arXiv:nucl-th/0306040 v1 12 Jun 2003

Field-theoretical three-body relativistic equations for the multichannel πN ↔ γN ↔ ππN ↔ γπN reactions^1

A. I. Machavariani^{†⋄∗} and Amand Faessler^†

† Institut für Theoretische Physik, Universität Tübingen, Auf der Morgenstelle 14, D-72076 Tübingen, Germany, ⋄ Joint Institute for Nuclear Research, Moscow Region 141980 Dubna, Russia ∗ High Energy Physics Institute of Tbilisi State University, University Str. 9 380086 Tbilisi, Georgia

Abstract A new kind of the relativistic three-body equations for the coupled πN and γN scattering reactions with the ππN and γπN three particle final states are suggested. These equations are derived in the framework of the standard field-theoretical Smatrix approach in the time-ordered three dimensional form. Therefore corresponding relativistic covariant equations are three-dimensional from the beginning and the considered formulation is free of the ambiguities which appear due to a three dimensional reduction of the four dimensional Bethe-Salpeter equations. The solutions of the considered equations satisfy the unitarity condition and are exactly gauge invariant even after the truncation of the of the multiparticle (n > 3) intermediate states. Moreover the form of these three-body equations does not depend on the choice of the model Lagrangian and it is the same for the formulations with and without quark degrees of freedom. The effective potential of the suggested equations is defined by the vertex functions with two on-mass shell particles. It is emphasized that these INPUT vertex functions can be constructed from experimental data.

Special attention is given to the construction of the intermediate on shell and off shell Δ resonance states. These intermediate Δ states are obtained after separation of the Δ resonance pole contributions in the intermediate πN Green function. The resulting amplitudes for the Δ ⇐⇒ Nπ; Δ ⇐⇒ Nγ; Δ^′ ⇐⇒ Δγ transition have the same structure as the vertex functions for transitions between the on mass shell particle states with spin 1/2 and 3/2. Therefore it is possible to introduce the real value for the magnetic momenta for the Δ^′ ⇐⇒ Δγ transition amplitudes in the same way as it is done for the N^′ ⇐⇒ Nγ vertex function.

1Supported by DFG 436 GEO.

1. INTRODUCTION

The problem of the relativistic description of an particle interactions in the framework of a potential picture is usually solved by relativistic generalization of the Lippmann- Schwinger type equation of the nonrelativistic collision theory [1, 2]. In quantum field theory potentials of the relativistic Lippmann-Schwinger type equation are constructed from more simple vertex functions which can be determined by a Lagrangian. Depending on the initial general relations in quantum field theory, one can distinguish three essentially different derivations of the field-theoretical generalizations of the Lippmann-Schwinger type equations which have different off mass shell behavior of the amplitudes,the potentials, the vertex functions and the propagators. The most popular source of the derivation of the such type field-theoretical equations is the Bethe-Salpeter equation [3, 4, 5, 6, 7]. The effective potential of these four-dimensional equations consists of the sum of the Feynman diagrams. The well known quasipotential method was applied [8, 9, 4, 5] in order to obtain the equivalent three-dimensional equations. The different three-dimensional representations of the Bethe-Salpeter equations, derived in the framework of the different quasipotential methods, have different free Green functions and diverse quasipotentials W which are constructed from the Bethe-Salpeter potential V . For practical calculations the quasipotential is usually taken in the Born approximation W ≈ V . Therefore the results of these approximations depend on the form of the three-dimensional reduction. In addition for construction of V or W three-variable vertex functions are required as the “input” functions^2. Therefore, in the practical calculations based on the Bethe-Salpeter equations or their quasipotential reductions the off-mass shell variables in the vertex functions are usually neglected or a separable form for all three variables is introduced [11, 12].

Another derivation of the relativistic Lippmann-Schwinger equation is based on the field-theoretical generalization of the Schrödinger equation in the form of the functional Tomonaga-Schwinger equations [13, 14]. In the framework of this method a covariant Hamiltonian theory for construction of the relativistic three-dimensional equations was given in Refs. [15, 16]. In this approach the covariant equations are three-dimensional from the beginning, and therefore they are free from the ambiguities of the three-dimensional reduction. The potential in these equations is constructed from the vertex functions with all particles on mass shell, i.e., the related “input” vertex functions are used dependent also on three variables. Apart from this problem in these equations one has the nonphysical “spurious^{′′} degrees of freedom. Light-front reformulation of these equations was done in Refs. [17, 18]. The generalization of the Faddeev equations in this formulation was done in Ref.[19].

The third way of the derivation of the three-dimensional Lippmann-Schwinger type integral equations in the quantum field theory proceeds from the field-theoretical generalizations of the off-shell unitarity conditions. These conditions can be treated as a field-theoretical spectral decomposition of the scattering amplitude over the asymptotic ′′in(out)^{′′} states. This formulation, suggested first by F. Low [20] in the framework of the

2The only exception is the quasipotential equation derived by F. Gross[10], where the input vertex functions are the two-variable vertices, because one particle in these vertices is on mass shell.

old perturbation theory, was developed afterwards in Refs. [14, 21, 22, 23, 24, 25, 26, 27]. In particular, in Refs.[14, 21, 22, 23] these three-dimensional, time-ordered and quadratically nonlinear equations were used for the evaluation of the πN scattering amplitudes. In the Refs.[24, 26, 25] the explicit linearization procedures of these equations were suggested. The linearized equations have the form of relativistic Lippmann-Schwinger type equations and they were employed for the calculation of the low energy πN and NN scattering reactions. The corresponding equations are also three-dimensional and time ordered from the beginning and their potentials are constructed from completely dressed matrix elements with two on mass shell particles. Using the on-mass shell methods, such as the dispersion relations, sum rules, current algebra etc. one can determine the required “input” vertices with two on mass shell particles. The effective potential of the considered equations contains also the equal-time commutators of the two external interacting field operators. Therefore in this approach it is necessary to use some model Lagrangian in order to determine these equal-time commutators. The resulting operators calculated by the equal-time commutators are sandwiched between the real asymptotic on-mass shell states, i.e. these equal-time commutators are also determined by the one-variable vertex functions which can be considered as “input” vertices.

The equal-time term of a nonrenormalizable Lagrangian produce a number of contact terms [25]. But first of all our aim is to determine the minimal number of the terms from equal-time commutators (in the Chew-Low model these terms were omitted!) which are necessary for the description of the multichannel πN and γN scattering reactions. These simplest Lagrangians can be improved to become closer to the more complete Lagrangian by inclusion of more complicated symmetries and by adding more terms, capable to describe different mechanisms of the interactions. In our previous works [26, 25, 27] about the NN scattering we have estimated the contributions of the additional contact terms which arise after using the πN Lagrangian with the nonrenormalizable pseudo-vector coupling. In papers [25, 30] we have considered the structure of the present field-theoretical approach with quark degrees of freedom. We have shown, that the structure of the present relativistic three-dimensional equations and their potentials with and without quark degrees of freedom is the same. Moreover for each Lagrangian (even in the formulation with quark degrees of freedom) the terms produced by the equal-time commutators are Hermitian and do not contribute in the unitarity condition.

Presently, the interest to investigate reactions with three-body final γπN states is stimulated by the proposal to determine the magnetic moment of the Δ^+ resonance in the γp → γ^′π^{o′}p^′ reaction. The basic idea of this investigation [31] is to separate the contribution of the Δ → γ^′Δ^′ vertex function which in analogy to the N − γ^′N^′ vertex, contains the magnitude of the Δ magnetic moment at threshold. The contribution of the Δ^+ → γ^′Δ^{+′} vertex function in the γp → γ^′π^{o′}p^′ reaction was numerically estimated in Refs.[32, 33, 34, 35] in order to study the dependence of the observables on the value of the Δ^+ magnetic moment. First data about the γp → γ^′π^{o′}p^′ reaction were obtained in a recent experiment by the A2/TAPS collaboration at MAMI [28] and future experimental investigations of this reaction are planned by using the Crystal Ball detector at MAMI [29].

This paper is devoted to the three-body generalization of the two-body field-theoretical equations [14, 20, 21, 22, 23, 25, 30] for the case of the multichannel πN −γN −ππN −γπN reactions. The potential of these equations has minimal off shellness (i.e. only two of external particles are being off mass shell) and they are analytically connected with any other field-theoretical equations, based on the Bethe-Salpeter or the Tomonaga-Schwinger equations. The form of these equations do not depend on the choice of the Lagrangian. and they do not change their form even for the formulations with quark-gluon degrees of freedom. Therefore this formulation can help to clarify the difference between a number of theoretical models which describe with quite a good accuracy the experimental data of the two-body πN and γN reactions in the framework of the different approximations without of the reproduction of the three-body γπN and ππN data. From this point of view the unified description of the multichannel πN − γN − ππN − γπN reactions up to threshold of the creation of the third pi-meson can clarify the dynamic of the twobody γN, πN, γπ and ππ interactions in the low and intermediate energy region. In the recent investigations [12, 32] the importance of the choice of the form of the intermediate Δ propagator was demonstrated by the description of the πN and multichannel γN scattering reactions. Therefore the unified description of the πN − γN − ππN − γπN reactions can be employed also for the determination of the properties of the intermediate Δ resonance propagation.

The organization of this papers is as follows. In Sec.2 we state the three-body spectral decomposition equations (which have the form of the off shell unitarity conditions [1]) for the amplitudes of the coupled πN −γN −ππN −γπN channels. These quadratically nonlinear three-dimensional equations are derived after extraction of the two external particles from the asymptotic in or out states, performed in the framework the standard S-matrix reduction formulas [3, 13, 14, 36]. In this section we consider also the connected and disconnected parts of the three-body amplitudes and the construction of the equal-time commutators. In Sec. 3 and in Appendix A the equivalence of the above quadratically nonlinear equations and the Lippmann-Schwinger type equations is outlined. The analytical expressions of the three-body potential of the presented Lippmann-Schwinger type equations is given Appendix B. The procedure of extraction of the intermediate on shell and off shell Δ-isobar degrees of freedom from the intermediate πN states in the suggested three-body equation is developed in Sec. 4. In Sec. 5 we apply this procedure to the derivation of the three-body equations for the coupled Δ − πΔ − γN − γΔ transition amplitudes. The unitarity and gauge invariance for the derived three-body equations are demonstrated in Sec. 6. Finally in Sec.7 we give some concluding remarks.

2. Spectral decomposition method of the multichannel πN and γN scattering amplitudes over the complete set of the asymptotic^{′′}in^{′′} or^{′′}out^{′′} states.

Consider the S-matrix element S_{α,β} and the scattering amplitude f_{α,β} for the α; β = 1, 2, 3, 4 ≡ πN, γN, ππN, γπN states S_{α,β} =< out; α|β; in >=< in; α|β; in > −(2π)^4iδ^{(4)}(P_α − P_β )f_{α,β} (2.1) where P_α ≡ (P^o_α , P_α) stands for the complete four-momentum of the asymptotic state α and f_{αβ} = − < out; ~α|j_a(0)|β; in > =< out; ~α| [ j_a(0), a^+_b (0) ] | ~β; in > +i ∫ d^4xe^{−ipbx} < out; ~α|T ( j_a(0)j_b(x) ) | ~β; in >, (2.2) a = π^′, γ^′; b = π, γ denotes the one particle pion or photon states extracted from the α^{′′}out^{′′} and β^{′′}in^{′′} states correspondingly α = ~α + a; β = ~β + b. (2.3) The four-momentum of the asymptotic one-particle states a or b is p_π = (√ m^2_π + p^2_π , p_π ) ≡ ( ω_π (p_π), p_π ) for pion with mass m_π or p_γ = ( |k_γ |, k_γ ) ≡ ( ω_γ (p_γ ), p_γ ) for photon with the observed (physical) mass m_γ = 0.

The expression (2.2) is defined through the meson and photon current operators j_π(x) = ( □_x + m^2_π ) Φ_π(x); J_{ηk}(x) = ϵ^μ_η (k)□_xA_μ(x), (2.4a) where ϵ^η_μ(k) = ( ϵ^0_μ(k),^{−→}ϵ_μ(k) ) denotes the polarization four-vector of photon with the four momentum k = (|k|, k). The current operators in Eq.(2.4a) is defined through the π meson Φ_π (x) and photon A_μ(x) Heisenberg field operators as a^+_{pπ} (x_0) = −i ∫ d^3xe^{−ipπ x ←→}∂_{xo} Φ_π(x), (2.4b) a^+_{kη}(x_0) = −iϵ^μ_η (k) ∫ d^3xe^{−ikx ←→}∂_{xo} A_μ(x). (2.4c) These operators transforms into meson and photon creation or annihilation operators in the asymptotic regions x_o → ±∞. Here and afterwards we use the definitions and normalization conditions from the Itzykson and Zuber’s book [3].

The S-matrix element S_{α,β} (2.1) and scattering amplitude f_{α,β} (2.2) consists of the connected S^c_{α,β}, f^c_{α,β} and disconnected S^d_{α,β}, f^d_{α,β} parts S_{α,β} = S^d_{α,β} + S^c_{α,β}; f_{α,β} = f^d_{α,β} + f^c_{α,β}; (2.5) where for the two-body and for the three-body channels we have S^d_{a+N} ′_{,b+N} =< in; a, N^′|b, N; in > (2.6a) S^d_{a+π}′_{+N} ′_{,b+N} = −(2π)^4iδ^{(4)}(P_{a+π}′_{+N} ′ − P_{b+N} )f^d_{a+π}′_{+N} ′_{,b+N} = −(2π)^4iδ^{(4)}(P_{a+π}′_{+N} ′ − P_{b+N} ) [ < in; N^′|N; in > f^1_{a+π}′_{,b}+ < in; π^′|b; in > f^2_{a+N} ′_{,N} ]

(2.6b) S^d_{a+π}′_{+N} ′_{,b+π+N} = −(2π)^4iδ^{(4)}(P_{a+π}′_{+N} ′ − P_{b+π+N} )f^d_{a+π}′_{+N} ′_{,b+π+N} =

< in; a, π^′, N^′|b, π, N; in > −(2π)^4iδ^{(4)}(P_{a+π}′_{+N} ′ − P_{b+π+N} ) [ < in; N^′|N; in > f^1_{a+π}′_{,b+π} + < in; π^′|b; in > f^2_{a+N} ′_{,π+N} + < in; π^′|π; in > f^3_{a+N} ′_{,b+N} ]

(2.6c)

Figure 1: The disconnected parts of the two-body S-matrix elements (2.6a) and three-body S-matrix

(2.6b), (2.6c) correspondingly in Fig.1A and Fig.1B, Fig.1C. The curled line relates to the a = γ^′ or π^′ and b = γ or π asymptotic states, the dashed line describes pion and the solid line stands for the nucleon. The shaded circle corresponds to the vertex function.

where f^i stands for the following connected amplitudes

f^1_{a+π}′_{,b} = − < out; π^′|j_a(0)|b; in >; f^2_{a+N} ′_{,N} = − < out; N^′|j_a(0)|N; in > (2.7a)

f^1_{a+π}′_{,b+π} = − < out; π^′|j_a(0)|b, π; in >; f^2_{a+N} ′_{,b+N} = − < out; N^′|j_a(0)|b, N; in > 2This condition is one of the axioms in the axiomatic quantum field theory. It can be argued by the following chain of transformations |p_A; in >= ∑ n^′ |n ′; out >< out; n^′|p_A; in >= ∑ p^′_A |p ′ A; out >< out; p_A|p^′_A; in >= |p_A; out >, where we have taken into account that the S matrix of the 1 → n^′ transition does not disappear only for the transition 1 → 1^′. Therefore < out; p^′_A|p_A; in >=< in; p^′_A|p_A; in >.

f^3_{a+N} ′_{,π+N} = − < out; N^′|j_a(0)|π, N; in > . (2.7b) The graphical representation of Eq. (2.6a,b,c) is given in Fig. 1. In the derivation of Eq. (2.6a,b,c) and Eq. (2.7a,b,c) we have used the one particle stability condition |A; in >≡ |p_A; in >= |p_A; out >^3and the condition < 0|j_a(0)|a; in >= 0. It must be noted, that S^d_{a+π}′_{+N} ′_{,b+N} = 0 due to the energy-momentum conservation rule and the asymptotic particle stability condition.

We shall find now the equations for the connected part of the scattering amplitude f^c_{α,β} (2.5). For this aim we insert the complete set of the asymptotic^{′′}in^{′′} states ∑ n |n; in >< in; n| = ^1 between the current operators in expression (2.2) and after integration over x we get

f_{αβ} = W_{αβ} + (2π)^3 4∑ γ=1 f_{αγ} δ^{(3)}(p_b + P~_β − P_γ ) ω_b(p_b) + P^o~_β − P^o_γ + iϵ F^∗_{βγ} (2.8a) where p^o_b = ω_b(p_b) is the energy of the incoming π meson or photon, W_{αβ} contains all contributions of the intermediate states of the β → α reaction except the s-channel γ = πN, γN, ππN, γπN exchange diagrams which are included in the second term of the equation (2.8a). W_{αβ} = − < out; ~α| [ j_a(0), a^+_b (0) ] | ~β; in >

+(2π)^3 ∑ n=N,3πN,... < out; ~α|j_a(0)|n; in > δ^{(3)}(p_b + P~_β − P_n) ω_b(p_b) + P^o~_β − P^o_n + iϵ < in; n|j_b(0)| ~β; in > (2.9a) +(2π)^3 ∑ n=N,πN,2πN,3πN,... < out; ~α|j_b(0)|n; in > δ^{(3)}(−p_b + P~_α − P_n) −ω_b(p_b) + P^o~_α − P^o_n < in; n|j_a(0)| ~β; in > . This term consist also from the disconnected and connected parts

W_{αβ} = W^c_{αβ} + W^d_{αβ} (2.9b)

The consistent procedure of extraction of the complete set of a connected terms for the three-dimensional expressions like (2.9a) is well known as cluster decomposition [37, 22]. In Appendix B this procedure is applied to the three-body potential (2.9a), where < out; ~α| are replaced by < in; ~α|. The explicit formula for the two-body b + N → a + N^′ potential are given in Appendix B by Eq.(B.4a)-(B.4h) which are depicted in Fig.2A-Fig.2H respectively. These diagrams have different chronological sequences of the absorption of the initial emission of the final particles. In particular, the s-channel diagram 2A corresponds to the chain of reactions, where firstly the initial nucleon and b = π or γ transforms into intermediate N^{′′}, 3π^{′′}N^{′′}, ... states which afterwards produces the final nucleon and a = π^′ or γ^′-particle states. On the diagram 2B at first the final N^′ and the intermediate states 2π^{′′}, 3π^{′′}, .. are generated from the initial bN states and next we obtain final a particle from the intermediate 2π^{′′}, 3π^{′′}, .. states. Unlike the diagram

2B, on the diagram 2C the intermediate 2π^{′′}, 3π^{′′}, .. states arise from the initial pion and afterwards these intermediate states generates the final aN^{′′} state together with the initial nucleon. In Fig. 2D we have first the creation of the final nucleon N^′ with the following absorption of the initial nucleon N. Therefore, in this, so called Z diagram [37], the antinucleon intermediate states are appearing. The combination of this Z diagrams with the corresponding nucleon exchange diagrams produces the one nucleon exchange Feynman diagram. Thus the numbers of the particle and antiparticle exchange diagrams in the time-ordered formulations coincides.

Figure 2: The simplest on-mass shell N, N , πN, 2π, 3π, ... exchange diagrams which are taken into

account in the second and the third term of effective potential (2.9a) for the binary reactions bN → aN^′. The intermediate 2π and 3π states can be replaced with the effective σ, ρ, ω, ... heavy meson states. All considered diagrams have the three-dimensional time-ordered form with the^{′′}dressed^{′′} renormalizable vertices. Therefore they differ from the Feynman diagrams.

The diagrams in Fig. 3 describe the effective potentials W^c_{αβ} (B.8a)-(B.h) for the reactions with the three-body final states a+π^′ +N^′. The remaining 8 diagram describing b + N → a + π^′ + N^′ reaction can be obtained from the diagrams in Fig. 3A - Fig.3H by transposition of the final π^′ to the other vertex function.

The pure three-body potential w^c_{αβ} of reaction b + π + N → a + π^′ + N^′ is determined by Eq.(B.12a)-(B.12h) and is depicted in Fig.4A - Fig.4H. The other 40 time-ordered

Figure 3: Same as in Fig.2, but for the b + N =⇒ a + π^′ + N^′ reaction. The next 8 diagrams have

the same form, but with π^′ emission from the first vertex function. In the s-channel diagram A the πN, ππN, γN, γπN intermediate states are excluded, because they are taken into account in the second, driving term of Eq.(2.8c) or Eq. (2.13).

diagrams for this reaction can be reproduced after crossing of the initial π, γ and π^′, γ^′- mesons.

The disconnected parts of the potential (2.9a) W^d_{αβ} together with the disconnected parts of the second term on the right hand of Eq.(2.8a) comprise the disconnected part of amplitudes (2.7a,b). For instance, if we compare the expressions with the noninteracting pion states in Eq.(2.7b) and in Eq.(2.8a), then we obtain < in; π^′|π; in > f^3_{a+N} ′_{,b+N} ≡ − < in; π^′|π; in >< out; p^′_N |j_a(0)|p_N p_b; in > =< in; π^′|π; in > { W^c_{a+N} ′_{,b+N} +(2π)^3 ∑ n=N^{′′} ,π^{′′}N^{′′},... f_{a+N} ′_{,n} δ^{(3)}(p_N + p_b − P_n) ω_b(p_b) + E_{pN} − P_n + iϵ F_{b+N,n}^∗ }

(2.8b) This means that the disconnected parts on the both side of relation (2.8a) constitute independent equations. Therefore one can separate the connected parts of amplitudes and effective potentials in Eq.(2.8a) as

Figure 4: The first 8 diagrams for the three-body bπN ⇐⇒ aπ^′N^′ reaction. The next 40 diagrams

corresponds to the other chronological sequence of absorption of π, γ and emission π^′, γ^′.

f^c_{αβ} = W^c_{αβ} + (2π)^3 4∑ γ=1 f^c_{αγ} δ^{(3)}(p_b + P~_β − P_γ ) ω_b(p_b) + P^o~_β − P^o_γ + iϵ F^{∗c}_{βγ} . (2.8c) Thus the disconnected and connected parts of the amplitudes (2.8a) and the effective potentials (2.9a) form an independent set of equations. On the other hand, it is well known, that the potential of a three-body Faddeev equation contains the sum of the disconnected parts and iteration of these disconnected parts contributes in the sought connected three-body amplitude. The same properties have also the effective potentials of the three-body Bethe-Salpeter equations [39, 40, 41] which are constructed in the framework of the graphical method [38]. In the considered S-matrix approach the effective potential consists the product of the two complete physical amplitudes and the last cut lemma of the graphical method does not work for this case. Therefore here the cluster decomposition method [37, 22] that separates analytically the connected and disconnected parts of amplitudes was used. As a result of this procedure the disconnected and connected parts of the amplitude (2.5) can be calculated independently from each other according to the Eq.(2.8b) and Eq.(2.8c). In other words, the contributions of the products of the disconnected amplitudes f^d_{αβ} (Fig.1) are already taken into account in w^c_{αβ} as it can be observed in Fig.3 and Fig.4. In particular, the combinations of the disconnected parts of amplitudes depicted in Fig.1B and Fig.1C constitute the connected term depicted in

Fig.3B and in Fig.4E with the one particle N^{′′} or π^{′′} intermediate states.

Eq. (2.8a) contains two type of transition amplitudes f_{αβ} (2.2) and F_{αβ} = − < in; ~α|j_a(0)|β; in > . (2.10) The later includes only^{′′}in^{′′} asymptotic states in contrary to f_{αβ}. In particular, for the two-body states α = 1^′, 2^′ ≡ π^′N^′, γ^′N^′ and an arbitrary initial β state, we have F_π′_N ′_{,β} = f_π′_N ′_{,β} = − < out; p^′_N |j_π′ (0)|β; in >; F_γ′_N ′_{,β} = f_γ′_N ′_{,β} = − < out; p^′_N |J_k′_η′ (0)|β; in >, (2.11a) because < out; p^′_N | =< in; p^′_N |, but F_{αβ} ≠ f_{αβ} (2.11b) for the three-body states α, β = 3, 4 ≡ ππN, γπN.

For F_{αβ} (2.10) we can derive similar to Eq.(2.2) relations

F_{αβ} =< in; ~α| [ j_a(0), a^+_b (0) ] | ~β; in > +i ∫ d^4xe^{−ipbx} < in; ~α|T ( j_a(0)j_b(x) ) | ~β; in >, (2.12) where after insertion of the completeness relation ∑ n |n; in >< in; n| = ^1 between the current operators in (2.12) and subsequent integration over x and separation of the connected parts, we get

F^c_{αβ} = w^c_{αβ} + (2π)^3 4∑ γ=1 F^c_{αγ} δ^{(3)}(p_b + P~_β − P_γ ) ω_b(p_b) + P^o~_β − P^o_γ + iϵ

F^c_{βγ}^∗, (2.13)

where w^c_{αβ} can be obtained from the W_{αβ} (2.6) after replacement < out; ~α| ⇐=< in; ~α|. From Eq.(2.12) one can derive also another type of relations between the F^c_{βγ} and f^c_{βγ} amplitudes. Substituting the complete set of the^{′′}out^{′′} states ∑ n; out >< out; n| = ^1 between the current operators in (2.12), we obtain

F^c_{αβ} = ~W^c_{αβ} + (2π)^3 4∑ γ=1 f^c_{γα}^∗ δ^{(3)}(p_b + P~_β − P_γ ) ω_b(p_b) + P^o~_β − P^o_γ + iϵ f^c_{γβ} , (2.14)

where ~W^c_{αβ} differs from w^c_{αβ} (2.6) by the intermediate^{′′}out^{′′} states.

Equations (2.8c) and (2.13), (2.14) represent the spectral decomposition formulas (or off shell unitarity conditions) for the three-body amplitudes in the standard quantum field theory. Such three-dimensional time-ordered relations are often considered in the textbooks in the quantum field theory [36, 3, 37] and in the nonrelativistic collision theory [1, 2] for the two-body reactions. Therefore, we will treat Eq. (2.8c) and Eq. (2.13), Eq. (2.14) as the three-body generalization of the field-theoretical spectral decomposition formulas (or off shell unitarity conditions) for the two-body amplitudes.

All of the above considered expressions are three-dimensional and time-ordered from the beginning, and the corresponding relativistic equations are often called as the equations of the ”old perturbation theory”. Equations (2.8c) and (2.13), (2.14) are formulated for the matrix representation of the physical (i.e. renormalized) current operators (2.4a) and their equal-time commutators with the Heisenberg field operators (2.4b,c). These expressions and the left hand sides of Eqs. (2.2), (2.8a) and (2.13) < out(in); ~α|j_a(0)|β; in > are Lorentz-invariant, but due to presence of the step functions θ(±x^o) in the time-ordered expression (2.2) the propagators of the considered equations (2.8a,b,c) and (2.9a) violated the manifestly Lorentz-covariance form of the considered equations. A time-ordered product is a Lorentz-covariant object, since a Lorentz-transformation cannot change the order of the operators in the time-ordered product and the resulting expressions for the S-matrix [13]. In order to restore of the manifestly Lorentz-covariance one can introduce the “covariant time”, i.e. instead of x_o and y_o in (2.2) one can use X_o = λ_μx^μ and Y_o = λ_μy^μ, where in the c.m. frame p_b +p~_β = 0 four-vector λ_μ is time-like unit vector λ_μ = (1, 0) and in an arbitrary system λ_μ = (p_b + p~_β )_μ/|(p_b + p~_β)|. Then in the c.m. system we obtain the expression(2.2) again and in any arbitrary system we will have the covariant propagator with ω_γ (k_γ ) ⇒ λ_μk_γ^μ, ω_π (p_π ) ⇒ λ_μp_π^μ and E_{pN} ⇒ λ_μp_N^μ etc. [16, 25]. This procedure restores the explicit form of Lorentz-invariance of the considered equations.

Unlike the two-body case, in the three-body formulation it is necessary to operate with the two kind amplitudes f_{γβ} (2.2) and F_{γβ} (2.10). The advantage of Eq. (2.13) is that it contains only F_{γβ} . Using the T -invariance and relations (2.11a), we see, that for the reactions with the two-body initial states β ≡ πN, γN f_{γβ} (2.2) and F_{γβ} (2.10) coincides.

The important part of the effective potential w^c_{αβ} is the equal-time commutator Y_{αβ} =< out; ~α| [ j_a(0), a^+_b (0) ] | ~β; in >_c . (2.15) The explicit form of this expression can be determined from the a priori given Lagrangian and equal-time commutations relation between the Heisenberg field operators. In the case of renormalized Lagrangian models or for nonrenormalizable simple phenomenological Lagrangians the equal-time commutators are easy to calculate [25]. In that case potential (2.15) consists of the off shell internal one particle exchange potentials (see Fig.5A, Fig.5C and Fig.5E) and of the contact (overlapping) terms (Fig.5B, Fig.5D and Fig.5F). This is the only part of Eq.(2.13) which contains explicitely the internal particle exchange diagrams, since other terms in the effective potential (2.9a,b) and in Eq.(2.13) consists of the matrix elements of the source operators of the external particle operators j_a(x), and j_b(x). In order to clarify the structure of the equal-time terms, we will consider Lagrangian of the linear σ model with the electromagnetic fields [3, 5, 37] L_I = −eψγ^μ 1 + τ_3 2 ψA_μ − g_π ψ[Φ_σ + iγ_5τ Φ_π ]ψ − ieA_μϵ^{3ij} Φ^i_π ∂_μΦ^j_π + e^2 2 A_μA^μΦ^2_π

− g^2_π(m^2_σ − m^2_π) 4m^2_N

(Φ^2_σ + Φ^2_π )^2 − g_π (m^2_σ − m^2_π) 2m_N Φ_σ (Φ^2_σ + Φ^2_π), (2.16) where Φ_σ is the auxiliary scalar field operator with mass m_σ and g_π is defined thought the pion decay constant f_π as g_π f_π = m_N .

The corresponding current operator and the equation of motion are ∂_ν ∂^ν A_μ = J_μ = −eψγ^μ 1 + τ_3 2 ψ − ieϵ^{3ij}Φ^i_π ∂_μΦ^j_π + e^2A_μΦ^2_π . (2.17a)

(∂_ν ∂^ν + m^2_π)Φ^i_π = j^i_π = −g_π ψiγ_5τ^iψ − 2ieA_μϵ^{3ij} ∂^μΦ^j_π + e∂^μA_μϵ^{3ij}Φ^j_π + e^2A_μA^μΦ^i_π − g^2_π (m^2_σ − m^2_π)

m^2_N

(Φ^2_σ + Φ^2_π )Φ^i_π − g_π (m^2_σ − m^2_π) m_N Φ_σ Φ^i_π . (2.17b)

Using Eq. (2.4b,c) and the equal-time commutation relation between the pion fields [ ∂_oΦ^i_π (x), Φ^j_π(y) ] δ(x_o − y_o) = −iδ^{ij}δ^{(4)}(x − y), for a = π^′ and b = π we get from Eq.(2.15) Y_{αβ} = 2ep^μ_π ϵ^{3ij} < out; ~α|A_μ(0)| ~β; in >_c + < out; ~α|e^2A_ν (0)A^ν (0) + e∂^μA_μ(0)| ~β; in >_c

− g^2_π(m^2_σ − m^2_π) m^2_N < out; ~α| ( [Φ^2_σ(0) + Φ^2_π (0)]δ^{ij} + 2Φ^j_π (0)Φ^i_π (0) ) | ~β; in >_c

− g_π (m^2_σ − m^2_π) m_N < out; ~α|Φ_σ (0)δ^{ij} | ~β; in >_c

≈ − g^2_π (m^2_σ − m^2_π) m^2_N < out; ~α| ( [Φ^2_σ(0) + Φ^2_π(0)]δ^{ij} + 2Φ^j_π (0)Φ^i_π (0) ) | ~β; in >_c

− g_π (m^2_σ − m^2_π) m_N δ^{ij} < out; ~α|j_σ(0)| ~β; in >_c (P~_α − P~_β )^2 − m^2_σ

(2.18a)

where ~α = N^′ or π^′N^′ or γ^′N^′; ~β = N or πN or γN and we have omitted terms with the intermediate photons.

The first term of Eq.(2.18a) corresponds to the contact (overlapping) potential which is depicted in Fig.5B, Fig.5D and Fig.5F. Second term describes the isoscalar σ-meson exchange interaction and it is given in Fig.5A, Fig.5C and Fig.5E. For the other kind equal-time commutators with b = π ( ~β = N or πN or γN) and a = γ^′ ( ~α = N^′ or π^′N^′) we have

Y_{αβ} = 2 [ −eϵ^{3ij} < out; ~α| ( i∂_μ−(p_π)_μ ) Φ^j_π (0)| ~β; in >_c +e^2 < out; ~α|A_μ(0)Φ^i_π (0)| ~β; in >_c ] ϵ^μ_η (k_γ )

= −2eϵ^{3ij}(P~_α−P_β )_μ < out; ~α|j^j_π (0)| ~β; in >_c (P~_α − P_β )^2 − m^2_π ϵ^μ_η (k_γ)+2e^2 < out; ~α|A_μ(0)Φ^i_π (0)| ~β; in >_c ϵ^μ_η (k_γ). (2.18b) For b = γ and a = π^′

Y_{αβ} = −2ieϵ^{3ij} < out; ~α|∂_μΦ^j_π(0)| ~β; in >_c ϵ^μ_η (k_γ )+2e^2 < out; ~α|A_μ(0)Φ^i_π (0)| ~β; in >_c ϵ^μ_η (k_γ ) = −2eϵ^{3ij}(P~_α−P~_β )_μ < out; ~α|j^j_π (0)| ~β; in >_c (P~_α − P~_β )^2 − m^2_π ϵ^μ_η (k_γ)+2e^2 < out; ~α|A_μ(0)Φ^i_π (0)| ~β; in >_c ϵ^μ_η (k_γ),

(2.18c)

Figure 5: The graphical representation of the equal-time commutators (2.15) in the effective potential

(2.9a). This term is depicted separately for the binary reactions A, B, for the reactions 2 =⇒ 3^′ C, D and for the three-body reactions 3 ⇐⇒ 3^′ E, F. Diagrams A, C, E correspond to one off-mass shell particle exchange interactions. The vertex functions between the (γ, π) and (γ^′, π^′) states are given in the lowest, tree approximation. Diagrams B, D, F describe the contact (overlapping) interaction which does not contain the intermediate hadron propagation between hadron states.

and finally for b = γ and a = γ^′

Y_{αβ} = e^2 < out; ~α|Φ_π(0)^2| ~β; in >_c ϵ_{μη′} (k^′_γ )ϵ^μ_η (k_γ ) (2.18d)

consists of a contact (overlapping) term only. If we replace Φ^2_π by a new type auxiliary scalar field σ^′, then expression (2.18d) transforms into one σ^′ scalar meson exchange diagram. Using more complete Lagrangian, one can obtain also heavy ρ, ω meson exchange diagrams [25, 24]. Moreover, in the Ref.[26, 25] the One Boson Exchange (OBE) Bonn model of NN interaction was exactly reproduced from the equal-time commutator. For the three-body asymptotic states equal-time commutators (2.15) produce more complicated contact terms (Fig. 5C, Fig.5D and Fig. 5E, Fig.5F) which can be treated as pure three-body forces. For these terms with the σ, ρ, ω, ... field operators it is necessary to use corresponding derivation of the spectral decomposition formulas like Eq.(2.13). Note, that for the two-body reactions equal-time commutators are determined by the one-variable vertex functions with two on mass shell particles. For the three-body reactions the equaltime commutators3.commutators are defined through the scattering amplitudes with three or four on-mass shell particles.

Thus starting from the Lagrangian of the well-known linear σ-model (2.16) we have obtained the one-particle exchange potentials (Fig. 5A, Fig. 5C and Fig. 5E) and contact (overlapping) terms. For the binary reactions these terms contribute in the potential of the considered equations. Unfortunately, the explicit expression of the one-variable vertices on Fig. 5A and Fig. 5B are not well determined. Using the model Lagrangians we can extract the coupling constants i.e.e we can obtain the threshold values of these vertex functions. For the γNN and γππ systems these vertices are determined from the experimental data. The πNN vertex functions can be constructed from the dispersion relations. Apart from this, we can determine the asymptotic behavior of these vertex functions based on the quark counting rules[42, 43] and dispersion relations [44, 45, 46, 47, 48] or on the Regge trajectories theory [50]. Another possibility to determine the equal-time commutators in the two-body reactions, using the inverse scattering method , is considered in Ref.[49].

Presently, there exist numerous phenomenological models of the NN, πN and γN reactions, where the pieces of Lagrangian (2.16) are used by construction of the effective potentials by the description of the corresponding reactions. Therefore in the framework of the considered formulation it seems possible to achieve a unified description of the coupled πN − γN − ππN − γπN reactions proceeding from the generalized Lagrangian (2.16) with the ρ, ω, ... degrees of freedom. On the other hand, the Lagrangian of the linear σ-model can be reproduced from a set of more complicated and complete QCD motivated Lagrangians. Thus the unified description of the coupled πN −γN −ππN −γπN reactions allows us to determine the form of the equivalent Lagrangians for the γπN interactions which are sufficient and necessary for a description of the experimental observables in the low and intermediate energy region.

In the quantum field theory with the quark-gluon degrees of freedom one can construct the hadron creation and annihilation operators as well as the Heisenberg field operators of hadrons from the quark-gluon fields in the framework of the Haag-Nishijima-Zimmermann [51, 52, 53, 54] treatment. In this case the form of the hadron quantum field operators is changed, but equations (2.8c), (2.13), (2.14) and (2.15) remain the same [25, 32, 30] and one can separate again the one off-mass shell meson exchange diagrams in Fig.5A, Fig.5C and Fig.5E [30]. The contribution of the overlapping (contact) terms in Fig.5B, Fig.5D and Fig.5F can be estimated using the pure quark-gluon exchange or overlapping (contact) terms.

3. The relativistic Lippmann-Schwinger type equations for the multichannel amplitude F_{αβ}

The Lippmann-Schwinger type equations for the multichannel scattering t-matrix T_{αβ}(E) with the Hermitian potential V = V^+ have the following form [1, 2]

T_{αβ}(E_β ) ≡< in; α|T (E_β)|β; in >= V_{αβ} + ∑ γ V_{αγ} 1 E_β − E_γ + iϵ T_{γβ}(E_β ) (3.1a)

= V_{αβ} + ∑ γ,γ^′ V_{αγ} < in; γ| 1 E_β − H + iϵ |γ^′; in > V_γ′_β , (3.1b) where < in; α| denotes the asymptotic α-channel wave function with the energy E_α and quantum numbers α, ∑ γ stands for the integration over the momenta and the summation over the quantum numbers of the complete set intermediate γ-channel states, H is the full Hamiltonian which has the complete set of the eigenfunctions H|Ψ_γ >= E_γ |Ψ_γ >; ∑ γ |Ψ_γ >< Ψ_γ | = ^1. Using the decomposition formula of the full Green function G(E) = 1/(E − H + iϵ) over the complete set of the functions |Ψ_γ > G(E) = ∑ γ |Ψ_γ >< Ψ_γ | E − E_γ + iϵ , (3.2)

equations (3.1a) and (3,1b) can be written as the quadratically nonlinear integral equations [1, 2]

T_{αβ}(E_β) = V_{αβ} + ∑ γ T_{αγ} 1 E_β − E_γ + iϵ T^∗_{βγ}, (3.3) where we have taken into account the relation T_{αβ}(E_β) =< in; α|V |Ψ_β >.

The three-dimensional equations (3.3) have the same form as equations (2.13). In spite of the great complexity of the nonlinear equations (3.3), they have very attractive properties, since they can be considered as the off shell generalization of the unitarity conditions [1] and, unlike the Lippmann-Schwinger type equations (see the book of Goldberger and Watson, ch.5, Eq. (88)-Eq.(100)), they are free from the difficulty of construction of the orthonormal set of the intermediate channel states. Therefore they may be considered as a basis of derivation of the special Lippmann-Schwinger type equations which have no inherent pathological properties. In the present formulation the nonlinear field-theoretical equations (2.13) are considered as the origin for a derivation of the linearized relativistic Lippmann-Schwinger type equations.

Unlike the nonrelativistic case, potential w^c_{αβ}, is not Hermitian due to the propagators of intermediate states. Nevertheless, in appendix A we show that quadratically nonlinear equations (2.10) are equivalent to the following Lippmann-Schwinger type equations

T_{αβ}(E_β ) = U_{αβ} (E_β) + 4∑ γ=1 U_{αγ} (E_β ) 1 ω_b(p_b) + P^o~_β − P^o_γ + iϵ

T_{γβ} (E_β), (3.4)

here P^o_β ≡ E_β = ω_b(p_b) + P^o~_β and for the sake of simplicity we have omitted the total three-momentum conservation δ function (2π)^3δ(P_β − P_γ ).

Figure 6: The graphical representation of Eq.(3.4) for the b+N =⇒ a+π^′ +N^′ reaction with a = π^′ or γ^′

and b = π or γ. The effective potential (3.5) of these equations is depicted as square and it is represented in Fig.3 and Fig. 5C, Fig. 5D.

The explicit form of the linear energy depending potential

U_{αβ}(E) = A_{αβ} + E B_{αβ} (3.5)

with Hermitian A and B A_{αβ} = A^∗_{βα}; B_{αβ} = B^∗_{βα}, (3.6) is defined in the Appendix B. U_{αβ}(E) is simply connected with the w^c_{αβ}-potential (B.4a)- (B.4h), (B.8a)-(B.8h) and (B.12a)-(B.12h)

U_{αβ}(E_α) = w^c_{αβ}. (3.7)

Therefore, for any field-theoretical potential w^c_{αβ} on can unambiguously construct U_{αβ}(E). The graphical form of the potential is depicted in Fig.2, Fig.3 and Fig.4 for the two-body α, β = 1, 2 = πN, γN and the three-body α, β = 3, 4 = ππN, γπN transition channels.

On energy shell solutions of the equations (2.10) and (3.4) coincide

T_{αβ}(E_β = E_α) = F^c_{αβ}|_{Eβ =Eα} (3.8) and in the half on energy shell region these amplitudes are simply connected

F^c_{αβ} ≡ − < in; ~α|j_a(0)|β; in >_{connected} = w^c_{αβ} + 4∑ γ=1 w^c_{αγ} 1 E_β − E_γ + iϵ T_{γβ}(E_β ). (3.9)

Equations (3.4) are our final equations for the multichannel πN ⇐⇒ γN ⇐⇒ ππN ⇐⇒ γπN scattering amplitudes, because their solution allows us to determine F^c_{αβ} (2.8c) that on energy shell coincides with the solution of Eq.(2.13), and in the off energy shell region F^c_{αβ} is determined through T_{γβ}(E_β ) according to Eq.(3.9). For construction of the complete 3 → 3^′ transition amplitude it is necessary to take into account the disconnected parts (Fig. 1C) and to use Eq.(2.14) or (2.8). Equation (3.4) have the form of the multichannel Lippmann-Schwinger equations with the connected potentials U_{αβ}(E) that are single-valued determined by the potentials of the initial field-theoretical equation (2.13) w^c_{αβ}. The structure of the system of relativistic equations (3.4) is more simple as the field-theoretical generalizations of the Faddeev equations, based on the Bethe-Salpeter equations [40, 41] or in the framework of the other relativistic three-dimensional formulations (see the list of the corresponding quotations in book[39]), because U_{αβ}(E) does not contain any disconnected parts and the complications, coming from double counting problems (i.e. from the iterations of the disconnected parts of the three-body potentials), does not take a part in this approach.^4

The essential difference between the nonrelativistic Lippmann-Schwinger equation [1, 2] their relativistic field-theoretical generalization (3.4) is the nonlinearity of the fieldtheoretical equations. The most famous nonlinearity was investigated in the nonlinear

4Instead of Eq.(2.13) we can consider the quadratically-nonlinear three-body equations for the sum of the connected and the disconnected parts of amplitudes

F_{αβ} = w_{αβ} + (2π)^3 4∑ γ=1 F_{αγ} δ^{(3)}(p_b + P~_β − P_γ )

ω_b(p_b) + P^o~_β − P^o_γ + iϵ

F_{βγ}^∗, (2.13^′)

where F_{αβ} = F^c_{αβ} + F^d_{αβ} denotes the complete β → α-transition amplitude and Eq.(2.13’) have the form of the off-shell unitarity conditions [1]. Equation (2.13’) can be considered also as the basis for the derivation of the field-theoretical generalizations of the Faddeev-type equations. For this aim we must derive Eq.(2.13’) from the Faddeev-type equations after rearrangement of the three body amplitude T_{α=3}′_{β=3}(E) over the auxiliary amplitudes T_{α=3}′_{β=3}(E) = ∑ i=1,3 T i 3^′3(E)+T 123 3^′ 3 (E) = T3^′3(E)+ T d 3^′3(E),

where T^d_{αβ}(E) denotes the disconnected part of amplitude and T^{123}_3′_3 (E) is introduced for the pure three-body interactions [1]. This means that we must construct the complete operator U_{αβ}(E) with the connected and the disconnected parts from w_3′_3. U_{αβ}(E) can contain only the three-body irreducible diagrams, i.e. diagrams which does not include the 1,2,3-particle exchange contributions in the s-channel. As result we will reproduce the Lippmann-Schwinger-type equations

T_{αβ}(E_β) = U_{αβ}(E_β) + ∑ γ U_{αγ} (E_β) 1 ω_b(p_b) + P^o~_β − P^o_γ + iϵ

T_{γβ} (E_β), (3.4^′)

The detailed investigation of this equation and their comparison with Eq.(3.4) we plane in the forthcoming papers.

Chew-Low equations [14, 21, 22, 23, 24, 25] for the πN scattering problem. It was demonstrated, that even the s-channel nonlinearity in Eq.(3.3) generates the infinite sum of the Castilleho-Dalitz-Dyson (CDD) poles [55] in the πN amplitude. Subsequently, the position of these poles was determined in the dispersion theory with the quark-gluon degrees of freedom [56] and in Ref.[23] one of the CDD poles was used to reproduce the Δ resonance. In the book of Goldberger and Watson [2] it was argued the uniqueness of the solution of nonlinear (3.3) and linear (3.1a) equations. The argumentation of such type assertion were given also in Ref.[57], where it was shown, that if the spectrum of the free Hamiltonian does not contain any compound or exited states, then the conditions of completeness and orthonormality of the wave functions, that are the solution of the Lippmann-Schwinger equations (3.1a), are compatible with the solution of the nonlinear Chew-Low equations without CDD poles i.e. solutions of linear Lippmann-Schwinger equations (3.4) and nonlinear equations (3.3) are identical. Also in Ref.[58] for the Chew-Low equations it was shown, that under special conditions imposed on the coupling constants and vertex functions the Chew-Low type equations have a unique solution.

From the explicit form of the w^c_{αβ}-potentials (B4a)-(B.4h), (B.8a)-(B.8h) and (B.12a)- (B.12h) and their graphical representation in Fig. 2, Fig.3, Fig.4 and Fig.5 we see, that besides the u-channel crossing terms in Fig.2E, Fig.3E and Fig.4E, the unknown amplitudes placed also in all other potential terms except the diagrams with the antinucleon exchange. Even the terms with π-meson intermediate states from the equal-time commutators in Fig.5C, Fig.5D, Fig.5E and Fig.4G generate the nonlinearity. In Ref.[24] it was shown, that also the potential in the Bethe-Salpeter equation contains the nonlinearity in the crossed u-channel diagram for the πN scattering reactions. One can show, that the other kind of nonlinearities, depicted in Fig.2, Fig.3, Fig.4 and Fig.5 arise in the Bethe- Salpeter equation too. The source of such type nonlinearities is the field-theoretical nature of the considered approaches, that originate the essential non-linear functional equations [13, 3], which are the base of the above integral equations. Therefore the problem of the role of these nonlinearities in the considered reactions is the important problem for the future investigations.

4. Δ degrees of freedom.

The relativistic field-theoretical equations (2.13) and (3.4) are the multichannel generalization of the equations for the elastic πN scattering from ref.[24, 25], where all of πN partial waves up to 300 MeV, including the resonance πN P 33 partial wave, were described. The effective πN potentials there was constructed from the one-variable phenomenological πN − N, σN − N, ρN − N and ρ − ππ vertex functions and corresponding simplest phenomenological Lagrangians. In the considered generalization of the Chew- Low model [20, 21, 22, 23] the contributions of the intermediate Δ resonance in the low-energy πN scattering reaction was reproduced without any additional assumptions.

Another way to taken into account the intermediate Δ-resonance effects is to introduce Δ-degrees of freedom, i. e. to construct the intermediate Δ-resonance in the same manner as the usual one-particle hadron states. Unfortunately, it is not possible to construct the representation of the Poincare group for the unstable states, because the asymptotic^{′′}out^{′′} or^{′′}in^{′′} states (i. e. the Fock space) is determined for the stable particles in the asymptotic region x_o → ±∞. Therefore, we will treat the Δ degrees of freedom as intermediate πN cluster state using the procedure of the separation of the Δ resonance poles from the intermediate πN Green functions in the P 33 partial states. In particular, following our previous papers [32, 35], we firstly separate the intermediate full πN Green functions in the matrix elements (2.2) for the transition between the ~α + a and ~β + b states. For instance the matrix element < out; ~α|j_a(0)θ(−x_o)j_b(x)| ~β; in > with the πN intermediate state can be transformed as ∑ πN < out; ~α|j_a(0)|p_π p_N ; in > δ(p_b + P~_β − p_π − p_N ) P~_β^o + ω_b(p_b) − ω(p_π ) − E_{pN} + io < in; p_πp_N |j_b(0)| ~β; in > = ∑ πN < out; ~α|j_a(0)|p_π p_N ; in >_{πN irreducable} G^{πN} ( E = P~_β^o + ω_b(p_b) ) < in; p_πp_N |j_b(0)| ~β; in >_{πN irreducable}, (4.1) where we have to distinguish the full πN wave function |Ψ^{πN} > and full πN Green function

G^{πN} (E, P) = ∫ d^3p_N d^3p_π (2π)^3 δ(P − p_N − p_π ) |Ψ^{πN}_{pN pπ} >< ~Ψ^{πN}_{pN pπ} | E − E_{pN} − ω_π (p_π) + io (4.2a) using the^{′′}πN irreducibe^{′′} matrix elements which does not contain the intermediate πN states < out; ~α|j_a(0)|p_π p_N ; in >= { < out; ~α|j_a(0) } πN irreducable|Ψ πN p_N p_π >; (4.3a) < p_π p_N |j_b(0)| ~β; in >=< ~Ψ^{πN}_{pN pπ} | { j_b(0)| ~β; in > } πN irreducable. (4.3b) The wave functions |Ψ^{πN} > are simply connected with the t-matrices T_{αβ}(E) (3.4)

T_π′_N ′_{;πN} (E_{πN} ) ≡ T_1′_1(E_1) = 4∑ γ=1 < p^′_N p^′_π |U_1′_γ (E_{πN} )|γ; in >< in; γ|Ψ^{πN}_{pN pπ} > . (4.4) where E_{πN} = E_{pN} + ω_π (p_π ).

According to Eq.(A.1) and normalization condition (A.5b) the wave function < in; β|Ψ^{α=1=πN} > satisfies the following equation of motion ( E_p′_N + ω_π (p^′_π) − E_{pN} − ω_π (p_π ) ) < in; p^′_N p^′_π |Ψ^{πN}_{pN pπ} >= 4∑ γ=1 < in; p^′_N p^′_π |U_1′_γ (E_{pN} + ω_π (p_π ))|γ; in >< in; γ|Ψ^{πN}_{pN pπ} > (4.5a) and the normalization condition < Ψ^{π′N ′} |(1 − B)|Ψ^{πN} >≡< ~Ψ^{π′N ′} |Ψ^{πN} >= δ^{π′ N ′,πN} . (4.6) Next we consider two kinds of extensions (or projections) the equation (2.5a) for the initial πN state energy in the complex region as E_{πN} = E_{pN} + ω_π (p_π) =⇒ E_{PΔ} (4.7a) and E_{πN} = E_{pN} + ω_π (p_π ) =⇒ E^o_{PΔ} + Σ_Δ(E_{PΔ} , P_Δ) (4.7b) where P_Δ = p_N + p_π , E^o_{PΔ} = √ M^o_Δ^2 + P^2_Δ and E_{PΔ} = √ M_Δ^2 + P^2_Δ are the energies of the bare and observed energies of Δ with the bare M^o_Δ and the Breit-Wigner (physical) mass M_Δ = m_Δ + iΓ_Δ/2 mass of Δ respectively, where m_Δ = 1232MeV and Γ_Δ = 120MeV are the observed mass and full width of Δ resonances, Σ_Δ(E, P_Δ) is the complex function of E which satisfies the conditions Re [ E − E^o_{PΔ} − Σ_Δ(E, P_Δ) ] E=E_{PΔ}

= 0 (4.8a) Im [ E − E^o_{PΔ} − Σ_Δ(E, P_Δ) ] E=E_{PΔ} ; P_Δ=0

= Γ_Δ/2 (4.8b) Using the extension (4.7a) we obtain the wave function of the on shell Δ |Ψ^{πN}_{pN pπ} >^{EπN →EPΔ}=⇒ |Ψ^Δ_{PΔ} > (4.9a) which obeys the equation ( E_N (p^′_N ) + ω_π (p^′_π ) − E_{PΔ} ) < in; p^′_N p^′_π|Ψ^Δ_{PΔ} >= 4∑ γ=1 < in; p^′_N p^′_π|U_1′_γ (E_{PΔ} )|γ; in >< in; γ|Ψ^Δ_{PΔ} > (4.5b) Similarly, the off shell projection of Eq.(4.5a) according to Eq.(4.7b) allows us to determine the explicit form of the wave function |Ψ^Δ_{PΔ} > |Ψ^{πN}_{pN pπ} >^{EπN →EoπN +ΣΔ (E,PΔ)} =⇒ |Ψ^Δ_{PΔ} (E) > . (4.9b) as the solution of the extended equation ( E − E^o_{PΔ} − Σ_Δ(E, P_Δ) ) < in; p^′_N p^′_π|Ψ^Δ_{PΔ} (E) >= 4∑ γ=1 < in; p^′_N p^′_π|U_1′_γ ( E^o_{PΔ} + Σ_Δ(E, P_Δ) ) |γ; in >< in; γ|Ψ^Δ_{PΔ} (E) > . (4.5c)

Now one can pick out the Δ resonance part from the fully πN Green function (4.2a) using the determination of the resonances as poles on the complex πN energy sheet. For this aim it is enough to separate the contribution of the Δ resonance singularity at E_{PΔ} (4.7a) or at E^o_{πN} +Σ_Δ(E, P_Δ) (4.7b) in the integral (4.2a). The residue of this pole consists of the product of the two πN − Δ wave functions which are analytically continued with the πN wave function (4.5a) according to projections (4.7a) or (4.9b). Thus from the Eq.(4.2a) we obtain

G^{πN} (E, P) = ∫ d^3P_Δ(2π)^3 δ(P − P_Δ) ∑ Δ |Ψ^Δ_{PΔ} >< ~Ψ^Δ_{PΔ} | E − E_{PΔ} + nonresonant part. (4.2b) and

G^{πN} (E, P) = ∫ d^3P_Δ(2π)^3 δ(P − P_Δ) ∑ Δ |Ψ^Δ_{PΔ} (E) >< ~Ψ^Δ_{PΔ} (E)| E − E^o_{PΔ} − Σ_Δ(E, P_Δ) + nonresonant part. (4.2c) The essential feature of the different representation of the πN Green function (4.2b) and (4.2c) is that they differently take into account Δ degrees of freedom in the intermediate states. For instance, the general formula (4.1) for the s-channel b + ~β → a + ~α transitions, after replacement of the fully πN Green function (4.2a) with their resonance part (4.2b), takes the form ∑ Δ < out; ~α|j_a(0)|Ψ^Δ_{PΔ} >_{πN irreducable} δ(p_b + P~_β − P_Δ) P~_β^o + ω_b(p_b) − E_{PΔ} < ~Ψ^Δ_{PΔ} |j_b(0)| ~β; in >_{πN irreducable} (4.10a) and from Eq.(4.2c) we obtain ∑ Δ < out; ~α|j_a(0)|Ψ^Δ_{PΔ} ( P^o~_β + ω_b(p_b) ) >_{πN irreducable} δ(p_b + P~_β − P_Δ)

P~_β^o + ω_b(p_b) − E^o_{PΔ} − Σ_Δ ( P^o~_β + ω_b(p_b), P_Δ

) < ~Ψ^Δ_{PΔ} ( P^o~_β +ω_b(p_b) ) |j_b(0)| ~β; in >_{πN irreducible} . (4.10b) In the both expressions (4.10a) and (4.10b) we have neglected the nonresonant part of the P_{33} πN partial wave contributions.

In Eq.(4.10a) intermediate Δ propagators can be considered as on shell propagators, because only the Breit-Wigner mass and width are taken into account in the energy of Δ. The more general expression (4.10b) includes the renormalization effects in the mass operator Σ_Δ(E, P_Δ) which satisfies the conditions (4.8a,b). The explicit form of Σ_Δ(E, P_Δ) depends on the model of interaction of the ingredient quark-gluon and pionnucleon fields. An overview of these models is out of the scope of the present paper.

In order to demonstrate the suggested recipe of the construction of the intermediate Δ propagators we consider the separable model for the πN potential V and t-matrix for the P 33 partial wave in the c.m. frame p_N = −p_π = p V (p^′, p) = λg(p^′)g(p); t(p^′, p, E) = λg(p^′)g(p) D(E) ; (4.11a)

D(E) = λ ∫ |g(p)|^2p^2dp E + iϵ − E_{pN} − ω_π (p) , (4.11b) where the t-matrix satisfies the usual Lippmann-Schwinger equation which is valid also for the πN wave function

< p^′|Ψ_p >= δ(p^′ − p) p^′p + ∫ V (p^′, q)q^2dq E_{pN} + ω_π (p) + iϵ − E_{qN} − ω_π (q) < q|Ψ_p > (4.12a) and has the following solution < p^′|Ψ_p >= δ(p^′ − p) p^′p + λ g(p^′)g(p) D ( E_{pN} + ω_π(p) ) . (4.12b) Using the procedure (4.7a,b) we get |Ψ^{πN}_{pN pπ} >^{EπN →MΔ}=⇒ |Ψ^Δ >= λ g(p^′)g(M_Δ) D(M_Δ )

(4.13a)

|Ψ^{πN}_{pN pπ} >^{EπN →M oΔ+ΣΔ (E)} =⇒ |Ψ^Δ ( M^o_Δ + Σ_Δ(E) ) >= λ g(p^′)g(M^o_Δ + Σ_Δ(E)) D ( M^o_Δ + Σ_Δ(E) ) (4.13b) and instead of (4.11a) we obtain t(p^′, p; E) ≃< p^′| [ V + ∑ Δ V |Ψ_Δ > 1 E − E_Δ < Ψ_Δ|V ] |p >

= λg(p^′)g(p) + λ^2 g(p^′)g(p)|g(M_Δ)|^2 |D(M_Δ )|^2 1 E − M_Δ , (4.14a) or

t(p^′, p, E) ≃ λg(p^′)g(p) + λ^2 g(p^′)g(p)|g(M^o_Δ + Σ_Δ(E))|^2 |D(M^o_Δ + Σ_Δ(E))|^2 1 E − M^o_Δ − Σ_Δ(E) , (4.14b) Comparing (4.14a) with (4.14b) we see that they have sufficiently different form. The advantage of the representations (4.14a) and (4.14b) is that in these expressions the propagation of the intermediate Δ is taken into account exactly. In addition it is important to note, that the g(p) and D(E) functions can be constructed directly from the πN phase shifts [39]. In the Section 6 we will consider the restrictions which generates the unitarity condition for the Σ_Δ(E).

5. Three-body equation with the Δ degrees of freedom

The main result of the previous section is the recipe of construction the amplitudes sandwiched by the Δ resonance states. In particular, for the amplitude of the reaction π + N → π^′ + N^′ + γ^′, according to Eq.(3.9) and Eq.(4.5a), we get

F^c_4′_{,1} ≡ F^c_γ′_π′_N ′_{;πN} ≡ − < in; p^′_N p^′_π|J_μ(0)|p_N p_π; in >_{connected} = 4∑ σ=1 w^c_γ′_π′_N ′_{,σ} < in; σ|Ψ^{πN}_{pN pπ} > . (5.1) In virtue of the extensions (4.9a,b) and Eq.(4.5b,c) we can obtain following expressions for the Δ ⇐⇒ γ^′π^′N^′ transition amplitudes with on shell Δ

F^c_γ′_π′_N ′_{;Δ} = − < in; p^′_N p^′_π|J_μ(0)|Ψ^Δ_{PΔ} >= 4∑ σ=1 w^c_γ′_π′_N ′_{,σ} < in; σ|Ψ^Δ_{PΔ} >, (5.2a)

and for off shell Δ

F^c_γ′_π′_N ′_{;Δ}(E) = − < in; p^′_N p^′_π|J_μ(0)|Ψ^Δ_{PΔ} (E) >= 4∑ σ=1 w^c_γ′_π′_N ′_{,σ} < in; σ|Ψ^Δ_{PΔ} (E) >, (5.2b)

where instead of the two three-momenta p_N and p_π in Eq.(5.1) we have only one three momentum P_Δ = p_N + p_π , since the extensions (4.9a,b) imply the following transformations:

1. Projection of the P 33 partial wave states which remove the dependence on the relative πN angles in Eq.(5.1).

2. Replacement of the relative πN momenta by the expression p^2 = ( (s − (m^2_N −

m^2_π)(s − (m^2_N + m^2_π) ) /4s, where s = (m_Δ + iΓ_Δ/2)^2 or s = [ M^o_Δ + Σ_Δ(E, P_Δ = 0)

]_2

. in the c.m. frame of the πN system. It is convenient to suppose that the s variables in the above extensions (4.7a,b) are real

s = (m_Δ + iΓ_Δ/2)(m_Δ + iΓ_Δ/2)^∗ = m^2_Δ +

Γ^2_Δ 4 (5.3a) s = [ M^o_Δ + Σ_Δ(E, P_Δ = 0) ][ M^o_Δ + Σ_Δ(E, P_Δ = 0) ]_∗ (5.3b) The advantage of the projection procedure with the real variables (5.3a,b) is that the u, u, s and other channel parts of the potentials U_{αβ} (3.4) or w^c_{αβ} (2.13) do not transform into complex potentials after this type projection and there will not appear the nonphysical contribute in the unitarity condition.

From the Δ → γ^′π^′N^′ transition amplitudes (5.2a) and (5.2b) we can construct the Δ → γ^′Δ^′ transition amplitude

F_Δ′_γ′_{,Δ} = −lim_{Eπ′N ′ →EP′ Δ} < in; p^′_N p^′_π |J_μ(0)|Ψ^Δ_{PΔ} >= lim_{Eπ′N ′ →EP′ Δ} 4∑ σ=1 w^c_γ′_π′_N ′_{,σ} < in; σ|Ψ^Δ_{PΔ} > (5.4a) F_Δ′_γ′_{,Δ}(E^′, E) = −lim_{Eπ′N ′ →}(_{EoP′} Δ +Σ_Δ (E^′,P^′_Δ)

) < in; p^′_N p^′_π |J_μ(0)|Ψ^Δ_{PΔ} (E) >

= lim_{Eπ′N ′ →}(_{EoP′} Δ +Σ_Δ (E^′,P^′_Δ)

)^4 ∑ σ=1 w^c_γ′_π′_N ′_{,σ} < in; σ|Ψ^Δ_{PΔ} (E) >, (5.4b)

where also the projection on the P 33 partial wave states is assumed.

Expression (5.4a) depends only on the two four momenta P_Δ = ( E_{PΔ} , P_Δ ) and P^′_Δ = ( E_P′_Δ , P^′_Δ ) and in expressions (5.3b) there are also only two independent variables P_Δ = ( E^o_{PΔ} + Σ_Δ(E, P_Δ), P_Δ ) and P^′_Δ = ( E^o_P′_Δ + Σ_Δ(E^′, P^′_Δ), P^′_Δ ) . From Eq.(5.4a,b) we see, that there exists two ways of construction of the Δ^′ − γΔ vertex functions: the projection of the π^′N^′ − γπN transition matrix or the projection of the corresponding multichannel equation (3.4).

The functions F_Δ′_γ′_{,Δ} (5.4a) and F_Δ′_γ′_{,Δ}(E^′, E) (5.4b) can be treated as the covariant vertex functions with two on mass shell particles which have masses s and spin 3/2. Therefore we can use the representation of the Δ^′γ^′ − Δ vertices [59]

F_Δ′_γ′_{,Δ}(P^′_Δ, P_Δ) = u^σ(s^′, P^′_Δ)V_{σμρ}(P^′_Δ, P_Δ)u^ρ(s, P_Δ) (5.5a)

V_{σμρ}(P^′_Δ, P_Δ) = g_{ρσ} [ F_1(Q^2)γ_μ +

F_2(Q^2) 2M_Δ R_μ ] + Q_σQ_ρ [F_3(Q^2) M^2_Δ γ_μ +

F_4(Q^2) 2M^3_Δ R_μ ] , (5.5b) where g_{ρσ} is the metric tensor, u^ρ(s, P_Δ) denotes the spinor for the spin 3/2 particle with mass s, Q = P^′_Δ − P_Δ and R = P^′_Δ + P_Δ. The form factors F_i(Q^2) are simply connected with the charge monopole G_{C0}(Q^2), the magnetic dipole G_{M 1}(Q^2), the electric quadrupole G_{E2}(Q^2) and the magnetic octupole G_{M 3}(Q^2) form factors of the Δ resonance. The threshold values of these formfactors are determined by the physical constants. For instance G_{C0}(0) = e stands for the electric charge and G_{M 1}(0) = μ_Δ can be used for the determination of the magnetic moment of Δ.

The relativistic field-theoretical construction of the Δ − γ^′Δ^′ vertex function is significant by definition of the magnetic moment of Δ. In particular, if we use the quantummechanical definition of μ_Δ through the space components of the photon current operator sandwiched by the Δ wave functions |Ψ_Δ > [61], then we obtain the complex magnitude for μ_Δ. Moreover, if we calculate the magnetic moment of the nucleon in the framework of this quantum-mechanical method, where we treat nucleon as the πN cluster state for the P 11 partial wave, then the resulting effective μ_N will be complex too.

We emphasize that the considered field-theoretical definition of μ_Δ through the vertex function F_Δ′_γ′_{,Δ}(P^′_Δ, P_Δ) (5.5a) is analogue to the accepted definition of the magnetic moment of nucleon [14, 36, 3, 5]. In particular, if we include the s-channel onenucleon exchange diagram in the second term of Eq.(2.8c) and Eq.(2.13) (i.e. we take five intermediate states σ = N, 1, 2, 3, 4 instead of four s-channel terms), then we obtain the analog to Δ^′ − γΔ vertex function F_N ′_γ′_{,N} (P^′_N , P_N ) = − < p^′|J_μ(0)|p > and F_N ′_γ′_{,N} (P^′_N , P_N ) = ∑ σ^′ =N^{′′},σ w c N^′γ^′ ,σ^′ < in; σ ′|Ψ^N_{PN} >. Therefore, the other important difference between considered and quantum-mechanical [61] definitions of the Δ magnetic moment is that in the considered definition are included the contributions of the intermediate pion and nucleon magnetic momenta.

Certainly, in the considered formulation the ambiguity by determination of the explicit form of the intermediate Δ propagators in Eq.(4.2b) and in Eq.(4.2c) according to the off shell extensions (4.7a,b) arises. For instance, we can take E_{PΔ} = √ m^2_Δ + P^2_Δ + iΓ_Δ/2 for

the on shell Δ and for the off shell Δ we can choose E_{PΔ} = √( M^o_Δ + iΣ_Δ(E, P_Δ)/2

)_2

+ P^2_Δ.

In Ref.[12] it was demonstrated, that the sufficient different values for the coupling constants and cut-off parameters are necessary to use for the description of the πN phase shifts up to 360 MeV pion Laboratory energy in the framework of the Bethe-Salpeter equations with the different form of the Δ propagators. The strong sensitivity of the description of the γp − γp, γp − π^op and γp − γπ^op reaction on the choice of the form of the intermediate Δ propagator was shown also in our previous paper [35], where the calculations were performed in the Born approximation of the analogous to that considered here a three-dimensional field-theoretical equations. One can hope, that the unified description of the multichannel γp − πN − ππN − γπN processes allows us to determine the form of Δ propagator.

Finally in this section we consider the representation of equation (3.4) in the framework of the isobar model, where instead of the intermediate πN and multimeson states we will take Δ and heavy meson h = σ, ρ, ω, .. states. This means, that the ππN states are replaced by Δ + π and N + h nucleon and heavy meson states. As the initial states we have β = 1, 2 ≡ πN, γp states.

T_{αβ}(E_β ) = U_{αβ} (E_β) + ∑ Λ=Δ^{′′} ,π^{′′}Δ^{′′} ,h^{′′} N^{′′} U_{αΛ}(E_β ) 1 E_β − E_Λ(E_β )

T_{Λβ} (E_β ), (5.6)

where we omitted intermediate states γN and γπN with photon, because they are of higher order in e^2. E_Λ(E_β) denotes the full energy of the intermediate Λ cluster states

E_Λ(E_β) =

E^o_P′′_Δ + Σ_Δ(E_β , P^{′′}_Δ) if Λ = Δ^{′′} ω_π (p^{′′}_π) + E^o_P′′_Δ + Σ_Δ(E_β , P^{′′}_Δ) if Λ = π^{′′} + Δ^{′′} E_P′′_N + E^o_P′′_h + Σ_h(E_β, P^{′′}_h) if Λ = h^{′′} + N^{′′} (h = σ, ρ, ω, ...)

(5.7)

Now in order to derive the two-body equation for the T_{Λβ} (4.6) transition amplitudes between the β = πN, γN and Λ = Δ, πΔ, h + N states, we will use again the projection procedure (4.7a,b) of the resonances Δ^′ and h^′ from the π^′N^′ and π^′π^′ final states. Then α = 1^′, 2^′, 3^′, 4^′ ≡ π^′N^′, γ^′N^′, π^′π^′N^′, γ^′π^′N^′ states will be replaced by

α = 1^′ ≡ π^′N^′ =⇒ Δ^′; α = 3^′ ≡ π^′π^′N^′ =⇒ { π^′Δ^′; h^′N^′ } ; α = 4^′ ≡ γ^′π^′N^′ =⇒ γ^′Δ^′. (5.8) and we get

T_{ℵβ} (E_β) = U_{ℵβ}(E_β ) + ∑ Λ=Δ^{′′} ,π^{′′} Δ^{′′} ,h^{′′}N^{′′} U_{ℵΛ}(E_β ) 1 E_β − E_Λ(E_β )

T_{Λβ} (E_β ), (5.9)

where ℵ = Δ^′, γ^′N^′, π^′Δ^′, h^′N^′, γ^′Δ^′ = Λ^′, γ^′N^′, γ^′Δ^′.

Figure 7: The graphical representation of Eq.(5.9) for the b + N =⇒ a + Δ^′ transition amplitude with

the Δ, πΔ, hΔ intermediate states.

Substituting the solution of the two-body equations (5.9) in Eq.(5.6), we obtain the transition amplitudes into the three-body final states α = π^′π^′N^′, γ^′π^′N^′. Note, that one can obtain similar to Eq.(5.9) equation for F^c_γ′_π′_N ′_{;Δ} = − < in; p^′_N p^′_π|J_μ(0)|Ψ^Δ_{PΔ} >=⇒ F^c_γ′_Δ′_{;Δ} = − < P_Δ|J_μ(0)|Ψ^Δ_{PΔ} > from the quadratically-nonlinear, spectral decomposition formula (2.13)

F_{ℵβ} = w_{ℵβ} + ∑ Λ=Δ^{′′} ,π^{′′}Δ^{′′} ,h^{′′}N^{′′} F_{ℵΛ} 1 E_β − E_Λ(E_β)

F^∗_{βΛ} (5.10)

which allows us to operate with the Δ → γ^′Δ^′ vertex function.

The structure of the two-body equations (5.9) is illustrated in Fig.7. At first sight these equation have the same form as the relativistic equation derived from the Bethe- Salpeter equation in the framework of the Aaron, Amado and Young (AAY) model with the two-body separable amplitudes [60, 39]. However in our approach only the Green functions (4.2a,b,c) have the separable form due to the resonance pole. The effective potential U_{ℵΛ}(E) consists of the sum of all connected diagrams (depicted in Fig.2, Fig.3, Fig.4 and Fig.5), that are continued at the resonance poles. After these continuations, U_{ℵλ}(E_β ) with three-body states λ = πN, ππN transforms into two-body form. Thus in Eq.(5.9) the two-body potential U_{ℵλ}(E_β) is constructed from the three particle potential U_{αβ}(E_β ) after the projection procedure (4.7a,b) to the resonance pole position.

6. Unitarity and gauge invariance

A. Unitarity

The three-dimensional quantum field-theoretical equations (2.13) have the form of generalized unitarity conditions. Therefore for these multi-channel equations the unitarity condition is fulfilled automatically. Moreover, the equivalent linearized equations (3.4) with the potential U_{αβ}(E) satisfies the unitarity condition also in the off energy shell region (E = E_β ). However the unitarity condition for the two-body equations (5.6), (5.9) and (5.10) with the complex propagators for the intermediate resonance states need a special consideration. For this aim it is convenient to rewrite Eq.(3.4) in the form

T_{αβ}(E) = U_{αβ} (E) + ∑ γ=π^{′′} N^{′′},π^{′′} π^{′′}N^{′′} T_{αγ} (E) 1 E − P^o_γ + iϵ T_{βγ} (E)^∗, (6.1)

which using the same approximation as by derivation of Eq.(5.6), takes the form T_{αβ}(E) ≈ U_{αβ}(E) + ∑ Λ=Δ^{′′} ,π^{′′}Δ^{′′} ,h^{′′} N^{′′} T_{αΛ}(E) 1 E − E_Λ(E)

T_{βΛ}(E)^∗ (6.2)

From Eq.(6.1) and (6.2) we can obtain the following condition for the E_Λ(E) T_{αβ}(E) − T_{βα}(E)^∗ = −2πi ∑ γ=π^{′′} N^{′′},π^{′′}π^{′′} N^{′′} T_{αγ} (E)δ ( E − P^o_γ ) T_{βγ} (E)^∗ (6.3a)

≈ ∑ Λ=Δ^{′′} ,π^{′′} Δ^{′′},h^{′′} N^{′′} T_{αΛ}(E) [ 1 E − E_Λ(E) − 1 E − E_Λ(E)^∗ ] T_{βΛ}(E)^∗. (6.3b)

≈ ∑ Λ=Δ,πΔ,hN ∑ Λ^′ =Δ^′ ,π^′Δ^′ ,h^′N^′

T_{αΛ}(E) [ 1 E − E_Λ(E)

N_{ΛΛ}′ (E) 1 E − E_Λ′ (E)^∗ ] T_{βΛ}′ (E)^∗. (6.3c)

where

N_{ΛΛ}′ (E) = −2πi ∑ γ=π^{′′} N^{′′},π^{′′}π^{′′} N^{′′} T_{γΛ}(E)^∗δ ( E − P^o_γ ) T_{γΛ}′ (E) (6.3d)

Equations (6.3c) and (6.3d) provides an simple relations for the intermediate cluster propagators

δ_{ΛΛ}′ [ 1 E − E_Λ(E) − 1 E − E_Λ(E)^∗ ] ≈ 1 E − E_Λ(E)

N_{ΛΛ}′ (E) 1 E − E_Λ′ (E)^∗ (6.3e) which looks like the “unitarity condition” for the propagators of the intermediate resonances. Unfortunately the validity of the condition (6.3e) is not enough for the validity of the unitarity condition (6.3a) for the observed amplitudes T_{αβ} (E). In particular, after comparison of Eq.(6.3a) and Eq.(6.3b) we see that Eq.(6.3a) is given in the half on energy shell region due to the δ ( E − P^o_γ ) function. Contrary to this in Eq.(6.3b) the intermediate states are depending on E. This means, that the unitarity condition (6.3a) can be approximately valid only for the resonance energies E = E^R_Δ′′ = √ m^2_Δ + P^{′′2}_Δ, E = E^R_π′′_Δ′′ ≡ ω_π (p^{′′}) + √ m^2_Δ + P^{′′2}_Δ and E = E^R_h′′_N ′′ ≡ E_p′′_N + √ m^2_h + P^{′′2}_h (see restrictions (4.8a,b)) and in the neighbor area of these resonance energies.

For instance, from the (6.3b) we can obtain the following formula T_{αβ} (E) − T_{βα}(E)^∗ ≈ −2πi ∑ Λ=Δ^{′′} ,π^{′′} Δ^{′′},h^{′′} N^{′′} T_{αΛ}(E)δ(E − E^R_Λ )T_{βΛ}(E)^∗ (6.4)

if Σ_Δ and Σ_h in Eq.(5.7) tend to zero as lim_{E→E}R Σ_Δ(E, P^{′′}_Δ) ⇒ iϵ and lim_{E→E}R Σ_h(E, P^{′′}_h) ⇒ iϵ (6.5) . Thus, the unitarity condition (6.4) with the resonance amplitudes T_{αΛ}(E) have the approximate form even in the resonance energy region E ≈ E_r in spite of the conditions (4.8a,b). According to Eq.(6.5), the approximation of the amplitudes or Green functions (4.2b) by the resonance part only has an acceptable accuracy for narrow resonances, or if Γ_r/E_r ≪ 1.

Unitarity condition (6.4) with the intermediate resonance states can be improved if one takes into account the nonresonant contributions to the resonant πN and ππ interactions as it was done in Ref..[12], where the contributions of the nonresonant Feynman diagrams for the πN P 33 partial waves was investigated. Also in Ref..[62] the resonant (Δ) and nonresonant parts of the πN interactions was separated proceeding from the effective three-dimensional Hamiltonian method and the corresponding Lippmann-Schwinger and Dyson equations were solved in the framework of the separable potential model. In the nonrelativistic approach the multichannel equations with the intermediate resonance and nonresonance parts and the explicit form of the corresponding unitarity conditions were considered in book of Bohr and Mottelson.[63].

B. Gauge invariance

The choice of the Coulomb gauge ∇^iA^c_i (x) = 0 for the considered three-dimensional time-ordered formulation allows us to exclude the non-physical degrees of freedom of photons. In this way it is easy to achieve current conservation and gauge invariance for Eq.(2.13) and (3.4) even for truncated intermediate states.

According to the book of Bjorken and Drell [36], in order to redefine the above equations in the Coulomb gauge one must first redefine the reduction formula for the S-matrix using transversal quantization rules, transversal photon fields, transversal source operators etc. In particular, the transversal photon current operator in Eq.(2.2) and (2.4a) can be constructed from the initial four-dimensional current operator as

J_{μ=i=1,2,3}(x) =⇒ J^{tr}_i (x) = J_i(x) − ∇_i∂_o ∇^2 J_o(x). (6.6a) The conservation of the transverse current ∇^iJ^{tr}_i (x) = 0 follows from the conservation of the four-dimensional current ∂^μJ_μ(x) = 0. In the same manner one can construct the photon field operator in the Coulomb gauge A^c_i (x) from the photon field operator A_μ(x) in the Lorentz gauge ∂^μA_μ = 0

A_μ(x) =⇒ A^c_{i=1,2,3}(x) = A_i(x) − ∇_i∂_o ∇^2 A_o(x), (6.6b) where the time component of A_μ is determined through J_o from the equation of motion ∂_ν ∂^ν A_o(x) = J_o(x) and instead of the Eq.(2.4a) we have ∂^ν ∂_ν A^c_i (x) = J^{tr}_i (x). The quantization rules of the photon field operators in the Coulomb gauge are [36] [ ∂_{xo} A^c_i (x), A^c_j (y) ] x_o =y_o = −iδ tr ij (x − y) (6.6c)

where δ^{tr}_{ij} (x) = (δ_{ij} − ∇_i∇_j/∇^2)δ(x).

The redefined photon current operator (6.6a) and the quantization rules (6.6c) allow us to rewrite the S-matrix reduction formulas and corresponding equations (2.1) and (2.2) with the J^{tr}_i (x) and equal-time commutators between the photon field operators in the Coulomb gauge [36]. The form of the three-dimensional time-ordered equations (2.13) or (3.4) with the fields in the Coulomb gauge remains the same. Now one can demonstrate the validity of the current conservation condition and invariance under the gauge transformation of the photon field operator

A^c_i (x) = A^c_i (x) + ∇_iΛ(x) or A^′_μ(x) = A_μ(x) + ∂_μΛ(x) (6.7a)

or similarly, invariance under the gauge transformation of photon polarization vector

ϵ^η_i^′(k) = ϵ^η_i (k) + λk_i or ϵ^η_μ^′(k) = ϵ^η_μ(k) + λk_μ (6.7b)

for an arbitrary Λ(x) and λ. In particular, due to three-momentum conservation at every vertex function in the considered approximation, one can show, that every transition matrix < n|J^{tr}_μ (0)|m > with arbitrary n and m in(out) states in the effective potential or in the amplitude of Eq.(2.13) or Eq.(3.4) satisfies the current conservation condition

0 =< n|i∇^j J^{tr}_j (0)|m >= (P_N − P_m)^j < n|J^{tr}_j (0)|m >= k^j_γ < n|J^{tr}_j (0)|m > (6.8) where according to (6.6a) < n|J^{tr}_i (0)|m >=< n|J_i(0)|m > − ( P_n − P_m ) i(P^o_n − P^o_m) ( P_n − P_m )_2 < n|Jo(0)|m > . (6.9)

Thus the three-momentum conservation condition in Eq.(2.13) or Eq.(3.4) allows us to reduce the action of k^i_γ to the action of i∇^i on the photon current operator J^{tr}_i (0) for the every term of Eq.(2.13) or (3.4). For example, for the second u-channel term in Eq.(2.9a) with a = γ^′ and b = γ in virtue of Eq.(6.8) we have

k^j_γ ∑ n=N,πN,... < out; ~α|J^{tr}_i (0)|n; in > δ^{(3)}(−k_γ + P~_α − P_n) −|k_γ | + P^o~_α − P^o_n < in; n|J^{tr}_j (0)| ~β; in >

= ∑ n=N,πN... < out; ~α|J^{tr}_i (0)|n; in > δ^{(3)}(−k_γ + P~_α − P_n) −|k_γ| + P^o~_α − P^o_n < in; n|i∇_{xj} J^{tr}_j (0)| ~β; in >= 0 In the same manner for the equal-time commutators we get

k^j_γ < out; ~α| [ J^{tr}_i (0), a^+_j (0) ] | ~β; in >=< out; ~α| [ J^{tr}_i (0), k^j_γ a^+_j (0) ] | ~β; in >= 0. (6.10) Thus we have demonstrated that

k^j_γ [ f_{γ′} ~_{α;γ} ~_β ] ij = −k^j_γ < out; ~α|J^{tr}_i (0)|k_γ j; ~β; in >

= k^j_γ [ W_{γ′} ~_{α;γ} ~_β + (2π)^3 4∑ σ=1 f_γ′ ~_{α;σ} δ^{(3)}(k_γ + P~_β − P_γ ) |k_γ| + P^o~_β − P^o_γ + iϵ F^∗_γ ~_{β;σ} ] ij = 0 (6.11a)

for an arbitrary Lagrangian by calculation of the equal-time commutator (2.15) and any number of the intermediate states in W_{αβ} (2.9a). Note that equations (2.8a), (2.9a), (2.13), (3.4) etc. are not depend on the three-momentum p^′_a = k^′_γ if a = γ^′. Therefore we can assume, that k^′_γ = k_γ + P~_β − P~_α. Then in the same way as (6.11a) we obtain k^{′i}_γ [ f_{γ′} ~_{α;γ} ~_β ] ij = −k^{′i}_γ < out; ~α|J^{tr}_i (0)|k_γ j; ~β; in >

= k^{′i}_γ [ W_{γ′} ~_{α;γ} ~_β + (2π)^3 4∑ σ=1 f_γ′ ~_{α;σ} δ^{(3)}(k_γ + P~_β − P_γ ) |k_γ | + P^o~_β − P^o_γ + iϵ F^∗_γ ~_{β;σ} ] ij = 0. (6.11b) This completes the proof of the current conservation condition of the above equations in the Coulomb Gauge. It is easy to see that the current conservation condition (6.11a,b) for the both sides of Eq.(2.13) or Eq.(3.4) is sufficient for the validity of the invariance of these equation under the gauge transformation (6.7b) for ϵ^η_μ^′(k). The gauge transformation (6.7a) A^c_i (x) = A^c_i (x) + ∇_iΛ(x) leads to the gauge transformation (6.7b) if we taken into account the conditions ∇^2Λ(x) = ∇^iA^c_i (x) [36, 5]. In the general sense the gauge invariance means the independence of results on the gauge used. In other words, if we represent the gauge condition as n^μA^μ(x) = 0 with n_μ = k^μ for the Lorentz gauge, n_μ = (0, k) for the Coulomb gauge, n_μ = (k_o, 0, 0, 0) for the axial gauge etc., then gauge invariance reduces to the independence of the observables on the choice of n^μ . The proof of this general gauge invariance is out of the scope of our paper.

7. Conclusion

In this paper we have derived three-dimensional covariant scattering equations for the coupled system of the amplitudes of the πN ⇐⇒ γN ⇐⇒ ππN ⇐⇒ γπN reactions. The basis of these three-body relativistic equations is the standard field-theoretical S-matrix reduction formulas. After decomposition over the complete set of the asymptotic^{′′}in^{′′} states the quadratically nonlinear three-dimensional equations (2.13) were obtained.

These equations were replaced by the equivalent Lippmann-Schwinger type equation (3.4). Unlike the three-body Faddeev-type equations, the potentials of the suggested three-body equations (3.4) consists of the connected parts only and thereby they have the form of the relativistic Lippmann-Schwinger type equations with the well defined connected three-body potential. This sufficient difference follows from the field-theoretical derivation of the considered equations, where the disconnected parts of the three-body amplitudes (2.2) f_{αβ} = − < out; ~α|j_a(0)|β; in > coincide with the disconnected part from the right side of these equations,i.e. Eq.(2.2) or Eq.(2.8a) or Eq.(2.13) consist of independent sets of equations for the connected and disconnected parts of amplitudes. In particular, if we note, that the potentials of Eq.(3.4) (or Eq.(2.13)) consist of the product of the two renormalized (physical) amplitudes or vertex functions with the corresponding propagator of the particles , then it is obvious, that the graphical method of Taylor, based on the last cut lemma, does not work in this approach. The analytical cluster decomposition leads to independent sets for the disconnected amplitudes in Eq.(2.8a) or in Eq.(2.13).

The potentials of the suggested equations require as their input the vertex functions with two on mass shell particles. For the two-body πN ⇐⇒ γN reactions these input functions are exactly the phenomenological one variable vertex functions that can be determined from dispersion relations or from two-body observables. The equal-time commutators (2.15) offer different opportunities to investigate the off-shell effects resulting from chosen model Lagrangian. Thus the number of the one off-mass shell particle exchange diagrams and contact (overlapping) terms in expression (2.15) (see Fig.5) depend on the model Lagrangian. Certainly, if one includes the higher order derivatives and some nonlocal effects in the effective Lagrangians, then in the equal-time commutators (2.15) arise numerous contact terms which will not be easy to take into account. Usually, in practical calculations simple Lagrangians which generate a minimal number of contact terms are used. On the other hand these simple Lagrangians with “effective” σ, ρ, ω, ...-particle degrees of freedom could help us to estimate the more complicated effects contained in the much more complicated Lagrangians like the Lagrangian of the nonlinear σ model with vector mesons, some QCD motivated Lagrangians etc. Thus, if it is possible to describe the connected πN ⇐⇒ γN ⇐⇒ ππN ⇐⇒ γπN reactions using some simple Lagrangian, then one can find a number of more complicated Lagrangians which lead to the description of the same data. On the other hand, one can, in principle, construct a two-body potential, coming from the equal-time commutators using the inverse scattering methods [49]. This link between the effective Lagrangians and the potentials of the solved field-theoretical equations which arise due to the equal-time commutators, can be considered as an additional tool for the investigation of the correlations between a class of Lagrangians and the calculated experimental data.

The present three-dimensional formulation is not more complicated than the Bethe- Salpeter equations. In the four-dimensional formulation intermediate particle and antiparticle degrees of freedom are combined in the same diagram. Therefore on the treelevel approximation Bethe-Salpeter equations are more simple. But if one wants to use renormalized physical amplitudes and vertices and if one wants to take into account the rescattering effects, then the suggested formulation is simpler, because the corresponding equations are three-dimensional from the beginning and in the amplitudes and in the vertex functions two of the external particles are on mass shell.

The important features of the suggested three-body field-theoretical equations are the following:

1. Unitarity. The final three-body equations (3.4) are equivalent to the nonlinear equations (2.13) which fulfill the off shell unitarity conditions in the nonrelativistic collision theory [1, 2]. Therefore these equations automatically satisfy the unitarity conditions for the complete set of equations with the infinity intermediate |n; in > states or for the truncated set of equations with two and three particle intermediate states n. It is important to note, that unlike the four-dimensional Bethe-Salpeter equations, in the considered approach only the on-mass shall physical^{′′}in(out)^{′′} states are truncated in the completeness condition |n; in(out) >< in(out); n| = ^1.

2. Current conservation conditions. In the considered formulation with the Coulomb gauge we have demonstrated current conservation and invariance of Eq. (2.13) and Eq.(3.4) and corresponding potentials under gauge transformations (6.7a) or (6.7b) for every number of the truncated intermediate states. In order to achieve gauge invariance in this formulation it is not necessary to use additional approximations like the tree approximation with a gauge invariant combination of terms or the construction of approximate auxiliary gauge-invariance-preserving currents or to use the special representation of the off-mass shell Δ propagator and the corresponding construction of the gauge invariant electromagnetic Δ vertex function. The only requirement which is necessary in the considered approach to attain the invariance under the gauge transformation (6.7a) or (6.7b) is the existence of the conserved currents J_μ(x) (2.4a) and the corresponding model Lagrangian.

Another aspect of the considered three-body equations is the intermediate Δ resonance degrees of freedom. We have construct the πN ⇐⇒ Δ wave functions using the extension of the corresponding Lippmann-Schwinger equations in the complex region for the observed (physical) Δ pole position (i.e. for the Breit-Wigner mass m_Δ = 1232MeV and full width Γ_Δ = 120MeV ). We considered two cases, (i) with the “on shell Δ”, when E_{PΔ} = √ M_Δ^2 + P^2_Δ and M_Δ = m_Δ + iΓ_Δ/2 (4.7a) and (ii) “off shell Δ”, where E_{PΔ} = E^o_{PΔ} + Σ_Δ(E_{PΔ} , P_Δ) (4.7b). These πN ⇐⇒ Δ wave functions were used for the construction of the intermediate full πN Green function with the Δ resonance pole (4.2b,c) and for the equation of motion with intermediate Δ degrees of freedom (see Eq.(4.10a,b), (5.6) and (5.9)). Moreover, the same extension procedure generates the Δγ − Δ vertex functions (5.5a,b), that can be considered as the generalization of the Nγ − N^′ vertex function. Thus in contrast to other formulations we have not introduced the effective spin 3/2 Lagrangian in order to introduce the intermediate Δ^′s, where additional conditions are necessary in order to determine the actual off-mass shell behavior of the amplitude.

Appendix A: Equivalence of quadratically nonlinear equations (2.10) and Lippmann-Schwinger type equations (3.4) with the linear energy depending potential (3.5).

By solving of the Lippmann-Schwinger type equations (3.4) we can define the corresponding wave function

< in; α|Ψ_β >=< in; α|β; in > + 1 E_β − E_α + iϵ 4∑ γ=1 U_{αγ} (E_β) < in; γ|Ψ_β > . (A.1) which satisfies the Schrödinger equation ( H_o + U(E_β ) ) |Ψ_β >= E_β|Ψ_β > . (A.2)

where in accordance with the definition of the free Hamiltonian, we have H_o|β; in >= E_β |β; in > . If we taken into account the energy dependence of potential (3.5) U_{αβ}(E_β ) = A_{αβ} + E_β B_{αβ}, then we can rewrite Eq. (A.2) as follows ( H_o + A ) |Ψ_β >= E_β ( 1 − B ) |Ψ_β > . (A.3) Below we shall assume that exists (1−B)^{−1}. i.e. the operator 1−B is smooth enough.

This allows us represent Eq. (A.3) in the form of the Schrödinger equation with Hermitian Hamiltonian h h|χ_β >= E_β |χ_β > (A.4a) h = (1 − B)^{−1/2}(H_o + A)(1 − B)^{−1/2} (A.4b)

|χ_β >= (1 − B)^{1/2}|Ψ_β > (A.4c)

From the hermiticity of the Hamiltonian h there follows the conditions of the completeness and ortho-normality of its eigenstates |χ_β >. Therefore the state vectors |Ψ_β > satisfy following completeness conditions 4∑ γ=1 |Ψ_γ >< Ψ_γ | = (1 − B)^{−1} (A.5a)

and of the ortho-normality < Ψ_α|(1 − B)|Ψ_β >= δ_{αβ} (A.5b) Now if we insert the identity U_{αβ}(E_β ) = W_{αβ} + ( E_β − E_α ) B_{αβ} in Eq.(A.2) and use Eq.(3.9) F_{αβ} =

∑_4

γ=1 W_{αγ} < in; γ|Ψ_β >, then after some simple algebraic transformations we obtain < in; α|(1 − B)|Ψ_β >=< in; α|β; in > + 1 E_β − E_α + iϵ F_{αβ}, (A.6a) and < Ψ_α|(1 − B)|β; in >=< in; α|β; in > − 1 E_β − E_α + iϵ F^∗_{βα}. (A.6b) Here we multiply relation (A.6b) by F_{σα} =< in; σ|W |Ψ_α > and using the completeness condition (A.5a), after summation over α we get W_{σβ} = F_{σβ} − 4∑ α=1 F_{σα} 1 E_β − E_α + iϵ F^∗_{βα}, (A.7) Equation (A.7) is identical with Eq.(2.10). The same derivation of the quadraticallynonlinear integral equations with bound states from the Lippmann-Schwinger equation for the one-channel case, was given in [25].

Appendix B: The explicit form of the potentials w^c_{αβ} and U_{αβ} (E) in the multichannel equations (2.13) and (3.4)

In order to determine the structure of the potentials w^c_{αβ} (2.13 or U_{αβ} (E) (3.4) firstly we must separate the connected and disconnected parts from W_{αβ} (2.9a). In the present formulation this transformation is equivalent to the so called^{′′}cluster decomposition^{′′} procedure [37, 22, 25] which allows us to distinguish the equations for the connected parts of scattering amplitudes f^c_{αβ} and for the connected parts of the effective potential w^c_{αβ}. In the other words, we will represent w^c_{αβ} and corresponding U_{αβ} (E) in the terms of the connected parts of the transition matrix elements only. In particular, from Eq.(2.2) after insertion of the complete^{′′}in^{′′} states we get

f^c_{αβ} = { − < out; ~α| [ j_a(0), a^+_b (0) ] | ~β; in >

+(2π)^3 ∑ n=N,πN,γN,ππN,πγN,3πN,... < out; ~α|j_a(0)|n; in > δ^{(3)}(p_b + P~_β − P_n) ω_b(p_b) + P^o~_β − P^o_n + iϵ < in; n|j_b(0)| ~β; in > (B.1a) +(2π)^3 ∑ n=N,πN,γN,ππN,πγN,3πN,... < out; ~α|j_b(0)|n; in > δ^{(3)}(−p_b + P~_α − P_n) −ω_b(p_b) + P^o~_α − P^o_n < in; n|j_a(0)| ~β; in > }_c

Equations (2.8a) and (2.9a) come out from (B.1a) after separation of the n = πN, γN, γπN, ππN states. For the amplitude F_{αβ} (2.10) all^{′′}out^{′′} states are replaced by the^{′′}in^{′′} states and we have

F^c_{αβ} = { − < in; ~α| [ j_a(0), a^+_b (0) ] | ~β; in >

+(2π)^3 ∑ n=N,πN,γN,ππN,πγN,3πN,... < in; ~α|j_a(0)|n; in > δ^{(3)}(p_b + P~_β − P_n) ω_b(p_b) + P^o~_β − P^o_n + iϵ < in; n|j_b(0)| ~β; in > (B.1b) +(2π)^3 ∑ n=N,πN,γN,ππN,πγN,3πN,... < in; ~α|j_b(0)|n; in > δ^{(3)}(−p_b + P~_α − P_n) −ω_b(p_b) + P^o~_α − P^o_n < in; n|j_a(0)| ~β; in > }_c

The special case of the disconnected parts of the amplitude < in; ~α|j_a(0)|β; in > are defined according to Eq.(2.6a,b,c), Eq.(2.7a,b) and they are depicted in the Fig.1. The separation of the disconnected parts for the amplitude < in; ~α|j_a(0)|n^{′′}; in > with asymptotic ~α and N states means < in; ~α|j_a(0)|n^{′′}; in >=< in; ~α|j_a(0)|n^{′′}; in >_c + < in; N^′|N; in >< in; ~α_N ′ |j_a(0)|~n^{′′}; in >_c + < in; π^′, |π”; in >< in; N^′|j_a(0)|~n”; in >_c (B.2) where the subscript^{′′}c^{′′} stands for the connected part of the amplitude, < in; N^′| denotes the one paticle nucleon N^′ state and the second term with disconnected in Eq.(B.2) arise only for the three-particle states, when < in; α| ≡< in; a, π^′N^′|, since a = π^′ or γ^′ and |n^{′′}; in >= |~n^{′′}π^{′′}; in >. The cluster decomposition for the expression (B.1b) is the same as exclusion of the disconnected parts for the product of the amplitudes according to Eq.(B.2). Thus, after the separation of the connected parts in the second and third parts of Eq.(B.1b) according to the (B.2), we obtain the following representation for the first connected s channel term in (B.1b) ∑ n=N,πN,ππN,3πN,... < in; ~α|j_a(0)|n; in > δ^{(3)}(P~_β + p_b − P_n) ω_b(p_b) + P^o~_β − P^o_n + iϵ < in; n|j_b(0)| ~β; in >

= ∑ n=N,πN,2πN,... < in; ~α|j_a(0)|n; in >_c δ^{(3)}(P~_b + p_b − P_n) ω_b(p_b) + P^o~_b − P^o_n + iϵ < in; n|j_b(0)| ~β; in >_c +

∑ m=mesons,... < in; ~α_N ′ |j_a(0)|m; in >_c δ^{(3)}(P~_β + p_b − P_m − p^′_N ) ω_b(p_b) + P^o~_b + −P^o_m − E_p′_N + iϵ < in; m, N^′|j_b(0)| ~β; in >_c + terms with the all other transposition of ~a, N^′ and ~b, N (B.3) where p^′_N = ( E_p′_N = √ m^2_N + p^′_N^2, p^′_N ) stands for the four-momentum of the nucleon and P~_β = ( P^o~_β , P~_β ) is the four-momentum of the asymptotic ~β state.

Next we will determine the explicit form of the w^c_{αβ} in Eq.(2.13) and the corresponding U_{αβ}((E) (2.13) separately for the 2 → 2^′, 2 → 3^′ and 3 → 3^′ reactions

For the two-body πN ⇐⇒ γN reactions cluster decomposition is the same as the transposition of the nucleon from the asymptotic < ~α = p^′_N | or | ~β = p_N > states using the separation of connected and disconnected parts in Eq.(B.2) [37, 22, 25, 24]. Thus instead of the two s and u-channel terms (2.6) there will appear eight terms with connected amplitudes W^c_{a+N} ′_{,b+N} = w^c_{a+N} ′_{,b+N} = − < in; p^′_N | [ j_a(0), a^+_b (0) ] |p_N ; in > +(2π)^3 ∑ n=N^{′′} < in; p^′_N |j_a(0)|p_N ′′ ; in > δ^{(3)}(p_b + p_N − p_N ′′ ) ω_b(p_b) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in > (B.4a)

+(2π)^3 ∑ m=mesons,N N < 0|j_a(0)|m; in > δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in >_c (B.4b)

+(2π)^3 ∑ m=mesons,N N < in; p^′_N |j_a(0)|p_N , m; in >_c δ^{(3)}(p_b − P_m) ω_b(p_b) − P^o_m < in; m|j_b(0)|0 > (B.4c)

−(2π)^3 ∑ N,... < 0|j_a(0)|p_N p_N ; in > δ^{(3)}(p_b − p^′_N ′ − p_N ) ω_b(p_b) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|0 > (B.4d)

+(2π)^3 ∑ n=N^{′′},π^{′′} N^{′′},π^{′′}π^{′′} N^{′′},... < in; p^′_N |j_b(0)|n; in >_c δ^{(3)}(−p_b + p^′_N − P_n) −ω_b(p_b) + E_p′_N − P^o_n < in; n|j_a(0)|p_N ; in >_c (B.4e)

+(2π)^3 ∑ m=mesons,N N < 0|j_b(0)|m; in > δ^{(3)}(−p_b − P_m) −ω_b(p_b) − P^o_m < in; p^′_N , m|j_b(0)|p_N ; in >_c (B.4f)

+(2π)^3 ∑ m=mesons,N N < in; p^′_N |j_b(0)|p_N , m; in >_c δ^{(3)}(−p_b − P_m − p_N + p^′_N ) −ω_b(p_b) − E_{pN} − P^o_m + E_p′_N < in; m|j_a(0)|0 > (B.4g)

−(2π)^3 ∑ N,... < 0|j_b(0)|p_N p_N ; in > δ^{(3)}(−p_b − p_N − p_N ) −ω_b(p_b) − E_{pN} − E_{pN} < in; p^′_N p_N |j_a(0)|0 >, (B.4h) where the high order over e^2 intermediate terms are omitted. In addition, we have eliminated the four-particle intermediate states from our consideration. Therefore from the s-channel term (B.4a) are excluded intermediate n = 3π^{′′}N, ... states.

The terms (B.4a)-(B.4h) are represented in the Fig.2A-Fig.2H correspondingly. Unlike to the analogical relations for the πN scattering [22, 24, 25], equations (B.4a)-(B.4h) includes in the asymptotic γN states, because a = π^′N^′, γ^′N^′ and b = πN, γN, i.e. Eq.(B.4a)-(B.4h) are derived for the coupled πN ⇐⇒ γN processes.

In order to transform w^c_{αβ} (B.4a)-(B.4h) in the form of the Hermitian potential U(E)_{αβ} (3.5) we will use following identities for the propagators

1 ω_b(p_b) + E_{pN} − E_{pN ′′} ≡ 1 ω_b(p_b) + E_{pN} − E_{pN ′′} [ ω_a(p^′_a) + E_p′_N ] − E_{pN ′′} ω_b(p_b) + E_{pN} − E_{pN ′′} (B.5a)

1 ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ ≡ 1 ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ [ ω_a(p^′_a) + E_p′_N ] − P^o_m − E_p′_N ω_a(p^′_a) − P^o_m (B.5b) 1 ω_b(p_b) − P^o_m ≡ 1 ω_b(p_b) − P^o_m [ ω_a(p^′_a) + E_p′_N ] − P^o_m − E_{pN} ω_a(p^′_a) + E_p′_N − P^o_m − E_{pN} − iϵ (B.5c)

1 ω_b(p_b) − E_p′_N − E_{pN} ≡ 1 ω_b(p_b) − E_p′_N − E_{pN} [ ω_a(p^′_a) + E_p′_N ] − E_p′_N − E_{pN} − E_{pN} ω_a(p^′_a) − E_{pN} − E_{pN} (B.5d)

1 −ω_b(p_b) + E_p′_N − P^o_n ≡ 1 −ω_b(p_b) + E_p′_N − P^o_n − [ ω_a(p_a) + E_p′_N ] + E_p′_N + E_{pN} − P^o_n −ω_a(p^′_a) + E_{pN} − P^o_n (B.5e) 1 −ω_b(p_b) − P^o_m ≡ 1 −ω_b(p_b) − P^o_m − [ ω_a(p^′_a) + E_p′_N ] − P^o_m + E_{pN} −ω_a(p^′_a) − E_p′_N − P^o_m + E_{pN} (B.5f)

1 −ω_b(p_b) − E_{pN} − P^o_m + E_p′_N ≡ 1 −ω_b(p_b) − E_{pN} − P^o_m + E_p′_N − [ ω_a(p^′_a) + E_p′_N ] + E_p′_N − P^o_m −ω_a(p^′_a) − P^o_m (B.5g)

1 −ω_b(p_b) − E_{pN} − E_{pN} ≡ 1 −ω_b(p_b) − E_{pN} − E_{pN} − [ ω_a(p^′_a) + E_p′_N ] − E_{pN} −ω_a(p^′_a) − E_p′_N − E_{pN} (B.5h) where the propagators (B.5e)-(B.5h) are taken from the corresponding expressions (B.4a)- (B.4h). Here we wish stress that only the common factor [ ω_a(p^′_a) + E_p′_N ] destroys the hermiticity of the propagators (B.4a)-(B.4h).

All of identities (B.5a)-(B.5h) contain the same expression of the final state α = a+N^′ energy E_α = ω_a(p^′_a) + E_p′_N in the square parenthesis. After substitution of the identities (B.5a)-(B.5h) in the relations (B.4a)-(B.4h) we define the sum of all terms with E_α = ω_a(p^′_a) + E_p′_N as the matrix B_{αβ} .

B_{a+N} ′_{,b+N} ≡ B_{a+N} ′_{,b+N} (p^′_N p^′_a; p_N p_b) =

+(2π)^3 ∑ n=N^{′′} < in; p^′_N |j_a(0)|p_N ′′ ; in > δ^{(3)}(p_b + p_N − p_N ′′ ) ω_b(p_b) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in > ω_b(p_b) + E_{pN} − E_{pN ′′} (B.6a) +(2π)^3 ∑ m=mesons,N N < in; p^′_N |j_a(0)|p_N , m; in >_c δ^{(3)}(p_b − P_m) ω_b(p_b) − P^o_m < in; m|j_b(0)|0 > ω_a(p^′_a) + E_p′_N − P^o_m − E_{pN} − iϵ (B.6b)

+(2π)^3 ∑ m=mesons,N N < 0|j_a(0)|m; in > δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in >_c ω_a(p^′_a) − P^o_m (B.6c)

−(2π)^3 ∑ N,... < 0|j_a(0)|p_N p_N ; in > δ^{(3)}(p_b − p^′_N ′ − p_N ) ω_b(p_b) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|0 > ω_a(p^′_a) − E_{pN} − E_{pN} (B.6d) + a and b crossing terms. The terms in the left side of the identities (B.4a)-(B.4h) that are not proportional of [ ω_a(p^′_a) + E_p′_N ] compose the A_{a+N} ′_{,b+N} matrix

A_{a+N} ′_{,b+N} ≡ A_{a+N} ′_{,b+N} (p^′_N p^′_a; p_N p_b) = − < out; N^′| [ j_a(0), a^+_b (0) ] |N; in >

− ∑ n=N^{′′} E_{pN ”} < in; p^′_N |j_a(0)|p_N ′′ ; in >

(2π)^3δ^{(3)}(p_b + p_N − p_N ′′ ) ω_b(p_b) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in > ω_b(p_b) + E_{pN} − E_{pN ′′} (B.7a)

− ∑ m=mesons (E_p′_N +P^o_m) < 0|j_a(0)|m; in >

(2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in >_c ω_a(p^′_a) − P^o_m (B.7b)

− ∑ m=mesons (E_{pN} +P^o_m) < in; p^′_N |j_a(0)|p_N , m; in >_c

(2π)^3δ^{(3)}(p_b − P_m) ω_b(p_b) − P^o_m < in; m|j_b(0)|0 > ω_a(p^′_a) + E_p′_N − P^o_m − E_{pN} − iϵ (B.7c)

+ ∑ N ,... (E_p′_N +E_{pN} +E_{pN} ) < 0|j_a(0)|p_N p_N ; in >

(2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N ) ω_b(p_b) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|0 > ω_a(p^′_a) − E_{pN} − E_{pN} (B.7d) + a and b crossing terms. It easy to observe, that the first and the fourth terms of Eq.(B.7) are Hermitian, but the second term (B.7b) is Hermitian conjugate of the third term (B.7c). Note, that these Hermitian conjugate terms (B.7b) and (B.7c) have the Hermitian conjugate singular propagators. Also the u channel propagators (B.5f) and (B.5g) are Hermitian conjugate.

We have included in A_{a+N} ′_{,b+N} the equal time commutators because equal-time commutators produces the Hermitian terms for the case of the simplest renormalized Lagrangians in ϕ^3 field theory. The more complicated types of the equal-time commutators which produces the contribution in the both matrices A_{a+N} ′_{,b+N} and B_{a+N} ′_{,b+N} are considered in our previous papers [25, 32].

For the 3 ⇐= 2 transition amplitude < in; p^′_N , p^′_π|j_a(0)|p_N ; in >_c which corresponds to the a + π^′ + N^′ ⇐= b + N reaction with a = π^′, γ^′ and b = π, γ, the cluster decomposition of the expression (B.1b) generates the following 16 terms.

w^c_{a+π}′_{+N} ′_{,b+N} = − < in; p^′_π , p^′_N | [ j_a(0), a^+_b (0) ] |p_N ; in > + ∑ n=N^{′′} < in; p^′_π , p^′_N |j_a(0)|p_N ′′ ; in >

(2π)^3δ^{(3)}(p_b + p_N − p_N ′′ ) ω_b(p_b) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in > (B.8a)

+ ∑ m=mesons < p^′_π|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in >_c (B.8b)

+ ∑ m=mesons < in; p^′_π , p^′_N |j_a(0)|p_N , m; in >_c

(2π)^3δ^{(3)}(p_b − P_m) ω_b(p_b) − P^o_m < in; m|j_b(0)|0 > (B.8c)

− ∑ N < p^′_π |j_a(0)|p_N p_N ; in >_c

(2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N ) ω_b(p_b) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|0 > (B.8d)

+ ∑ n=N^{′′} ,π”N ”,... < in; p^′_N |j_a(0)|n; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_n − p^′_π) ω_b(p_b) + E_{pN} − P^o_n − ω_π(p^′_π ) + iϵ < in; p^′_π , n|j_b(0)|p_N ; in >_c (B.8e)

+ ∑ m=mesons < 0|j_a(0)|m; in > (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N − p^′_π ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N − ω_π (p^′_π) + iϵ < in; p^′_π, p^′_N , m|j_b(0)|p_N ; in > (B.8f)

+ ∑ m=mesons < in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b − P_m − p^′_π) ω_b(p_b) − P^o_m − ω_π (p^′_π) < in; p^′_π , m|j_b(0)|0 > (B.8g)

− ∑ N,... < 0|j_a(0)|p_N p_N ; in >

(2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N − p^′_π) ω_b(p_b) − E_p′_N − E_{pN} − ω_π (p^′_π )

< in; p^′_π, p^′_N , p_N |j_b(0)|0 > (B.8h) + a and b crossing 8 terms. These terms are depicted in Fig. 3A - Fig.3H correspondingly.

The conjugate 2 ⇐= 3 transition amplitude < in; p^′_N |j_a(0)|p_bp_π p_N ; in > relates to the potential w^c_{a+N} ′_{,b+π+N} = − < in; p^′_N | [ j_a(0), a^+_b (0) ] |p_N p_π ; in > + ∑ n=N^{′′} < in; p^′_N |j_a(0)|p_N ′′ ; in >_c (2π)^3δ^{(3)}(p_b + p_N + p_π − p_N ′′ ) ω_b(p_b) + E_{pN} + ω_π (p_π ) − E_{pN ′′}

< in; p_N ′′ |j_b(0)|p_N p_π; in >_c (B.9a)

+ ∑ m=mesons < 0|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} + ω_π (p_π ) − P^o_m − E_p′_N + iϵ

< in; p^′_N , m|j_b(0)|p_π p_N ; in >_C (B.9b)

+ ∑ m=mesons < in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b + p_π − P_m) ω_b(p_b) + ω_π(p_π ) − P^o_m + iϵ < in; m|j_b(0)|p_π ; in > (B.9c)

− ∑ N < 0|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b + p_π − p^′_N ′ − p_N ) ω_b(p_b) + ω_π (p_π ) − E_p′_N − E_{pN} + iϵ

< in; p^′_N , p_N |j_b(0)|p_π ; in >_c (B.9d)

+ ∑ n=N^{′′} ,π^{′′}N^{′′},2π^{′′}N^{′′} < in; p^′_N |j_a(0)|p_π , n; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_n) ω_b(p_b) + E_{pN} − P^o_n + iϵ < in; n|j_b(0)|p_N ; in >_c (B.9e)

+ ∑ m=mesons < 0|j_a(0)|p_π , m; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in >_c (B.9f)

+ ∑ m=mesons < in; p^′_N |j_a(0)|p_π p_N , m; in >_c (2π)^3δ^{(3)}(p_b − P_m) ω_b(p_b) − P^o_m < in; m|j_b(0)|0 > (B.9g)

− ∑ N < 0|j_a(0)|p_π p_N p_N ; in >

(2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N ) ω_b(p_b) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|0 > (B.9h) + a and b crossing 8 terms. Using the generalization of the identities (B.5a)-(B.5h) and combining (B.8b), (B.8e) terms with (B.9c), (B.9f) correspondingly, , we obtain

B_{a+π}′_{+N} ′_{,b+N} ≡ B_{a+π}′_{+N} ′_{,b+N} (p^′_N p^′_ap^′_π′ ; p_N p_b) =

∑ n=N^{′′} < in; p^′_π , p^′_N |j_a(0)|p_N ′′ ; in >_c (2π)^3δ^{(3)}(p_b + p_N − p_N ′′ ) ω_b(p_b) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in >_c ω_a(p^′_a) + E_p′_N + ω_π (p^′_π ) − E_{pN ′′} (B.10a)

+ ∑ m=mesons < p^′_π |j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in >_c ω_a(p^′_a) + ω_π (p^′_π ) − P^o_m − iϵ (B.10b)

+ ∑ m=mesons < in; p^′_π, p^′_N |j_a(0)|p_N , m; in >_c ω_b(p_b) − P^o_m

(2π)^3δ^{(3)}(p_b − P_m) < in; m|j_b(0)|0 > ω_a(p^′_a) + ω_π (p^′_π ) + E_p′_N − P^o_m − E_{pN} − iϵ (B.10c)

− ∑ N < p^′_π|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N ) ω_b(p_b) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|0 > ω_a(p^′_a) + ω_π (p^′_π) − E_{pN} − E_p′′_N − iϵ (B.10d)

+ ∑ n=N^{′′} ,π^{′′}N^{′′},2π”N ” < in; p^′_N |j_a(0)|n; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_n − p^′_π ) ω_b(p_b) + E_{pN} − P^o_n − ω_π (p^′_π ) + iϵ < in; p^′_{πa}, n|j_b(0)|p_N ; in >_c ω_a(p^′_a) + E_p′_N − P^o_n − iϵ (B.10e)

+ ∑ m=mesons < 0|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N − p_π ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N − ω_π ( p^′_π) + iϵ

< in; p^′_π , p_N , m|j_b(0)|p_N ; in > ω_a(p^′_a) − P^o_m (B.10f)

+ ∑ m=mesons < in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b − P_m − p_π ) ω_b(p_b) − P^o_m − ω_π ( p^′_π) < in; p^′_π, m|j_b(0)|0 > ω_a(p^′_a) + E_p′_N − P^o_m − E_{pN} − iϵ (B.10g)

− ∑ N < 0|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N − p_π) ω_b(p_b) − E_p′_N − E_{pN} − ω_π ( p^′_π )

< in; p^′_π, p^′_N , p_N |j_b(0)|0 > ω_a(p^′_a) − E_{pN} − E_{pN} (B.10h) + a and b crossing 8 terms. where each term of expression (B.10a)-(B.10h) is nonhermitian. Nevertheless

B_{a+π}′_{+N} ′_{,b+N} (p^′_N p^′_ap^′_π′ ; p_N p_b) = B^∗_{b+N} ′_{,a+π+N} (p_N p_b; p_N p_ap_π ),

i.e. the multichannel matrix B_{αβ} contains the Hermitian conjugate non-diagonal parts. For the other part of the U_{αβ}(E) potential we have

A_{a+π}′_{+N} ′_{,b+N} ≡ A_{a+π}′_{+N} ′_{,b+N} (p^′_N p^′_ap^′_π; p_N p_b) = − < in; p^′_π, p^′_N | [ j_a(0), a^+_b (0) ] |p_N ; in >

− ∑ n=N^{′′} E_{pN ′′} < in; p^′_π , p^′_N |j_a(0)|p_N ′′ ; in >_c (2π)^3δ^{(3)}(p_b + p_N − p_N ′′ ) ω_b(p_b) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in >_c ω_a(p^′_a) + E_p′_N + ω_π(p^′_π ) − E_{pN ′′} (B.11a)

− ∑ m=mesons (P^o_m+E_p′_N )

< p^′_π |j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_N ; in > ω_a(p^′_a) + ω_π (p^′_π ) − P^o_m − iϵ (B.11b)

− ∑ m=mesons (P^o_m+E_{pN} ) < in; p^′_π, p^′_N |j_a(0)|p_N , m; in >_c ω_b(p_b) − P^o_m

(2π)^3δ^{(3)}(p_b − P_m) < in; m|j_b(0)|0 > ω_a(p^′_a) + ω_π (p^′_π) + E_p′_N − P^o_m − E_{pN} − iϵ (B.11c)

+ ∑ N (E_p′_N +E_{pN} +E_p′′_N )

< p^′_π|j_a(0)|p_N p_N ; in > ω_b(p_b) − E_p′_N − E_{pN}

(2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N ) < in; p^′_N , p_N |j_b(0)|0 > ω_a(p^′_a) + ω_π (p^′_π ) − E_{pN} − E_p′′_N − iϵ (B.11d) − ∑ n=N^{′′} ,π^{′′} N^{′′},2π^{′′} N^{′′} (P^o_n + ω_π (p^′_π ))

< in; p^′_N |j_a(0)|n; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_n − p^′_π) ω_b(p_b) + E_{pN} − P^o_n − ω_π (p^′_π ) + iϵ < in; p^′_π , n|j_b(0)|p_N ; in >_c ω_a(p^′_a) + E_p′_N − P^o_n − iϵ (B.11e)

− ∑ m=mesons (P^o_m+E_p′_N +ω_π ( p^′_π))

< 0|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_N − P_m − p^′_N − p^′_π ) ω_b(p_b) + E_{pN} − P^o_m − E_p′_N − ω_π ( p^′_π) + iϵ < in; p^′_π, p_N , m|j_b(0)|p_N ; in > ω_a(p^′_a) − P^o_m (B.11f)

− ∑ m=mesons (P^o_m + E_{pN} + ω_π ( p^′_π))

< in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b − P_m − p^′_π ) ω_b(p_b) − P^o_m − ω_π ( p^′_π ) < in; p^′_π , m|j_b(0)|0 > ω_a(p^′_a) + E_p′_N − P^o_m − E_{pN} − iϵ (B.11g)

+ ∑ N (E_p′_N + E_{pN} − E_{pN} + ω_π ( p^′_π ))

< 0|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b − p^′_N ′ − p_N − p_π ) ω_b(p_b) − E_p′_N − E_{pN} − ω_π ( p^′_π)

< in; p^′_π, p^′_N , p_N |j_b(0)|0 >

ω_a(p^′_a) − E_{pN} − E_{pN} (B.11h)

+ a and b crossing 8 terms. The pure three-body amplitude < in; p^′_πp^′_N |j_a(0)|p_bp_π p_N ; in >_c that describes the a + π^′ + N^′ ⇐= b + π + N reaction with a = π^′ or γ^′ and b = π or γ relates to the three-body potential w_{a+π}′_{+N} ′_{,b+π+N} (2.13), that contains the following 48 potential terms after the cluster decomposition of the expression (B.1b) w^c_{a+π}′_{+N} ′_{,b+π+N} = − < in; p^′_π , p^′_N | [ j_a(0), a^+_b (0) ] |p_πp_N ; in > + { ∑ n=N^{′′} < in; p^′_π, p^′_N |j_a(0)|p_N ′′ ; in > (2π)^3δ^{(3)}(p_b + p_π + p_N − p_N ′′ ) ω_b(p_b) + ω_π (p_π ) + E_{pN} − E_{pN ′′} < in; p_N ′′ |j_b(0)|p_N ; in > (B.12a) + ∑ m=mesons < p^′_π|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_π + p_b + p_π + p_N − P_m − p^′_N ) ω_b(p_b) + ω_π (p_π) + E_{pN} − P^o_m − E_p′_N + iϵ < in; p^′_N , m|j_b(0)|p_π p_N ; in >_c (B.12b)

+ ∑ m=mesons < in; p^′_π , p^′_N |j_a(0)|p_N , m; in >_c

(2π)^3δ^{(3)}(p_π + p_b − P_m) ω_b(p_b) + ω_π (p_π ) − P^o_m < in; m|j_b(0)|p_π >_c (B.12c)

− ∑ N < p^′_π |j_a(0)|p_N p_N ; in >_c

(2π)^3δ^{(3)}(p_π + p_b − p^′_N ′ − p_N ) ω_b(p_b) + ω_π (p_π ) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|p_π > (B.12d) + ∑ n=N^{′′} ,π”N ” < in; p^′_N |j_a(0)|n; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_n − p^′_π) ω_b(p_b) + ω_π (p_π ) + E_{pN} − P^o_n − ω_π(p^′_π ) + iϵ < in; p^′_π, n|j_b(0)|p_πp_N ; in >_c (B.12e)

+ ∑ m=mesons < in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b + p_π − P_m − p^′_π) ω_b(p_b) + ω_π (p_π) − P^o_m − ω_π (p^′_π ) + iϵ < in; p^′_π , m|j_b(0)|p_π >_c (B.12f)

+ ∑ m=mesons < 0|j_a(0)|m; in > (2π)^3δ^{(3)}(p_π + p_b + p_N − P_m − p^′_N − p^′_π ) ω_b(p_b) + ω_π (p_π ) + E_{pN} − P^o_m − E_p′_N − ω_π (p^′_π) + iϵ < in; p^′_π, p_N , m|j_b(0)|p_πp_N ; in >_c (B.12g)

− ∑ N < 0|j_a(0)|p_N p_N ; in >

(2π)^3δ^{(3)}(p_π + p_b − p^′_N ′ − p_N − p^′_π) ω_b(p_b) + ω_π (p_π ) − E_p′_N − E_{pN} − ω_π(p^′_π )

< in; p^′_π, p^′_N , p_N |j_b(0)|p_π > (B.12h)

+ 8 terms with π transposition and + 8 terms with the both pion transposition. }

+ a and b crossing 24 terms. Expressions (B.12a)-(B.12h) are depicted in Fig.4A-Fig.4H correspondingly. Using the three-body generalization of the identities (B.5a)-(B.5h) we obtain

B_{a+π}′_{+N} ′_{,b+π+N} ≡ B_{a+π}′_{+N} ′_{,b+π+N} (p^′_ap^′_π p^′_N ; p_bp_πp_N ) = ∑ n=N^{′′} < in; p^′_π , p^′_N |j_a(0)|p_N ′′ ; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − p_N ′′ ) ω_b(p_b) + ω_π (p_π ) + E_{pN} − E_{pN ′′}

< in; p_N ′′ |j_b(0)|p_π p_N ; in >_c ω_a(p^′_a) + E_p′_N + ω_π (p^′_π ) − E_{pN ′′} (B.13a)

+ ∑ m=mesons < p^′_π |j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_N ) ω_b(p_b) + ω_π (p^′_π) + E_{pN} − P^o_m − E_p′_N + iϵ

< in; p^′_N , m|j_b(0)|p_π p_N ; in >_c ω_a(p^′_a) + ω_π (p^′_π) − P^o_m (B.13b)

+ ∑ m=mesons < in; p^′_π, p^′_N |j_a(0)|p_N , m; in >_c ω_b(p_b) + ω_π (p_π) − P^o_m

(2π)^3δ^{(3)}(p_b − P_m) < in; m|j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p^′_π ) + E_p′_N − P^o_m − E_{pN} − iϵ (B.13c)

− ∑ N < p^′_π|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b + p_π − p^′_N ′ − p_N ) ω_b(p_b) + ω_π (p_π ) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p^′_π) − E_{pN} − E_p′′_N (B.13d) + ∑ n=N^{′′},π^{′′} N^{′′},2π”N ” < in; p^′_N |j_a(0)|n; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_n − p^′_π) ω_b(p_b) + ω_π (p_π) + E_{pN} − P^o_n − ω_π (p^′_π) + iϵ < in; p^′_{πa}, n|j_b(0)|p_π p_N ; in >_c ω_a(p^′_a) + ω_π (p^′_π) + E_p′_N − P^o_n − ω_π (p_π ) − iϵ (B.13e)

+ ∑ m=mesons < 0|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_N − p_π ) ω_b(p_b) + ω_π (p_π) − P^o_m − ω_π ( p^′_π) + iϵ

< in; p^′_π, p_N , m|j_b(0)|p_πp_N ; in >_c ω_a(p^′_a) + ω_π (p^′_π) + E_p′_N − E_{pN} − P^o_m − ω_π (p_π ) − iϵ (B.13f)

+ ∑ m=mesons < in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_π − p^′_N ) ω_b(p_b) + ω_π (p_π ) + E_{pN} − P^o_m − E_p′_N − ω_π(p^′_π )

< in; p^′_π , m|j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p_π ) − P^o_m − ω_π (p^′_π) − iϵ (B.13g)

− ∑ N < 0|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b + p_π − p^′_N ′ − p_N − p^′_π ) ω_b(p_b) + ω_π (p_π ) − E_p′_N − E_{pN} − ω_π ( p^′_π)

< in; p^′_π p^′_N , p_N |j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p^′_π ) − E_{pN} − E_{pN} − ω_π ( p^′_π) (B.13h)

+ 8 terms with π transposition and + 8 terms with the both pion transposition. }

+ a and b crossing 24 terms. Here expressions (B.13a),(B.13d),(B.13e) and (B.13h) are Hermitian.. And the expressions (B.13b), (B.13f) are Hermitian conjugate of (B.13c),(B.13g) correspondingly. Therefore the complete potential B_{a+π}′_{+N} ′_{,b+π+N} is Hermitian..

A_{a+π}′_{+N} ′_{,b+π+N} ≡ A_{a+π}′_{+N} ′_{,b+π+N} (p^′_N p^′_ap^′_π; p_bp_πp_N ) = − < in; p^′_π , p^′_N | [ j_a(0), a^+_b (0) ] |p_N ; in > { − ∑ n=N^{′′} E_{pN ′′} < in; p^′_π , p^′_N |j_a(0)|p_N ′′ ; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − p_N ′′ ) ω_b(p_b) + ω_π(p_π ) + E_{pN} − E_{pN ′′}

< in; p_N ′′ |j_b(0)|p_π p_N ; in >_c ω_a(p^′_a) + E_p′_N + ω_π (p^′_π) − E_{pN ′′} (B.14a)

− ∑ m=mesons [ P^o_m + E_p′_N

]< p^′_π |j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_N ) ω_b(p_b) + ω_π(p^′_π ) + E_{pN} − P^o_m − E_p′_N + iϵ

< in; p^′_N , m|j_b(0)|p_π p_N ; in >_c

ω_a(p^′_a) + ω_π (p^′_π ) − P^o_m (B.14b)

− ∑ m=mesons [ P^o_m + E_{pN} ]< in; p^′_π, p^′_N |j_a(0)|p_N , m; in >_c ω_b(p_b) + ω_π (p_π ) − P^o_m

(2π)^3δ^{(3)}(p_b − P_m) < in; m|j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p^′_π) + E_p′_N − P^o_m − E_{pN} − iϵ (B.14c)

+ ∑ N [ E_p′_N + E_{pN} + E_p′′_N

]< p^′_π|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b + p_π − p^′_N ′ − p_N ) ω_b(p_b) + ω_π (p_π ) − E_p′_N − E_{pN}

< in; p^′_N , p_N |j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p^′_π ) − E_{pN} − E_p′′_N (B.14d)

− ∑ n=N^{′′} ,π^{′′}N^{′′},2π”N ” [ P^o_n +ω_π (p_π)

] < in; p^′_N |j_a(0)|n; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_n − p^′_π ) ω_b(p_b) + ω_π (p_π) + E_{pN} − P^o_n − ω_π (p^′_π) + iϵ < in; p^′_{πa}, n|j_b(0)|p_π p_N ; in >_c ω_a(p^′_a) + ω_π (p^′_π)E_p′_N − P^o_n − ω_π (p_π ) − iϵ (B.14e)

− ∑ m=mesons [ E_{pN} +P^o_m+ω_π (p_π )

] < 0|j_a(0)|m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_N − p_π ) ω_b(p_b) + ω_π (p_π ) − P^o_m − ω_π ( p^′_π ) + iϵ

< in; p^′_π, p_N , m|j_b(0)|p_πp_N ; in >_c ω_a(p^′_a) + ω_π (p^′_π) + E_p′_N − E_{pN} − P^o_m − ω_π (p_π ) − iϵ (B.14f)

− ∑ m=mesons [ E_p′_N +P^o_m+ω_π (p_π )

]< in; p^′_N |j_a(0)|p_N , m; in >_c (2π)^3δ^{(3)}(p_b + p_π + p_N − P_m − p^′_π − p^′_N ) ω_b(p_b) + ω_π(p_π ) + E_{pN} − P^o_m − E_p′_N − ω_π (p^′_π) < in; p^′_π , m|j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p_π ) − P^o_m − ω_π (p^′_π) − iϵ (B.13g)

+ ∑ N [ E_p′_N +E_{pN} +E_{pN} +ω_π (p_π)

] < 0|j_a(0)|p_N p_N ; in > (2π)^3δ^{(3)}(p_b + p_π − p^′_N ′ − p_N − p^′_π ) ω_b(p_b) + ω_π(p_π ) − E_p′_N − E_{pN} − ω_π ( p^′_π )

< in; p^′_π p^′_N , p_N |j_b(0)|p_π >_c ω_a(p^′_a) + ω_π (p^′_π ) − E_{pN} − E_{pN} − ω_π ( p^′_π) (B.13h)

+ 8 terms with π transposition and + 8 terms with the both pion transposition. }

+ a and b crossing 24 terms, where A_{a+π}′_{+N} ′_{,b+π+N} has the same structure as B_{a+π}′_{+N} ′_{,b+π+N} . But there one must taken into account an additional combinations expressions (B.14e),(B.14f),(B.14g),(B.14h) wit other 4 terms, where the initial pion π is transposed instead of the final pion π^′.

References

[1] R. G. Newton, Scattering Theory of Waves and Particles. (New York-Heidelberg- Berlin, Springer-Verlag) 1982.

[2] M. L. Goldberger and M. Watson, Collision Theory. (New York-London-Sydney, John Wiley and Sns.) 1965.

[3] C. Itzykson and C. Zuber. Quantum Field Theory. (New York, McGraw-Hill) 1980. [4] G. E. Brown and A. D. Jackson, The Nucleon-Nucleon Interaction (World Scientific, Singapure 1967).

[5] F. Gross. Relativistic Quantum Mechanics and Quantum Field Theory. (New York- London-Sydney, John Wiley and Sns. ) 1993.

[6] A. Klein, Phys. Rev. 99 (1955) 998. [7] M. M. Briodo, Rep. Progr. Phys. 32 (1969) 493.

[8] A. A. Logunov and A. N. Tavkhelidze, Nuovo Cim. 29 (1963) 370. [9] R. R. Blankenbecler and R. Sugar, Phys. Rev. 142 (1966) 1051. [10] F. Gross, Phys. Rev. 186 (1969) 1448. [11] B.C. Pierce,Nucl. Phys. A528 (1991) 655.

[12] A. D. Lahiff and I.R. Afnan, Phys.Rev. C66 (2002) 044001, ibid.C60 (1999) 023608. [13] N. N. Bogoliubov and D. V. Shirkov, Introduction to the Theory of Quantized Fields.3rd ed. (New York-London-Sydney, John Wiley and Sns.) 1980.

[14] S. S. Schweber, An Introduction to Relativistic Quantum Field Theory. (Row, Peterson and Co., Evanston,III) 1961.

[15] V. G. Kadyshevsky, Nucl. Phys. B6 (1968) 125.

[16] V. G. Kadyshevsky, R. Mir-Kasimov and N.V. Skatshkov. Sov. J. Part. Nucl. 2, No3 (1972) 69.

[17] V. A. Karmanov. Sov. J. Part. Nucl. 19 (1988) 228.

[18] J. Carbonell, B. Degasplanquis, V. A. Karmanov and J.F. Mathiot. Phys. Reports.

300 (1998) 215.

[19] V.M. Vinogradov, Theor.Math.Phys. 8 (1971) 343. [20] F. Low, Phys. Rev. 97 (1955) 1332.

[21] G. F. Chew and F. Low, Phys. Rev. 101 (1956) 1570. [22] M. K. Banerjee and J. B. Cammarata, Phys. Rev. C17 (1978) 1125. [23] S. Therberge, A.W. Thomas and G.A.Miller, Phys. Rev. D24 (1981) 216. [24] A. I. Machavariani and A. G. Rusetsky, Nucl. Phys. A515 (1990) 621. [25] A. I. Machavariani, Sov.J.Part. Nucl. (Sov. J. Part. Nucl.) 24(3) (1993) 731. [26] A. I. Machavariani and A.D. Chelidze. J. Phys. G9(1993) 128. [27] A. I. Machavariani, Few-Body Phys. 14 (1993) 59.

[28] M. Kotulla and V. Metag, private communications; M. Kotulla, Proc. of the Workshop on Phys. of Exited Nucleons (Nstar 2001), Mainz,Germany, 2001 (to be published); M. Kotulla, Dissertation, Physikalisches Institute, Universitaet Giessen 2001.

[29] R. Beck, B. Nefkens et al, Letter of Intent, MAMI (2001).

[30] A. I. Machavariani, A. J. Buchmann, Amand Faessler, and G. A. Emelyanenko, Ann.

of. Phys. 253 (1997) 149.

[31] L. A. Kondratyuk and L. A. Ponomarev, Sov. J. Nucl. Phys. 7(1968) 82. [32] A. I. Machavariani, Amand Faessler and A. J. Buchmann, Nucl. Phys. A646 (1999) 231; Nucl. Phys. A686 (2001) 601.

[33] D. Drechsel, M. Vanderhaeghen, M.M.Giannini and E. Santopinto, Phys. Lett. B 484 (2000)236.

[34] D. Drechsel and M. Vanderhaeghen, Phys.Rev. C64 (2001) 065202. [35] A. I. Machavariani and Amand Faessler: Preprint nucl-th/0202060 (to be publ.). [36] J. D. Bjorken and S.D.Drell, Relativistic Quantum Fields. (New York, McGraw-Hill) 1965.

[37] V. De Alfaro, S. Fubini, G. Furlan and C. Rosseti, Currents in Hadron Physics (North-Holland, Amsterdam) 1973.

[38] J.C. Taylor, Nuovo Cim. Suppl. 1 (1963) 939 and Phys. Rev. 150 (1966) 1321. [39] H. Garcilazo and T. Mizutani, πNN systems; (World Scientific, Singapore) 1990. [40] A. N. Kvinikhidze and B. Blankleider, Nucl. Phys. A574 (1994) 488. [41] D. R. Phillips and I.R. Afnan, Ann. of. Phys. 240 (1995) 266 and 247 (1996) 19.

[42] V. A. Matveev, R.M. Muradyan and A. N. Tavkhelidze, Lett. Nuovo Cim. 7 (1973) 719.

[43] S. J. Brodsky and G.R. Ferrar, Phys. Rev. Lett. 31 (1973) 1153; Phys. Rev. D11 (1975) 1303.

[44] G. Hohler, E. Pietarinen, I. Sabba Stefanescu, F. Borkowski, G. G. Simon, V. H. Walther and R. D. Wendling, Nucl. Phys. B114 (1976) 505.

[45] M. I. Krivoruchenko, Phys. Atom. Nucl. 58 (1995) 1738; [Yad. Fiz. 58 (1995) 1839]. [46] P. Mergell, U. G. Meissner and D. Drechsel, Nucl. Phys. A596 (1996) 367. [47] S. Dubnicka, Acta Phys. Polon. B27 (1996) 2525.

[48] M. Nakagawa and K. Watanabe, Nuovo Cim. 112A (1999) 873. S. Furuichi and K.

Watanabe, Nuovo Cim. 110A (1997) 577. [49] A. I. Machavariani, Phys. Lett. B540 (2002) 81.

[50] P.D.B. Collins. An Introduction to Regge Theory and High Energy Physics; (Cambridge Univ. Press, Cambridge) 1977.

[51] R. Haag, Phys. Rev. 112 (1958) 669. [52] K. Nishijima, Phys. Rev. 111 (1958) 995. [53] W. Zimmermann, Nuovo Cim. 10 (1958) 598. [54] K. Huang and H. A. Weldon, Phys. Rev. D11 (1975) 257. [55] L. Castilejo, R. H. Dalitz and F.J.Dyson. Phys. Rev. 101 (1956) 453. [56] A. N. Safronov. Sov. J. Part. Nucl. 21 (1990) 505. [57] R. Haag, Nuovo Cim. 5 (1957) 203.

[58] R. Warnock, Phys. Rev. 170 (1968) 1323; H.M. Daniel and R. Warnock, Nuovo Cim.

64 (1969) 905.

[59] S. Nozawa and D. B. Leinweber, Phys. Rev. D42 (1990) 3567. [60] R. Aaron, R.D. Amado and J.E. Young, Phys. Rev. 174 (1968) 2022. [61] L. Heller, S. Kumano, J. C. Martinez, and E. J. Moniz, Phys. Rev. C35 (1987) 718. [62] S. Nozawa, B. Blankleider and T.-S.H. Lee. Nucl. Phys. A513 (1990) 459. [63] A.Bohr and B.R. Motelson. Nuclear Structure; Vol.1 (New York Amsterdam, W.A.

Benjamin Inc.,) 1969.