arXiv:nucl-th/0302034 v1 14 Feb 2003

New treatment of breakup continuum in the method of continuum discretized coupled channels

T. Matsumoto,^{1, ∗} T. Kamizato,^2 K. Ogata,^1 Y. Iseri,^3 E. Hiyama,^4 M. Kamimura,^1 and M. Yahiro^2 1Department of Physics, Kyushu University, Fukuoka 812-8581, Japan 2Department of Physics and Earth Sciences, University of the Ryukyus, Nishihara-cho, Okinawa 903-0213, Japan 3Department of Physics, Chiba-Keizai College, Todoroki-cho 4-3-30, Inage, Chiba 263-0021, Japan 4Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), Tsukuba, 305-0801, Japan (Dated: February 14, 2003)

In the method of continuum discretized coupled channels (CDCC) for treating three-body processes in projectile breakup reactions, the discretization of continuous breakup channels is essential. We propose a practical method of the discretization. The validity of the method is numerically tested and confirmed for two realistic examples, d+^{58}Ni scattering at 80 MeV and^6Li+^{40} Ca scattering at 156 MeV. Calculated elastic and breakup S-matrix elements based on the new method converge as the number of discretized breakup channels is increased. The converged S-matrix element agrees with the exact one which is derived with average (Av) discretization established as an accurate method. The new discretization requires a smaller number of breakup channels than the Av method. The feasibility of the new method for more complicated reactions is also discussed.

PACS numbers: 24.10.Eq, 25.45.De, 25.60.Gc, 25.70.Ef

I. INTRODUCTION

The method of continuum discretized coupled channels (CDCC) has been successful in describing nuclear reactions involving breakup processes of weakly bound projectiles [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and of unstable nuclei [11, 12]. At the present time, CDCC attracts a great deal of attention by the advent of many experiments based on radioactive beams, since projectile breakup processes are in general essential to such reactions. CDCC is thus important to accomplish a spectroscopy of radioactive nuclei through the scattering. A theoretical foundation of CDCC is presented on the basis of the distortedwave Faddeev method [13].

Usually, CDCC concerns with a three-body system comprising two fragments (b+c) into which the projectile (B) is breakable and a target nucleus (A) which is assumed to be an inert core. Figure 1 is an illustration of the three-body (A+b+c) system. The three-body dynamics is assumed to be described by a three-body Hamiltonian, H = K + U , where K is an operator concerning kinetic energies of the three particles and U the sum of interactions between all pairs of the three. CDCC is an accurate and practical method of solving the threebody Schrödinger equation (H − E)Ψ = 0.

In CDCC, Ψ is expanded in terms of the complete set of eigenfunctions of the Hamiltonian H_{bc} of the b+c system. The eigenfunctions are composed of bound and continuum states, and each eigenstate corresponds to a channel. The continuum states then mean breakup channels, and characterized by orbital angular momentum ℓ and linear momentum k. Breakup channels are thus composed of an infinite number of k-continua, each with a

∗Electronic address: taku2scp@mbox.nc.kyushu-u.ac.jp

FIG. 1: Illustration of a three-body (A+b+c) system. The symbol B=b+c stands for the projectile, and A is the target. The vector rγA (γ = b or c) is the coordinate of the constituent γ relative to A, and R(r) is the relative coordinate between B and A (b and c).

different ℓ. The k continua and ℓ are truncated into k ≤ k_{max} and ℓ ≤ ℓ_{max}. The truncation is the most basic assumption in CDCC, and it is confirmed that calculated S-matrix elements are converged as the model space is enlarged [1, 3, 14]. The theoretical foundation of CDCC based on the distorted Faddeev equation says that CDCC is the first-order approximation to the Faddeev equations, and corrections to the converged CDCC solution are negligible [13]. Such a convergence is realized at reasonable values of k_{max} and ℓ_{max} [1, 3, 14].

Coefficients of the expansion express motions of B relative to A. Equations for the coefficients, derivable from the three-body Schrödinger equation, form a set of coupled equations with continuum channels. The equation of continuum coupled channels (CCC) is soluble in principle, since the integral form has a compact kernel [13]. In practice, however, the CCC equations are quite hard to solve because of the continuity of channels. The problem is solved by discretizing k continuum. The discretization leads the CCC equations to a set of differential equations in which a finite number of channels are coupled. The resultant equations are called CDCC equations.

As for the discretization, three methods have been proposed so far: the average (Av) [1, 2, 3, 16], the midpoint (Mid) [2, 14], and the pseudo state (PS) [1, 17, 18] methods. In the Av and Mid methods, k-continuum is divided into a finite number of bins. In the Av method, continuum channels within each bin are averaged into a single channel, while in Mid they are represented by a single channel at a midpoint of the bin. The validity of the Av and Mid methods is already confirmed by the fact that calculated S-matrix elements converge as a width Δ of the bins is decreased, and also that the two methods yield the same converged S-matrix elements [1, 3, 14]. From a practical point of view, the Av method is more convenient than the Mid one, since the former requires less numerical works than the latter. The Av method was widely used so far as a standard way of the discretization.

In the PS method, H_{bc} is diagonalized in a space spanned by a finite number of L^2-type basis functions, and resultant eigenstates with negative and positive eigenenergies are regarded as bound and discrete breakup states, respectively. The analytic form of the eigenfunctions makes numerical calculations easier. However, the discrete breakup states do not have proper asymptotic forms, since they vanish asymptotically. As a result of the wrong asymptotic form, the PS method was applied to virtual breakup processes induced in the intermediate state of elastic scattering and (d, p) reactions, but not for projectile breakup reactions themselves. Thus, the PS method was used so far as a practical method for treating only virtual breakup processes.

An aim of this paper is to show the validity of the PS method for projectile breakup reactions. In the PS method, CDCC provides discrete breakup S-matrix elements. We first formulate a method of deriving continuous breakup S-matrix elements from the discrete ones. This method requires that basis functions form a complete set in a wider finite phase space being significant for breakup reactions. We then employ complex Gaussian functions proposed in [19] as a new type of basis function, since it is good at simulating oscillatory breakup states. In this paper, the usefulness of the complex Gaussian PS method is tested and confirmed for two typical breakup reactions. One is deuteron breakup reaction in which the breakup states have no resonant state, and the other is 6Li breakup reaction in which the breakup states consist of both resonant and nonresonant ones. For the latter case, the breakup state changes its magnitude largely with k around the resonance. Although the Av method requires a lot of discrete states to simulate such a complicated k dependence, the PS method can do it with a smaller number of discrete states. Moreover, in the PS method each discrete state is obtained as a superposition of analytic basis functions, which is helpful for CDCC calculations not only of the present three-body breakup reactions but also of more complicated ones such as fourbody breakup processes. These advantages are precisely the reason why we propose the PS method. Reactions induced by unstable projectiles such as^6He and^{11}Li are good examples of such processes. The feasibility of the PS method, the complex Gaussian PS method in particular, for four-body processes is also discussed.

The construction of this paper is as follows. In Section II, we recapitulate CDCC based on both the Av and the PS methods. In Section III, we present a way of deriving continuous breakup S-matrix elements from discrete ones calculated with the PS method, and explain new type basis function, complex Gaussian basis function. In Section IV, the validity of the PS method is tested and justified for d+^{58}Ni scattering at 80 MeV and^6Li+^{40}Ca scattering at 156 MeV. It is also shown that complex Gaussian basis functions are useful especially for the latter case. In Section V, the usefulness of the PS method is discussed for four-body breakup reactions. Section VI is devoted to a summary.

II. THE METHOD OF CONTINUUM DISCRETIZED COUPLED CHANNELS

We consider a reaction of a weakly bound projectile (B) impinging on a target nucleus (A). As shown in Fig. 1, CDCC normally treats a simple system in which the projectile is composed of two particles (b and c) and the target is inert. The three-body system is described by a model Hamiltonian H = H_{bc} + K_R + U, where H_{bc} = K_r +V_{bc}(r) and U = U_{bA}(r_{bA})+U_{cA}(r_{cA}). Vector r is the coordinate between b and c, R is the coordinate of the center-of-mass of the b-c pair relative to A, and r_{XY} is the coordinate between two particles X and Y. Operators K_r and K_R show kinetic energies associated with r and R, while V_{bc}(r) is the interaction between b and c. The interaction U_{bA} (U_{cA}) between b (c) and A is the optical potential of b+A (c+A) scattering. For simplicity, the spin part of each potential is neglected. Furthermore, the Coulomb part of each optical potential is treated approximately by replacing the argument by R. We neglect Coulomb breakup processes through the replacement and then focus on nuclear breakup.

In CDCC, the three-body wave function Ψ_{JM} , with the total angular momentum J and its projection M on z-axis, is expanded in terms of the orthonormal set of eigenstates Φ of H_{bc}:

Ψ_{JM} (r, R) = ∑ L Y^{ℓ0,L}_{JM} Φ_0(r)χ_{ℓ0LJ} (P_0, R)/R + ∑ ℓ,L Y^{ℓ,L}_{JM} ∫_∞ 0 Φ_ℓ(k, r)χ_{ℓLJ} (P, R)/R dk, (1)

where

Y^{ℓ,L}_{JM} = [Y_ℓ(Ω_r ) ⊗ Y_L(Ω_R)]_{JM} . (2)

For simplicity, we assume that the b+c system is composed of one bound state Φ_0(r) with angular momentum ℓ_0 and continuum states Φ_ℓ(k, r) classified with linear momentum k and angular momentum ℓ, both ranging from zero to infinity. The Φ_ℓ are normalized to the δfunction in k. The projectile B is initially in the bound state, and after scattering it is broken up into the continuum states. The coefficient χ_{ℓLJ} (χ_{ℓ0 LJ} ) of the expansion describes a center-of-mass motion of the b-c pair in the state Φ_ℓ (Φ_0). The linear and orbital angular momenta of the motion are denoted by P and L, respectively.

In CDCC, the sum over ℓ is truncated by ℓ ≤ ℓ_{max} and the k integral by k ≤ k_{max}. For each ℓ, furthermore, the continuum states from k = 0 to k_{max} are discretized into a finite number of states, Φ̂_{iℓ}(r), each with linear momentum k̂_i and angular one ℓ. Details of the discretization methods are described in the next section.

After the truncation and the discretization, Ψ_{JM} is reduced to an approximate one,

Ψ^{CDCC} JM = ∑ L Y^{ℓ0 ,L}_{JM} Φ_0(r)χ̂_{γ0} (P_0, R)/R

+ l_m∑

l=0 N∑ i=1 ∑ L Y^{ℓ,L}_{JM}Φ̂_{iℓ}(r)χ̂_γ (P̂_i, R)/R, (3) where

χ̂_{γ0} (P_0, R) = χ_{γ0} (P_0, R), γ_0 = (0, ℓ_0, L, J), χ̂_γ (P̂_i, R) = W_γ χ_γ (P̂_i, R), γ = (i, ℓ, L, J). On the right hand side of Eq. (3), the first term represents the elastic channel denoted by γ_0 and the second term corresponds to the breakup channels, each classified with γ. The weight factor W_γ depends on the discretization method taken. Each of momentum pairs, (k_0, P_0) and (k̂_i, P̂_i), satisfies the total energy conservation:

E = ℏ^2P^2_0 /2μ_{AB} + ϵ_0 = ℏ^2P̂^2_i /2μ_{AB} + ϵ_i, (4)

where ϵ_0 = ℏ^2k^2_0/2μ_{bc} and ϵ_i = ℏ^2k̂^2_i /2μ_{bc} are energies of the ground and continuum states, respectively.

Inserting Eq. (3) into the three-body Schrödinger equation, (H − E)Ψ_{JM} = 0, leads to a set of coupled differential equations for χ̂_γ (P_0, R) and χ̂_γ (P̂_i, R): [ d^2 dR^2 + P̂^2_i −

L(L + 1) R^2 − 2μ_{AB} ℏ^2 V_{γγ} (R) ] χ̂_γ (P̂_i, R) = ∑ γ^′ ≠γ 2μ_{AB} ℏ^2 V_{γγ}′ (R)χ̂_γ′ (P̂_i′ , R) (5)

for all γ, where k̂_0 = k_0 and P̂_0 = P_0. Coupling potentials V_{γγ}′ (R) are obtained as V_{γγ}′ (R) = ⟨Y^{ℓ,L}_{JM} Φ̂_{iℓ}(r)|U |Y^{ℓ′ ,L′}_{JM} Φ̂_i′_ℓ′ (r)⟩_{r,ΩR} . (6) The coupled equations are soluble, since they have a compact kernel in its integral equation form [13]. The equations are solved under the asymptotic boundary condition

χ̂_γ (P̂_i, R) ∼ u^{(−)}_L (P̂_i, R)δ_{γ,γ0} − √ P̂_i P̂_0

Ŝ_{γ,γ0} u^{(+)}_L (P̂_i, R) (7) for all γ. Here u^{(−)}_L (P̂_i, R) and u^{(+)}_L (P̂_i, R) are incoming and outgoing Coulomb wave functions with momentum P̂_i, and Ŝ_{γ,γ0} is the S-matrix element for the transition from the initial channel γ_0 to γ.

III. DISCRETIZATION OF k CONTINUUM

Several prescriptions have been proposed so far for the discretization of k continuum. The prescriptions are classified into three types, the average (Av), the midpoint (Mid) and the pseudo state (PS) methods. A relation of the Mid method to the Av one was already discussed and clarified [14], so the present discussion is focused on a relation between the Av and the PS methods.

A. The average method

In the Av method, the k-continuum [0, k_{max}], for each ℓ, is divided into a finite number of bins, each with a width Δ_{iℓ} = k_i −k_{i−1}, and the continuum breakup states in the i th bin are averaged with a weight factor f_{iℓ}(k) [1, 2]. The resultant orthonormal state is described as

Φ̂_{iℓ}(r) = 1 W_γ ∫_{ki} k_{i−1} Φ_ℓ(k, r)f_{iℓ}(k)dk (for Av) , (8)

W^2_γ = ∫_{ki} k_{i−1} [f_{iℓ}(k)]^2 dk. For any non-resonant bin, i.e., containing no resonance state, it is natural to set f_{iℓ}(k) = 1, so that W_γ = √ Δ_{iℓ}.

For a resonant bin, containing a resonance pole at ϵ = ϵ_{res} − iΓ/2, we can use a weight of Breit-Wigner type [1, 5, 6, 8, 10], f_{iℓ}(k) = | | | iΓ/2 ϵ(k) − ϵ_{res} + iΓ/2 | | | , (9)

in order to reduce a number of breakup channels, where ϵ(k) is an continuous intrinsic energy of the b+c system. The discretized intrinsic energy, ϵ_i = ℏ^2k̂^2_i /2μ_{bc}, of each bin is obtained as k̂^2_i = (k_i + k_{i−1})^2/4 + Δ^2_{iℓ}/12 for nonresonant bin and ϵ_i = ϵ_{res} for resonant one. Comparing the approximate form (3) with the exact one (1) in the asymptotic region R → ∞ leads to the following relation of the approximate breakup S-matrix element to the exact one S^{(J)}_{ℓ,L} (k):

S^{(J)}_{ℓ,L} (k) = Ŝ_{γ,γ0} W_γ f_{iℓ}(k) (for Av) , (10)

for k belonging to the i th bin, i.e., k_{i−1} < k ≤ k_i.

B. The pseudo state method

In the PS method, H_{bc} is diagonalized in a space spanned by a finite number of L^2 type basis functions. The resultant eigenstates can well reproduce both bound and continuous states within a finite region of k and r [16]. As a characteristic of the PS method, the k continuum is automatically discretized by identifying the eigenstates with Φ̂_{iℓ}(r). Resultant discretized states Φ̂_{iℓ}(r) are orthonormalized, so W_γ = 1.

The PS method has been used for taking account of breakup effects on elastic scattering and (d, p) reactions, but not on projectile breakup reactions, since the relation of approximate breakup S-matrix elements to exact ones has not been clear so far. The CDCC equations (5) yield elastic and breakup S-matrix elements within the discretization approximation. A relation of the approximate breakup S-matrix elements with the exact ones is derived from the exact breakup T -matrix elements, T^{(J)}_{ℓL} (k) = ⟨Φ_ℓ(k, r)j_L(P R)Y^{ℓ,L}_{JM} |U |Ψ_{JM} ⟩ (11) Inserting an approximate complete set {Φ̂_{iℓ}(r)} between the bra vector and the operator U in T , and replacing the ket vector by the CDCC wave function (3), we obtain the following approximate relation,

T^{(J)}_{ℓL} (k) = ∑ i f^{PS}_{iℓ} (k)⟨Φ̂_{iℓ}(r)j_L(P R)Y^{ℓ,L}_{JM} |U |Ψ^{CDCC}_{JM} ⟩ ≈ ∑ i f^{PS}_{iℓ} (k)T̂_{γ,γ0} , (12)

where

T̂_{γ,γ0} = ⟨Φ̂_{iℓ} j_L(P̂_iR)Y^{ℓ,L}_{JM} |U |Ψ^{CDCC}_{JM} ⟩ (13) and f^{PS}_{iℓ} (k) = ⟨Φ_ℓ(k, r)|Φ̂_{iℓ}(r)⟩. (14)

The last form of Eq. (12) has been derived by replacing P by P̂_i in j_L(P R). This replacement is valid, since the k distribution of f^{PS}_{iℓ} (k) is sharply localized at k = k̂_i. As a result of the replacement, T̂_{γ,γ0} agree with breakup T -matrix elements calculated with CDCC. Each of the breakup T -matrix elements is proportional to the corresponding S-matrix element, hence a similar relation persists for the S-matrix elements: S^{(J)}_{ℓL} (k) ≈ ∑ i f^{PS}_{iℓ} (k)Ŝ_{γ,γ0} . (15)

This approximate relation is tested in the next section.

Complex Gaussian basis functions

In the PS method, H_{bc} is sandwiched with basis functions of L^2 type, and the resultant matrix is diagonalized to obtain eigenstates Φ̂_{iℓ}(r). Among the eigenstates, low-lying states, belonging to the region 0 < ϵ < ℏ^2k^2_{max}/2μ_{bc}, are taken as breakup channels in CDCC equation (5).

As basis functions, in this paper, we consider two types; one is conventional Gaussian functions,

r^ℓ exp[−(r/a_j)^2], (16)

where a_j is assumed to increase in a geometric progression [15],

a_j = a_1(a_n/a_1)^{((j−1)/(n−1))} , j = 1 – n. (17)

The other is Gaussian functions multiplied by trigonometric functions proposed in [19]:

r^ℓ exp [ − (r/a_j)^2 ] cos b (r/a_j)^2 , (18a)

r^ℓ exp [ − (r/a_j)^2 ] sin b (r/a_j)^2 , (18b)

where a_j is the same as above, the total number of basis functions being 2n. The parameter b is, in principle, a free parameter, but it is recommendable from numerical tests that b ∼ π/2. The latter type of basis function, Eq. (18), consists of the real and imaginary parts of the Gaussian function in which the size parameter is a complex number η_j,

r^ℓ exp[−η_jr^2] , η_j = (1 + i b)/a^2_j (19)

so we simply refer to the latter type as complex Gausian basis, while the former type as real Gaussian basis.

Real Gaussian basis functions well reproduce not only the bound state in the region where the state has a meaningful magnitude,but also the continuous states Φ_ℓ(k, r) in a finite region 0 ≤ kr ≲ 20 [16]. Complex Gaussian basis functions themselves are oscillating, so they are more useful for simulating oscillatory functions; the basis functions well reproduce the continuum states in an even larger region, 0 ≤ kr ≲ 35, significant for the breakup T -matrix elements, as shown below.

IV. VALIDITY OF THE PSEUDO STATE METHOD

In CDCC, calculated elastic and breakup S-matrix elements have to be converged, as the number of discretized breakup states is increased. Such convergence has already been confirmed for the Av method [3, 14]. The converged S-matrix elements, within about 1% error, can be regarded as the exact solution. Comparing the exact solution with the corresponding one based on the PS method, we show the validity of the PS method in this section. The test is made for two systems, d+^{58}Ni scattering at 80 MeV and^6Li+^{40}Ca scattering at 156 MeV.

A. d+^{58}Ni scattering at 80 MeV

The model space taken in the present CDCC calculations is as follows: ℓ = 0, 2 and k_{max} = 1.3 fm^{−1}. The

TABLE I: Parameters of the optical potentials of for n +^{58}Ni and p +^{58}Ni at the half the deuteron incident energy. We followed the same notation as in Ref. [20]

system V0 (MeV) r0 (fm) a0 (fm) W0 (MeV) rW (fm) aW (fm) WD (MeV) rWD (fm) aWD (fm)

p +^{58} Ni 44.921 1.17 0.750 6.10 1.32 0.534 2.214 1.32 0.534

n +^{58} Ni 42.672 1.17 0.750 7.24 1.26 0.580 2.586 1.26 0.580

model space is large enough, since calculated S-matrix elements are converged at these values as the model space is enlarged [3, 14]. Table I shows the parameters of the potentials taken here; the interaction between nucleon and the target is the nucleon-nucleus optical potential of Becchetti and Greenlees [20] at half the deuteron incident energy. The interaction between proton and neutron is the one-range Gaussian potential, v_{np} = v_0 exp[−(r/r_0)^2] with v_0 = −72.15 MeV and r_0 = 1.484 fm, which reproduces the radius and the binding energy of deuteron.

FIG. 2: Discretized monenta for real (a) and complex (b) Gaussian bases for deuteron. In each panel, the left (right) side corresponds to s-state (d-state). The horizontal dotted line represents the truncation momentum kmax taken to be 1.3 fm^{−1}.

In the scattering concerned, the projectile (deuteron) has no resonance state, so the weight factor is taken as f_{iℓ} = 1 in the Av method; the elastic and breakup Smatrix elements are converged at Δ_{iℓ} = 1.3/30 fm^{−1} for ℓ = 0, 2 as Δ_{iℓ} is decreased. In the real Gaussian PS method, similar convergence is found, with the number, N_{PS}, of breakup channels be 18 for both s- and dwave. The number is even smaller when complex Gaussian basis is taken; N_{PS} is 16 for s-wave and 17 for dwaves. The Bases finally obtained have a parameter set (a_1 = 1.0, a_n = 30.0, n = 30) for real Gaussian type and (a_1 = 1.0, a_n = 20.0, 2n = 40, b = π/2) for complex

FIG. 3: Angular distribution of the elastic differential cross section as a ratio to the Rutherford one for d +^{58} Ni scattering at 80 MeV. Results with the Av, the real and the complex Gaussian PS methods are represented by the solid, dashed and dotted lines, respectively.

Gaussian type. In general, N_{PS} is smaller than the number of basis functions taken, since only low-lying eigenstates, which belong to the region 0 < ϵ < ℏ^2k^2_{max}/2μ_{bc}, are taken as breakup channels.

Figure 2 shows the discrete momenta k̂_{iℓ} translated from eigenenergies ϵ_{iℓ} for the two bases. One sees that for real Gaussian basis, the discrete momenta are dense in the smaller k region and sparse in the larger k one. This distribution is not so effective at simulating the k continuum, in the higher k region in particular. For complex Gaussian basis, on the other hand, the discrete momenta are distributed almost at even intervals. This situation is close to that in the Av method, but the number N_{PS} of breakup channels in the complex Gaussian PS method is smaller than the corresponding one in the Av method, namely, N_{Av} = 30. Thus, the complex Gaussian PS method is rather effective at simulating the k continuum overall.

FIG. 4: The squared moduli of breakup S-matrix elements as a function of k at the grazing total angular momentum J = 17 for d +^{58} Ni scattering at 80 MeV. The left upper panel (a) shows the result for the s-state (ℓ = 0, L = 17). Results for the d-state with L = 15, 17, and 19 are , respectively, shown in (b), (c), and (d). In each panel, the dashed (solid) line represents the result of the real (complex) Gaussian PS method. The step line is the result of the Av method.

For the elastic S-matrix elements, both results of the real and the complex Gaussian PS methods well reproduce the exact one calculated with the Av method. This result can be confirmed in Fig. 3 through the differential cross section. The three types of calculation, the real Gaussian PS, the complex Gaussian PS and the Av methods, yield an identical cross section at all scattering angles. Thus, the real and the complex Gaussian PS methods are both useful for treating the breakup effect on the elastic scattering.

Figure 4 shows a similar analysis for breakup S-matrix elements at the grazing total angular momentum J = 17, as a function of k. The complex Gaussian PS method (solid line) well reproduces the exact solution calculated with the Av method (step line) for all breakup states shown in the figure. The real Gaussian PS method

(dashed line) also simulates the exact solution in the lower k region, where the breakup S-matrix elements are dominated, but not in the higher k region around k = 0.8 fm^{−1}. The deviation at higher k stems from the fact that real Gaussian basis functions poorly reproduce the continuum breakup states Φ_ℓ(k, r) at such higher k. This problem can be solved by using complex Gaussian basis instead.

B.^6 Li+^{40}Ca scattering at 156 MeV

As a characteristic of this scattering, the projectile (^6Li) has resonance states, so it has a different property from deuteron. For simplicity, the intrinsic spin of 6Li is neglected. In this case, the projectile has only

TABLE II: The same as in Table I but for α +^{40}Ca at 104 MeV and d +^{58}Ca at 56 MeV.

system V0 (MeV) r0 (fm) a0 (fm) W0 (MeV) rW (fm) aW (fm) WD (MeV) rWD (fm) aWD (fm)

α +^{40} Ca 219.30 1.21 0.713 98.8 1.40 0.544 - - -

d +^{40}Ca 75.470 1.20 0.769 2.452 1.32 0.783 9.775 1.32 0.783

FIG. 5: The same as in Fig. 3 but for^6 Li with complex Gaussian basis; kmax is taken to be 2.0 fm^{−1}. The horizontal dashed line corresponds to the border momentum between the resonant and nonresonant parts in the Av method (see the text for details).

one resonance state with ℓ = 2, ϵ_{res} = 2.96 MeV and Γ = 0.62 MeV.

In this scattering, the three-body system consists of deuteron, α and^{40}Ca. Interactions between each pair of the constituent particles are the optical potential of α+^{40}Ca scattering at 104 MeV [21], that of d+^{40}Ca scattering at 56 MeV [22], and v_{αd} = v_0 exp [ −(r/r_0)^2 ] with v_0 = −74.19 MeV and r_0 = 2.236 fm. Table II shows the parameters of the optical potentials.

The model space sufficient to describe breakup processes in this scattering is k_{max} = 2.0 fm^{−1} and ℓ_{max} = 2; the space is composed of two k-continua: ℓ = 0 and 2. There exists a resonance of ℓ = 2, hence the d-wave k-continuum is further divided into the resonant part [0 < k < 0.55] and the non-resonant part [0.55 < k < 2.0] in the Av method. The k continuum of Φ_{iℓ}(k, r) in the resonant part varies rapidly with k. In principle, the Av method can simulate the rapid change with a lot of

FIG. 6: Angular distribution of the elastic differential cross section (Rutherford ratio) for^6 Li +^{40}Ca scattering at 156 MeV. The approximate treatments of the resonance of^6 Li, i.e., the conventional Av method with the weight factor of Breit-Wigner type (dash-dotted line) and the complex Gaussian PS method (dashed line) are shown. The solid line is the exact solution calculated by the Av method with dense bins and the dotted line is the result of Watanabe model, i.e., without breakup effects.

dense bins; for these bins with an extremely small width, it is possible to take the constant weight f_{iℓ} = 1. We performed the CDCC calculation just mentioned above to obtain the exact S-matrix elements. Clear convergence is found for both the elastic and the breakup Smatrix elements, when the resonant part is described by 30 bins with a common width and each of other parts, the entire region of s-wave k-continuum and the nonresonant part of d-wave k-continuum, is expressed by 20 bins. Another Av discretization is also done for comparison, in which the resonant region is described simply by a single state with the weight factor of Breit-Wigner type (9). The weight factor of Breit-Wigner type was often used so far as a convenient prescription [1, 5, 6, 8, 10]. The two sorts of Av discretization are compared with the complex Gaussian PS method. In the latter, convergence of the S-matrix elements is found when s-wave

FIG. 7: The same as in Fig. 4 but for^6Li +^{40}Ca scattering at 156 MeV. The corresponding grazing total angular momentum is 43. The step line is the result of the Av method with dense bins.

k-continuum is described by 21 breakup channels and dwave k-continuum is done by 8 (14) channels in the the resonant (non-resonant) part. The level sequence of the resulting discrete states is shown in Fig. 5.

Figure 6 shows the differential cross section of the elastic scattering. The precise Av discretization based on dense bins, denoted by the solid line, presents the exact solution. The conventional Av discretization, based on the weight factor of Breit-Wigner type (dash-dotted line), well describes the breakup effect particularly at very forward angles (θ < 20^∘), but deviates considerably from the exact solution at larger angles (θ > 30^∘). This problem of the conventional Av discretization is completely solved with the complex Gaussian PS discretization (dashed line) that well reproduces the exact solution. The parameter set of the basis, finally taken in the PS method, is (a_1 = 1.0, a_n = 20.0, 2n = 40, b = π/2). In the figure the result of the Watanabe model, where all breakup channels are excluded in CDCC, is also shown by the dotted line for comparison. One sees that the dotted line considerably deviates from the solid one even at forward angles, which shows a significant effect of breakup processes on the elastic scattering.

Figure 7 presents breakup S-matrix elements at grazing total angular momentum J = 43. The complex Gaussian PS discretization well reproduces the exact solution calculated by the Av discretization with dense bins. The resonance peak is expressed by only 8 breakup channels in the PS method, while the corresponding number of breakup channels are 30 in the Av method, as mentioned above. The complex Gaussian PS discretization is thus useful for describing both resonant and non-resonant states; it is more convenient than the Av method, at least as far as the nuclear breakup is concerned.

V. DISCUSSIONS ON FOUR-BODY BREAKUP REACTION

So far, in CDCC, the projectile was assumed to form a two-body system. Now we consider the applicability of CDCC to four-body breakup reactions, where the projectile consists of three particles, b+c+x. The Av method needs the exact complete set of the three-body system, which is quite hard to obtain. In contrast to that, we can circumvent this problem with the PS method. In the method, it is possible to prepare the approximate complete set {Φ̂_{iℓ}} by diagonalizing the Hamiltonian of projectile in a space spanned by basis functions of L^2 type. Regarding {Φ̂_{iℓ}} as breakup channels, we can obtain the approximate total wave function Ψ^{CDCC} by solving CDCC equations (5). Inserting Ψ^{CDCC} into the exact form of breakup T -matrix elements, instead of the exact total wave function, we reach to an approximate form

T_4 = ⟨e^{i(P·R+k·r+q·y)}|U_4|Ψ^{CDCC}⟩_{R,r,y}, (20)

where U_4 is the sum of all interactions in the four-body (A+b+c+x) system, r and y are two Jacobi coordinates of the three-body (b+c+x) system, and k and q are momenta conjugate to the two coordinates. The accuracy of Eq. (20) depends on how precise the approximate complete set is within a finite region (0 ≤ r ≤ r_{max}, 0 ≤ y ≤ y_{max}) being significant for T_4. As a merit of real and complex Gaussian bases, in Eq. (20), analytic integrations are possible over r and y, with expanding U_4 in terms of a finite number of Gaussian basis functions. This makes the derivation of T_4 feasible. Analyses based on this formulation are of much interest as a future work.

VI. SUMMARY

The method of continuum discretized coupled channels (CDCC) is a fully quantum-mechanical way of treating three-body breakup processes. CDCC solves the threebody dynamics by discretizing continuous intrinsic states of projectile into a finite number of states. In this paper, we propose a practical method of the discretization by introducing complex Gaussian functions, and shows that the method is valid for three-body breakup reactions of deuteron and of^6Li.

Complex Gaussian basis can form a complete set in a finite space of r and k, an intrinsic coordinate and a momentum of projectile, significant for breakup reactions. Continuous intrinsic states of projectile, describing breakup processes, are then able to be projected on a space spanned by a finite number of the basis functions. For this reason, CDCC based on the present method reproduces breakup reactions exactly. Original continuous breakup states are oscillating with r and k in the finite region. Complex Gaussian basis is good at simulating such an oscillation, since each basis function oscillates by itself.

In general, the present discretization is more convenient than average (Av) discretization widely used, since the present method yields an analytic form of breakup states which reduces numerical works. This is an advantage of the present method. For breakup reactions of^6Li, furthermore, the present discretization method is much better than the Av method as follows. As a characteristic of the reaction, the projectile (^6Li) has resonances in its excitation spectrum, so that the continuum breakup state changes its magnitude strongly with k especially around resonances. Resonance states are close to bound ones in its r dependence, so they can be reproduced well by a small number of pseudo eigenstates which are obtained by diagonalizing Hamiltonian of^6Li in a space spanned by complex Gaussian basis. Thus, the present method needs only a smaller number of breakup channels than the Av method does for such reactions.

The two advantages of the present method are helpful not only for three-body breakup reactions but also for more complicated ones such as four-body breakup reactions. Breakup reactions of unstable nuclei such as^6He and^{11}Li are good examples of four-body reactions. In such reactions, the projectile forms a three-body system, so it is impossible to obtain all intrinsic states of the system exactly, which makes the Av method inapplicable to such reactions. The difficulty may be solved by the present method, if complex Gaussian basis can construct a complete set in a finite phase space being significant for the reactions. A further research along this line is highly expected.

Throughout all analyses and discussions made in this paper, we conclude that the method proposed is valid and practical for treating three-body breakup reactions, and expected to be applicable even to more complicated reactions such as four-body breakup.

Acknowledgments

The authors would like to thank M. Kawai for helpful discussions. This work has been supported in part by the Grants-in-Aid for Scientific Research (12047233, 14540271) of Monbukagakusyou of Japan.

[1] M. Kamimura, M. Yahiro, Y. Iseri, Y. Sakuragi, H.

Kameyama and M. Kawai, Prog. Theor. Phys. Suppl. 89, 1 (1986).

[2] N. Austern, Y. Iseri, M. Kamimura, M. Kawai, G. H.

Rawitscher and M. Yahiro, Phys. Reports. 154, 125 (1987).

[3] M. Yahiro, N. Nakano, Y. Iseri and M. Kamimura Prog.

Theor. Phys. 67, 1464 (1982).

[4] M. Yahiro, Y. Iseri, M. Kamimura and M. Nakano, Phys.

Lett. 141B, 19 (1984).

[5] Y. Sakuragi and M. Kamimura, Phys. Lett. 149B, 307 (1984) .

[6] Y. Sakuragi, Phys. Rev. C 35, 2161 (1987). [7] Y. Sakuragi, M. Kamimura and K. Katori, Phys. Lett.

B205, 204 (1988).

[8] Y. Sakuragi, M. Yahiro, M. Kamimura and M. Tanifuji, Nucl. Phys. A480, 361 (1988).

[9] Y. Iseri, H, Kameyama, M. Kamimura, M. Yahiro and M. Tanifuji, Nucl. Phys. A490, 383 (1988).

[10] Y. Hirabayashi and Y. Sakuragi, Phys. Rev. Lett. 69, 1892 (1992).

[11] J. A. Tostevin, D. Bazin, B. A. Brown, T. Glasmacher, P.

G. Hansen, V. Maddalena, A. Navin, and B. M. Sherrill, Phys. Rev. C 66, 024607 (2002); A. M. Moro, R. Crespo, F. Nunes, and I. J. Thompson, Phys. Rev. C 66, 024612 (2002) and references therein.

[12] K. Ogata, M. Yahiro, Y. Iseri and M. Kamimura, Phys.

Rev. C 67, R011602 (2003).

[13] N. Austern, M. Yahiro and M. Kawai, Phys. Rev. Lett.

63, 2649 (1989); N. Austern, M. Kawai and M. Yahiro,

Phys. Rev. C 53, 314 (1996).

[14] R. A. D. Piyadasa, M. Kawai, M. Kamimura and M.

Yahiro, Phys. Rev. C 60, 044611(1999). [15] M. Kamimura, Phys. Rev. A 38, 621 (1988). [16] M. Yahiro and M. Kamimura, Prog. Theor. Phys. 65, 2046 (1981); 65, 2051 (1981).

[17] A. M. Moro, J. M. Arias, J. Gómez-Camacho, I. Martel, F. Pérez-Bernal, R. Crespo and F. Nunes, Phys. Rev. C 65, 011602 (2002).

[18] R. Y. Rasoanaivo and G. H. Rawitscher, Phy. Rev. C 39, 1709 (1989).

[19] E. Hiyama, Y. Kino and M. Kamimura, Progress in Particle and Nuclear Physics, 50, Issue 2 (2003), to be published.

[20] F. D. Becchetti, Jr. and G. W. Greenlees, Phys. Rev.

182, 1190 (1969).

[21] G. Hauser, R. Löhken, G. Nowicki, H. Rebel, G. Schatz, G. Schweimer and J. Specht, Nucl. Phys. A182, 1 (1972).

[22] N. Matsuoka, H. Sakai, T. Saito, K. Hosono, M. Kondo, H. Ito, K. Hatanaka, T. Ichihara, A. Okihana, K. Imai and K. Nisimura, Nucl. Phys. A455, 413 (1986).