arXiv:nucl-th/0303063 v1 26 Mar 2003

Vector mesons in a relativistic point-form approach

A. Krassnigg and W. Schweiger Institute for Theoretical Physics, University of Graz, A-8010 Graz, Austria

W. H. Klink Department of Physics and Astronomy, University of Iowa, Iowa City, IA 52242, USA (Dated: March 26, 2003)

We apply the point form of relativistic quantum mechanics to develop a Poincaré invariant coupled-channel formalism for two-particle systems interacting via one-particle exchange. This approach takes the exchange particle explicitly into account and leads to a generalized eigenvalue equation for the Bakamjian-Thomas type mass operator of the system. The coupling of the exchange particle is derived from quantum field theory. As an illustrative example we consider vector mesons within the chiral constituent quark model in which the hyperfine interaction between the confined quark-antiquark pair is generated by Goldstone-boson exchange. We study the effect of retardation in the Goldstone-boson exchange by comparing with the commonly used instantaneous approximation. As a nice physical feature we find that the problem of a too large ρ-ω splitting can nearly be avoided by taking the dynamics of the exchange meson explicitly into account.

PACS numbers: 12.39.Ki,21.45+v

I. INTRODUCTION

In 1949 Dirac formulated a way of incorporating relativity into quantum theory that differed from quantum field theory [1]. Although Dirac’s paper was written in the context of classical mechanics, his methodology – the use of representations of the symmetry group of the theory of special relativity, the Poincaré group – was also applicable to quantum theory and to quantum field theory (for a review, see Ref. [2]). In Dirac’s original presentation he made evident how to add interactions to a theory of free particles in agreement with the Poincaré algebra, ending up with conditions for the interaction terms that are in general nonlinear. In 1953, Bakamjian and Thomas gave a prescription for an explicit construction involving only linear constraints [3].

Of the various forms that Dirac introduced the instant form is the most widely used [4, 5, 6, 7], although almost exclusively in the context of quantum field theory. The front form of Hamiltonian dynamics became popular as a natural framework for treating parton phenomena. For a topical review, see Ref. [8]. The point form of relativistic dynamics has also been considered in quantum field theory [9, 10, 11], but because of its complicated quantization surface it was not further developed. Only recently has the point form been rediscovered, this time in the context of the quantum mechanics for finite degree-of-freedom systems. Lev has analyzed electromagnetic current operators in the point form and then transformed them to the other two forms [12]. Klink has suggested a basis of states, called velocity states [13], which are suitable for few-body point-form quantum theory. These states have also been introduced by Karmanov in a different context [14, 15]. Klink made use of velocity states when treating nuclear physics problems [16, 17, 18]. Recently, also the Graz group employed the point form of relativistic dynamics to describe the electroweak structure of baryons within a chiral constituent quark model [19, 20, 21].

This paper uses the point form to elaborate on a coupled-channel formalism which is applicable to a wide range of problems. As a first and simple application we have chosen a two-particle system of one (constituent) quark and one (constituent) antiquark which form vector mesons. The hyperfine interaction in this simple system comes from the chiral constituent quark model with pseudoscalar meson exchange. Such an interaction has been used in a semirelativistic form with great success for the calculation of baryon spectra [22, 23]. For vector mesons [24] the results within this semirelativistic approach are not as good. In the present paper a fully relativistic calculation with the exchange-meson channel explicitly included is presented and compared to the semirelativistic approach in which the meson-exchange is treated in an instantaneous approximation.

The necessary formalism is introduced in detail in Secs. II–V. In Sec. II we summarize relevant features of the Poincaré group. Velocity states are introduced as a suitable basis for the quantum-mechanical treatment of few-particle systems in point-form. These states are subsequently used to construct the elementary meson- (anti)quark vertex, which enters the invariant-mass operator. The mass operator is treated in Sec. III; in our example its interacting part arises from a pseudoscalar Hamiltonian density. Our mass operator is of Bakamjian- Thomas type and acts on a Hilbert space which is the direct sum of two-particle and two-plus-one particle Hilbert spaces. Such an ansatz deals with effective degrees of freedom in contrast to a quantum field theory. It leads to the coupled two-channel problem outlined in Sec. IV. The validity of Poincaré invariance for systems with a finite (but not necessarily conserved) number of particles is guaranteed by the Bakamjian-Thomas construction as described in Sec. IV. The fact that quarks and antiquarks are always confined is accounted for by adding harmonic oscillator confinement terms to the square of the kinetic terms of the coupled-channel mass operator. As a first step to solve the eigenvalue problem for the mass operator the two-channel problem is reduced to a one-channel problem with an optical potential which depends on the mass eigenvalue to be determined. The harmonic-oscillator eigenfunctions of the pure confinement problem are then used as a basis for expanding the quark-antiquark wave functions of the full problem including the hyperfine interaction. As a result, one can discretize the dynamical two-particle equation and obtain a set of coupled algebraic equations that can be solved. The eigenvalues of the mass operator are determined by a resonance condition, which takes into account the nonlinear appearance of eigenvalues in the eigenvalue equation. The structure of the equation and the implementation of confinement are discussed in Sec. V.

Sec. VI contains some remarks on the numerics and the specific solution method employed in the calculation. Comments on the instantaneous approximation and the choice of the model parameters are given in Secs. VII and VIII, respectively. The results of the calculations are vector-meson masses and some branching ratios of their hadronic decay widths. The numbers are presented in Sec. IX; they are compared with experimental numbers as well as with the instantaneous approximation to elucidate retardation effects coming from the hyperfineinteraction. Concluding remarks can be found in Sec. X. Our conventions, normalizations and matrix elements required for the calculations are summarized in the appendix.

II. POINCARÉ GROUP

The starting point for dealing with few-body systems in relativistic quantum mechanics is the set of commutation relations of the Poincaré generators

[P_μ, P_ν] = 0 , (1) [J_{μν} , P_κ] = i(g_{νκ}P_μ − g_{μκ}P_ν) , (2) [J_{μν} , J_{κλ}] = −i(g_{μκ} J_{νλ} − g_{νκ}J_{μλ} + g_{νλ}J_{μκ} − g_{μλ}J_{νκ}) . (3) One can write these relations in a global way by defining U_Λ as the unitary operator representing the Lorentz transformation Λ on the Hilbert space. In the point form all interactions are contained in the four-momentum operator, so the significant commutation relation is

[P^μ, P^ν] = 0 , (4)

which states that the components of the four-momentum commute among each other. The other commutation relation involving P^μ is written as

U_ΛP^μU^{−1}_Λ = (Λ^{−1})^μ_ν P^ν , (5) which means that the four-momentum operator has to transform as a four-vector under Lorentz transformations. The commutation relations of the Lorentz generators among themselves are unaffected by interactions in the point form. We will refer to Eqs. (4) and (5) later, when we construct mass operators.

Let us start with single-particle states |p, σ⟩, e. g. for spin-^1_2 particles, which transfer irreducibly under the Poincaré group. Defining the action of the four-momen-tum operator P^μ on such single-particle states by P^μ|p, σ⟩ = |p, σ⟩p^μ (6) one can easily show that Eqs. (4) and (5) are satisfied for a single-particle representation. In the following we need also the Poincaré transformation properties of such states: U_b|p, σ⟩ = e^{−ibp}|p, σ⟩ and (7) U_Λ|p, σ⟩ = ∑ σ^′ =±^1_2

|Λp, σ^′⟩D^{12}_σ′_σ(R_W (p, Λ)) . (8)

U_b denotes a space-time translation by a constant fourvector b and the Wigner rotation R_W (p, Λ) is given by

R_W (p, Λ) = B^{−1}(Λ p m )ΛB( p m ) . (9)

The D^{12}_σ′_σ are the matrix elements of the standard Wigner D-functions [25].

With Eqs. (6-9) we see that Eq. (4) is immediately satisfied. For Eq. (5) we have, applying its left-hand side to |p, σ⟩, U_ΛP^μU^{−1}_Λ |p, σ⟩ = = U_ΛP^μU_Λ−1 |p, σ⟩ = U_ΛP^μ ∑ σ^′ |Λ^{−1}p, σ^′⟩D^{12}_σ′_σ(R_W (p, Λ^{−1}))

= U_Λ ∑ σ^′ |Λ^{−1}p, σ^′⟩(Λ^{−1})^μ_ν p^νD^{12}_σ′_σ (R_W (p, Λ^{−1}))

= U_ΛU_Λ−1 |p, σ⟩(Λ^{−1})^μ_ν p^ν = U_{ΛΛ}−1 |p, σ⟩(Λ^{−1})^μ_νp^ν = (Λ^{−1})^μ_ν P^ν|p, σ⟩ , (10)

which is the desired expression for the right-hand side. In this derivation we have extensively used the representation properties of U_Λ and U^{−1}_Λ , e. g. that

U_ΛU_Λ−1 = U_{ΛΛ}−1 = U_1 = 1 . (11)

In the generalization of single-particle states to multiparticle states, it is useful to introduce velocity states, which have simple transformation properties under Lorentz transformations. We start with usual multiparticle momentum states which are tensor products of irreducible representations of the Poincaré group. We observe that under a Lorentz-transformation (see Eq. (8))

U_Λ|p_1, σ_1, p_2, σ_2, . . . , p_n, σ_n⟩ = ∑ σ^′_1,σ^′_2 ,...,σ^′_n =±^1_2

|Λp_1, σ^′_1, Λp_2, σ^′_2, . . . , Λp_n, σ^′_n⟩ n∏ i=1 D^{12}_σ′_{i σi} (R_W (p_i, Λ)) , (12)

where each of the D-functions depends on a different Wigner rotation R_W (p_i, Λ). This implies that one cannot couple angular momenta in the standard way. So it is desirable to have more uniform transformation properties of n-particle states under a Lorentz transformation. This is the case for velocity states. For such states all spin projections and also the individual particle momenta are subject to the same Wigner rotation and the effect of the Lorentz transformation goes mainly into the overall velocity v. We now show the construction of velocity states in detail and make their Lorentz transformation properties evident.

We consider an n-particle system with particle momenta p_i and spin projections σ_i, i = 1, . . . , n, and start by defining internal momenta k_i via

k_i = B^{−1}_c (v)p_i , (13) where B_c(v) is a canonical spin boost, i. e. a rotationless Lorentz transformation, which transforms our system from its rest frame to total velocity ⃗v. The momenta ⃗k_1, ⃗k_2, . . . , ⃗k_n satisfy n∑ i=1 ⃗k_i = 0 (14)

and thus only n − 1 of them are linearly independent. The remaining independent variable is the overall four velocity v of the system.

The construction of a velocity state can be viewed as starting from a multiparticle momentum state in its rest frame. This state is then boosted to overall velocity v by means of the canonical spin boost whose inverse is used in Eq. (13) to yield the velocity state

|v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩ := U_{Bc (v)}|k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n⟩ (15) = ∑ σ_1 ,σ_2,...,σ_n =±^1_2 |p_1, σ_1, p_2, σ_2, . . . , p_n, σ_n⟩ n∏ i=1 D^{12}_{σi μi} (R_W (k_i, B_c(v))) . (16)

This equation makes evident that a velocity state is a linear combination of multiparticle momentum states. We also note that velocity states transform irreducibly under transformations of the Poincaré group. Concerning notation we in general write σ_i to denote spin projection variables, but for velocity states and when using internal variables of a system we will instead write μ_i for spin projections to make a clear distinction between general and internal variables. In this sense the σ_i should always appear together with the p_i, whereas the μ_i appear together with the ⃗k_i.

Next we study the Lorentz-transformation properties of a velocity state. We again apply the general boost operator U_Λ to the velocity state (15) and combine its action with that of U_{Bc (v)}. Using Eq. (9) one obtains

U_Λ|v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩ = = U_ΛU_{Bc(v)}|k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n⟩ = U_{ΛBc (v)}|k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n⟩ = U_{Bc (Λv) RW} |k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n⟩ = U_{Bc (Λv)}U_{RW} |k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n⟩ (17) with the Wigner rotation

R_W = B^{−1}_c (Λv)ΛB_c(v) . (18)

Evaluating the action of U_{RW} on the velocity state, we get

U_Λ|v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩ = U_{Bc(Λv)}U_{RW} |k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n⟩ = U_{Bc(Λv)} ∑ μ^′_1,μ^′_2,...,μ^′_n=±^1_2 |R_W k_1, μ^′_1, R_W k_2, μ^′_2, . . . , R_W k_n, μ^′_n⟩ n∏ i=1 D^{12}_μ′_{i μi} (R_W )

= ∑ μ^′_1,μ^′_2,...,μ^′_n=±^1_2 |Λv, R_W ⃗k_1, μ^′_1, R_W ⃗k_2, μ^′_2, . . . , R_W ⃗k_n, μ^′_n⟩ n∏ i=1 D^{12}_μ′_{i μi} (R_W ) . (19)

In this derivation use has been made of the fact that for canonical spin boosts the Wigner rotation R_W corresponding to a rotation R is the rotation itself. It is helpful to notice here that a rotation is also a Lorentz transformation. One can now clearly see that the rotation appearing in the D-functions and in the state is the same for all μ_i and all ⃗k_i. So one can couple spins and also orbital angular momenta using the standard addition rules, which was the desired goal.

III. MASS OPERATOR

In this section we discuss properties of the mass operator and its role in our approach.

In Refs. [2, 3] one can find a general procedure for adding interactions to a system of free relativistic particles so that Poincaré invariance is preserved. Such a procedure, called the Bakamjian-Thomas construction, adds an interaction to the free mass operator. The Bakamjian- Thomas construction in the point form involves the (free) four velocity operator V^μ_0 which is introduced by expressing the free four-momentum operator as

P^μ_0 = M_0V^μ_0 . (20)

Interactions are added by perturbing the free mass operator, M_0 → M = M_0 + M_I , in such a way that Eqs. (4,5) are satisfied (i. e. the components of the four momentum must commute with each other and they have to transform as the components of a four vector under Lorentz transformations). We emphasize once more that this formulation reflects the fact that interactions do not enter the Lorentz generators, but solely the components of the four momentum. The linear constraints on the interacting part of the mass operator are that it should be a Lorentz scalar and commute with the free four velocity. The interacting four momentum operator is then reconstructed by

P^μ = M V^μ_0 , (21)

where M contains the interactions and V^μ_0 is still kinematical.

Before starting to construct explicitly an interacting mass operator, we will discuss the free four-momentum and mass operators. Let us first examine the effects of the free four-momentum operator P^μ_0 , μ = 0, 1, 2, 3, on the velocity states defined in Sec. II. We consider a system of n free particles with masses m_i, internal momenta ⃗k_i, overall four velocity v and spin projections μ_i. Then we define

M_n := n∑ i=1 √ m^2_i + ⃗k^2_i (22)

which is the free relativistic mass of the system. Recalling the action of the free four-momentum operator P^μ_0 on usual n-particle momentum states, using equations (15), (5) and (22), and evaluating the boost explicitly we get

P^μ_0 |v, k_1, μ_1, k_2, μ_2, . . ., k_n, μ_n⟩ = = ( M_n √ 1 + ⃗v^2 M_n⃗v ) |v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩ = M_nv^μ|v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩ . (23) Hence a velocity state |v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩ is an eigenstate of P^μ_0 with the eigenvalue M_nv^μ. Thus we can split P^μ_0 according to Eq. (20) and a velocity state |v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . ., ⃗k_n, μ_n⟩ becomes also an eigenstate of M_0 and V^μ_0 with the eigenvalues M_n and v^μ, respectively: M_0 |v, ⃗k_1, μ_1, . . . , ⃗k_n, μ_n⟩ = M_n |⃗k_1, μ_1, . . ., ⃗k_n, μ_n⟩ V^μ_0 |v, ⃗k_1, μ_1, . . . , ⃗k_n, μ_n⟩ = v^μ |⃗k_1, μ_1, . . . , ⃗k_n, μ_n⟩ (24)

The decomposition of Eq. (20) is the starting point of the Bakamjian-Thomas construction in point form. This result is also consistent with the common definition of the mass operator

M^2_0 = P^μ_0 P_{0μ} , (25)

since the square of the four velocity is always the identity.

IV. BAKAMJIAN-THOMAS TYPE VERTEX INTERACTION

In this section we will show how an interacting mass operator that couples i and (i + 1) particle channels can be derived from a field theoretical vertex interaction such that it fits into the Bakamjian-Thomas framework. Our presentation takes up the procedure suggested in Ref. [26] to which we also refer for further details. We will set up a model with a finite number of effective degrees of freedom and consider the dynamical equation that describes this system of interacting particles.

On a direct-sum Hilbert space for i and i + 1 particles the (full interacting) mass operator M becomes a matrix operator

M = M_0 + M_I = ( D^0_i 0 0 D^0_{i+1} ) + ( 0 K^† K 0 ) . (26)

The two subspaces are coupled by the vertex operator K and D^0_i denotes a free (indicated by the superscript^0) i-particle operator, which corresponds to the relativistic i-particle mass (22). In order to obtain an expression for the vertex operator K we consider a field theoretical Hamiltonian density H_I (x), which describes a vertex interaction and is a polynomial in free fields, meaning that

U_ΛH_I (x)U^{−1}_Λ = H_I (Λx) . (27)

Then H_I (0) is a Lorentz scalar, since

U_ΛH_I (0)U^{−1}_Λ = H_I (0) . (28)

These properties of H_I (0) can be used to define K. Taking the velocity-state representation and keeping in mind that the whole velocity dependence of a Bakamjian- Thomas type mass operator in point form is merely a factor ∝ v_0δ^3(⃗v^′ − ⃗v) (see App. A) we are led to introduce K via the relation

⟨v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_{i+1}, μ_{i+1}|K|v^′, ⃗k^′_1, μ^′_1, ⃗k^′_2, μ^′_2, . . . , ⃗k^′_i, μ^′_i⟩ ∝ v_0 δ^3(⃗v − ⃗v^′)f(Δm)⟨v = 0, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_{i+1}, μ_{i+1}|H_I(0)|v = 0, ⃗k^′_1, μ^′_1, ⃗k^′_2, μ^′_2, . . . , ⃗k^′_i, μ^′_i⟩ . (29)

The matrix element on the right-hand side of Eq. (29) has to be understood such that two particles on the “left” and one on the “right” are coupled by H_I (0) in all possible ways. The remaining particles yield spectator conditions. This means that M_I is constructed from matrix elements of H_I (0) between velocity states with the same overall velocity which furthermore can be taken to be zero since H_I (0) is a Lorentz scalar. What we have neglected in this kind of construction as compared to the full interacting field theory with vertex interaction H_I are off-diagonal terms in the overall velocity, which should not occur in a Bakamjian-Thomas-type mass operator. Part of such terms can be simulated with an appropriate choice of the vertex form factor f(Δm) which guarantees also that the mass operator is a well defined operator on the Hilbert space. For velocity state matrix elements (v^′ = v) this form factor can be expressed as

f[(p^′ − p)^2] = f[(M^′_{i+1}v^′ − M_iv)^2] = f[(Δm)^2] (30)

since v^2 = 1.

For our subsequent application to vector mesons the matrix element (29) should describe the coupling of a pseudoscalar meson to a quark. It has the particular form

⟨v, ⃗k_1, μ_1, ⃗k_2, μ_2, ⃗k_3|K|v^′, ⃗k^′_1, μ^′_1, ⃗k^′_2, μ^′_2⟩ = = v_0δ^3(⃗v − ⃗v^′) f[Δm]

(2π)^3 √ (ω_1 + ω_2 + ω_3)^3(ω^′_1 + ω^′_2)^3

⟨k_1, μ_1, k_2, μ_2, k_3|H_I(0)|k^′_1, μ^′_1, k^′_2, μ^′_2⟩ (31)

with ω_i = √ m^2_i + ⃗k^2_i denoting the particle energies and Δm = ω^′_1 + ω^′_2 − ω_1 − ω_2 − ω_3. H_I (0) is the pseudoscalar interaction Hamiltonian density

−i g_{PS} ψ̄(0)γ_5⃗λ_F ψ(0) · ⃗ϕ(0) , (32)

evaluated at the space-time point x = 0. ψ and ϕ are the fermion and boson fields, ⃗λ_F the Gell-Mann flavor matrices, and g_{PS} is the pseudoscalar quark-meson coupling constant. The kinematical factor in front of the matrix element ⟨k_1, μ_1, k_2, μ_2, k_3|H_I(0)|k^′_1, μ^′_1, k^′_2, μ^′_2⟩ has been chosen such that ⟨k_1, μ_1, k_2, μ_2, k_3| and |k^′_1, μ^′_1, k^′_2, μ^′_2⟩ can be taken as usual momentum states (with ⃗k_1+⃗k_2 +⃗k_3 = 0 and ⃗k^′_1 + ⃗k^′_2 = 0).

We now turn to dynamical equations. The bound-state problem of nonrelativistic quantum mechanics is usually reduced to the stationary Schrödinger equation H|Ψ⟩ = |Ψ⟩E . (33) In non-relativistic quantum mechanics the Hamiltonian H is the only generator of the Galilei group that contains interactions, the remaining nine generators are kinematical, i. e. free of interactions. In relativistic quantum mechanics one deals with the Poincaré group instead and due to the different underlying Lie algebra at least three generators contain interaction terms. In the point form, as already mentioned above, interactions are contained in all components of the four-momentum whereas the Lorentz generators are kinematical. This means that one has to solve the system of dynamical equations

P^μ |Ψ⟩ = p^μ |Ψ⟩ (34)

instead of Eq. (33) to obtain the simultaneous eigenstates of the components of the four-momentum operator P^μ. Within the Bakamjian-Thomas framework the interaction dependence of the four-momentum operator becomes particularly simple (cf. Eq. (21)) and Eq. (34) reduces to M |Ψ⟩ = m |Ψ⟩ . (35) We note that the v dependence of the total wave function of the system Ψ(v, ⃗k_1, μ_1, . . .) = ⟨v, ⃗k_1, μ_1, . . . |Ψ⟩ factors out after projection of Eq. (35) onto velocity states.

Starting from the coupled-channel mass operator of Eq. (26) and eliminating the i+1 particle channel one arrives at an equation for only i particles, with one-particle exchange between any two of them. We write down the eigenvalue equation for the mass operator of the twochannel problem: ( D^0_i K^† K D^0_{i+1} ) ( |Ψ_i⟩ |Ψ_{i+1}⟩ ) = m ( |Ψ_i⟩ |Ψ_{i+1}⟩ ) , (36)

where |Ψ_i⟩ and |Ψ_{i+1}⟩ are states living on the i- and i+1- particle subspaces, respectively. D^0_i and D^0_{i+1} denote the free i- and i + 1-particle masses, m is the mass eigenvalue of the system, and K is the vertex operator coupling the two channels. From these two coupled equations for |Ψ_i⟩ and |Ψ_{i+1}⟩ the latter can be eliminated to yield

K^†(m − D^0_{i+1})^{−1}K|Ψ_i⟩ = (m − D^0_i )|Ψ_i⟩ . (37)

Using velocity states, one can now turn this equation into an integral equation, which is a generalized eigenvalue equation, because m also appears in the propagator (m − D^0_{i+1})^{−1}. The operator K^†(m − D^0_{i+1})^{−1}K acts as an optical (one-particle exchange) potential. This optical potential contains, in principle, also loop contributions in which the exchange particle is reabsorbed by the emitting particle. But since we are interested in studying relativistic few-body systems which describe the dynamics of effective degrees of freedom we neglect such contributions and assume that they can be absorbed in the (renormalized) mass of the emitting particle.

V. THE DYNAMICAL EQUATION

So far we have not been very specific about the system we want to investigate. Equation (36) is a general mass eigenvalue equation for any coupled two-channel problem. Up to this this point one could use this equation for various different systems as described at the end of this paper. In this section we apply it to a confined system of a constituent quark and a constituent antiquark interacting via pseudoscalar meson exchange, in order to give a description of vector mesons. We make use of the velocity-state representation, so that the Bakamjian- Thomas properties of the interacting mass operator can be fully exploited. Taking only the one-meson exchange dynamics into account, we could immediately start with Eq. (37) with K defined according to Eqs. (31) and (32).

Quarks, however, have not been observed as free particles in nature and are therefore subject to a confining force. For a system of a constituent quark and a constituent antiquark interacting via pseudoscalar meson exchange, i in Eq. (37) is equal to 2 and one has

(D^0_2 − m)|Ψ_2⟩ = K^†(D^0_3 − m)^{−1}K|Ψ_2⟩ . (38)

The right-hand side now corresponds to an eigenvaluedependent pseudoscalar meson-exchange potential. In order to introduce confinement in this equation in as simple a manner as possible we modify the relativistic kinetic energy terms D^0_2 and D^0_3 to include harmonic oscillator confinement. As a next step the two-particle wave function is expanded in terms of harmonic oscillator eigenfunctions, which will lead to a discretization of the problem and allow us to apply straightforward techniques for the numerical solution of the equation after a standard partial wave analysis has been carried out.

Confinement is included in Eq. (38) in the diagonal terms in such a way that the two quarks are confined in the two-particle channel as well as in the three-particle channel, whereas the third particle, the exchange boson, is free. As we will argue in the following this still provides the correct Lorentz-transformation properties. In the two-particle channel one can introduce confinement “by hand” by substituting the free two-particle mass operator by a confinement one, say D^c_2. Such a confinement term a priori does not need to be of harmonic oscillator type. The constraint that guarantees Lorentz invariance is that the confinement operator must not depend on the overall velocity and must be a rotational scalar. In the three-particle channel only the twoquark subsystem is confined, which is not at rest and therefore has to be transformed to the correct frame. Using velocity states as a basis, all internal momenta (and also the angular momenta via the corresponding D-functions, see Eq. (19)) are rotated by the same rotation as an effect of a Lorentz transformation. Since only scalar products of internal momenta appear in the diagonal terms, nothing changes by an overall rotation and also the three-particle confinement mass operator has the correct Lorentz-transformation properties.

To introduce confinement in the outlined manner one has to make the following replacements in Eq. (38)

D^0_2 −→ D^c_2 and (39) D^0_3 −→ D^c_3 . (40)

The operators D^c_2 and D^c_3 are explained in more detail in App. A. They are essentially square roots of the usual Schrödinger operator for the three-dimensional isotropic harmonic oscillator. Appendix A contains also the velocity-state representation of these operators as well as our actual notation for the eigenvalues.

VI. SOLUTION METHOD AND NUMERICS

In the preceding chapter we have encountered an equation which has the structure of an eigenvalue equation, but the eigenvalue also appears in the optical potential. Therefore one cannot directly employ standard techniques for eigenvalue problems. We use the following approach:

• One sets the eigenvalue in the optical potential to some preset value m_{pre} and treats m_{pre} as a parameter. In this way the equation becomes a linear eigenvalue equation and can be solved using standard techniques to obtain eigenvalues λ_j (m_{pre}), j = 1, 2, . . ., (which, of course, depend on the value of m_{pre}).

• For different preset values m_{pre} the resulting spectra will be different.

• Interpolating the spectra for different m_{pre} leads to continuous functions λ_j (m_{pre}) of the preset eigenvalue m_{pre}. The graphs of these functions exhibit the m_{pre}-dependence of the spectrum caused by the m_{pre}-dependence of the optical potential.

• To find the positions of the generalized eigenvalues M_j , j = 1, 2, . . ., one has to solve the equations

m = Re(λ_j (m)) . (41)

We will call Eq. (41) the “resonance condition”.

• We take the real part of λ_j (m), since the eigenvalues are in general (at least above the thresholds for the production of the various exchanged mesons) complex numbers. This is justified, because the shifts and widths resulting from the hyperfine interaction are actually perturbations to the pure oscillator spectra. The imaginary part of λ_j (M_j ) corresponds to the width of the (resonant) state with mass M_j, i. e.

Γ(M_j ) = 2|Im(λ_j (M_j ))| . (42)

A procedure of this kind has, e. g., also been adopted in Refs. [27] and [28].

Our generalized eigenvalue equation for a two-particle system interacting via one-particle exchange without confinement is basically an integral equation. After introducing the confinement terms in the diagonal parts of the coupled-channel mass operator of Eq. (26), it is natural to use a harmonic-oscillator basis for the quark-antiquark wave function. By expressing the q-q̄ eigenstate |Ψ_2⟩ in terms of the eigenstates |v, n, l, s, j, m_j⟩ of D^c_2 and taking only a finite number of basis states the eigenvalue equation (38) reduces to a system of coupled algebraic equations from which the mass eigenvalues m and the expansion coefficients A_{n,l,s,j,mj} (see Eq. (A7)) have to be determined. The matrix elements of the optical potential between the harmonic oscillator eigenstates appear in this set of coupled equations. These are nine-dimensional integrals and involve sums over various quantum numbers. The integrations are done using standard Monte- Carlo techniques. Thereby the statistical errors have always been kept smaller than one MeV, i. e. smaller than about one per mille. In the course of the numerical calculation the Wigner rotations for the three-particle intermediate-state wave functions (see Eq. (A16)) have been neglected. This approximation seems to be justified by two observations. On the one hand, the pair of three-particle wave functions which shows up in the completeness relation for the three-particle intermediate state must have similar arguments to contribute substantially to the nine-dimensional integral. But this also means that the corresponding Wigner-rotations approximately compensate each other. On the other hand, it has been observed in the investigation of baryon form factors within point-form dynamics [19] that Wigner-rotation effects are of minor importance. The numerical effort, by the way, would substantially increase if Wigner rotations were included in our calculations.

VII. INSTANTANEOUS APPROXIMATION

In order to study the effects of the exchange particle in flight as compared to the standard instantaneous treatment of particle exchange we perform a nonrelativistic reduction of the optical potential in the point-form mass operator. This is done via standard techniques and goes along with an “instantaneous approximation” of the propagator in the optical potential. “Instantaneous approximation” means that the propagator denominator (D^c_3 − m) is replaced by the energy of the exchanged meson √ ⃗q^2 + m^2_{Mes}. In the non-relativistic limit the argument of the form factor reduces to the square of the three-momentum of the exchanged meson. Suppressing the flavor part of the hyperfine interaction, one arrives at the well known form for pseudoscalar meson-exchange potential (see, e. g., [29])

V_{NR}(⃗k^′, ⃗k) = g^2_{ps} 4π f^2[⃗q^2] 4m_1m_2 (⃗σ_1 · ⃗q)(⃗σ_2 · ⃗q) ⃗q^2 + m^2_{Mes}

, (43)

where ⃗q is given by ⃗q = ⃗k^′ − ⃗k (44) with ⃗k and ⃗k^′ representing c.m. momenta of the incoming and outgoing quarks, respectively.

VIII. MODEL PARAMETERS

We adopt the parameterization of the chiral constituent quark model of Ref. [22] for our actual calculation of the vector-meson spectrum. In the following the properties and parameters of this model are briefly reviewed. In a constituent-quark model one deals with constituent quarks instead of current quarks; the constituent mass is generated dynamically and is larger than the corresponding current quark mass.

m_u = m_d = 340 MeV and m_s = 500 MeV

turn out to be appropriate mass values for light and strange (constituent) quarks. These numbers can already be obtained approximately from simple quark-model arguments; recent lattice calculations [30, 31] also hint at these values. The constituent quarks (and antiquarks) are confined and interact in addition via the exchange of the lightest pseudoscalar mesons which are the Goldstone bosons associated with chiral symmetry breaking. The vertex describing this interaction is constructed from the well-known pseudoscalar interaction Hamiltonian density given in Eq. (32). The interaction vertex involves the pseudoscalar coupling constant g_{PS} between constituent quark and exchange meson and one cutoff parameter Λ_i, i = π, K, η, η^′, for each meson. The parameters Λ_i occur in the meson-(anti)quark-vertex form factors f_i(Δm) (see Eqs. (29) and (30)) that we are using. Following Ref. [22] we have taken

f_i(Δm) = √ Λ^2_i − m^2_i Λ^2_i − m^2_i + Δm^2

(45)

for the functional form of these vertex form factors. The cutoff parameters Λ_i are related by

Λ_i = Λ_0 + κ m_i , (46)

with Λ_0 = 566.33 MeV, κ = 0.81, and m_i being the mass of the pseudoscalar meson of type i. These vertex form factors go to one when Δm reaches zero^1 and they go to

1 For Δm = 0 we have four-momentum conservation at the vertex with all three particles being on-mass-shell. For t-channel

Quark masses [MeV] Meson masses [MeV] mu , md ms mπ mK mη m_η′ 340 500 139 494 547 958

Meson-quark coupling Confinement

g^2_8 /4π (g0 /g8 )^2 Λ0 [MeV] κ a [MeV] V0 [GeV^2 ]

0.67 1.34 566.33 0.81 312 -1.04115

TABLE I: Parameters for the point form description of vector mesons within the chiral constituent quark model. Apart from a and V0, parameters are taken from Ref. [22]

zero like 1/Δm for Δm → ∞, leading to an additional 1/Δm^2-decay of the exchange potential. In Ref. [22] such a kind of form factor serves to smear out the contact term which occurs when (43) is transformed to configuration space. The coupling constant g_8 = g_{PS} for the pseudoscalar octet can be derived from the N−π coupling constant via the Goldberger-Treiman relation. The value quoted by Glozman et al. [22] is g^2_{PS}/4π = 0.67. Furthermore, two different coupling constants are used for the pseudoscalar meson octet and singlet, respectively. The ratio of the singlet to octet couplings taken in Ref. [22] is (g_0/g_8)^2 = 1.34. For our calculations the charge of the exchange particles is irrelevant; therefore the (small) mass differences between differently charged particles of the same sort, e. g. the π^± and the π^0, are neglected. The values used for the pseudoscalar meson masses are basically the physical masses. As in Ref. [22] we take

m_π = 140 MeV, m_K = 498 MeV, m_η = 547 MeV, and m_η′ = 958 MeV .

Two more parameters come from the harmonic-oscil-lator treatment of the quark-antiquark confinement. We denote the eigenvalues of D^c_2, i. e. the square root of the harmonic-oscillator eigenvalues, by M_{nl} = √ 8 a^2(2n + l + 3 2 ) + V_0 + 4m̄^2 , (47)

where a is the oscillator parameter, 4m̄^2 contains the rest masses of the quark and antiquark, and V_0 leads to an overall shift of the spectrum (for details, see App. A). Since confinement is introduced in Ref. [22] in a different and not easily comparable way, a and V_0 are free parameters. a is fixed in such a way that M_{00} and M_{10} agree

exchange of massive particles this can, of course, only happen for unphysical momenta, but it is just the kinematical situation (also in instant form) where the influence of the vertex form factor is supposed to vanish and the coupling is supposed to become point-like.

with the masses of the ground state and the first excited state of the ϱ spectrum. Doing this we get

a ≈ 312 MeV .

This is a reasonable procedure, because the difference (M_{10} − M_{00}) is nearly independent of the additional hyperfine interaction. This value for the oscillator parameter a is kept fixed throughout all calculations. From the spectrum of the full calculations including the hyperfine interaction, V_0 is fixed to yield the ϱ ground state at 770 MeV. A suitable value for V_0 is V_0 = −1.04115 GeV^2. All parameters of the model are summarized in Tab. I.

We have also done calculations without vertex form factors. For this purpose all parameters are kept the same, only V_0 had to be adjusted to yield the ϱ ground state at 770 MeV. One gets a slightly different value, namely V_0 = −1.04385 GeV^2. The calculations within the instantaneous approximation were performed with the same set of parameters as the corresponding full calculations. Finally we note that the ω and ϕ flavor wave functions used in our calculations are the ones which correspond to ideal mixing of the singlet and octet states of SU (3)_F .

IX. RESULTS AND DISCUSSION

At the beginning of this section we want to emphasize that our primary goal is not an optimal description of the meson spectrum, but rather to demonstrate with a simple model how the multichannel formalism developed works and how it differs from the standard instantaneous treatment of particle exchange. In our calculations we have concentrated on the lowest-lying negativeparity light and strange vector mesons, i. e. mesons with J^P = 1^− (J being the total angular momentum and P the parity of the system). This implies that only l = 0 and l = 2 states of the harmonic-oscillator basis can contribute to the q-q̄ wave function. Whereas l is a good quantum number when taking only the confining interaction into account, l = 0 and l = 2 contributions start to mix if the hyperfine interaction is turned on. The numerical analysis, however, reveals that the l = 2 contributions have practically no effect on the absolute masses (less than or at most 1 MeV, which is also the upper limit for our numerical accuracy). Even if compared to the level shift caused by the hyperfine interaction the l = 2 contributions are negligible with the exception of the two excited states of the ω. For these states the l = 2 contributions amount to 11% (first) and 18% (second excited state) of the total level shift. In all other cases the contributions lack significance since they are smaller than the required numerical accuracy. As already explained in Sec. VI the solution of the full coupled channel problem involves an expansion of the vector-meson wave functions in terms of harmonic oscillator eigenfunctions. It turns out that already three basis states are enough to obtain convergent results on the per mille level for the ground and the first two excited states. For the instantaneous approximation of the meson exchange the convergence properties are worse. One needs about two times as many basis states as in the calculation with the full optical potential to achieve the required accuracy. It should also be mentioned that at those places where the harmonic oscillator eigenfunctions appear in completeness relations for intermediate states (cf. Eqs. (A4) and (A8)) the upper limits for the main quantum number n and the orbital angular momentum quantum number l have been taken to be the same as in the expansion of the q-q̄ wave function.

The spectrum of the lowest-lying vector mesons is plotted in Fig. 1. The comparison of the full calculation and the pure confinement result shows that the hyperfine interaction due to (dynamical) Goldstone-boson exchange can be considered as a perturbation. Therefore the qualitative features of the vector-meson spectrum are in our model essentially determined by the confinement potential. It is thus not too surprising that only the masses of the ground states and the first excites states are comparable to experiment, whereas the predictions for the second excited states lie already much too high. To obtain also quantitative agreement with experiment it would certainly be necessary to take a confinement potential which is more sophisticated than our simple harmonicoscillator confinement. A refined confinement potential which is applicable in momentum-space calculations has, e. g. been suggested in Ref. [33]. But as we said already at the beginning of this section, we rather want to study particle exchange within a relativistic framework and the conclusions about the particle exchange should not depend too much on the specific choice of the additional confinement potential.

The biggest level shifts caused by the hyperfine interaction are detected for the ω spectrum. This observation can already be anticipated from the fact that the flavor factor at the π-quark vertex, the pion being also the lightest exchange particle, has its maximum value for the ω meson. The ω spectrum is thus also the best place to study the features of our treatment of particle exchange. The differences between the full calculation and the instantaneous approximation are indeed seen to be most prominent in this case. Whereas the usage of a static meson-exchange potential for the hyperfine interaction leads to an unphysically large splitting of the ρ and ω ground states, their approximate degeneracy is nearly preserved by our dynamical treatment of the Goldstoneboson exchange. The ω spectrum is obviously also most sensitive to the choice of the meson-quark vertex form factor. Comparing the results for the standard parameterization of the vertex-form factors (see Sec. VIII) with the outcome for point-like coupling, i. e. the form factors set to one, a striking observation can be made: whereas the instantaneous approximation depends very strongly on the form factor only a mild dependence is seen for the full calculation. The reason for this discrepancy is the difference in the propagators that make up the hyperfine

600

800

1000

1200

1400

1600

1800

2000 m [MeV]

ρ ω ϕ K^∗ EXP OSC PF IA NFF NIA EXP OSC PF IA NFF NIA EXP OSC PF IA NFF NIA EXP OSC PF IA NFF NIA

......

.....

......

.....

......

.....

......

.....

......

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

......

..... ......................

......

.....

......

......

.....

......

.....

......

.....

......

.....

......

.....

......

.....

FIG. 1: The spectra for the lowest-lying light and strange vector mesons. The boxes in the columns labelled by “EXP” represent the experimental values with their uncertainties [32]. The other columns give our numerical results for the pure confinement interaction (“OSC”), the full calculation with dynamical mesons exchange (“PF”) and the instantaneous approximation to the meson exchange (“IA”). Corresponding results with the meson-quark vertex form factor set to one are labelled by “NPF” and “NIA”, respectively.

interaction. In the instantaneous approximation it is the (non-relativistic) meson propagator, in the full optical potential it is rather the propagator of the intermediate q-q̄-meson state. The q-q̄ system in the intermediate state is in addition subject to confinement which acts as a natural cutoff and damps the dependence on the vertex form factors.

Our approach does not only cover recoil effects in particle exchange, it provides, in principle, also nonperturbative predictions for vector-meson decay widths. As soon as the mass of a vector meson excitation becomes larger than the ground state energy of the confinement potential plus the mass of an exchange meson the corresponding channel opens and the pseudoscalar meson can also be emitted leaving a lower lying vector meson. Above such a decay threshold the optical potential and thus the eigenvalues acquire an imaginary part and the width for the decay of the vector-meson resonance into the open two-particle channels can be calculated via Eq. (42). Within our simple two-channel model the decay modes are restricted to ρ-π, ω-π, and ρ-η. Among the resonances in Fig. 1 there is only one prominent, the ω(1420) which decays into ρ-π with a measured width of 174±40 MeV. The experimental information on the other resonance widths for the strong decay into one of the above mentioned two-particle channels is rather poor. Only upper bounds, which are of the order of MeV are given. Our theoretical results are all below 1 MeV, i. e. below our calculational accuracy. In the outlook we will discuss possible improvements of our model which may also lead to larger decay widths. It seems, however, unlikely that the huge decay width of the ω(1420) can be explained within a simple two-channel approach. We rather expect that other mechanisms than those included so far, e. g. a strong final-state interaction, have to be taken into account.

X. SUMMARY AND OUTLOOK

We have presented a Poincaré invariant and Lorentz covariant point-form approach to the dynamical treatment of particle exchange. We have worked within the Bakamjian-Thomas framework, which means that the invariant mass operator takes over the role of the Hamiltonian in non-relativistic quantum mechanics. Operators and wave functions have been defined with respect to a velocity-state basis. Velocity states are very natural and advantageous for treating relativistic few-body systems within point-form dynamics. The starting point of our approach to particle exchange is a two-channel problem in which the i and (i+1) particle channels are coupled via a vertex interaction which was derived from a field theoretical Hamiltonian density such that the resulting mass operator is of Bakamjian-Thomas type. By reducing the problem to a one-channel problem for the i-particle channel we have ended up with an optical potential which describes the dynamics of the particle exchange. The corresponding eigenvalue problem, however, is non-linear and has to be solved by appropriate means. Since this framework accounts for particle production it is able to provide non-perturbative predictions for (partial) decay widths of resonances.

As a first application of the developed formalism we have investigated vector mesons within the chiral constituent-quark model in which the hyperfine interaction between the confined quark-antiquark pair is mediated by Goldstone-boson exchange, i. e. by the exchange of the lightest pseudoscalar mesons. With a simple harmonic-oscillator confinement and a parameterization of the chiral constituent-quark model that has already been successfully applied for the description of baryon spectra we have found that the hyperfine interaction due to Goldstone-boson exchange causes only small level shifts. Thus it can be considered as a perturbation of the confinement interaction and the confinement potential essentially determines the properties of the mass spectrum. The comparison of the results for the full optical potential and the standard instantaneous meson-exchange potential revealed sizable differences, in particular for the ω spectrum. These differences are also reflected in the sensitivity to the parameterization of the meson-quark vertex form factors. Whereas the full calculation depends only mildly on the choice of the vertex form factors, the instantaneous approximation is extremely sensitive to changes in the form factors. Since the meson-quark couplings and the exchange-meson masses are subject to physical constraints, any reasonable parametrization of the Goldstone boson exchange can thus be expected to provide similar results in the full calculation. Our predictions for vector-meson decay widths lie below the demanded numerical accuracy and thus lack significance.

Our conclusions from the investigation of vector mesons are that a proper relativistic treatment of particle exchange has to go beyond the standard instantaneous approximation and must account for the dynamical behavior of the exchange particle. The predictions for the vector meson spectrum could be improved with a refined confinement interaction. For a reasonable description of resonance widths it may be necessary to extend the optical potential by loop contributions, i. e. contributions in which the emitted meson is again absorbed by the emitting particle. For the present calculation we have assumed that such contributions go as self-energy contributions into the constituent-quark masses. But this is at most an approximation since the (anti)quark in a loop is not free, but confined. Loop contributions have, e. g., also been seen to be important in the semirelativistic treatment of the nucleon-nucleon system if one reaches the pion-production threshold [34]. It will be worthwhile and necessary to investigate their role in our coupledchannel formalism. This formalism should also be useful in treating other relativistic few-body systems which interact via particle exchange. The positronium and hydrogen systems are presently under investigation. They are well studied within instant- and front-form dynamics and would allow for a comparison of the different approaches and forms of relativistic dynamics.

Acknowledgments

A. K. was supported by the Austrian Science Foundation FWF under grant Nr. P14794. He is also grateful to the Dekanat der Naturwissenschaftlichen Fakultät der Universität Graz for financial support.

APPENDIX A: NORMALIZATIONS AND MATRIX ELEMENTS

In this appendix we collect the most important definitions and formulae used in the calculation. We start with some definitions concerning velocity states. Consider a system with overall four velocity v consisting of n (spin 1/2) fermions with masses m_i. Their spins and momenta are uniquely specified by their spin projections μ_i and momenta ⃗k_i, i = 1, . . . , n in the overall rest frame of the system. We also define ω_i := (m^2_i + ⃗k^2_i )^{1/2}. Then the completeness relation for the n-particle velocity states reads 1 (2π)^{3n} ∑ μ_1,μ_2 ,...,μ_n ∫ d^3v v_0 (_{n−1} ∏ i=1 d^3k_i ) ( ∑_n i=1 ω_i)^3 ∏_n i=1 2ω_i |v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n⟩⟨v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n| = 1 ; (A1) the corresponding orthogonality relation is ⟨v, ⃗k_1, μ_1, ⃗k_2, μ_2, . . . , ⃗k_n, μ_n|v^′, ⃗k^′_1, μ^′_1, . . . , ⃗k^′_n, μ^′_n⟩ = (2π)^{3n} ∏_n i=1 2ω_i ( ∑_n i=1 ω_i)^3 v_0δ^3(⃗v − ⃗v^′) n−1∏ i=1 δ^3(⃗k_i − ⃗k^′_i) n∏ i=1 δ_{μi μ}′_i . (A2)

The representation of the n-particle free mass operator in the basis of n-particle velocity states is ⟨v, ⃗k_1, μ_1, . . . , ⃗k_n, μ_n|D^0_n|v^′, ⃗k^′_1, μ^′_1, . . . , ⃗k^′_n, μ^′_n⟩ = = (2π)^{3n} ∏_n i=1 2ω_i ( ∑_n i=1 ω_i)^3 v_0δ^3(⃗v − ⃗v^′) n−1∏ i=1 δ^3(⃗k_i − ⃗k^′_i) n∏ i=1 δ_{μi μ}′_i n∑ j=1 √ m^2_j + ⃗k^2_j . (A3)

A state representing the confined quark-antiquark pair is labelled by the overall velocity v of the pair and the internal (oscillator) quantum numbers n and l, the total spin s, as well as the total angular momentum j and its projection m_j . The completeness relation for such states is 1 (2π)^3 ∞∑ l=0 ∞∑ n=l 1∑ s=0 l+s∑ j=|l−s| j∑ m_j =−j ∫ d^3v v_0 M^2_{nl} 2 |vnlsjm_j ⟩⟨vnlsjm_j | = 1 , (A4)

where M^2_{nl} are just the harmonic oscillator eigenvalues (see Eq. (A14)) with main quantum number n and orbital angular momentum quantum number l. The corresponding orthogonality relation is ⟨v^′n^′l^′s^′j^′m^′_j |vnlsjm_j ⟩ = (2π)^3 2 M^2_{nl} v_0δ^3(⃗v − ⃗v^′) δ_n′_nδ_l′_lδ_s′_sδ_j′_jδ_m′_{j mj} . (A5)

The mass operator D^c_2 for the confined pair in the above basis is ⟨v^′n^′l^′s^′j^′m^′_j |D^c_2|vnlsjm_j ⟩ = (2π)^3 2 M^2_{nl} v_0δ^3(⃗v − ⃗v^′) δ_n′_nδ_l′_lδ_s′_sδ_j′_j δ_m′_{j mj} M_{nl} . (A6)

Expansion coefficients A_{nlsjmj} of the q-q̄ wave function with respect to the harmonic-oscillator basis are defined by ⟨vnlsjm_j |Ψ⟩ = ⟨vnlsjm_j |V, Ψ_{int}⟩ = (2π)^{32} √ 2 M_{nl} v_0δ^3(⃗v − ⃗V ) A_{nlsjmj} . (A7) For our problem of (negative parity) vector mesons j = 1 and m_j = −1, 0, 1 are fixed. Furthermore, parity restricts spin and orbital angular momentum to s = 1 and l = 0, 2, so that the coefficients A_{nlsjmj} depend de facto only on n and l. A state describing a system of a quark-antiquark cluster and a free pseudoscalar meson is labelled by the quantum numbers of the cluster, the overall velocity v and the relative momentum between the cluster and the third particle κ. The completeness and orthogonality relations for such states are 1 (2π)^6 ∞∑ l=0 ∞∑ n=l 1∑ s=0 l+s∑ j=|l−s| j∑ m_j =−j ∫ d^3v v_0 d^3κ

(ω_{cl} + ω_3)^3 2ω_{cl}2ω_3 |vκnlsjm_j ⟩⟨vκnlsjm_j | = 1 (A8) and ⟨v^′κ^′n^′l^′s^′j^′m^′_j |vκnlsjm_j ⟩ = (2π)^6 2ω_{cl}2ω_3 (ω_{cl} + ω_3)^3 v_0δ^3(⃗v − ⃗v^′) δ^3(⃗κ − ⃗κ^′) δ_n′_nδ_l′_lδ_s′_sδ_j′_j δ_m′_{j mj} , (A9)

respectively. The factors in the Jacobian are defined by ω_{cl} = √ M^2_{nl} + κ^2 and ω_3 = √ m^2_3 + κ^2. The mass operator D^c_3 for the confined pair and the free third particle in this basis takes the form ⟨v^′κ^′n^′l^′s^′j^′m^′_j |D^c_3|vκnlsjm_j ⟩ = (2π)^6 2ω_{cl}2ω_3 (ω_{cl} + ω_3)^3 v_0δ^3(⃗v − ⃗v^′) δ^3(⃗κ − ⃗κ^′) δ_n′_nδ_l′_lδ_s′_sδ_j′_j δ_m′_{j mj} (ω_{cl} + ω_3) . (A10)

The states defined above can be combined to yield the wave function for the confined quark-antiquark pair. One has ⟨ṽ, ⃗k_1, ⃗k_2, μ_1, μ_2|vnlsjm_j ⟩ = = (2π)^{92} v_0δ^3(⃗ṽ − ⃗v) √ 2 M_{nl} √ 2ω_12ω_2 (ω_1 + ω_2)^3 l∑ m_l=−l s∑ m_s=−s C^{jmj}_{lml sms} C^{sms}_{12 μ1 12 μ2} u_{nl}(|⃗k_1|) Y_{lml} (k̂_1) . (A11) The functions u_{nl}(k) are the well-known eigenfunctions of the three-dimensional isotropic harmonic oscillator. Their explicit form is u_{nl}(k) = 1 4√ π a^32 √ 2^{n+l+2} n!

(2n + 2l + 1)!!

L^{l+ 12}_n ( k^2 a^2 ) ( k a )_l e^{− k2}2a^2 , (A12)

where L^{l+ 12}_n is a generalized Laguerre polynomial. The corresponding normalization integral is ∞∫ 0 [u_{nl}(k)]^2 k^2 dk = 1 . (A13)

The Y_{lml} are the usual Spherical Harmonic functions. For further details see, e. g., Refs. [35] or [36]. The eigenvalues M_{nl} of D^c_2 are the square root of harmonic-oscillator eigenvalues, i. e. M_{nl} = √ 8 a^2 (2n + l + 3/2) + V_0 + 4m̄^2 . (A14)

The well-known oscillator eigenvalues have been modified by adding an overall spectral shift constant V_0 and an averaged rest-mass term m̄^2 to account for the different masses of the light and strange constituent quarks. The value of m̄ in this expression is easily determined for ϱ, ϕ, and ω, since the masses of quark and antiquark are equal in these cases. For the K^∗ we adopt an averaged mass squared of the form

m̄^2 = m^2_q + m^2_{q̄} 2 . (A15)

For the system of the confined quark-antiquark pair and the third free particle one can write ⟨ṽ, ⃗k_1, μ_1, ⃗k_2, μ_2, ⃗k_3|vκnlsjm_j ⟩ = = (2π)^{152} v_0δ^3(⃗ṽ − ⃗v) δ^3(⃗κ − ⃗k_3) √ 2ω_{cl}2ω_3 (ω_{cl} + ω_3)^3 √ 2ω̃_12ω̃_2 2(ω̃_1 + ω̃_2) √ 2ω_{12}2ω_3 (2ω_{12} + 2ω_3)^3 ×

× l∑ m_l=−l s∑ m_s=−s ∑ μ̃_1μ̃_2 =±^1_2 C^{jmj}_{lml sms} C^{sms}_{12 μ̃1 12 μ̃2} u_{nl}(|⃗k̃|) Y_{lml} (^̃k) ×

× D^{12}_{μ1μ̃1} [B^{−1}_c (k_1/m_1) B_c(v_{12}) B_c(k̃_1/m_1)] D^{12}_{μ2μ̃2} [B^{−1}_c (k_2/m_2) B_c(v_{12}) B_c(k̃_2/m_2)] , (A16) where k̃ = B^{−1}_c (v_{12})k_1, v_{12} = (√ 1 +^{κ2}_{m212} −^{⃗κ}_{m12} ) , ω_{12} = √ m^2_{12} + κ^2, m_{12} = ω̃_1 + ω̃_2, ω_{cl} = √ m^2_{cl} + κ^2, D^·_· are Wigner D

functions, and ω̃_i = √ k̃2_i + m2_i .

[1] P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949). [2] B. D. Keister and W. N. Polyzou, in Advances in Nuclear Physics, edited by J. W. Negele and E. Vogt (Plenum Press, New York, 1991), vol. 20, chap. 2.

[3] B. Bakamjian and L. H. Thomas, Phys. Rev. 92, 1300 (1953).

[4] F. Coester, Helv. Phys. Acta 38, 7 (1965). [5] F. Coester and A. Ostebee, Phys. Rev. C 11, 1836 (1975).

[6] J. Schwinger, Phys. Rev. 127, 324 (1962). [7] A. Kruger and W. Glockle (1997), nucl-th/9712043. [8] S. J. Brodsky et al., Phys. Rep. 301, 299 (1998). [9] S. Fubini et al., Phys. Rev. D 7, 1732 (1973). [10] D. Gromes et al., Nucl. Phys. B 75, 313 (1974). [11] C. Sommerfield, Annals of Physics 84, 285 (1974). [12] F. M. Lev, Annals of Physics 237, 355 (1995). [13] W. H. Klink, Phys. Rev. C 58, 3617 (1998). [14] V. A. Karmanov, Nucl. Phys. A 644, 165 (1998). [15] J. Carbonell et al., Phys. Rep. 300, 215 (1998). [16] W. H. Klink, Phys. Rev. C 58, 3587 (1998). [17] W. H. Klink and M. Rogers, Phys. Rev. C 58, 3605 (1998).

[18] T. W. Allen and W. H. Klink, Phys. Rev. C 58, 3670 (1998).

[19] R. F. Wagenbrunn et al., Phys. Lett. B 511, 33 (2001). [20] L. Y. Glozman et al., Phys. Lett. B 516, 183 (2001).

[21] S. Boffi et al., Eur. Phys. J. A 14, 17 (2002). [22] L. Y. Glozman et al., Phys. Rev. D 58, 094030 (1998). [23] S. Boffi et al., Phys. Rev. C 60, 025206 (1999). [24] T. Thonhauser, Master’s thesis, Karl-Franzens-Univer-sität Graz (1998).

[25] D. A. Varshalovich et al., Quantum Theory of Angular Momentum (World Scientific, Singapore, 1988).

[26] W. H. Klink, Nucl. Phys. A716, 123 (2003), nuclth/0012031.

[27] W. Blask, M. G. Huber, and B. Metsch, Z. Phys. A326, 413 (1987).

[28] W. Blask, Ph.D. thesis, Universität Bonn (1990). [29] R. Machleidt et al., Phys. Rep. 149, 1 (1987). [30] S. Aoki et al., Phys. Rev. Lett. 82, 4392 (1999). [31] J. Skullerud et al., Phys. Rev. D 64, 074508 (2001). [32] K. Hagiwara et al. (Particle Data Group), Phys. Rev.

D66, 010001 (2002).

[33] H. Hersbach, Phys. Rev. C50, 2562 (1994). [34] C. Elster, W. Ferchlaender, K. Holinde, D. Schutte, and R. Machleidt, Phys. Rev. C37, 1647 (1988).

[35] A. Messiah, Quantum Mechanics, Volume I (North- Holland Publishing Company, Amsterdam, 1965).

[36] E. Elbaz, Quantum: The Quantum Theory of Particles, Fields, and Cosmology (Springer, Berlin, 1998).