arXiv:nucl-th/0102006 2 Feb 2001

On radiative muon capture in hydrogen

E. Truhlík

Institute of Nuclear Physics, Academy of Sciences of the Czech Republic, CZ–250 68 Řež n. Prague, Czechia E-mail: truhlik@ujf.cas.cz and F.C. Khanna

Theoretical Physics Institute, Department of Physics, University of Alberta, Edmonton, Alberta,Canada,T6G 2J1 and TRIUMF, 4004 Wesbrook Mall, Vancouver, BC, Canada, V6T 2A3 E-mail: khanna@phys.ualberta.ca

Abstract

We analyze the radiative capture of the negative muon in hydrogen using amplitudes derived within the chiral Lagrangian approach. Besides the leading order terms, given by the well-known Rood-Tolhoek Hamiltonian, we extract from these amplitudes the corrections of the next order in 1/M (M is the nucleon mass). In addition, we estimate within the same formalism also the Δ(1232) excitation effects and processes described by an anomalous Lagrangian. Using values of the parameters of the model obtained from the analysis of the pion photoproduction, which restricts the arbitrariness of the πNΔ and γNΔ vertices, we find that the model can explain up to half of the discrepancy between the PCAC value g^{P CAC}_P of the induced pseudoscalar constant g_P and of g_P extracted from the recent TRIUMF experiment. If these parameters are allowed to vary independently, the model can describe the high energy part of the experimental photon spectrum reasonably well for the values of g_P ß g^{P CAC}_P .

Key words: radiative, capture, muon, proton, Lagrangian PACS: 23.40.-s, 11.40.Ha, 13.60.-r, 13.10.+q, 12.39.Fe

1 Introduction

It is well known [1] that the charged weak interaction of the nucleon with a lepton is described by the weak hadron current,

J^a_{W, μ}(q_1) = J^a_{V, μ}(q_1) + J^a_{A, μ}(q_1) , (1)

where the vector part is given by the matrix element of the isovector Lorentz 4–vector current operator between the nucleon states,

Ĵ^a_{V, μ}(q_1) = i ( g_V (q^2_1 )γ_μ − g_M (q^2_1 ) 2M σ_{μ ν} q_{1 ν} ) τ^a 2 , (2)

and the axial–vector part is analogously,

Ĵ^a_{A, μ}(q_1) = i ( −g_A(q^2_1 )γ_μγ_5 + i g_P (q^2_1 ) m_l q_{1 μ}γ_5 ) τ^a 2 . (3)

Here a is the isospin index, m_l is the lepton mass and the 4–momentum transfer is given by q_{1 μ} = p^′_μ − p_μ, where p^′_μ (p_μ) is the 4–momentum of the final (initial) nucleon.

The least known of the four form factors entering the currents Eqs. (2) and (3) is the induced pseudoscalar coupling constant, g_P (q^2_1 ), in the axial–vector current Ĵ^a_{A, μ}. Actually, its presence in the axial–vector current (3) tests our understanding of the basic strong and weak interaction processes, such as the strong πNN vertex and the weak pion decay. Elementary calculations lead to g_P (q^2_1 ) = 2Mg_Am_l Δ^π_F (q^2_1 ) , (4) where Δ^π_F (q^2_1 ) is the pion propagator.

The matrix element of the axial current Ĵ^a_{A, μ} should satisfy the PCAC equation. It is easy to verify that

ū(p^′)q_{1 μ}Ĵ^a_{A, μ}u(p) = ū(p^′) [ 2Mg_AF_A(q^2_1 ) − g_P (q^2_1 ) m_l q^2_1 ] γ_5 τ^a 2 u(p) . (5)

It is seen from this equation, that if

g̃_P (q^2_1 ) = 2Mg_Am_l

1 − F_A(q^2_1 ) q^2_1

, (6)

is subtracted from g_P (q^2_1 ), then indeed, the partial conservation of the axial–vector current is valid. Here we put g_A(q^2_1 ) = g_AF_A(q^2_1 ) , (7) with g_A ≡ g_A(0) = −1.26.

The best way to search for the effect of the form factor g_P (q^2_1 ) is the muon capture. In the elementary process of the ordinary muon capture (OMC), μ^− + p −→ ν_μ + n , (8) the value of the induced pseudoscalar coupling constant (4) is predicted by PCAC to be, g^{P CAC} P (q^2_1 = 0.877m^2_μ) = 2Mm_μ 0.877m^2_μ + m^2_π g_A = 6.78 g_A , (9)

while for the g̃_P (q^2_1 ) in the chiral model [2] [3] we have, g̃^{P CAC} P (q^2_1 = 0.877m^2_μ) = 2Mm_μ 0.877m^2_μ + m^2_{a1} g_A = 0.12 g_A , (10)

where m_{a1} is the mass of the axial vector meson a_1(1260). So the correction to the g_P (q^2_1 ) from other than one–pion exchange mechanisms presumably can be expected to be quite small.

However, a very flat dependence of the transition rate on g_P in the OMC by proton (8) provides its world average value [4] with an error of ≈ 20 % and particular experiments have an error larger by a factor of ≈ 2.

Recently, a very precise experimental study of the muon capture by^3He [5], μ^− +^3He −→ ν_μ +^3H , (11) yields the transition rate Γ_{exp} = 1494 ± 4 s^{−1} , (12) which allowed [6] an extraction of the value of g_P with an accuracy of ≈ 20 % from this experiment alone, g_P g^{P CAC} P = 1.05 ± 0.19 , (13) where for the reaction (11) g^{P CAC} P (q^2_1 = 0.954 m^2_μ) = 6.59 g_A . (14) A contribution of 20 % due to the meson exchange current effect turned out to be essential to get the calculated transition rate, Γ_{th} = 1502 ± 32 s^{−1} , (15) into agreement with the data (12). Let us note that a further improvement of the extracted value of g_P is hindered by an uncertainty of ≈ 2 % in calculations [6] which will be difficult to improve. The main uncertainty arises from the less known parameters of the Δ excitation processes.

Another attractive tool to extract the value of g_P is the radiative muon capture (RMC). It is observed [7] that in the hadron radiative processes contributing to the amplitude of the elementary reaction, μ^− + p −→ ν_μ + γ + n , (16)

the muon propagator entering Eq. (4) is larger by a factor of ≈ 3 than in OMC (8) at larger values of the photon momentum k. The theory of the RMC was elaborated by many authors during the decades (see Refs. [7]–[19] and references therein).

The nuclear Hamiltonian suitable for use in nuclear physics calculations was provided by Rood and Tolhoek [12]. It contains the leading order terms derived from the conserved RMC amplitude given by a set of the Feynman diagrams. Christillin and Servadio [15] rederived in an elegant way the RMC amplitude obtained earlier by Adler and Dothan [13] using the low energy theorems. This amplitude consists, besides the leading order terms, of the next to leading order terms in the 1/M expansion. They have also found that higher order terms cannot be obtained using this method. Recently, this amplitude was produced [3] from a chiral Lagrangian of the Nπρωa_1 system. It satisfies the corresponding continuity equations and the consistency condition exactly. Higher order terms follow without any restriction. It was shown that the leading terms coincide with those given by the low energy theorems. However, the next to leading order terms differ, which is given by a different prescription to pass towards higher energies.

The above mentioned set of the relativistic Feynman diagrams was used by Fearing [16] to calculate the photon energy spectrum for the reaction (16). This work was later extended by Beder and Fearing [20] by considering also the contribution from the Δ excitation processes. A recent comparison of the TRIUMF high precision experiment [21],[22] with the Beder– Fearing calculations provided a value of g_P which is enhanced by ≈ 50 % in comparison with the PCAC prediction (9). Later attempts [23]–[25] within the framework of the chiral perturbation theory did not change much.

This situation makes the expectation of the result from the next TRIUMF high precision experiment in helium, μ^− +^3He −→ ν_μ + γ +^3H , (17)

with a particular tension. However, one should have in mind also complications analogous to those in reaction (11) and non-negligible meson exchange current effects are to be expected, which makes the analysis much more difficult. It is clear that the Beder–Fearing relativistic formalism is not applicable in calculations with the realistic 3N wave functions and a consistent non–relativistic approach should be developed. Here we make an independent step in this direction by making the non–relativistic reduction of the amplitudes derived in [3] from a chiral Lagrangian of the Nπρωa_1 system. As a result, we get an effective Hamiltonian which is in the leading order in 1/M close to the one obtained by Rood and Tolhoek [12] but not identical with it. We also apply the constructed effective Hamiltonian to compute the photon energy spectra for the reaction (16) in the energy interval 60 MeV–99 MeV and various spin states. The results stated below concern the mixture of muonic states relevant to the TRIUMF experiment [21],[22] (6.1 % in the singlet μp state, 85.4 % in the ortho pμp state and 8.5 % in the para pμp state). Our reduction provides also the next to leading order terms, a part of which follows from the standard amplitudes used already by Rood and Tolhoek and Fearing. Added to the leading order terms, they should reproduce with a good accuracy results given in [16]^∗. At the photon energy interval 60 MeV–99 MeV, these corrections suppress the leading order terms by 1–9 %. Another part of the next to leading order terms is produced by reduction of additional relativistic amplitudes following from our chiral Lagrangian. It turns out to compensate the damping effect of the first group of corrections by 2–4 %. We shall call it hard pion (HP) correction.

Next we include the Δ isobar using again the formalism of chiral Lagrangians developed in [2],[27], which we extend by adopting results of Refs. [28]–[30]. Then the resulting NΔπρa_1 Lagrangian consists of three terms and is characterised by three couplings and four arbitrary parameters A, X, Y, Z. In its turn, each term contains a tensor of the form

Θ_{μν} (B) = δ_{μν} + [1 2 (1 + 4B)A + B ] γ_μγ_ν , B = X, Y, Z , (18) which ensures the independence of the Δ contribution to the S–matrix on the parameter A. The choice A = −1 simplifies the Δ propagator considerably. The parameters X, Y, Z, which reflect the off–shell ambiguity of the massive spin 3/2 field were found [28]–[32] by analyzing the data on pion photoproduction^†. The value of these parameters depends on how the pion production amplitude is unitarized. This model does not require the use of the Breit–Wigner form of the Δ propagator.

Let us note that besides the adopted model [28]–[30], other models [34],[35] were developed to describe the production of pions on protons by the electromagnetic interaction. All these models consider the same non–resonant Lagrangian of the Nπρω system, but differ principally in the treatment of the Δ isobar and in the method of unitarization of the πN amplitude.

In the calculations of the Δ excitation effect in reaction (16), Beder and Fearing [20] considered a model for needed vertices with Θ_{μν} = δ_{μν} and the Breit-Wigner form of the Δ propagator. On the other side, they took the needed γNΔ coupling from [29], thus introducing an inconsistency into calculations. This model provides about 7% effect from the Δ excitation to the photon spectrum.

We have also analyzed the contribution due to amplitudes constructed from an anomalous Lagrangian of the πρωa_1 system [36],[37]. We have found that the influence of this contribution on the photon energy spectrum is negligeable.

In order to compare our form factors with the results of Ref. [12], we define in Sect. 2 the effective Hamiltonian analogously and we consider the velocity independent part only. Then

∗These corrections up to the order 1/M^2 were discussed in [26].

†This model describes well also the latest data on the π^0 electroproduction on the proton [33].

in Sect. 3, we present the results for the form factors g_i in the leading– and in the next to leading orders in 1/M, which follow from our amplitudes [3]. Further we deal with the contribution to g_i’s from the Δ excitation amplitudes of our model and we compare our effective weak NΔ vertex with the one used in [20]. Finally, we discuss briefly the RMC amplitudes stemming from the anomalous Lagrangian.

In Sect. 4, we present our numerical results for the high energy part of the photon spectra for reaction (16) and we give our conclusions. Our main result is an enhancement up to ≈ 7–15 % relative to the calculations without including the Δ isobar and the HP correction, which can explain up to half of the discrepancy between the PCAC value of g_P and of g_P extracted from the experiment [21],[22], if we take the values of the parameters found from the data on pion photoproduction [29]–[32]. If we allow to change the parameters of the model independently, we can generate for the values of g_P ≈ g^{P CAC}_P the photon spectra, which are close to the one which should correspond to the experimental photon spectrum.

2 Effective Hamiltonian for RMC

In presenting the effective Hamiltonian, we follow Rood and Tolhoek [12]. Then the velocity independent part is,

H^{(0)}_{eff} = 1 √ 2m_μ (1 − ⃗σ_l · ν̂) [g_1 (⃗σ_l · ⃗ε) + g_2 (⃗σ · ⃗ε) + g_3i (⃗σ · ⃗ε × ⃗σ_l) +g^′_4 (⃗σ_l · ⃗ε) ( ⃗σ · k̂ ) + g^{′′}_4 (⃗σ_l · ⃗ε) (⃗σ · ν̂) + g^′_5 ( ⃗σ_l · k̂ ) (⃗ε · ν̂) + g^′_6 (⃗ε · ν̂) +g^′_7i ( ⃗σ · k̂ × ⃗ε ) + g^{′′}_7 i (⃗σ · ν̂ × ⃗ε) + g^′_8 ( ⃗σ_l · k̂ ) (⃗σ · ⃗ε) + g^{′′}_8 (⃗σ_l · ν̂) (⃗σ · ⃗ε) +g^′_9 (⃗σ_l · ⃗σ) + g^′_{10} ( ⃗σ · k̂ ) (⃗ε · ν̂) + g^{′′}_{10} (⃗σ · ν̂) (⃗ε · ν̂) +g^′_{11} ( ⃗σ_l · k̂ ) ( ⃗σ · k̂ ) (⃗ε · ν̂) + g^{′′}_{11} ( ⃗σ_l · k̂ ) (⃗σ · ν̂) (⃗ε · ν̂) ] . (19)

Here ⃗σ_l (⃗σ) are the lepton (nucleon) spin Pauli matrices and ν̂ (k̂) is the unit vector in the direction of the neutrino (photon) momentum vector ⃗ν (⃗k). Not all the form factors are independent. Using equation, ⃗ε_λ = −iλ ( k̂ × ⃗ε_λ ) , ⃗ε_λ = 1 √ 2 ( ⃗i − λ⃗j ) , (20)

one gets redefinitions,

g_2 → g_2 − λ (g^′_7 + yg^{′′}_7 ) , g^′_{10} → g^′_{10} + λg^{′′}_7 , g^′_8 → g^′_8 + λg_3 , g^′_4 → g^′_4 − λg_3 , (21)

where y = ( ν̂ · k̂ ) . The last two terms in (19) are new in comparison with [12].

3 Contribution to H^{(0)}_{eff} from the amplitudes of the chiral Lagrangian of the N�πρωa_1 system

Here we discuss our amplitudes and contributions to g_i’s. We start by presenting briefly the part of the RMC amplitude derived earlier [3] without Δ’s (see Fig. 1), referring for details to Sect. 3 of that paper. Then we deal with the amplitudes describing the Δ excitation processes and we compare our effective vertices with those of Ref. [20]. Finally, we discuss the amplitudes stemming from the anomalous Lagrangian.

3.1 The RMC amplitude without �’s

Besides the muon radiative part M^a(k, q), the amplitude T^a(k, q) [3] consists of three terms representing the hadron radiative amplitude,

T^a(k, q) = eG √ 2 { M^a(k, q) + l_μ(0)ϵ_ν(k) [ M^{B, a}_{μν} (k, q) + M^a_{μν} (π; k, q) + M^a_{μν} (a_1; k, q) ] } , (22) The amplitude M^{B, a}_{μν} (k, q) consists of the nucleon Born terms (figs. 1a and 1b) and of some related contact amplitudes (figs. 1c and 1d). The amplitude M^a_{μν} (π; k, q) contains the mesonic amplitude M^{m. c. ,a}_{μν} (π; k, q) (fig. 1e with B=π) and all contact terms where the electroweak vertex is connected with the nucleon by the pion (fig. 1f with B=π). The amplitude M^a_{μν} (a_1; k, q) has graphically a similar structure as the amplitude M^a_{μν} (π; k, q). These amplitudes satisfy separately continuity equations when contracted with the four momentum transfer q_μ of the weak vertex.

The sum of these amplitudes satisfies exactly the following Ward–Takahashi identities,

q_μ [M^{B,a}_{μν} + M^a_{μν} (π) + M^{c. t., a}_{μν} (a_1)] = if_πm^2_πΔ^π_F (q) M^a_{π, ν} + iε^{3 a b}ū(p^′) Ĵ^b_{W, ν} (q_1) u(p) , (23)

k_ν [M^{B, a}_{μν} + M^a_{μν} (π) + M^{c. t., a}_{μν} (a_1)] = iε^{3 a b}ū(p^′) Ĵ^b_{W, μ}(q_1) u(p) . (24)

The consistency condition [15] for our amplitudes is,

Δ^π_F (q) k_νM^a_{π, ν} = Δ^π_F (q_1) iε^{3 a b}M^b_π . (25)

Here M^a_{π, ν} is the radiative pion absorption amplitude, M^b_π is the pseudoscalar πNN vertex and q = k + q_1.

The amplitudes, which contribute in the leading order, are the nucleon Born terms M^{B, a}_{μν} (k, q) (corresponding to M(b), M(c), M(d) in [12]), the amplitudes M^a_{μν} (π, 1), M^a_{μν} (π, 2) and

�

  �

   �
 `_p

w a � � � �^{I Ĵ aW, μ}_q

6^P

� � ffff ffff w^{` Ĵ e. m.ν} k

   @@

 @@

@
  I

p^′

�

  �

   �
 `_p

b w � � � ffff ffff ff_`k

    6^Q

   @@

 @@

@

 I w

p^′ � � � � �_{Iq}

6

6

c p^′

p

@@@@ �

� � � �_{Iq}^^J^aW, μ

�w�

� � ffff ffff_`^{k^}J^{e. m.}ν

B_1

B_2

6

6

d p^′

p

ρ� � � ffff ffff_`^{k^}J^{e. m.}ν

@@@@^ρ_ρ � � � � �_{Iq}^^J^aV, μ_6

6

e p^′

p

B� � � ffff ffff_`^{k^}J^{e. m.}ν

@@@@^ρ_B � � � � �_{Iq}^^J^aA, μ_��^�_{p̀} f

@@
  @@
   @

 R_{p′}

?^q1^B

ffff ff � � `^{Ĵ e. m.ν} k � � �Ĵ a_{A, μ}R^q w

Fig. 1: The radiative hadron amplitude. Graphs a,b – the nucleon Born terms; graphs c,d – the contact terms related to the nucleon Born terms, the possible pairs (B_1, B_2) are (ρ, π), (ω, π) and (ρ, ρ); graph e – mesonic current, B=π or a_1; graph f – the contact terms of the B = π or a_1 range.

M^{B, a}_{μν} (5) (the sum of them corresponds to M(e) in [12]), and the mesonic amplitude M^{m. c., a}_{μν} (in correspondence with M(f) in [12]).

The non-relativistic reduction of these amplitudes yields the following contributions to the form factors g_i,

g_1 = −λ_+g^L_V [ 1 + ⃗s 2M · k̂ ] − g^N_V η + g^N_A λημ_V − g^N_M ημ_V ⃗ν 2M · k̂ , g_2 = −λ_+g^L_A − g^N_P η + g^N_V λημ_V − g^N_A η ,

g_3 = −λ_+g^L_A + g^N_M η + g^N_V η − g^N_A λημ_S , g_4 = λ_+g^L_A − g^N_V λημ_V + g^L_P [ λ_− + ν m_μ (1 − y)λ_+ ] , g^′_4 = g_4 k 2M , g^{′′}_4 = g_4 ν 2M , g_5 = λ_+g^L_V + g^N_M ημ_V + g^N_V ημ_V + g^N_M λη , g^′_5 = g_5 ν 2M , g_6 = λ_+g^L_V + (g^N_P + g^N_A )λημ_V + g^N_M η − g^N_V η(1 + 2μ_n) , g^′_6 = g_6 ν 2M , g_7 = λ_+(g^L_V + g^L_M ) + (g^N_P + g^N_A )λημ_V − g^N_V η , g^′_7 = g_7 k 2M , g^{′′}_7 = g_7 ν 2M , g_8 = −λ_+(g^L_V + g^L_M ) − g^N_V λημ_S , g^′_8 = g_8 k 2M , g^{′′}_8 = g_8 ν 2M , g_9 = λ_+(g^L_V + g^L_M ) + (g^N_V + g^N_M )λημ_S − 2g^N_A ημ_n , g^′_9 = g_6 ν 2M , g_{10} = g^N_P η 4Mν m^2_π + (q^L)^2

+ λ_+g^L_P ν m_μ , g^′_{10} = g_{10} k 2M , g^{′′}_{10} = g_{10} ν 2M , g_{11} = λ_+g^L_P ν m_μ , g^′_{11} = g_{11} k 2M , g^{′′}_{11} = g_{11} ν 2M . (26)

Here our notations mostly follow [12], ⃗s = ⃗k + ⃗ν , η = m_μ 2M , λ_± = 1 2 (1 ± λ) . In addition we have,

μ_V = 1 + μ_p − μ_n ≡ 1 + κ_V , μ_S = 1 + μ_p + μ_S ≡ 1 + κ_S. (27)

Besides the obvious momentum dependence,

g^L_P = 2Mm_μ m^2_π + (q^L)^2 g_A , g^N_P = 2Mm_μ m^2_π + (q^N )^2 g_A , (28)

with q^L = p − p^′ = −q_1 , q^N = q^L + k , all other nucleon weak vector and axial–vector form factors are assumed to have the dipole momentum dependence with m_V = 0.8 GeV and m_A = 1 GeV, respectively.

3.1.1 Next to the leading order corrections

Here we have two groups of contributions. The first one arises from the expansion of the amplitudes considered above by one order more in 1/M which leads to, ( 2M η ) Δg_1 = g^N_M k − ( g^N_V μ_S − g^N_A λημ_n ) ( ⃗s · k̂ ) , ( 2M η ) Δg_2 = −g^N_M λ ( ⃗ν · k̂ ) + 2μ_n ( g^N_A + λg^N_V − g^N_P ) ( ⃗s · k̂ ) ,

( 2M η ) Δg_3 = −g^N_M k + 2g^N_A λμ_n ( ⃗s · k̂ ) − 2g^N_V μ_n ( ⃗ν · k̂ ) , ( 2M νη ) Δg^{′′}_4 = −g^N_M λμ_S − 2g^N_V λμ_n , ( M νη ) Δg^{′′}_8 = g^N_V λμ_n , ( M νη ) Δg^′_{10} = ( g^N_P − g^N_A ) μ_n . (29)

Almost entire contribution to the photon spectrum arises from the terms proportional to g^N_A and g^N_V in Δg_2. These terms appear due to the neutron recoil induced by the time component of the weak current.

The second group of corrections of the same order (the HP correction) stems from some contact terms present in the hadron radiative part of the amplitude (22). It is discussed in Sect. 4 of Ref. [36]. Here we quote the results of the non–relativistic reduction,

Δg_1 = −2g^L_V ( 2M m_ρ )_2 η k 2M , Δg^′_4 = g^N_A ( 2M m_ρ )_2 η k 2M , Δg_2 = − g^N_A 2 ( 2M m_ρ )_2 η ν + 2k 2M − g^N_P 2 ( 2M m_ρ )_2 η k 2M k + yν 2M , Δg^{′′}_4 = − g^N_A 2 ( 2M m_ρ )_2 η ν 2M , Δg^′_6 = −2g^L_V ( 2M m_ρ )_2 η ν 2M , Δg^{′′}_8 = − g^N_A 2 ( 2M m_ρ )_2 η k 2M , Δg^′_9 = g^N_A ( 2M m_ρ )_2 η ν 2M . (30)

3.2 The RMC amplitude with �’s

We derive the RMC amplitudes arising due to the Δ excitations from chiral Lagrangians [27]–[30]. They correspond to the graphs in Figs. 1a and 1b with the Δ(1240) instead of nucleon in the intermediate state. The needed Lagrangian reads, L^M_{N Δπρa1} = f_{πN Δ} m_π Ψ̄_μ ⃗T O_{μν}(Z)Ψ · (∂_ν⃗π + 2f_πg_ρ⃗a_ν )− g_ρ G^1 M Ψ̄_μ ⃗T O_{μη}(Y )γ_5γ_ν Ψ · ⃗ρ_{ην} + h. c. (31)

Here ⃗T is the operator of the transition spin. Another possible term in the ρNΔ vertex is suppressed by one order in 1/M and it does not contribute in any sizeable manner [20].

We take the operator O_{μν} (B) in a form [28]–[30]

O_{μν}(B) = δ_{μν} + C(B) γ_μ γ_ν , (32) C(B) = 1 2 (1 + 4B) A + B . (33)

A choice A = −1 simplifies considerably [28] the propagator of the Δ. The coupling constant f_{πN Δ} is not well known and the values for f^2_{πN Δ}/4π from the interval between 0.23 and 0.36 can be found in the literature [6]. From the dispersion theory [38], f^2_{πN Δ}/4π ≈ 0.30 and f^2_{πN Δ}/4π ≈ 0.35 from the decay width [39]. Also a good fit to the 33 phase shift was obtained in [29],[30] by using f^2_{πN Δ}/4π ≈ 0.314. The new data on pion photoproduction prefer f^2_{πN Δ}/4π ≈ 0.371 [32]. The ranges of the other relevant parameters of the model are [30],[31],[32], − 0.8 ≤ Z ≤ 0.7 , −1.25 ≤ Y ≤ 1.75 , 1.97 ≤ G_1 ≤ 2.65 . (34)

Our radiative amplitude with the Δ excitation can be written analogously with the nucleon Born term M^{B, a}_{μν} (1) [3] as,

M^{Δ, a}_{μν} = −ū(p^′) [ ( Ĵ_{W, μα}(−q) )_+ S^{αγ}_F (Q)Ĵ_{em, νγ} (k) ( T^+ )a T^3 + ( Ĵ_{em, νγ}(−k) )_+ S^{γα}_F (P )Ĵ_{W, μα}(q) ( T^+

)_3 T^a ] u(p) , (35) Here the weak NΔ vertex reads, Ĵ_{W, μα}(q) = Ĵ_{V, μα}(q) − Ĵ_{A, μα}(q) , (36) with the vector part defined as, Ĵ_{V, μα}(q) = i (G_1 M ) m^2_ρΔ^ρ_F (q) (q_βδ_{μλ} − q_λδ_{μβ}) O_{αβ}(Y ) γ_5γ_λ , (37) and with the axial–vector part of the form, Ĵ_{A, μα}(q) = ( f_πf_{πN Δ} m_π ) [ m^2_{a1} Δ^{a1}_{μλ}(q) − q_μq_λΔ^π_F (q) ] O_{αλ}(Z) . (38) Further the electromagnetic γNΔ vertex is, Ĵ_{em, νγ}(k) = −Ĵ_{V, νγ}(k, k^2 = 0) = −i (G_1 M ) (k_βδ_{νλ} − k_λδ_{νβ}) O_{γβ}(Y ) γ_5γ_λ . (39) At last, S^{αγ}_F (p) is the Δ isobar propagator. With the choice O_{αβ} = δ_{αβ}, our amplitudes (36)–(38) coincide in the form with the ones obtained in [20] from the study of the weak N–Δ vertex in the reaction ν d → μ^− Δ^{++} n^‡.

For the divergence of the resonant amplitude M^{Δ, a}_{μν} from Eq. (35) we have, q_μM^{Δ, a}_{μν} = if_πm^2_πΔ^π_F (q^2) M^{Δ, a}_{π, ν} . (40)

‡For a recent study of this reaction see [40].

Here the associated resonant radiative pion absorption amplitude M^{Δ, a}_{π, ν} is, M^{Δ, a}_{π, ν} = −ū(p^′) [ ( M̂^Δ_{π, α}(−q) )_+ S^{αγ}_F (Q)Ĵ_{em, νγ} (k) ( T^+ )a T^3 + ( Ĵ_{em, νγ}(−k) )_+

S^{γα}_F (P )M̂^Δ_{π, α}(q) ( T^+

)_3 T^a ] u(p) , (41)

and the πNΔ vertex reads, M̂^Δ_{π, α}(q) = if^{πN Δ} m_π q_λ O_{αλ}(Z) . (42)

We now present the contributions from the amplitude (35) to the form factors g_i. They are,

Δg_1 = 2 3 λ(C_− − C_+)C {1 + (1 − R) [C(Y ) + C(Z) + 2(2 + R)C(Y )C(Z)]} ,

Δg_2 = 1 3 (C^+ + C_−)C(1 − R) [−(1 + 2R) + 2(1 − 2R)C(Y ) + 2(1 − R)C(Z)

+4(2 − R)C(Y )C(Z)] + 1 3 (C^+ + C_−)C g^N_P 2Mg^N_A ⟨− [(1 − R)(1 + 2R)k

+yν] + 2(1 − R) {[(1 − 2R)k + yν] C(Y ) + [(1 − R)k + yν] C(Z) +2 [(2 − R)k + (2 + R)yν] C(Y )C(Z)}⟩ , Δg_3 = 2 3 λ(C_+ + C_−)C {1 + (1 − R) [C(Y ) + C(Z) + 2(2 + R)C(Y )C(Z)]} , Δg^′_4 = −Δg^{′′}_8 = (C_+ + C_−)C ,

Δg_6 = −λ ν 3M g^N_P g_A (C_+ − C_− )C {1 + (1 − R) [C(Y ) + C(Z) + 2(2 + R)C(Y )C(Z)]} ,

Δg^′_{10} = (C_+ + C_−)C ν 6M g^N_P g_A {1 − 2(1 − R) [C(Y ) + C(Z) + 2(2 + R)C(Y )C(Z)]} ,(43)

where C = − 4 3 f_πf_{πN Δ} m_π G_1ηk , R = M/M_Δ , C^{−1}_+ = { (M_Δ − M) + 2M M_Δ + M [ m_μ − ν + m_μ 2M ( 2ν − m_μ − 2ν m_μ (ν + yk) )]} , C^{−1}_− = { (M_Δ − M) + 2M M_Δ + M [ ν − m_μ + m_μ 2M (2ν − m_μ) ]} . (44)

According to the concept developed in [28]–[30], we take the mass of the Δ isobar real.

3.3 The RMC amplitude from an anomalous Lagrangian of the πρωa_1 system

We have considered so far the amplitudes where a natural parity does not change in any vertex. The natural parity of a particle is defined as P (−1)^J , where P is the intrinsic parity and J is the spin of the particle. Some amplitudes of this kind relevant for the process under study are presented in Fig. 2.

6

6

a p^′

p

ρ� � � ffff ffff_`^{k^}J^{e. m.}ν

@@@@^ω_B � � � � �_{Iq}^^J^aA, μ_6

6

b p^′

p

ρ� � � ffff ffff_`^{k^}J^{e. m.}ν ω� � � � � �^Iq^{Â aμ 6}

6

c p^′

p

ρ� � � ffff ffff_`^{k^}J^{e. m.}ν ω

@
 @
   @
    @
      @

   ?

q π

Fig. 2: The radiative hadron amplitudes from an anomalous Lagrangian of the πρωa_1 system. In graph a, B=π or a_1; graph c – the associated radiative pion absorption amplitude. These amplitudes satisfy the PCAC equation.

The starting point is an anomalous Lagrangian of the πρωa_1 system [36],[37] constructed within the approach of hidden local symmetries [41],[42]. The electromagnetic interaction in such a system was first considered in [43] and the relevant constants c̃_i were extracted from the data as well. The weak interaction was incorporated explicitly in [36] and the refit of the constants to the modern data [44] was made in [37].

The Lagrangian reads, L_{an} = 2ig_ρε_{κλμν} [ (∂_κω_λ) ( g_ρ⃗ρ_μ − e⃗V_μ ) + ( g_ρω_κ − 1 3 e B_κ ) (∂_λ⃗ρ_μ) ]

· [ c̃_7 ( 1 f_π ∂_ν⃗π + e ⃗A_ν ) + c̃_8 ( 1 2 e ⃗A_ν) − g_ρ⃗a_ν )]

+2ieε_{κλμν} [( 1 3 ∂_κB_λ ) ( g_ρ⃗ρ_μ − e⃗V_μ ) + ( g_ρω_κ − 1 3 e B_κ ) ( ∂_λ⃗V_μ )]

· [ c̃_9 ( 1 f_π ∂_ν⃗π + e ⃗A_ν ) + c̃_{10} ( 1 2 e ⃗A_ν) − g_ρ⃗a_ν )] , (45)

where besides the meson fields, the external vector isoscalar B_μ and isovector ⃗V_μ and axial vector isovector ⃗A_μ fields are also included. The constants c̃_i are [37],

c̃_7 = 8.64 × 10^{−3} c̃_8 = −1.02 × 10^{−1} , c̃_9 = 9.23 × 10^{−3} c̃_{10} = 1.29 × 10^{−1} . (46)

The RMC amplitudes arising from the anomalous Lagrangian (45) are, M^{an, a}_{μν} (1) = i g^2_ρ 3 ε_{ηνβσ} k_ηq_σq_μΔ^π_F (q) Δ^ρ_{βλ}(q_1)ū(p^′) ( γ_λ − κ_V 2M σ_{λα}q_{1 α} ) τ^au(p) , M^{an, a}_{μν} (2) = −i g^2_ρ 3 ε_{ηνβμ} k_η Δ^ρ_{βλ}(q_1)ū(p^′ ) ( γ_λ − κ_V 2M σ_{λα}q_{1 α} ) τ^au(p) , (47)

and they correspond to the processes presented in Fig. 2a and Fig. 2b. Together with the radiative pion absorption amplitude of Fig. 2c, M^{an, a}_{π, ν} = − g_ρ 3f_π ε_{ηνβσ} k_ηq_σΔ^ρ_{βλ}(q_1)ū(p^′) ( γ_λ − κ_V 2M σ_{λα}q_{1 α} ) τ^au(p) , (48)

the amplitudes (47) satisfy the PCAC equation, q_μ [ M^{an, a}_{μν} (1) + M^{an, a}_{μν} (2) ] = if_πm^2_πΔ^π_F (q) M^{an, a}_{π, ν} . (49)

The contribution from the anomalous amplitudes (47) to the total hadron radiative amplitude (22) for the reaction (16) is given by,

T^a_{an} = eG √ 2 l_μ(0)ε_ν (c̃_7 + c̃_9) [ M^{an, a}_{μν} (1) + M^{an, a}_{μν} (2) ] . (50)

Actually, the contact amplitude M^{an, a}_{μν} (2) prevails and we present the contribution from it to the form factors g_i as,

Δg_2 = g^2_ρ 3 ( 2M m_ρ )_2

(1 + κ_V )η ⃗k · ⃗s (2M)^2 , Δg^′_8 = − g^2_ρ 3 ( 2M m_ρ )_2

(1 + κ_V )η kν (2M)^2 , Δg^{′′}_8 = − g^2_ρ 3 ( 2M m_ρ )_2

(1 + κ_V )η k^2 (2M)^2 , Δg^′_9 = −Δg^′_{10} = Δg^′_8 . (51)

One can obtain more general result for Δg_i (51) by a change 1/3 → g_{ρ1}/g_{ω1} , κ_V → g_{ρ2}/g_{ρ1} , which coresponds to the model used in [29],[30] for describing the pion photoproduction amplitude in the t channel. In this model, the πργ and πωγ amplitudes are effectively the same as those obtained from our anomalous Lagrangian (45) and the ρNN and ωNN vertices contain four constants g_{ρ1}, g_{ρ2}, g_{ω1} and g_{ω2}, which are the free parameters, obtained together with other free parameters of the model from the fit to the data.

Compared with the sets (29) and (30), the g_i’s (51) are even larger. However, due to the values (46) of c̃_i, the factor (c̃_7 +c̃_9) ≈ 1.8×10^{−2} makes the contribution from the amplitude T^a_{an} (50) negligeably small.

4 Results and conclusion

Using the Hamiltonian (19) and the sets of the form factors g_i (26), (29),(30) and (43), we have calculated the photon energy spectra for the radiative muon capture in a muon-hydrogen system described by a spin density matrix ρ [45], dw_{fi} dk = 1 4π^3 ( α^2G_F cos θ_c m/m_μ )_2 mM_nk ∫_{+1} −1 dy ν^2_0 W + k(y − 1) 1 4 T r {(1 − ⃗σ · ν̂) ×H^{(0)}_{eff} ρ [ H^{(0)}_{eff} ]_+}

. (52)

Here α is the fine structure constant, G_F is the Fermi constant, cos θ_c is the Cabibbo angle, m is the reduced mass of the μ − p system,

ν_0 = W (k_{max} − k) W + k(y − 1) , k_{max} = W^2 − M^2_n 2W , W = M_p + m_μ ,

and M_{p(n)} is the proton (neutron) mass.

The mixture of muonic states relevant to the TRIUMF experiment [21],[22] is 6.1 % in the singlet μp state, 85.4 % in the ortho pμp state and 8.5 % in the para pμp state, for which we present our results in Fig. 3 and Fig. 4.

The curves present, in percentage, the ratio of (the effect with a correction - the effect without a correction) to the effect with a correction. In Fig. 3, we present by the dotted curve the change in the leading order spectrum [arising from the form factors (26)] due to the first group of the next to the leading order corrections (29), yielding a negative contribution in the range of ≈ -1– -11%. On the other side, the sum of the contributions from the leading order terms (26) and from the form factors (29) should well reproduce the photon spectrum obtained in the relativistic calculations [16] without Δ’s. We shall call the corresponding spectrum the basic (B) one.

The second group of the form factors (30) (the HP correction) yields an enhancement of ≈ 2–4% (dashed curve) relative to the spectrum B, which partially compensates the negative effect from the first group of corrections (29).

In order to estimate the model dependence of the Δ excitation effect, we calculated the spectra using various sets of the parameters Y , f_{πN Δ} and G_1 allowed by the photoproduction data [29]–[32]. We have found that the spectra do not practically depend on the parameter Z in a rather wide range of its values. The set

g_P = g^{P CAC}_P , G_1 = 2.4 , f^2_{πN Δ}/4π = 0.314 , Y = 1.75 , Z = −0.25 , (53)

provides the dot–dashed curve in Fig. 3, which represents the combined HP and the Δ isobar effect relative to the B spectrum. Analogously, the solid curve in Fig. 3 corresponds to the set,

g_P = g^{P CAC}_P , G_1 = 2.65 , f^2_{πN Δ}/4π = 0.371 , Y = −1.25 , Z = −0.25 . (54)

Fig. 3: Photon energy spectra calculated for the mixture of muonic states relevant to the TRIUMF experiment [21],[22]. At the vertical axis, we present the difference in % for various spectra (see text).

This curve represents the maximal combined effect from the HP corrections and from the Δ isobar excitation process in the allowed range of the values of the parameters Y , Z, f_{πN Δ} and G_1 discussed in Sect. 3.2.

The long–dashed curve in Fig. 3 shows the change of the B spectrum, if the value of g_P (9) is changed by 25 %. This curve is quite close to the solid one which means that this model can explain up to half of the discrepancy between the g^{P CAC}_P (9) and of g_P extracted from the experiment [21],[22], if one restricts oneself to the set of the parameters from Eqs. (34),(53) and (54). They were extracted in [29]–[32] from the data on pion photoproduction by using unitarized multipoles arising from the pion photoproduction amplitude. The problem with the unitarity appears in the pion photoproduction, because of the pion–nucleon interaction in the final state. It is true that the time reversed of the pion production amplitude is connected with the hadron radiative part of our RMC amplitude by the continuity equations (23),(40) and (49). However, we do not need to unitarize our amplitude. Therefore it is not clear, how the inequalities (34) are restrictive for the problem considered here.

The correct way to do in the given case would be to extract the parameters of the model, G_1, f_{πN Δ}, Y and g_P^§, from the fit to the experimental photon spectrum [21],[22]. Here we present in Fig. 4 the dependence of the change of the spectra on the parameter Y . The

§ As we have already mentioned above, the calculations are insensitive to the variation of Z.

Fig. 4: The dependence of the photon energy spectra on the parameter Y characterizing the off–shellness of the Δ isobar (see text).

dotted, dashed, long–dashed and dot–dashed curves correspond to the values Y =-2.25, -6.25, -8.25 and -10.25, respectively. The values of the other parameters are taken as,

g_P = g^{P CAC}_P , G_1 = 2.525 , f^2_{πN Δ}/4π = 0.314 , Z = −0.25 . (55)

The solid curve shows the change of the B spectrum, if the value of the g_P (9) is changed by 50 %, which should correspond to what is observed in the experiment. It is seen that the model can reproduce reasonably the experimental photon spectrum [21],[22] for the PCAC value (9) of g_P , if the value of the parameter Y is taken Y ≈ −9 and other parameters of the model are from Eq. (55). However we realize that only a careful analysis of the data can prove the validity of the model.

In this paper, we have presented the photon energy spectra for the RMC in hydrogen, calculated using the effective Hamiltonian (19), where the form factors g_i were derived from the chiral Lagrangian of the NΔπρωa_1 system. The non–resonant part of the Lagrangian contains the normal and anomalous Lagrangians of the Nπρω system interacting with the external electromagnetic and weak fields by the associated one–body currents. For the resonant part of our Lagrangian we have extended our model by adopting results of the model developed by Olsson and Osypowski [28] and by Davidson, Mukhopadhyay and Wittman [29],[30]. The calculated combined effect, due to the Δ isobar excitation correction (43) and the HP correction (51), can explain up to half of the discrepancy between the PCAC value of the g_P (9) and of g_P extracted from the experiment [21],[22], if one restricts oneself to the values of the parameters of the model extracted from the data on the pion production by the electromagnetic interaction off the nucleon. If one is allowed to vary the parameters of the model independently, the experimental photon spectrum can be described for the values of the induced pseudoscalar *constant, g_P ≈ g^{P CAC}_P , reasonably well.

Acknowledgments

This work is supported by the grant GA ČR 202/00/1669. The research of F. C. K. is supported in part by NSERCC. A part of this work was done during stays of E. T. at the Theoretical Physics Institute of the University of Alberta. He thanks Prof. F. C. Khanna for the warm hospitality. The help with computations by R. Teshima is acknowledged. We thank Prof. R. Davidson for the correspondence.

References

[1] R.J. Blin-Stoyle, Fundamental Interactions and the Nucleus, North–Holland/American Elsevier, London/New–York, 1973.

[2] E. Ivanov and E. Truhlík, Nucl. Phys. A 316, 437 (1979). [3] J. Smejkal, E. Truhlík and F. C. Khanna, Few–Body Systems 26, 175 (1999). [4] G. Bardin et al., Nucl. Phys. A 352, 365 (1981).

[5] V.V. Vorobyov et al., Hyperfine Interactions 101/102, 413 (1996). [6] J.G. Congleton and E. Truhlík, Phys. Rev. C 53, 956 (1996). [7] L. Klieb and H.P.C. Rood, Phys. Rev. C 29, 223 (1984). [8] K. Huang, C.N. Yang and T.D. Lee, Phys. Rev. 108, 1340 (1957). [9] G.K. Manacher and L. Wolfenstein, Phys. Rev. 1159, 782 (1959). [10] G.A. Lobov and I.S. Shapiro, JETP (Soviet Physics) 16, 1286 (1963). [11] G.I. Opat, Phys. Rev. 134, B428 (1964).

[12] H.P.C. Rood and H.A. Tolhoek, Nucl. Phys. A 70, 658 (1965).

[13] S.L. Adler and Y. Dothan, Phys. Rev. 151, 1267 (1966); 164, 2062 (1967) (erratum). [14] D. Beder, Nucl. Phys. A 258, 447 (1976).

[15] P. Christillin and S. Servadio, Nuovo Cim. 42A, 165 (1977).

[16] H. Fearing, Phys. Rev. C 21, 1951 (1980).

[17] M. Gmitro and A.A. Ovchinnikova, Nucl. Phys. A 356, 323 (1981). [18] L. Klieb, Nucl. Phys. A 442, 721 (1985).

[19] M. Gmitro and P. Truöl, Advances in Nucl. Phys. 18, 241 (1987). [20] D.S. Beder and H.W. Fearing, Phys. Rev. D 35, 2130 (1987); ibid, 39, 3493 (1989). [21] G. Jonkmans et al., Phys. Rev. Lett. 77, 4512 (1996). [22] D.H. Wright et al., Phys. Rev. C 57, 373 (1998).

[23] T. Meissner, F. Myhrer and K. Kubodera, Phys. Lett. B416, 36 (1998). [24] Shung–ichi Ando and Dong–Pil Min, Phys. Lett. B417, 177 (1998). [25] V. Bernard, T.R. Hemmert and U.G. Meißner, Ordinary and radiative muon capture on the proton and the pseudoscalar form factor of the nucleon, to appear in Nucl. Phys. A; nucl–th/0001052.

[26] H.W. Fearing and R.S. Sloboda, Nucl. Phys. A 340, 342 (1980). [27] F.C. Khanna and E. Truhlík, Nucl. Phys. A 673, 455 (2000). [28] M.G. Olsson and E.T. Osypowski, Nucl. Phys. B 87, 399 (1975). [29] R. Davidson, N.C. Mukhopadhyay and R. Wittman, Phys. Rev. Lett. 56, 804 (1986). [30] R. Davidson, N.C. Mukhopadhyay and R. Wittman, Phys. Rev. D 43, 71 (1991). [31] M. Benmerrouche, R.M. Davidson and N.C. Mukhopadhyay, Phys. Rev. C 39, 2339 (1989).

[32] R. Davidson, privat communication 2000.

[33] C. Mertz et al., Search for Quadrupole Strength in the Electro–excitation of the Δ^+(1232), nucl–ex/9902012.

[34] D. Drechsel et al., Nucl. Phys. A 645, 145 (1999). [35] T. Sato and T.–S.H. Lee, Phys. Rev. C 54, 2660 (1996).

[36] J. Smejkal, E. Truhlík and F. C. Khanna, Non-abelian anomaly and the Lagrangian for radiative muon capture, in: J. Adam, Jr. et al., eds., Proceedings Sevenths International Conference ’Mesons and Light Nuclei 98’, Prague–Průhonice, 1998 (World Scientific, Singapore, 1999) 490.

[37] E. Truhlík, J. Smejkal and F.C. Khanna, Electromagnetic isoscalar ρπγ exchange current and the anomalous action, to appear in Nucl. Phys.A; nucl–th/0010080.

[38] J. Thakur and L.L. Foldy, Phys. Rev. C 8, 1957 (1973). [39] H. Sugawara and F. von Hippel, Phys. Rev. 172, 1764 (1968).

[40] L. Alvarez–Ruso, S.K. Singh and M.J. Vicente Vacas, Phys. Rev. C 59, 3386 (1999). [41] M. Bando, T. Kugo and K. Yamawaki, Phys. Rep. 164, 217 (1988). [42] U.–G. Meissner, Phys. Rep. 161, 213 (1988).

[43] N. Kaiser and U.–G. Meissner, Nucl. Phys. A 519, 671 (1990). [44] C. Caso et al., (Particle Data Group), Eur. Phys. J. C3, 1 (1998). [45] D.D. Bakalov et al., Nucl. Phys. A 384, 302 (1982).