arXiv:nucl-th/0310012 v1 2 Oct 2003

MKPH-T-03-17

Is the strong-interaction proton-proton scattering length renormalization scale dependent in effective field theory?

J. Gegelia^{∗1, 2, 3, †} 1Institut für Kernphysik, Johannes Gutenberg-Universität, J.J. Becherweg 45, D-55099 Mainz, Germany 2Department of Physics, Flinders University, Bedford park, S.A. 5042, Australia 3High Energy Physics Institute of TSU, University str. 9, Tbilisi 380086, Georgia (Dated: October 2, 2003)

Abstract

It is shown that the strong-interaction^1S_0 proton-proton scattering length in very low-energy effective field theory does not depend on the renormalization scale, if the electromagnetic interaction is ”switched off” consistently.

PACS numbers: 03.65.Nk, 11.10.Gh, 12.39.Fe, 13.75.Cs.

∗ e-mail: gegelia@kph.uni-mainz.de †Alexander von Humboldt Research Fellow

Over the past decade Weinberg’s papers on describing nuclear forces using chiral Lagrangians [1, 2] have triggered an intensive activity (see, e.g., refs. [3],[4],[5] and references therein). For processes involving more than one nucleon Weinberg suggested to apply the power counting to the effective potentials. The transition amplitudes are then obtained by solving the Lippmann- Schwinger equation (or the Schrödinger equation). This approach has been applied to various problems involving two and three nucleons.

In this work we address the dependence of the strong-interaction proton-proton scattering length on the renormalization mass parameter encountered in ref. [6]. The discussion below closely follows the paper by X. Kong and F. Ravndal [6] and the author’s PhD thesis [7]. Similar considerations have recently been presented independently in refs. [8, 9].

In order to describe proton-proton scattering at very low energies, one can integrate out all particles except protons and photons. The lowest-order strong interaction part of the effective non-relativistic Lagrangian for protons in the spin-singlet channel reads [6]

L_0 = ψ^† ( i∂_0 +

∇^2 2M ) ψ − C_0 2 (ψσ_2ψ)(ψσ_2ψ)^†, (1) where ψ is the two-component field of the proton, M the mass of the proton, C_0 a coupling constant and σ_2 a Pauli matrix. This Lagrangian corresponds to the singular potential C_0δ(r) which affects interactions only in the S wave. On top of eq. (1) one also needs to include the static Coulomb repulsion between protons. The effective strength of this repulsion is η(p) ≡ η = αM/2p where p is the magnitude of the CM momentum of the protons and α = 1/137 is the fine structure constant. For small p, η is large and hence the Coulomb repulsion becomes strong. The scattering problem for both the Coulomb repulsion and the singular strong-interaction potential of eq. (1) can be solved simultaneously using the well-established formalism based upon the exact solutions of the Schrödinger equation in the Coulomb potential [10].

In a partial wave expansion of the full scattering amplitude [11], the total phase shifts δ_l can be written as σ_ℓ + δ^C_ℓ , where σ_ℓ are the pure Coulombic phase shifts. For pp-S-wave scattering, δ^C_{pp} is related to the corresponding (modified) strong amplitude T_{SC} (p) by the standard partial wave expression p (cot δ^C_{pp} − i) = − 4π M e^{2iσ0} T_{SC} (p) . (2)

Note that δ^C_{pp} besides pure strong-interaction effects still contains remnants of the electromagnetic interaction. It is only the Coulomb repulsion between the protons in the initial and final states that has been removed at this stage.

It is well known that cot δ^C_{pp} in eq. (2) does not have a regular effective range expansion. Rather one finds [12] p [ C^2_η ( cot δ^C_{pp} − i ) + 2ηH(η) ] = − 1 a^C_{pp} + 1 2 r_0 p^2 + . . . , (3)

where C^2_η = 2πη e^{2πη} − 1 (4) is the Sommerfeld factor [10], a^C_{pp} and r_0 are the S-wave Coulomb-modified scattering length and effective range, respectively. They arise after removing the part of the amplitude described by the complex function [13] H(η) = ψ(iη) + 1 2iη − ln(iη) (5)

representing Coulomb effects at short distances. Here, the ψ function is the logarithmic derivative of the Γ function. The imaginary part of eq. (5) cancels the term ∼ i in eq. (3). The real part defines the function h(η) = Reψ(iη) − ln η which is more suitable for a phenomenological analysis [14].

The proton-proton scattering amplitude can be calculated from the effective Lagrangian of eq. (1) (plus the Coulomb term). It takes the form [6]:

T_{SC} (p) = C^2_η

C_0 e^{2iσ0} 1 − C_0 J_0(p)

, (6)

where J_0(p) = M ∫ d^3k (2π)^3 2πη(k) e^{2πη(k)} − 1 1 p^2 − k^2 + iϵ

. (7) When this result for the scattering amplitude is used in eqs. (2) and (3), we see that both the phase shift σ_0 and the Sommerfeld factor C^2_η cancel out. We are thus only left with the evaluation of eq. (7) which can be done using the power divergent subtraction (PDS) scheme of ref. [15] in d = 3 − ϵ dimensions introducing a renormalization mass μ. An ultraviolet divergence shows up as an 1/ϵ pole in the integral. This will be cancelled by counterterms which renormalize the coupling C_0 in eq. (6) to C_0(μ). As a result, the finite part of the dressed bubble, eq. (7), is found to be [6] J^{f inite} 0 (p) = αM^2 4π [ ln μ √ π αM + 1 − 3 2 C_E − H(η) ] − μM 4π , (8) where C_E = 0.5772 · · · is Euler’s constant. The last term of eq. (8) is the contribution from the special PDS pole in d = 2 dimensions. We now see that also the function H(η) cancels out in eq. (3). At this order in the effective theory there is no contribution to the effective range r_0. If one defines the strong scattering length (with the Coulomb interaction switched off) as [6] 1 a_{pp} = 4π MC_0(μ)

+ μ, (9)

then from eqs. (3) and (6) it can be expressed in terms of the measured scattering length a^C_{pp} as 1 a_{pp} = 1 a^C_{pp} + αM [ ln μ √ π αM + 1 − 3 2 C_E ] . (10) As is seen from eq. (10), a_{pp} depends on μ. It has been argued in ref. [6] that the strong scattering length a_{pp} is not a physical quantity as it can not be measured directly and thus in general it can depend on the renormalization point μ. However, this explanation does not seem very satisfactory if a_{pp} is indeed understood as a scattering length for the strong interaction when the Coulomb interaction is switched off. It is completely true that a_{pp} is not measurable experimentally but from a theoretical point of view it still is a physical quantity. As it is clear from the analyses of ref. [6] the sum of δ function and the Coulomb potential is renormalizable. The δ function potential is also renormalizable. Hence as one could consider these two potetials themselves as independent ’models’ (without higher order corrections of effective field theory), all physical quantities of both ’models’ should be renormalization point independent. Consequently one can not expect that the dependence of the strong scattering length on the renormalization point can be canceled by contributions of higher-order terms in the potential generated by effective field theory as suggested in ref. [6]. The origin of the μ dependence of a_{pp} is the α dependence of the running of C_0(μ) in eq. (9). In order to define the strong scattering length consistently as the quantity of the theory with the electromagnetic interaction being switched off, we should also put α = 0 in the running of C_0(μ).

It is straightforward to calculate the running of the renormalized coupling constant C_0(μ) using the results of ref. [6]:

C_0(μ) =

C_0 (μ_0) 1 − C_0 (μ_0) { −^{αM 2}_{4π} ln^μ_{μ0} +^M_{4π} (μ − μ_0)

} . (11)

Setting α = 0 in eq. (11) yields

C̃_0(μ) =

C̃_0 (μ_0) 1 − C̃_0 (μ_0)^M_{4π} (μ − μ_0)

(12)

Note that the value of the strong coupling constant C̃_0 (μ) for μ = μ_0 when the Coulomb interaction is switched off does not coincide with C_0 (μ). Defining 1 a_{pp} = −p [ C^2_η ( cot δ^C_{pp} − i ) + 2ηH(η) ] |_{p=0,α=0} = 4π MC̃_0(μ)

+ μ, (13)

one obtains the strong scattering length which does not depend on the renormalization parameter μ. The numerical value of C̃_0(μ_0) for some fixed μ_0 has to be given as an input, as it can not be calculated from C_0 (μ) within the given effective field theory. This is in agreement with the result of ref. [16] that the^1S_0 pp scattering amplitude can not be devided into strong and electromagnetic parts in a model independent way.

Note that if we consider both protons and neutrons with an isospin invariant contact interaction in the^1S_0 partial wave then at given order of accuracy C̃_0(μ) exactly coincides with the renormalised coupling of pn and nn contact interactions, and consequently a_{pp} coinsides with a_{pn} = a_{nn}. This pins down C̃_0(μ). Unfortunately this is only the manifastation of the isospin symmetry which has been taken as an input. Given C̃_0(μ) as an input (fixed through a_{nn}) one can not calculate C_0(μ) (and consequently a^C_{pp}) within given effective theory.

One can also include the next-to-leading order correction to the effective Lagrangian (1) which for S-wave channel reads [6]:

C_2 16 (ψσ_2(^→∇ −^←∇)^2ψ)(ψσ_2ψ)^† + h.c. (14) Taking into account the contribution of L_2 into pp potential one obtains the amplitude (in dimensional regularization) in exact analogy to the case of the contact interactions plus one pion exchange potential of the ref. [17]:

T_{SC} (p) = ψ(0)^2 1 C_0 +C_2 p^2 − GE (0, 0)

, (15)

where ψ(0) is Coulomb wave function at the origin and G_E (0, 0) is the coordinate-space propagator from the origin to the origin in the presence of Coulomb potential. Substituting the values of these two quantities [6] we obtain

T_{SC} (p) = C^2_η e^{2iσ0} 1 C_0 +C_2 p^2 − J0(p)

. (16)

The model is no longer renormalizable, i.e. not all divergences can be absorbed in available parameters, but if one expands in powers of C_2 and keeps only the zeroth and first order terms

(in C_2), then all divergences can be absorbed in C_0 and C_2. The renormalization is performed analogously to the case without Coulomb interaction [18, 19], i.e. one expands

T_{SC} (p) = C^2_η e^{2iσ0} 1 C_0 − J0(p)

+ C^2_η e^{2iσ0} p^2 C_2 C^2_0

(_1

C_0 − J0(p)

)_2 + O ( p^4 C^2_2 ) (17)

and absorbs the divergences of J_0(p) by counterterms which renormalize C_0 leading to running coupling of eq. (11). The remaining divergences contained in C^2_0 factor in the denominator of the second term in eq. (17) is absorbed into the renormalization of C_2 by demanding C_2 C^2_0 = C_2(μ) C_0(μ)^2

. (18)

As the left-hand side of the eq. (18) is the ratio of bare couplings it does not depend on μ, hence the right-hand side does not depend on μ either. Writing for some fixed μ_0 C_2(μ) C^2_0 (μ) = C_2(μ_0) C_0(μ_0)^2

, (19)

solving eq. (19) for C_2(μ) and taking the eq. (11) into account one obtains the following expression:

C_2(μ) =

C_2 (μ_0) ( 1 − C_0 (μ_0) { −^{αM 2}_{4π} ln^μ_{μ0} +^M_{4π} (μ − μ_0)

})_2 . (20)

Analogously to C_0(μ), the running of C_2(μ) depends on α. Therefore to obtain the effective theory with electromagnetic interaction switched off, one should put the fine structure constant equal to zero in the running of C_2 as well. This will lead to running coupling C̃_2(μ) which can not be calculated from C_2(μ). In fact the running of all couplings of low energy effective field theory of strong and electromagnetic interactions depends on α. This dependence has to be switched off together with the explicit α-dependence if one considers the quantities of the theory with electromagnetic interaction switched off.

The underlying ’fundamental theory’ of strong interactions, QCD, is most likely an effective theory itself [20]. The only parameters of this theory which we can meaningfully interpret are the renormalized, running parameters. Therefore the electromagnetic and strong interaction contributions in physical quantities can not be unambigously separated in this theory either (for detailed analyses see ref. [9]). The unambigous separation of the electromagnetic and strong interaction contributions in physical quantities would be possible in a truly fundamental, nonperturbatively finite theory (string theory, M-theory?). On the other hand if we consider the renormalized parameters of both QCD and QCD+electromagnetic interaction as an input, one can calculate (at least in principle) the low energy constants of effective field theories with and without electromagnetic interaction using some non-perturbative technique like lattice calculations.

In conclusion, we have considered^1S_0 proton-proton scattering at very low energies in the framework of effective field theory, where all degrees of freedom except the proton and the photon are integrated out. We have argued that the dependence of the strong proton-proton scattering length (with the Coulomb interaction switched off) on the renormalization mass parameter occurs only if the Coulomb interaction is not completely switched off. To consider quantities entirely due to the strong interactions, one should also turn off the Coulomb interaction in the running of the strong interaction coupling. Doing so generates the strong interaction proton-proton scattering length which does not depend on the renormalization mass parameter.

Acknowledgements The author would like to thank B. Blankleider, S. Scherer and A. Rusetsky for useful discussions and S. Scherer for numerous comments on the manuscript.

The support of the Alexander von Humboldt Foundation is acknowledged.

Appendix A In this appendix we illustrate the solution of the μ - dependence problem by means of a simple toy model. Our model is analogous to pp scattering in the sense that a “physical quantity” exhibits a renormalization-scale dependence when one of the “coupling constants” is put equal to zero but is not simultaneously switched off in the running of the second coupling constant.

Suppose we have some “physical quantities”

y_1(p) = C_0 [a(p) + α b(p)] , (21) y_2(p) = α d_1(p) + C_0 d_2(p), (22)

where α and C_0 are “coupling constants” and a(p), b(p), d_1(p) and d_2(p) are some given functions of “momentum” p. Let us express y_2(p) in terms of α and a “renormalized coupling constant”

C_0(μ) ≡ y_1(p)|_{p=μ}. Expressing C_0 as

C_0 =

C_0(μ) a(μ) + α b(μ) (23)

and substituting eq. (23) into eq. (22), we obtain

y_2(p) = α d_1(p) + d_2(p) C_0(μ) a(μ) + α b(μ) . (24) Now, let ỹ_2(p) denote the result of y_2(p) for α = 0. Clearly, ỹ_2(p) determined from eq. (22) as y_2(p) for α = 0 does not depend on μ. On the other hand, if we naively substitute α = 0 into eq. (24), we obtain

ỹ_2(p) = d_2(p) C_0(μ) a(μ) . (25) As a consequence, ỹ_2(p) determined from eq. (25) depends on μ, because the μ dependence of C_0(μ) is not cancelled by μ-dependence of a(μ): C_0(μ) a(μ) = C_0 {a(μ) + αb(μ)} a(μ) . (26)

For this simple toy example the resolution of the seeming puzzle is clear: defining ỹ_2(p) in terms of “renormalized running coupling”, we should substitute α = 0 in eq. (24) and also replace C_0(μ) by C̃_0(μ), where C̃_0(μ) = y_1(μ) for α = 0. Doing so we obtain for ỹ_2(p)

ỹ_2(p) = d_2(p)C̃_0(μ) a(μ) . (27)

As C̃_0(μ) = a(μ) C_0, eq. (27) indeed gives ỹ_2(p) which (correctly) does not depend on μ.

The problem of the μ dependence of the pp-scattering length is fixed in analogy to this toy model. Note that C̃_0(μ) is uniquely determined by the “fundamental theory” and can be calculated in this toy model. In EFT C̃_0(μ) is again uniquely determined by the underlying theory but in practice it is not possible to calculate it (at least for the moment being) and therefore has to be given as an input.

[1] S. Weinberg, Phys. Lett. B 251, 288 (1990). [2] S. Weinberg, Nucl. Phys. B 363, 3 (1991).

[3] P. F. Bedaque, M. J. Savage, R. . Seki and U. van Kolck, “Nuclear physics with effective field theory. II. Proceedings, INT Workshop, Seattle, USA, February 25-26, 1999,” Singapore, Singapore: World Scientific (2000) 368 p.

[4] S. R. Beane, P. F. Bedaque, W. C. Haxton, D. R. Phillips and M. J. Savage, nucl-th/0008064. [5] U. G. Meissner, V. Bernard, E. Epelbaum and W. Glockle, arXiv:nucl-th/0301079. [6] X. Kong and F. Ravndal, Phys. Lett. B 450, 320 (1999).

[7] J. Gegelia, PhD Thesis, Flinders University of South Australia (2000), unpublished. [8] A. Rusetsky, arXiv:hep-ph/0209182.

[9] J. Gasser, A. Rusetsky and I. Scimemi, arXiv:hep-ph/0305260.

[10] A. Sommerfeld, Atombau und Spektrallinien, Vol. II, Vieweg, Braunschweig, 1939; L.D. Landau and E.M. Lifschitz, Quantum Mechanics, Pergamon Press, London, 1958.

[11] M.L. Goldberger and K.M. Watson, Collision Theory, John Wiley and Sons, New York, 1964;

D.R. Harrington, Phys. Rev. 139, B691 (1965). [12] H.A. Bethe, Phys. Rev. 76, 38 (1949).

[13] L.P. Kok, J.W. de Maag, H.H. Bouwer and H. van Haeringen, Phys. Rev. C26, 2381 (1982). [14] G.E. Brown and A.D. Jackson, The Nucleon-Nucleon Interaction, North-Holland Publishing Company, Amsterdam, 1976.

[15] D. B. Kaplan, M. J. Savage and M. B. Wise, Phys. Lett. B 424, 390 (1998). [16] P. U. Sauer, Phys. Rev. Lett. 32, 626 (1974).

[17] D. B. Kaplan, M. J. Savage and M. B. Wise, Nucl. Phys. B 478, 629 (1996) [arXiv:nucl-th/9605002].

[18] J. Gegelia, J. Phys. G 25, 1681 (1999) [arXiv:nucl-th/9805008]. [19] J. Gegelia, Phys. Lett. B 463, 133 (1999) [arXiv:nucl-th/9908055].

[20] S. Weinberg, “The Quantum Theory Of Fields. Vol. 1: Foundations,” Cambridge, UK: University Press. (1995).