arXiv:nucl-th/0407114 v2 5 Dec 2004

Evolution of Hot, Dissipative Quark Matter in Relativistic Nuclear Collisions

Azwinndini Muronga and Dirk H. Rischke

Institut für Theoretische Physik, J.W. Goethe-Universität, Robert–Mayer–Straße 8–10, D–60325 Frankfurt am Main, Germany

Abstract

Non-ideal fluid dynamics with cylindrical symmetry in transverse direction and longitudinal scaling flow is employed to simulate the space-time evolution of the quark-gluon plasma produced in heavy-ion collisions at RHIC energies. The dynamical expansion is studied as a function of initial energy density and initial time. A causal theory of dissipative fluid dynamics is used instead of the standard theories which are acausal. We compute the parton momentum spectra and HBT radii from two-particle correlation functions. We find that, in non-ideal fluid dynamics, the reduction of the longitudinal pressure due to viscous effects leads to an increase of transverse flow and a decrease of the ratio R_{out}/R_{side} as compared to the ideal fluid approximation.

Key words: Causal dissipative fluid dynamics, relativistic nuclear collisions PACS numbers : 05.70.Ln, 24.10.Nz, 25.75.-q, 47.75.+f

1 Introduction

High-energy heavy-ion collisions offer the opportunity to study hot and dense nuclear matter [1]. Lattice QCD calculations [2] of thermodynamical functions indicate that, at zero net baryon number density, strongly interacting matter undergoes a rapid transition from (a chirally broken, confined) hadronic phase to a (chirally symmetric, deconfined) quark-gluon plasma (QGP). The transition temperature is found to be around T_c ∼ 160 MeV. One of the primary goals of relativistic heavy-ion physics is the creation and observation of the predicted QGP.

Fluid dynamics is the only dynamical model which provides a direct link between collective observables and the equation of state. Besides, it can also be linked to microscopic models via the energy-momentum tensor or via the transport coefficients.

Preprint submitted to Elsevier Science 5 December 2004

The applicability of ideal fluid dynamics rests on the assumption of local thermodynamic equilibrium. That is, in the local rest frame of the fluid the single-particle phase space distribution function is assumed to be isotropic in momentum space. However, for the early stage of a collision this may not be a very accurate approximation because the initial particle momenta are predominantly oriented in the longitudinal (beam) direction. Then it is necessary to account for the anisotropy of the phase space distribution in order to carry out a detailed analysis of the dynamics of the matter. Because of the anisotropy, shear viscous stresses arise. In the case of strongly interacting mixtures, in addition to shear and bulk viscous pressure, also diffusion has to be included in the analysis [3,4].

While for ideal fluid dynamics we only consider the conservation equations, in nonideal fluid dynamics we need to include a second set of transport equations. The standard theories of irreversible processes due to Eckart [5] or Landau [6] exhibit undesirable effects (i.e., they predict an infinite speed of propagation for thermal and viscous signals and unstable equilibrium states [7]). It is then necessary to resort to another non-ideal fluid-dynamical theory that does not have this anomalous behavior. Causal theories for non-ideal fluids were formulated by Müller [8] based on Grad’s 14-moment method [9] and written in relativistically covariant form by Israel and Stewart [10]. These are based upon extended irreversible thermodynamics, where the entropy current vector of standard thermodynamics is extended by including terms that are quadratic in the dissipative quantities. Causal fluid dynamics seems to be a good candidate to replace the standard Eckart or Landau theory. It has already been applied previously in Ref. [11] to one-dimensional Bjorken scaling flow [12].

In the present work we extend the investigation of Ref. [11] to more realistic, threedimensional geometries. We consider a system consisting of quarks and gluons with an equation of state of an ultrarelativistic ideal gas. This implies that the bulk viscosity vanishes [13]. We also assume the system to be net baryon free. Consequently the heat flow is small and will be neglected. The dominant dissipative corrections are then due to shear viscosity. The evolution of the system is studied assuming transverse cylindrical symmetry and Bjorken scaling flow in the longitudinal direction. To explore observable consequences of non-ideal fluid behaviour, we calculate the transverse momentum distribution of the produced partons and the two-particle correlation functions in side-, out- and long-direction, giving rise to the so-called HBT radii R_{side}, R_{out}, and R_{long} . At this point, we do not consider the hadronization of partons since the transport coefficients in the mixed phase are unknown. Nevertheless, the present work is the first to solve the second order (and thus causal) equations of relativistic dissipative fluid dynamics for a realistic three-dimensional geometry. Previous attempts use the first order equations which are acausal as a matter of principle.

The remainder of the paper is organized as follows. In section 2 we briefly review the equations of causal non-ideal fluid dynamics in a general frame. In section 3 we present the relaxational transport equations necessary to solve non-ideal fluid dynamics (also in a general frame). In section 4 we explicitly present the equations for the Bjorken cylinder-type expansion. In section 5 we outline the initial conditions, equations of state and transport coefficients used in the calculations. In section 6 we discuss the freeze-out prescription for particle spectra and HBT radii. We also discuss the dissipative corrections to the distribution function. In section 7 we present our results for the spectra and HBT radii. In section 8 we summarize our work. Mathematical details are deferred to the Appendix.

Our units are ℏ = c = k_B = 1. The metric tensor is g^{μν} = diag(+, −, −, −). The scalar product of two 4-vectors a^μ, b^μ is denoted by a^μ g_{μν} b^ν ≡ a^μ b_μ, and the scalar product of two 3-vectors a and b by a · b. The notations A^{(αβ)} ≡ (A^{αβ} + A^{βα})/2 and A^{[αβ]} ≡ (A^{αβ} −A^{βα})/2 denote symmetrization and antisymmetrization, respectively. The 4-derivative is denoted by ∂_α ≡ ∂/∂x^α. An overdot denotes Ȧ = u^λ∂_λA.

2 Basics of non-ideal fluid dynamics

In this section we present the equations of causal non-ideal fluid dynamics. We consider a fluid that consists of a single conserved charge. For a mixture of several conserved charges see Ref. [4]. The variables of concern are the (net) charge current N^μ, the energy-momentum tensor T^{μν} and the entropy flux S^μ. The divergence of the energy-momentum tensor and the charge current vanish, i.e., energy-momentum and charge are conserved. However, in general the divergence of the entropy current does not vanish. The second law of thermodynamics requires that it be a positive and nondecreasing function of time. In equilibrium the entropy is maximum and the divergence of the entropy current vanishes. Thus,

∂_μN^μ = 0 , (1) ∂_ν T^{μν} = 0 , (2) ∂_μS^μ ≥ 0 , (3)

where

N^μ = nu^μ + V^μ , (4) T^{μν} = (ε + p + Π)u^μu^ν − (p + Π)g^{μν} + 2W^{(μ}u^{ν)} + π^{μν} , (5)

S^μ = su^μ + βW^μ − αV^μ − 1 2 βu^μ ( β_0Π^2 − [ β_1q^ν q_ν + W^ν W_ν w ] + β_2π^{λν}π_{λν} )

− β ( [ α_0q^μ + W^μ w ] Π − [ α_1q_ν + W_ν w ] π^{μν} ) . (6)

In the local rest frame defined by u^μ = (1, 0) the quantities appearing in the above tensors have the following meaning. Defining the projection operator △^{μν} ≡ g^{μν} − u^μu^ν ≡ △^{νμ} onto the 3-space orthogonal to u^μ, i.e., △^{μν} u_ν = 0, n ≡ u_μN^μ is the net baryon number density, V^μ ≡ △^μ_ν N^ν is the net flow of charge, ε ≡ u_μT^{μν} u_ν is the energy density, p + Π ≡ −^1_3 △_{μν} T^{μν} is the local isotropic pressure plus bulk pressure, W^μ ≡ u_ν T^{νλ}△^μ_λ is the energy flow, q^μ ≡ W^μ − (w/n)V^μ is the heat flow, π^{μν} ≡ T^{⟨μν⟩} is the stress tensor, and s ≡ u_μ S^μ is the entropy density. The angular bracket notation, representing the symmetrized spatial and traceless part of the tensor, is defined by A^{⟨μν⟩} ≡

[_1

2 (△^μ_σ △^ν_τ + △^μ_τ △^ν_σ) −^1_3 △^{μν} △_{στ} ] A^{στ} . The spacetime derivative decomposes into ∂^μ = u^μD + ▽^μ, where D ≡ u^μ∂_μ is the comoving time derivative and ▽^μ ≡ △^{μν} ∂_ν is the gradient operator. The quantity β ≡ 1/T is the inverse temperature and α = μ/T is the chemical potential times the inverse temperature. w ≡ ε + p is the enthalpy density. The coefficients α_i(ε, n) and β_i(ε, n) in Eq. (6) are thermodynamic integrals and given by the equation of state.

So far u^μ is an arbitrary 4-vector and is normalized such that u^μu_μ = 1 and therefore u^μ∂_ν u_μ = 0. It can be taken to be the particle flow velocity. This is the Eckart frame. In this frame V^μ ≡ 0. Alternatively, it can be taken to be the energy flow velocity. This is known as the Landau frame. In this frame W^μ ≡ 0. The Landau or energy frame variables α_i and β_i are related to the Eckart or particle frame variables ᾱ_i and β̄_i, respectively, by

ᾱ_i − α_i = β̄_1 − β_1 = w^{−1} , and β̄_0 = β_0 , β̄_2 = β_2 . (7)

3 Transport Equations

In this section we present the transport equations for the independent dissipative fluxes Π, q^μ, π^{μν} . We shall consider the Landau frame where W^μ = 0 and thus q^μ = −(w/n)V^μ. We shall use the Müller-Israel-Stewart second-order theory for non-ideal fluids [8,10], which is based on extended irreversible thermodynamics. Causal non-ideal fluid dynamics rests on two assumptions: (1) The dissipative flows (heat flow and viscous pressures) are considered as independent variables, hence, the entropy function depends not only on the standard variables, charge density and energy density, but also on these dissipative flows. (2) In equilibrium, the entropy function assumes a maximum. Moreover, its flow depends on all dissipative flows and its production rate is positive semi-definite. As a consequence the heat flow q^μ, the bulk pressure Π and the traceless shear viscous tensor π^{μν} obey the evolution equations [10] τ_ΠΠ̇ + Π = −ζ ▽_μ u^μ − 1 2 ζT Π∂_μ ( τ_Πu^μ ζT )

+l_{Πq} ▽_μ q^μ , (8)

τ_q △^μ_ν q̇^ν + q^μ = κT ( ▽^μT T − a^μ ) + 1 2 κT^2q^μ∂_ν (τ_q u^ν κT^2 )

−l_{qπ} ▽_ν π^{μν} − l_{qΠ} ▽^μ Π + τ_qω^{μν} q_ν , (9) τ_π △^{μα} △^{νβ}π̇_{αβ} + π^{μν} = 2η ▽^{⟨μ} u^{ν⟩} − 1 2 ηT π^{μν}∂_λ ( τ_π u^λ ηT )

+l_{πq} ▽^{⟨μ} q^{ν⟩} + 2τ_π π^{α(μ}ω^{ν)}_α , (10)

where κ, ζ, and η denote the thermal conductivity, and the bulk and shear viscous coefficients, respectively. Also

τ_Π = ζβ_0 , τ_q = κT β_1 , τ_π = 2ηβ_2 , (11) l_{Πq} = ζα_0 , l_{qΠ} = κT α_0 , l_{qπ} = κT α_1 , l_{πq} = 2ηα_1 , (12)

are the relaxation times for the bulk pressure (τ_Π), the heat flux (τ_q), and the shear tensor (τ_π) ; and the relaxation lengths for the coupling between heat flux and bulk pressure (l_{Πq}, l_{qΠ}) and between heat flux and shear tensor (l_{qπ}, l_{πq}). Since the bulk viscosity vanishes for an ultrarelativistic ideal gas [13] and since the heat flux will turn out to be negligible small, we shall only need the expression for β_2. a^μ ≡ u̇^μ is the 4- acceleration, and ω^{μν} ≡ △^{μα} △^{νβ} ∂_{[β}u_{α]} is the vorticity tensor.

The standard theory of Landau is contained in these causal transport equations. To see this, set all relaxation time and length scales in Eqs. (8-10) to zero:

Π ≡ −ζΘ , (13) q^μ ≡ κT ( ▽^μT T − a^μ ) = − λ n T^2 w ▽^μ ( μ T ) , (14) π^{μν} ≡ 2ησ^{μν} , (15) where Θ ≡ ▽_μu^μ is the expansion scalar, and σ^{μν} ≡ ▽^{⟨μ}u^{ν⟩} = ▽^{(μ}u^{ν)} −^1_3 △^{μν} ▽_λu^λ is the shear tensor.

4 Longitudinal boost invariance with transverse expansion

We now consider the three-dimensional expansion with longitudinal boost invariance and cylindrical symmetry in transverse direction. We take the z-axis to be the beam direction and use cylindrical coordinates.

We are interested in the transverse motion. We will take advantage of the onedimensional scaling solution which, under boosts along the longitudinal direction, is invariant. Thus we can go to a point (along the z-axis) where the equations are simple, for instance z = 0, and derive the radial solution. Afterwards, one can boost this solution along the longitudinal direction. We use the coordinate transformations,

t = τ cosh η , z = τ sinh η , (16)

where τ = √ t^2 − z^2 , η = 1 2 ln t + z t − z . (17)

We take matter to be net baryon free, and thus N^μ ≡ 0. Therefore we do not need to consider Eq. (1). The energy-momentum tensor in the local rest frame is

T̂^{μν} = (ε + P_⊥) û^μû^ν − P_⊥g^{μν} + (P_z − P_⊥) l̂^μl̂^ν + (P_r − P_⊥) m̂^μm̂^ν +2τ^{rz}l̂^{(μ}m̂^{μ)} + 2W^rû^{(μ}m̂^{ν)} + 2W^zû^{(μ}l̂^{ν)} , (18)

where P_r ≡ p + τ^{rr} + Π, P_z ≡ p + τ^{zz} + Π, P_⊥ = P_ϕ ≡ p + τ^{ϕϕ} + Π and

û^μ(r, η, τ ) = (1, 0, 0, 0) , (19) l̂^μ(r, η, τ ) = (0, 0, 0, 1) , (20) m̂^μ(r, η, τ ) = (0, e_r, 0) , (21)

with e_r = (cos ϕ, sin ϕ) . (22) The τ^{ij} and W^i are the components of π^{μν} and the W^μ in the local rest frame. Due to scaling assumption the component τ^{rz} will not contribute at z = 0 or η = 0. For the same reason W^z will not contribute.

Successive boosts with radial fluid flow velocity v_r = v_r(r, τ ) in the transverse direction and with Bjorken fluid flow velocity v_z = tanh η in the longitudinal (z-axis) direction give

T^{μν} = (ε + P_⊥) u^μu^ν − P_⊥g^{μν} + (P_z − P_⊥) l^μl^ν + (P_r − P_⊥) m^μm^ν +2τ^{rz} l^{(μ}m^{μ)} + 2W^ru^{(μ}m^{ν)} + 2W^z u^{(ν} l^{ν)} , (23)

with

u^μ(r, η, τ ) = γ(cosh η, v_re_r, sinh η) , (24) l^μ(r, η, τ ) = (sinh η, 0, 0, cosh η) , (25) m^μ(r, η, τ ) = γ(v_r cosh η, e_r, v_r sinh η) , (26) where γ ≡ 1/ √ 1 − v^2_r . The set of three 4-vectors has the following properties: u^μ is timelike, u^μu_μ = 1, and the other two, l^μ and m^μ, are spacelike l^μl_μ = m^μm_μ = −1. The three are orthogonal u^μl_μ = u^μm_μ = l^μm_μ = 0. The energy flux is given by

W^μ = W^ru^{(μ}m^{ν)} + W^z u^{(μ}l^{ν)} . (27)

and due to the symmetry of the problem (no energy flow in the z-direction at z = 0) only the radial part remains and we will simply denote it by W , i.e. W ≡ W^r. The shear stress tensor takes the form

π^{μν} = Π^{rz} cosh^2 η − τ^{zz} τ^{rr}γ^2v_r cos ϕ cosh η τ^{rr}γ^2v_r sin ϕ cosh η Π^{rz} cosh η sinh η τ^{rr}γ^2v_r cos ϕ cosh η Π^{rϕ} cos^2 ϕ + τ^{ϕϕ} Π^{rϕ} cos ϕ sin ϕ τ^{rr}γ^2v_r cos ϕ sinh η τ^{rr}γ^2v_r sin ϕ cosh η Π^{rϕ} cos ϕ sin ϕ Π^{rϕ} sin^2 ϕ + τ^{ϕϕ} τ^{rr}γ^2v_r sin ϕ sinh η Π^{zr} cosh η sinh η τ^{rr}γ^2v_r cos ϕ sinh η τ^{rr}γ^2v_r sin ϕ sinh η Π^{zr} cosh^2 η − τ^{rr}γ^2v^2_r ,

(28) where Π^{rz} = Π^{zr} = τ^{rr}γ^2v^2_r + τ^{zz} and Π^{rϕ} = Π^{ϕr} = τ^{rr}γ^2 − τ^{ϕϕ}.

Note that in writing Eq. (28) we have omitted the τ^{rz} terms, since they will not contribute due to scaling at z = 0 or at η = 0. For the same reason the component π^{rz} will not contribute.

The components of T^{μν} which will be used in the following are T^{00} and T^{0r}. At η = z = 0 they take the form:

T^{00} = Wγ^2 − P_r + 2W γ^2v_r , (29) T^{0r} = Wγ^2v_r + W γ^2(v^2_r + 1) , (30)

with W ≡ ε + P_r.

The equations of motion at z = η = 0 reduce to

∂ ∂τ T^{00} = − ∂ ∂r { (T^{00} + P_r)v_r + W }

− (T^{00} + P_r)S + (P_r − P_z ) 1 τ − W 1 r , (31) ∂ ∂τ T^{0r} = − ∂ ∂r { (T^{0r} + W )v_r + P_r }

− T^{0r}S − (P_r − P_ϕ) 1 r − W v_r r , (32)

where S ≡ v_r r + 1 τ . (33)

The velocity and local energy density are given by

v_r = T^{0r} − W T^{00} + P_r

, (34)

ε = T^{00} −

(T^{0r})^2 − (W )^2 T^{00} + P_r

. (35)

For an equation of state of the form p = ε/3 the energy density is determined from

ε = − ( T^{00} + 3 2 τ^{rr} ) + 4T^{002} − 3 [ (T^{0r})^2 − (W )^2 ] + 6T^{00}τ^{rr} + 9 4 (τ^{rr})^2 . (36)

Note that in the Landau frame W = 0, and in the Eckart frame W = q.

We now consider the transport equations for the dissipative fluxes. These arise from the second law of thermodynamics, Eq. (3) [8,10]. Note that, due to the symmetry of the problem, Eq. (9) has one independent component and Eq. (10) has two independent components. We shall take as equation of state p = ε/3, cf. section 5, and this implies that we do not need to consider the equation for the bulk pressure, since the bulk viscosity coefficient vanishes for this equation of state [13]. Consequently, Π = 0, cf. Eq. (8). We also take the net charge to be zero, n = 0. It is then convenient to work in the Landau frame. Since n = 0, the driving force term in the heat flux equation (the first term on the right-hand side) vanishes, cf. Eq. (14). Although the remaining terms need not vanish, we checked that they are numerically small and thus we shall not consider the heat flux equation (9). Thus we are only left with the equation for the shear stress tensor, π^{μν} . After using the cylindrical symmetry the various components of Eq. (10) decouple and reduce to:

∂ ∂τ τ^{rr} = −v_r ∂ ∂r τ^{rr} − π^{rr} 1 γτ_π + 2η γτ_π σ^{rr} − 1 2γ τ^{rr} [ Θ − 5 4 ε̇ ε ] , (37) ∂ ∂τ τ^{ϕϕ} = −v_r ∂ ∂r τ^{ϕϕ} − τ^{ϕϕ} 1 γτ_π + 2η γτ_π σ^{ϕϕ} − 1 2γ τ^{ϕϕ} [ Θ − 5 4 ε̇ ε ] , (38) ∂ ∂τ τ^{zz} = −v_r ∂ ∂r τ^{zz} − τ^{zz} 1 γτ_π + 2η γτ_π σ^{zz} − 1 2γ τ^{zz} [ Θ − 5 4 ε̇ ε ] . (39)

Here

Θ ≡ θ + γ [ 1 τ + v_r r ] , (40) θ ≡ ∂ ∂τ γ + ∂ ∂r γv_r (41) ḟ ≡ [ γ ∂ ∂τ + γv_r ∂ ∂r ] f , (42) σ^{rr} ≡ −θ + 1 3 Θ , (43) σ^{ϕϕ} ≡ −γ v_r r + 1 3 Θ , (44) σ^{zz} ≡ −γ 1 τ + 1 3 Θ . (45)

The coupled system of conservation equations and transport equations is solved numerically using the code called LCPFCT [14]. It solves generalized continuity equations of the form ∂ ∂t U = − 1 r^{α−1} ∂ ∂r { r^{α−1}Uv } − 1 r^{α−1} ∂ ∂r { r^{α−1}D_1 } + C_2 ∂ ∂r D_2 + D_3 , (46)

with α = 1, 2, 3 for Cartesian, cylindrical or spherical coordinates, respectively. The advantage of LCPFCT in the present application is that the additional source terms are included by means of the terms D_1, D_2 and D_3. The same set of coupled equations can be solved numerically using the RHLLE [15] or SHASTA [16] algorithms.

5 Initial Conditions, Equation of state and transport coefficients

For the initial energy density distribution in the transverse plane we use the Woods- Saxon parameterization ε(r) = ε_0 1 e^{(r−R0)/a} + 1 , (47)

with R_0 = 1.14A^{1/3} fm and a = 0.54 fm. Since we consider Au+Au collisions at RHIC, A = 197. Here ε_0 is the maximum energy density for central collisions at an initial time τ_0. The numerical value of ε_0 is determined from the equation of state ε_0 = 3aT^4_i , where a is given in Eq. (48) and T_i is the initial temperature. We will compare the ideal and non-ideal fluid dynamics results for similar initial conditions.

In non-ideal fluid dynamics we also need to specify, independently, the initial conditions for the dissipative fluxes. The independent components of the shear tensor are initialized to τ^{rr} = τ^{ϕϕ} = ε(r)/18 , τ^{zz} = −ε(r)/9, where ε(r) is given in Eq. (47). These particular values can be motivated by a microscopic model study [17].

For this exploratory study a simple equation of state is used, namely that of an ultrarelativistic gas of massless u , d , s quarks and gluons. Since the net charge is considered to be zero, the pressure is given by p = aT^4, and the entropy density by s = 4aT^3, where a = ( 16 + 21 2 N_f ) π^2 90 , (48)

is a constant determined by the number of quark colors and flavors and the number of gluon colors. Here N_f is the number of quark flavors, taken to be 3. The only relaxation coefficient we need is β_2 which, for massless particles, is given by [10]

β_2 = 3 4p . (49)

The shear viscosity is given by [18,19] η = bT^3 where

b = (1 + 1.70N_f )

0.342 (1 + N_f /6) α^2_s ln(α^{−1}_s )

, (50)

is a constant determined by the number of quark flavors and the number of gluon colors. The strong coupling constant, α_s, is taken to be 0.5.

In Fig. 1 we show the profiles for the components of the shear stress tensor as a function of the radial coordinates at different times.

The effect of shear stress is to reduce the longitudinal pressure (hence τ^{zz} is negative) and to increase the transverse pressure (hence τ^{rr} and τ^{ϕϕ} are positive). Note that at any point in time the sum of the three components is zero. This reflects the tracelessness of the shear stress tensor.

6 Transverse spectra and HBT radii

To calculate single inclusive particle spectra or two-particle correlation functions in the fluid-dynamical framework, one assumes that a fluid element decouples from the fluid evolution, i.e., freezes out, as soon as the particle density drops below a certain critical value where the collision rate becomes too small to maintain local thermodynamic equilibrium. In our case, the particle density depends on the temperature only. Therefore, freeze-out happens across isotherms in the space-time diagram.

To calculate two-particle correlation functions we use the method developed by Pratt [20] and others, and applied to hydrodynamics in Ref. [21]. This method is a generalization of the Cooper-Frye formula [22] for single-inclusive particle spectra.

Fig. 1. The components of the shear stress tensor in units of p_0 = ε_0/3 as a function of r/R_0, where R_0 is the initial radius of the system, at different times t = τ_i + nΔt, Δt = 0.025 fm/c.

6.1 Freeze-out prescription

Just as in ideal hydrodynamics, our fluid-dynamical model describes the time evolution of macroscopic thermodynamic quantities which must be converted to particle spectra before one can compare with experimental data. To do so we use the wellknown Cooper-Frye prescription [22] which gives the particle spectrum in terms of an integral over the phase-space distribution function along a so-called freeze-out hypersurface Σ(x): E dN d^3p = dN dy d^2p_⊥ = ∫ Σ dΣ_μ(x) p^μ f(x, p) , (51)

dΣ_μ(x) is the 4-vector integral measure normal to the hypersurface and, in the case of ideal hydrodynamics, f(x, p) is a local equilibrium distribution function of the form f^{eq} (x, p) = A_0 [exp(βu_μp^μ − α) − ϵ]^{−1} , (52) where A_0 = g/(2π)^3 and ϵ corresponds to the statistics of Boltzmann (ϵ = 0), Bose (ϵ = +1), or Fermi (ϵ = −1). The degeneracy factor is g = 2J +1, where J is the spin of the particle. The flow velocity u^μ is evaluated along the freeze-out hypersurface Σ and the temperature T is calculated from the energy density on Σ. Longitudinal boost-invariance dictates freeze-out along a surface of fixed longitudinal proper time τ_f (r).

In general the freeze-out surface Σ_f is a 3-dimensional hypersurface in space-time which can be parametrized by three orthogonal coordinates Σ^μ(u, w, v). The normal vector on the hypersurface is determined by dΣ_μ = −ϵ_{μνλρ} ∂Σ^ν ∂u ∂Σ^λ ∂v ∂Σ^ρ ∂w , (53)

where ϵ^{μνλρ} = −ϵ_{μνλρ} is totally antisymmetric, and ϵ^{μνλρ} = +1 if (μνλρ) is an even permutation of (0, 1, 2, 3).

6.2 Two Particle Correlations and HBT Radii

The two-particle correlation function for bosons can be written as [21]

C_2(p_1, p_2) = 1 + | ∫ Σ dΣ^μK_μ exp[iq_ν Σ^ν ] f(x, p)|^2

E_1 dN d^3p_1

E_2 dN d^3p_2

, (54)

where K^μ = (p^μ_1 + p^μ_2 )/2 is the average 4-momentum and q^μ = p^μ_1 − p^μ_2 is the relative 4-momentum. The symmetry of the problem reduces the number of independent variables on which C_2 depends. For particles emitted at midrapidity, K^z = 0. Due to cylindrical symmetry around the z-axis we can choose the average transverse momentum as K_⊥ = (K, 0, 0) and the relative momenta as q_{out} = (q_{out}, 0, 0), q_{side} = (0, q_{side}, 0) and q_{long} = (0, 0, q_{long}). For a fixed average transverse momentum K we define side-, out-, and long-correlation functions as C_{2,side} ≡ C_2(K, 0, q_{side}, 0), C_{2,out} ≡ C_2(K, q_{out}, 0, 0), and C_{2,long} ≡ C_2(K, 0, 0, q_{long}), respectively. Then we define the corresponding inverse widths as

R_{side} ≡ √ ln 2/q^∗_{side}, R_{out} ≡ √ ln 2/q^∗_{out} and R_{long} ≡ √ ln 2/q^∗_{long}, where q^∗_{side} is determined from C_{2,side}(q^∗_{side}) = 3/2, and similarly for q^∗_{out} and q^∗_{long}.

6.3 Dissipative corrections to the distribution function

For a gas that departs slightly from local thermal equilibrium, we may choose (independently at each point x) a local equilibrium distribution f^{eq} (x, p) of the form (52), that is close to the actual distribution f(x, p) and set f(x, p) = f^{eq} (x, p) {1 + Δ^{eq}ϕ(x, p)} , (55) where the Bose (Pauli) enhancement (blocking) factors are represented by

Δ ≡ 1 + ϵA^{−1}_0 f , (56)

where A_0 was defined below Eq. (52) and Δ^{eq} is given by replacing f on the right hand side by f^{eq} . In the calculations of single particle spectra and two particle correlations we shall put Δ^{eq} = 1, ignoring the effects of Bose enhancement and Pauli blocking. This is justified because the dissipative corrections are small.

In macroscopic dynamics we seek a truncated hydrodynamical linearized description of small departures from equilibrium in which only the 14 variables N^μ and T^{μν} appear. The microscopic counterpart of this is a truncated description in which the function y(x, p) = ln [ A^{−1}_0 f(x, p)/Δ ] , (57) differs from any nearby local equilibrium value y_{eq} (x, p) = α(x) − β(x)u_μ(x)p^μ , (58) by a function of momenta specifiable by 14 parameters.

The truncated description is derived via Grad’s relativistic 14-moment approximation [9,10], or via a variational method [23], namely that y − y_{eq} can be locally approximated by a quadratic function of 4-momentum, ϕ(x, p) ≡ y − y_{eq} ≃ ϵ(x) − ϵ_μ(x)p^μ + ϵ_{μν} (x)p^μp^ν , (59) where ϵ(x), ϵ_μ(x), and ϵ_{μν} (x) are small. Without loss of generality ϵ_{μν} may be taken to be traceless, since its trace can be absorbed in a redefinition of ϵ. The non-equilibrium distribution function (55) depends on the 14 variables α − ϵ , βu_μ + ϵ_μ , ϵ_{μν} . These parameters are related to the dissipative fluxes. For a system which only experiences shear stress we just need to know [10]

ϵ_{μν} = Cπ_{μν} , (60) where the coefficient C is given by C = β^2 2w . (61)

7 Non-ideal versus ideal fluid dynamics

Since we do not consider hadronization in our model studies we do not follow the dynamics beyond the hadronization point. We stop the dynamical evolution and calculate the spectra along a surface of constant energy density ε_f or along given space-time isotherms. By truncating the dynamics before hadronization we cannot compare our results directly with experiment. Nevertheless, we can estimate the effects of entropy production in the non-ideal fluid-dynamical evolution by comparing the spectra with the ones obtained in ideal fluid dynamics. Let us note that an additional 7.5% [24] to 25% [25] increase in entropy is expected to arise in the hadronization transition, but this occurs in the non-ideal as well as in the ideal case. By neglecting the hadronization transition, we of course underestimate the total amount of produced entropy and, consequently, the final hadron multiplicity.

We present here the fluid-dynamical expansion solutions for a Bjorken cylinder geometry for different initial energy densities ε_0 and initial τ_0. We study two scenarios. The first corresponds to a central Au+Au collision at RHIC, where the transverse radius of the hot zone is of order of 5 fm, while the time scale of local equilibration is roughly given by the energy loss of a parton interacting with matter, τd_{E/}d_x ≈ 0.5 fm [26]. Consequently, we choose τ_0 = 0.1R_0 [21]. For the initial energy density we take an exemplary value of ε_0 = 25 GeV/fm^{−3}. For the second scenario we consider τ_0 = 1/3T_0 which is motivated by an uncertainty principle argument [27]. In this case we take ε_0 = 100 GeV fm^{−3}, which corresponds to the maximum energy density reached in VNI(PCM) simulations [28]. We use the same initial conditions for the non-ideal and ideal fluid-dynamical calculations. In this way, the dissipative effects on the evolution can be observed most clearly. Since we do not consider hadronization we do not make an attempt to reproduce actual experimental data, which could require a readjustment of the initial conditions.

In Fig. 2 we show the freeze-out time τ_f (r), defined by ε_f or, equivalently, by T_f , as a function of position in the transverse plane. Due to the strong initial longitudinal motion, the system cools rather quickly even before the transverse rarefaction waves reaches the center of the cylinder. The duration of the expansion is therefore solely determined by the longitudinal scaling expansion. This causes the horizontal parts of the isotherms. The effect of longitudinal cooling is reduced for larger values of τ_0. One observes that for identical initial conditions ideal fluid dynamics leads to earlier freeze-out. The longer freeze-out times in non-ideal fluid dynamics originate from the fact that the longitudinal pressure is reduced due to viscosity effects, cf. Fig. 1.

Fig. 2. The freeze-out time τ_f (r) as a function of transverse coordinate r. (a) VNI scenario, (b) RHIC scenario.

In Fig. 3 we show the parton transverse momentum spectra. Due to longer freezeout times in non-ideal fluid dynamics, the corresponding spectrum is enhanced at high p_T . The reason is that non-ideal fluid dynamics creates stronger radial flow than ideal fluid dynamics due the increase of the transverse and the decrease of the longitudinal pressure, see Fig. 1. Similar results on the space-time isotherms and the transverse momentum spectra were found [29] by considering ideal hydrodynamics of a transversally thermalized system of gluons.

Fig. 3. Parton p_⊥ distribution for the RHIC scenario.

In Fig. 4 we show the parton mean transverse momentum, multiplicity and transverse energy as a function of freeze-out temperature for the RHIC scenario. Decreasing freeze-out temperature corresponds to increasing freeze-out time. For both the ideal and non-ideal evolution, the mean transverse momentum decreases with increasing freeze-out time. The reason is that, for massless particles, the decrease of the temperature has a stronger influence than the increase of the radial flow. One also observes that the stronger radial motion in the non-ideal case increases the mean transverse momentum as compared to the ideal case. Note that the initial value of the transverse momentum in the non-ideal case differs from that in the ideal case because of the dissipative corrections to the single particle distribution function.

In ideal fluid dynamics entropy is conserved, dS/dy = constant. For massless partons, the entropy density is proportional to the number density and thus dN/dy ∼ dS/dy. Therefore, dN/dy should be constant as a function of T_f . The 10% deviation from this relation observed in Fig. 4(b) for the ideal fluid case is caused partially by the numerical viscosity generated in the course of the evolution and partially by the numerical uncertainty introduced when integrating the single particle spectra over transverse momentum. In non-ideal fluid dynamics the entropy per unit rapidity dS/dy increases with time (i.e., decreases with T_f ) and so does dN/dy. Longitudinal boost invariance implies that the total transverse energy per unit rapidity, dE_⊥/dy, is independent of y. Due to the reduced longitudinal pressure in non-ideal hydrodynamics, the longitudinal work performed is also reduced and dE_⊥/dy decreases more slowly with freeze-out time in comparison with ideal fluid dynamics.

Fig. 4. The mean transverse momentum (a), multiplicity (b) and transverse energy (c). The solid curves are for the ideal fluid evolution and the dashed curves are for the non-ideal fluid evolution.

In Fig. 5 we show the K_⊥ dependence of HBT radii and the ratio R_{out}/R_{side}. The consequence of the longitudinal pressure reduction is to reduce the longitudinal radius R_{long} . The widths of the correlation functions correspond to the space-time structure of the corresponding isotherms. The effect of dissipation is to reduce R_{out} while at the same time increasing R_{side}. This leads to the reduction of the ratio R_{out}/R_{side} and this works in favor of reproducing experimental data which are overestimated by ideal fluid dynamics [30–33]. For discussions on the effects of first order viscous corrections to ideal hydrodynamical description on spectra, elliptic flow and HBT radii see Ref. [33]. Fig.5 is obtained with the freeze-out temperature of 110 MeV for pions of mass 138 MeV.

Fig. 5. HBT radii and the ratio R_{out}/R_{side}. The solid curves are for the ideal fluid and the dashed curves are for the non-ideal fluid.

8 Conclusions and Outlook

In this work we have compared the evolution of a non-ideal fluid of massless partons with that of an ideal fluid. We solved the fluid dynamical equations in a realistic 3+1 dimensional geometry appropriate for central Au+Au collisions at RHIC energies, i.e., assuming cylindrical symmetry in the transverse direction and boost invariance in the longitudinal direction. We have used similar initial conditions in the ideal and non-ideal case. Since our model only contains partons and lacks a description of hadronization, we truncated the evolution of the system just before the onset of hadronization, at a (fictitious) freeze-out temperature of T_f ≥ 160 MeV.

We then investigated the influence of viscosity on the transverse momentum spectra, the parton multiplicity, the transverse energy, as well as the HBT radii. We found that the reduction of longitudinal pressure in the non-ideal case leads to an increase in radial flow. This has the consequence that, for comparable freeze-out temperatures, the mean transverse momentum is larger in the non-ideal case by ∼ 100 MeV. Another consequence is that the longitudinal HBT radius R_{long} is reduced. Simultaneously, R_{side} increases while R_{out} decreases. All this works in favour of reproducing experimental data, although we refrain from a detailed comparison to the latter due to the lack of hadronization in our model.

Finally, dissipation produces entropy and consequently the final parton multiplicity increases in the non-ideal case as compared to the ideal case where it should stay constant on account of entropy conservation. In the ideal case longitudinal work decreases the transverse energy dE_T /dy with increasing freeze-out time. This decrease is considerably smaller in the non-ideal case due to the reduction of the longitudinal pressure.

For the future, it is important to extend our considerations to finite baryon densities, and to include the hadronization of partons. In order to model hadronization in fluid dynamics one has to consider an equation of state with a phase transition from hadronic matter to quark-gluon plasma. In the mixed phase the bulk viscosity coefficients can be large and comparable to the shear viscosity coefficient. This in turn will have a significant effect on the life time of the system, thereby affecting observables such as the HBT radii. The final hadron spectra have to be computed along a freeze-out surface in the hadronic phase. Only then a realistic comparison of the model results to experimental data is possible.

In order to reproduce the experimental data one will be forced to adjust the initial conditions. We expect that the latter will be very different in the non-ideal as compared to the ideal case. Our results for the evolution of a purely partonic phase indicate that a better simultaneous description of particle spectra and HBT radii is possible. Another important observable which should be reproduced within the fluid dynamical framework is the elliptic flow. This cannot be studied in the present cylindrically symmetric scenario; we have to generalize our study to allow for non-symmetric configurations in the transverse plane.

Acknowledgements

We would like to thank T. Koide and A. Dumitru for valuable discussions. This work was supported by BMBF.

A Particle spectra and HBT radii from a cylindrically symmetric freezeout surface

In this Appendix we calculate the particle spectrum, and the out-, side-, and longcorrelations in the Bjorken cylinder geometry. This is a generalization of Appendix B of Ref. [21] to include dissipation in particle spectra and two- particle correlation functions. Due to boost invariance, the surface is simply the space-time hyperbola of constant τ_f = √ τ^2_f − z^2_f . Note that at z = 0, τ_f depends only on r_f , τ_f = τ_f (r_f ). In terms of the space-time rapidity, η = tanh^{−1}(z_f /t_f ) we have t_f (r_f , η) = τ_f (r_f ) cosh η and z_f (r_f , η) = τ_f (r_f ) sinh η. Also due to boost invariance along z, r_f cannot depend on η.

In cylindrical coordinates (r, ϕ, z) the freeze-out surface is parametrized as

Σ^μ = (τ_f (r) cosh η, r cos ϕ, r sin ϕ, τ_f (r) sinh η) , (A.1) with τ_f (r_f ) ≡ t_f (r_f , η = 0). The normal vector is calculated from Eq. (53) in cylindrical coordinates,

dΣ_μ = ( cosh η, − cos ϕ ∂τ_f ∂r_f , − sin ϕ ∂τ_f ∂r_f , − sinh η ) r_f dr τ_f (r_f ) dϕ dη . (A.2)

The 4-momentum is parametrized in terms of the longitudinal (particle) rapidity y ≡ tanh^{−1}(p^z /E) and the transverse mass m_T ≡ [p^2_⊥ + m^2]^{1/2} as

p^μ = (p^0, p^1, p^2, p^3) = (m_⊥ cosh y, p_⊥ cos ϕ_p, p_⊥ sin ϕ_p, m_T sinh y) , (A.3)

where we have used rotational symmetry around z to choose p_⊥ = (p_⊥, 0, 0). The volume element becomes

p^μdΣ_μ = ( m_⊥ cosh(η − y) − p_⊥ cos(ϕ − ϕ_p) ) τ_f (r)rdr dϕ . (A.4)

The fluid 4-velocity in the Bjorken cylinder expansion is given by Eq. (24). Consequently, p^μu_μ = m_⊥γ cosh(η − y) − p_⊥γv_r cos(ϕ − ϕ_p) . (A.5)

We first give here the results for an equilibrium distribution function f^{eq} (x, p). For the single inclusive momentum distribution we perform the η-integration with the help of Eq. (3.547.4) of Ref. [34] and the ϕ-integration using the formula (3.937.2) of Ref. [34] and then expand the Bose and Fermi distribution functions. The result is

I^{eq}_{ηϕ} ≡ E dN d^3p

= 4πA_0 ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f (r)e^{n(μ/T )} × { m_⊥I_0(α_⊥) K_1(z_⊥) − p_⊥ ∂τ_f ∂r_f I_1(nα_⊥) K_0(z_⊥) } , (A.6)

where the K_ν arising from the η-integration are modified Bessel functions of the second kind. The upper sign is for bosons and the lower one is for fermions. The integration over the momentum-space angle ϕ gave rise to the modified Bessel functions of the first kind I_ν . Here, α_⊥ = n^{p⊥}_T v_rγ and z_⊥ = n^{m⊥}_T γ. Note that the final spectrum respects the symmetries of the problem, i.e., it is azimuthally symmetric and boost-invariant along z. For further use, we define

I_0(p_⊥) = A^{−1}_0 E dN d^3p

. (A.7)

Now we calculate the two-particle correlation functions in order to determine the HBT radii. For the numerator one has to calculate the expressions

I^{eq}_1 = A_0 ∫ Σ dΣ_μK^μ e^{−Kν uν /T} cos [q_μΣ^μ] , (A.8)

I^{eq}_2 = A_0 ∫ Σ dΣ_μK^μ e^{−Kν uν /T} sin [q_μΣ^μ] . (A.9)

For the side-correlation function for particles at y = 0 we may choose K_⊥ = (K, 0, 0) such that p^μ_1 = (E, K, q_{side}/2, 0), p^μ_2 = (E, K, −q_{side}/2, 0), K^μ = (E, K, 0, 0), q^μ = (0, 0, q_{side}, 0), where E = [K^2 + q^2_{side}/4 + m^2]^{1/2}. Since the single inclusive spectrum (51) does not depend on the direction of p, the two single inclusive spectra in the denominator in Eq. (54) are equal. For the calculation of I^{eq}_1 we perform the ηintegration using Eq. (3.547.4) of Ref. [34]. The result is

I^{eq}_1 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f × { EK_1(z_s)Î_0(a, b) − K ∂τ_f ∂r_f K_0(z_s)Î_1(a, b) } , (A.10)

where z_s ≡ nEγ/T , a ≡ nKγv_r/T and b ≡ q_{side}r_f , and the functions Î_0 and Î_n(a, b) (for n > 0) are defined by

Î_0 ≡ 1 π ∫_π 0 dϕ cosh[a cos ϕ] cos[b sin ϕ] , (A.11)

Î_n ≡ 1 π ∫_π 0 dϕ cos^n ϕ cosh[a cos ϕ] cos[b sin ϕ] ≡

∂^nÎ_0 ∂a^n . (A.12)

One can show that for the side-correlation function I^{eq}_2 ≡ 0 by symmetry. Thus for the side-correlation function

C_{2,side} = 1 + (I^{eq}_1 )^2 (I^{eq}_0 )^2

. (A.13)

For the out-correlation function the momenta are p^μ_1 = (E_1, K + q_{out}/2, 0, 0), p^μ_2 = (E_2, K − q_{out}/2, 0, 0), K^μ = (K^0, K, 0, 0), q^μ = (E_1 − E_2, q_{out}, 0, 0), where E_{1,2} = [(K ± q_{out}/2)^2 + m^2]^{1/2}, K^0 = (E_1 + E_2)/2. The η- and ϕ-integrations separate, and the final result for I^{eq}_1 and I^{eq}_2 reads

I^{eq}_1 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f { K^0 [ K_1(α, β)J_0(a, b) + K̂_1(α, β)Ĵ_0(a, b) ]

−K [ K_0(α, β)J_1(a, b) + K̂_0(α, β)Ĵ_0(a, b) ] ∂τ_f ∂r_f } , (A.14)

I^{eq}_2 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f { K^0 [ K̂_1(α, β)J_0(a, b) + K_1(α, β)Ĵ_0(a, b) ]

−K [ K̂_0(α, β)J_1(a, b) + K_0(α, β)Ĵ_0(a, b) ] ∂τ_f ∂r_f } , (A.15)

where α ≡ nK^0γ/T , β ≡ (E_1 − E_2)τ_f , a ≡ nKγv_r/T , b ≡ q_{out}r_f and (see Appendix B of Ref. [21])

K_0(α, β) ≡ ∫_∞ 0 dη cos[β cosh η]e^{−α cosh η} , (A.16) K_n(α, β) ≡ ∫_∞ 0 dη cosh^n η cos[β cosh η]e^{−α cosh η} ≡ (−1)^n ∂^nK_0(α, β) ∂α^n , (A.17) K̂_0(αβ) ≡ ∫_∞ 0 dη sin[β cosh η]e^{−α cosh η} , (A.18) K̂_n(αβ) ≡ ∫_∞ 0 dη cosh^n η sin[β cosh η]e^{−α cosh η} ≡ (−1)^n

∂^nK̂_0(α, β) ∂α^n , (A.19) J_0(a, b) ≡ 1 π ∫_π 0 dϕ cos[b cos ϕ] cosh[a cos ϕ] , (A.20) J_n(a, b) ≡ 1 π ∫_π 0 dϕ cos^n ϕ cos[b cos ϕ] cosh[a cos ϕ] ≡ ∂^nJ_0(a, b) ∂a^n , (A.21) Ĵ_0(a, b) ≡ 1 π ∫_π 0 dϕ sin[b cos ϕ] sinh[a cos ϕ] , (A.22) J_n(a, b) ≡ 1 π ∫_π 0 dϕ cos^n ϕ sin[b cos ϕ] cosh[a cos ϕ] ≡

∂^nĴ_0(a, b) ∂a^n . (A.23) Then the out-correlation function reads C_{2,out} = 1 +

(I^{eq}_1 )^2 + (I^{eq}_2 )^2 I^{eq}_0 (p_{1,⊥})I^{eq}_0 (p_{2,⊥})

. (A.24)

Finally, for the long-correlation function

I^{eq}_1 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f × { EG_1(a, c)I_0(b) − K ∂τ_f ∂r_f G_0(a, c)I_1(b) } , (A.25)

and I^{eq}_2 ≡ 0 by symmetry. Here E = [K^2 + m^2]^{1/2}, a ≡ nEγ/T , b ≡ nKγv_r/T , c ≡ q_{long} τ_f and

G_0(a, c) ≡ ∫_∞ 0 dηe^{−a cosh η} cos[−b sinh η] , (A.26) G_n(a, c) ≡ ∫_∞ 0 dη cosh^n ηe^{−a cosh η} cos[−b sinh η] ≡ (−1)^n ∂^nG_0(a, c) ∂a^n . (A.27)

Then the long-correlation function reads C_{2,long} = 1 + (I^{eq}_1 )^2 (I^{eq}_0 )^2

. (A.28)

We now discuss and give the results for the dissipative corrections to particle spectra and HBT radii. For shear viscosity corrections we need to compute π_{μν} p^μp^ν . From the shear stress tensor (28) and the 4-momentum (A.3) we have

p_μp_ν π^{μν} = m^2_⊥Π^{zr} cosh^2(η − y) − 2m_⊥p_⊥τ^{rr} cosh(η − y) cos(ϕ − ϕ_p) +p^2_⊥Π^{rϕ} cos^2(ϕ − ϕ_p) + p^2_⊥τ^{ϕϕ} − m^2_⊥τ^{zz} . (A.29)

Performing the η and ϕ integrations over f^{eq} (x, p)ϕ(x, p) gives

I^{dis}_{ηϕ} = 4πA_0 ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f × { m^2_⊥Π^{rz} [ m_⊥ 1 4 [K_3(z_⊥) + 3K_1(z_⊥)] I_0(α_⊥) − p_⊥ ∂τ_f ∂r_f 1 2 [K_2(z_⊥) + K_0(z_⊥)] I_1(α_⊥) ]

−2m_⊥p_⊥γ^2τ^{rr}v_r [ m_⊥ 1 2 [K_2(z_⊥) + K_0(z_⊥)] I_1(α_⊥) − p_⊥ ∂τ_f ∂r_f 1 2 K_1(z_⊥) [I_2(α_⊥) + I_0(α_⊥)] ]

+p^2_⊥Π^{rϕ} [ m_⊥ 1 2 K_1(z_⊥) [I_2(α_⊥) + I_0(α_⊥)] − p_⊥ ∂τ_f ∂r_f 1 4 K_0(z_⊥) [I_3(α_⊥) + 3I_1(α_⊥))] ]

+ ( p^2_⊥τ^{ϕϕ} − m^2_⊥τ^{zz} )[ m_⊥K_1(z_⊥)I_0(α_⊥) − p_⊥ ∂τ_f ∂r_f K_0(z_⊥)I_1(α_⊥) ]} , (A.30)

for the shear dissipative corrections to the particle spectra.

For the side-correlation function the shear dissipative correction to I^{dis}_1 is given by

I^{dis}_1 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f × { E^2Π^{rz} [ E 1 4 (K_3(z_s) + 3K_1(z_s))Î_0(a, b) − K 1 2 (K_2(z_s) + K_0)Î_1(a, b) ∂τ_f ∂r_f ]

−2EKγ^2τ^{rr}v_r [ E 1 2 (K_2(z_s) + K_0(z_s))Î_1(a, b) − KK_1(z_s)Î_2(a, b) ∂τ_f ∂r_f ]

+K^2Π^{rϕ} [ EK_1(z_s)Î_2(a, b) − KK_0(z_s)Î_3(a, b) ∂τ_f ∂r_f ]

+ ( K^2τ^{ϕϕ} − E^2τ^{zz} ) [ EK_1(z_s)Î_0(a, b) − KK_0(z_s)Î_1(a, b) ∂τ_f ∂r_f ]} , (A.31)

while for the out-correlation function the shear dissipative corrections to I^{dis}_1 and I^{dis}_2 are given by

I^{dis}_1 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdrτ_f × { K^{02}Π^{rz} [ K^0 ( K_3(α, β)J_0(a, b) + K̂_3(α, β)Ĵ_0(a, b) )

−K ( K_2(α, β)J_1(a, b) + K̂_2(α, β)Ĵ_1(a, b) ) ∂τ_f ∂r_f ]

−2K^0Kγ^2τ^{rr}v_r [ K^0 ( K_2(α, β)J_1(a, b) + K̂_2(α, β)Ĵ_1(a, b) )

−K ( K_1(α, β)J_2(a, b) + K̂_1(α, β)Ĵ_2(a, b) ) ∂τ_f ∂r_f ]

+K^2Π^{rϕ} [ K^0 ( K_1(α, β)J_2(a, b) + K̂_1(α, β)Ĵ_2(a, b) )

−K ( K_0(α, β)J_3(a, b) + K̂_0(α, β)Ĵ_3(a, b) ) ∂τ_f ∂r_f ]

+ ( K^2τ^{ϕϕ} − K^{02}τ^{zz} ) [ K^0 ( K_1(α, β)J_0(a, b) + K̂_1(α, β)Ĵ_0(a, b) )

−K ( K_0(α, β)J_1(a, b) + K̂_0(α, β)Ĵ_1(a, b) ) ∂τ_f ∂r_f ]} , (A.32)

and

I^{dis}_2 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdrτ_f × { K^{02}Π^{rz} [ K^0 ( K̂_3(α, β)J_0(a, b) − K_3(α, β)Ĵ_0(a, b) )

−K ( K̂_2(α, β)J_1(a, b) − K_2(α, β)Ĵ_1(a, b) ) ∂τ_f ∂r_f ]

−2K^0Kγ^2τ^{rr}v_r [ K^0 ( K̂_2(α, β)J_1(a, b) − K_2(α, β)Ĵ_1(a, b) )

−K ( K̂_1(α, β)J_2(a, b) − K_1(α, β)Ĵ_2(a, b) ) ∂τ_f ∂r_f ]

+K^2Π^{rϕ} [ K^0 ( K̂_1(α, β)J_2(a, b) − K_1(α, β)Ĵ_2(a, b) )

−K ( K̂_0(α, β)J_3(a, b) − K_0(α, β)Ĵ_3(a, b) ) ∂τ_f ∂r_f ]

+ ( K^2τ^{ϕϕ} − K^{02}τ^{zz} ) [ K^0 ( K̂_1(α, β)J_0(a, b) − K_1(α, β)Ĵ_0(a, b) )

−K ( K̂_0(α, β)J_1(a, b) − K_0(α, β)Ĵ_1(a, b) ) ∂τ_f ∂r_f ]} , (A.33)

respectively. For the long-correlation function the dissipative correction is

I^{dis}_1 = 4π ∞∑ n=1 (±)^{n+1} ∫_{Rf} 0 rdr τ_f × { E^2Π^{rz} [ EG_3(a, c)I_0(b) − KG_2(a, c)I_1(b) ∂τ_f ∂r_f ]

−2EKγ^2τ^{rr}v_r [ EG_2(a, c)I_1(b) − KG_1(a) 1 2 (I_2(b) + I_0(b)) ∂τ_f ∂r_f ]

+K^2Π^{rϕ} [ EG_1(a, c) 1 2 (I_2(b) + I_0(b)) − KG_0(a, c) 1 4 (I_3(b) + 3I_1(b)) ∂τ_f ∂r_f ]

+ ( K^2τ^{ϕϕ} − E^2τ^{zz} ) [ EG_1(a, c)I_0(b) − KG_0(a, c)I_1(b) ∂τ_f ∂r_f ]} . (A.34)

The full correlation functions in side-, out-, and long-direction are given by Eqs. (A.13),(A.24) and (A.28), with I^{eq}_i replaced by I^{eq}_i + I^{dis}_i .

References

[1] A compilation of current RHIC results can be found in:

Quark Matter ’02, Proceedings of the Sixteenth International Conference on Ultra- Relativistic Nucleus-Nucleus Collisions at Nantes, France, Nucl. Phys. A 715 (2003).

[2] F. Karsch and E. Laermann, in ”Quark-Gluon Plasma III”, pp. 1-59, R. Hwa (ed.);

hep-lat/0305025.

[3] M. A. Aziz and S. Gavin, nucl-th/0404058.

[4] M. Prakash, M. Prakash, R. Venugopalan, and G. Welke, Phys. Rep. 227 (1993) 321. [5] C. Eckart, Phys. Rev. 58 (1940) 919.

[6] L. D. Landau and E. M. Lifshitz, “Fluid Mechanics” (Addison-Wesley, Massachusetts, (1959), pp. 505.

[7] W.A. Hiscock and L. Lindblom, Ann. Phys. (N.Y.) 151 (1983) 466. [8] I. Müller, Z. Phys. 198 (1967) 329.

[9] H. Grad, Commun. Pure Appl. Math. 2 (1949) 331.

[10] W. Israel, Ann. Phys. 100 (1976) 310; J.M. Stewart, Proc. Roy. Soc. A357 (1977) 59; W. Israel and J.M. Stewart, Ann. Phys. 118 (1979) 341.

[11] A. Muronga, Phys. Rev. C69 (2004) 034903. [12] J.D. Bjorken, Phys. Rev. D27 (1983) 140.

[13] S. Weinberg, “Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity” (J. Wiley and Sons, New York, 1972).

[14] J.P. Boris, A.M. Landsberg, E.S. Oran, and J.H. Gardner, LCPFCT preprint, 1993. [15] V. Schneider et al., J. Comput. Phys. 105 (1993) 92. [16] J.P. Boris and D.L. Book, J. Comput. Phys. 11 (1973) 38. [17] A. Muronga, Phys. Rev. C69 (2004) 044901.

[18] P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0011 (2000) 001; JHEP 0305 (2003) 051.

[19] G. Baym, H. Monien, C.J. Pethick and D.G. Ravenhall, Phys. Rev. Lett. 64 (1990) 1867; G. Baym and H. Heiselberg, Phys. Rev. D56 (1997) 5254.

[20] S. Pratt, Phys. Rev. D33 (1986) 1314; Phys. Rev. C49 (1994) 2722. [21] D.H. Rischke and M. Gyulassy, Nucl. Phys. A608 (1996) 479. [22] F. Cooper and G. Frye, Phys. Rev. D10 (1974) 186.

[23] S.R. de Groot, H.A. van Leeuven and C.G. van Weert, “Relativistic Kinetic Theory” (North-Holland, Amsterdam, 1980).

[24] B.L. Friman, K. Kajantie and P.V Ruuskanen, Nucl. Phys. B226 (1986) 468 [25] D.H. Rischke, B.L. Friman, B.M. Waldhauser, H. Stöcker and W. Greiner, Phys.

Rev. D41 (1990) 111.

[26] X.-N. Wang, M. Gyulassy, M. Plümer, Phys Rev. D51 (1995) 3436. [27] J. Kapusta, L. McLerran, and D.K. Srivastava, Phys. Lett. B283 (1992) 145. [28] S.A. Bass, B. Müller, D.K. Srivastava, Phys.Lett. B551 (2003) 277. [29] U. Heinz and S.M.H. Wong, Phys. Rev. C66 (2002) 014907. [30] S. Soff, S.A. Bass and A. Dumitru, Phys. Rev. Lett. 86 (2001) 3986. [31] D. Molnar and M. Gyulassy, Phys. Rev. Lett. 92 (2004) 052301. [32] T. Renk, hep-ph/0407164. [33] D. Teaney, nucl-th/0301099.

[34] I.S. Gradsteyn and I.M. Ryzhik, “Tables of Integrals, Series, and Products” (Academic Press, San Diego, 1980).