch of the equation D(x, T ) = 1), where for the coefficients A ≡^1_6 D^{′′′}_{xxx}(x_{tsst}, T_{tsst}), C(T ) ≡ D^′_x(x, T )|_{x=xst(T )} it is not difficult to obtain the expressions A = 1 3 d^{′′′}_{xxx} − (d^′_x)^3 − 3 2 d^′_xd^{′′}_{xx} − 1 2 x(d^{′′}_{xx})^2, C(T ) = −d^′_x(x_{st}(T ), T )(2 − x_{st}(T )d^′_x(x_{st}(T ), T )). Retaining in expansion of the function C(T ) the linear with respect to T_{tsst} − T term, we obtain the formulae, describing the behaviour of TS–ST solutions near the critical point x^{(±)}_{tsst}(T ) = x_{tsst} ± √ β(T_{tsst} − T )/A, β = 2d^{′′}_{xT} − d^′_T (d^′_x + x_{tsst}d^{′′}_{xx}); (19) In this case, it is necessary that β/A > 0.

The results of numerical determination of the order parameters Δ_{30}(T ), Δ_{03}(T ) on the base of Eqs. (15), (16) are displayed in Fig. 2. It is seen that two pairs of TS– ST solutions (±Δ_{30}(T ), Δ_{03}(T )) exist for the temperatures T < T_{tsst} and besides, in the critical point, in accordance with Eq. (16), Δ_{30} = 0, Δ_{03} = Δ^{st}_{03} (Δ^{st}_{03} being the one–gap ST solution). We recall, that we consider the case x > 0. Existence of two pairs of the solutions (±Δ_{30}(T ), Δ_{03}(T )) follows from the fact that, if Eqs. (14) have as a solution the pair of functions (x(T ), y(T )), then after substitution x → −y, y → −x we obtain the new pair that is a solution too. In the case x < 0 we would be able to obtain another two pairs of TS–ST branches (±Δ_{30}(T ), −Δ_{03}(T )).

Conclusion. Thus, we pointed out the possibility of arising of two-gap unitary states in superfluid nuclear matter corresponding to the superposition of ST and TS pairing of nucleons. The self-consistent equations for these states differ essentially from the equations of the BCS theory and contain the one-gap solutions (ST and TS) as some particular cases. Analysis of the self-consistent equations at the temperature T = 0 in the logarithmic approximation shows that new states can arise only under quite specific restrictions on the coupling constants, which describe interaction of nucleons in ST and TS pairing channels. Since the constants of the effective interaction depend from density, there exist such density intervals for which either one-gap or two-gap superfluidity of nuclear matter is realized. Calculations with the Skyrme interaction being chosen as a potential of NN interaction indicate that two-gap unitary states arise in nuclear matter as a result of the phase transition in density from one-gap ST superfluid state (results have been obtained for the Ska, SkM and SkM^∗ potentials). Analysis of the temperature behaviour of the order parameters shows that new two-gap states can arise under lowering temperature from the superfluid state with ST pairing of nucleons as well. Thus, we conclude that a superfluid nucleon FL under lowering density or temperature can undergo the new phase transition leading to emergence of two-gap superfluid states. Among the other problems we note here the study of influence of asymmetry [6] and real bound states (deuterons) [7, 8] on the thermodynamic properties of multi-gap superfluid states in nuclear matter.

The authors thank BMBF for partial financial support of this work.

References

[1] V.G. Solov’ev, Theory of Atomic Nuclei, Inst. of Physics, Bristol, U.K. (1992).

[2] A.I. Akhiezer, A.A. Isayev, S.V. Peletminsky et al., Zh. Eksp. Teor. Fiz. 112 (1997) 3 [Sov. Phys. JETP 85 (1997) 1].

[3] A.I. Akhiezer, V.V. Krasil’nikov, S.V. Peletminsky et al., Phys. Rep. 245 (1994) 1;

A.A. Isayev and S.V. Peletminsky, Ukr. Fiz. Zh. 37 (1992) 952.

[4] M. Brack, C. Guet and H.-B. Hakansson, Phys. Rep. 123 (1985) 275.

[5] J. Dobaczewski, H. Flocard and J. Treiner, Nucl. Phys. 422A (1984) 103; J.

Dobaczewski, I. Hamamoto, W. Nazarewitcz et al., Phys. Rev. Lett. 72 (1994) 981.

[6] Th. Alm, G. Röpke, A. Sedrakian et al., Nucl. Phys. A 604 (1996) 491.

[7] Th. Alm, B.L. Friman, G. Röpke et al., Nucl. Phys. A 551 (1993) 45.

[8] M. Baldo, U. Lombardo and P. Schuck, Phys. Rev. C 52 (1995) 975.

Figure captions:

Fig. 1. Order parameters Δ_{30}, Δ_{03} vs density of symmetric nuclear matter at T = 0 in the case of TS (Δ_{30} ≠ 0, Δ_{03} = 0), ST (Δ_{30} = 0, Δ_{03} ≠ 0) and mixed TS-ST (Δ_{30} ≠ 0, Δ_{03} ≠ 0) states of paired nucleons for the SkM^∗ (a), SkM (b), Ska (c) Skyrme forces; tsst(ts_+), tsst(ts_−) and tsst(st_±) are notations for the dependences of the TS and ST order parameters Δ_{30} and Δ_{03} in two pair (±Δ_{30}(n), Δ_{03}(n)) of TS-ST solutions of Eq. (15). Branching of TS-ST solutions occurs at n = 0.049 fm^{−3} for the SkM^∗ potential, at n = 0.052 fm^{−3} for the SkM potential and at n = 0.064 fm^{−3} for the Ska potential.

Fig. 2. Order parameters Δ_{30}, Δ_{03} vs temperature. Notations are the same as in Fig. 1. Calculations have been performed for the SkM^∗ (a), SkM (b) potentials at n = 0.04 fm^{−3}, for the Ska (c) potential at n = 0.05 fm^{−3}. Branching of TS-ST solutions occurs at T = 0.162 MeV for the SkM^∗ potential, at T = 0.179 MeV for the SkM potential and at T = 0.203 MeV for the Ska potential.