arXiv:nucl-th/0411113 v2 2 Dec 2004

Parity and spin of the Θ^+ pentaquark in the NN → Y Θ^+ reaction at the threshold

Yu.N. Uzikov^1 Joint Institute for Nuclear Research, LNP, 141980 Dubna, Moscow Region, Russia

Abstract

Spin observables of a binary reaction 1 + 2 → 3 + 4 are discussed at the threshold in general form using P-parity and angular momentum conservation. General formulae for polarization transfer, spin-spin correlation parameters in the initial and final states and induced tensor polarization are derived for arbitrary spins of participating particles. This formalism is worked out in detail for the NN → Y Θ^+ reaction. Assuming that the spin of the pentaquark Θ^+ takes the values^1_2 ,^3_2 and 5 2 , whereas the spin of the hyperon Y equals^1_2 , explicite formulae are obtained for the observables in terms of few non-vanishing at the threshold spin amplitudes separately for the spin-singlet and spin-triplet initial NN states. In case of all particles in the NN → Y Θ^+ reaction have the spin-^1_2 a full spin-structure for totally polarized cross sections is derived. Some of the obtained spin observables strongly depend on the intrinsic P-parity of the Θ^+ and the total isospin of the reaction. Therefore, measurements of these observables allow one to determine the P-parity of the pentaquark Θ^+ in a model independent way for any spin of the Θ^+.

Key words:

Keyword: Pentaquark, strangeness, spin observables PACS: PACS:13.88.+e, 13.75.Cs, 14.20.-c

1 E-mail address: uzikov@nusun.jinr.ru

Preprint submitted to Elsevier Science 2 December 2004

1 Introduction

Experimental indications [1,2,3,4,5,6,7,8,9,10] to existence of the exotic baryon Θ^+(1540) with the strangeness S = +1 stimulated an intensive theoretical discussion during the past year. A minimal number of constituent quarks in the Θ^+(1540), compatible with its positive strangeness and the baryon charge, is five and corresponds to the quark content uudds̄. The structure of the Θ^+(1540) and its quantum numbers originally predicted in the chiral soliton model [11] (j^π_Θ =^1_2^+), have been considered yet in several quark models with a different type of quark-quark interaction, as well as within the QCD sum rules and Lattice QCD. For recent review see, for example, Refs. [12]. A surprisingly narrow width of the Θ^+ (Γ_Θ ≈ 15 MeV) predicted by the chiral soliton model [11], now is expected to be about of 1 MeV or less according to the recent analysis [13] of the KN- and Kd- scattering data and the DIANA data [2] on the Θ^+ production [14]. This looks also as an exotic itself in view of the open decay channel Θ^+ → KN with the same quark content in the KN system as in the Θ^+. The width of the Θ^+ is now a challenge for any theoretical approach [15,16,17,18,19,20], including the chiral soliton model also [21,22]. The intrinsic parity of the Θ^+ is of particular importance to understand the nature of this baryon. A positive parity of the Θ^+ is predicted by the chiral soliton model [11]. On the contrary, naive quark shell models give the negative parity for the S-wave ground state of the quark system uudds̄. Quark-quark interaction could lead to a P-wave state and, hence, to positive parity of the Θ^+ [23,24,25]. In Lattice QCD, both the positive [25] and negative [26] parity of the Θ^+ are obtained although in Refs. [27] the Θ^+(1540) resonance state is not found. A possible correlation between the positive parity of the Θ^+ and its narrow width is discussed in [28] within a constituent quark model. Experimental determination of the quantum numbers of the Θ^+ will be essential for establishing of the underlying dynamics of the Θ^+.^2 2 Besides of the Θ^+(1540) observation, an indication to existence of two others explicitely exotic baryons were also reported: Ξ^{−−}(1860) [29] and Θ^0_c (3099) [30]. However, in several experiments performed mainly at high energies the states Θ^+(1540),

Several methods, based on certain assumptions on the production mechanism, were suggested for determination of the P-parity of the Θ^+, π_Θ, in Kp-scattering [34] and photoproduction reactions [35]. Model independent methods were also considered [36]. We discuss here the Θ^+ production in NN-collision. Model independent methods for determination of the P-parity of the Θ^+ in the reaction NN → Y Θ^+ were suggested in Refs. [37,38,39,40]. These methods are based on such general properties of the reaction amplitude as angular momentum and P-parity conservation and on the generalized Pauli principle for nucleons. Assuming for the spin of the Θ^+ the value j_Θ =^1_2 , it was shown in Ref.[38] that the sign of the spin-spin correlation parameter C_{y,y} unambiguously determines the P-parity of the Θ^+ in the reaction pp → Σ^+Θ^+. Another definite correlation between C_{y,y} and π_Θ holds for the pn → Λ^0Θ^+ reaction [39,40] if the isospin of the Θ^+ equals zero. Furthermore, a measurement of the spin transfer coefficients K^y_y = K^x_x or K^z_z in these reactions also allows to determine the P-parity unambiguously [39,40]. Obviously, a doublespin measurement near the threshold is a challenge for experiment. In this connection, one should note that measurements of the polarization transfer from the initial nucleon to the hyperon in the reaction NN → Y Θ^+ can be performed by single spin experiments with only polarized beam or target, since the polarization of the hyperon can be measured via its weak decay.

The results of Refs. [37,38,40] are based on the assumption that the spin of the Θ^+ is equal to^1_2 . Up to now the experimental value of the spin of the Θ^+ is not known, as well as its P-parity. Analysis of the angular distribution in the system nK^+ in the final state of the reaction np → npK^+K^− measured in [10], leads the authors of Ref.[10] to a conclusion that the minimal value of the spin of the Θ^+(1540) is^5_2 . Furthermore, within some quark models the Ξ^{−−}(1860), Θ^0_c (3099) were not found. For review of positive and null experimental results one can see Refs. [31,32]. At present, null results obtained at high energies do not mean that the experiments [1,2,3,4,5,6,7,8,9,10] are incorrect. Most likely, the Θ^+(1540) production mechanism depends on energy and transferred momentum in such a way that at high energies this state is non-visible [33]. New experiments with high statistics are planned [32] to get definite answer about existence of the exotic baryons.

pentaquark being the spin-^1_2 baryon has partners with the spin^3_2 . According to Ref. [41], the spin-^3_2 partner can have a mass very close to the Θ^+. As was noted recently in Ref. [17], the (0s)^5 configuration of the uudds̄ pentaquark being in the^3_2^− state cannot decay into a KN d-wave state. Hence the^3_2^− state is a candidate for the observed narrow Θ(1540) resonance. A possibility that Θ^+ is the^3_2 -spin state was discussed also in Refs. [18,20,42,43]. At last, higher spins are allowed for the pentaquarks Θ^∗ in higher SU(3) multiplets.

Therefore a generalization of the approach [37,38] to arbitrary spin of the Θ^+ is an important task. This problem was discussed in Ref. [45]. For arbitrary spin of the Θ^+, it was shown in [45] that the signals for determination of the P-parity of the Θ^+ via measurements of the C_{i,j} and K^j_i in the reaction NN → Y Θ^+ are the same as for the case of the minimal spin j_Θ =^1_2^3 .

In this work we develop the method of Refs. [39,45] for calculation of C_{i,j} and K^j_i for arbitrary spins of all participating particles in the binary reaction 1 + 2 → 3 + 4. Furthermore, we obtain formulae for the spin-spin correlation parameters in the final state of the binary reaction. In this case beam and target are assumed to be unpolarized. For the case of j_Θ >^1_2 we consider also the tensor polarization of the Θ^+, t_{J0}, both for polarized and unpolarized beam. For even rank J, tensor polarization can be measured via analysis of angular distribution in the strong decay Θ^+ → N + K. We show that t_{J0} induced by polarized beam depends on the P-parity of the Θ^+. The derived general formulae can be applied for any binary reaction near threshold. For the NN → Y Θ^+ reaction we present detailed formulae assuming j_Θ =^1_2 ,^3_2 and^5_2 . In case of all participants in the NN → Y Θ^+ reaction are the spin- 1 2 particles we derive totally polarized cross sections for the isospin T = 0 and T = 1 of the NN channel, taking into account all polarizations in the initial and final states. Analysis is based on common properties of the reaction amplitude and the standard technique of the spin-tensor operators [46]. For the

3 Independently this problem was considered in Ref. [47] in the σ- representation for the transition amplitude.

case of all particles are the spin-^1_2 baryons we apply also the σ- representation to compare the results with a general method. In addition, we develop a nonstandard method, which allows us to derive an elegant formula for C_{i,j} for the binary reaction with initial particles being of spin-^1_2 and final particles of arbitrary spins.

The paper is organized in the following way. In section 2 the partial wave expansion is given for the transition amplitude near the threshold. The spinspin correlation parameters in the initial state of the reaction NN → Y Θ^+ are discussed in section 3 using a non-standard method. In section 4 a general method is elaborated to derive formulae for the spin-transfer coefficients, tensor polarization induced by polarized or non-polarized beam, and spin-spin correlation coefficients for arbitrary spins in the binary reaction 1 + 2 → 3 + 4. Explicite formulae are given for different values of the Θ^+ spin. In section 5 we derive the full spin structure of the cross section of the reaction NN → Y Θ^+ for the case of the spin-^1_2 particles. The results are discussed in section 6. Some technical details are explained in Appendix.

2 Transition amplitude

Assuming dominance of the s-wave in the relative motion in the final system, the most general expression for the amplitude of the binary reaction 1 + 2 → 3 + 4 at the threshold can be written as [48]

T^{μ3 μ4}_{μ1 μ2} = ∑ J M S MS L m (j_1μ_1 j_2μ_2|SM_S )(j_3μ_3 j_4 μ_4|J M) × ×(S M_S L m|J M)Y_{Lm}(k̂)a^{LS}_J . (1) Here j_i and μ_i are the spin of the i-th particle and its z-projection, J and M are the total angular momentum and its z-projection; S and L are the spin and orbital momentum of the initial system, respectively, and M_S and m are the corresponding z-projections. The coupling scheme for angular momenta is given by

Ŝ = ĵ(1) + ĵ(2), Ŝ + L̂ = Ĵ, ĵ(3) + ĵ(4) = Ĵ, (2)

where ĵ(i) is the spin-operator of the i-th particle. Information on the reaction dynamics is contained in the complex amplitudes a^{L S}_J . The sum over J in Eq. (1) is restricted by the conditions J = j_3 +j_4, j_3 +j_4 −1, ..., |j_3 −j_4|. We choose the z-axis along the unit vector of the initial momentum k̂, therefore Y_{Lm}(k̂) = √ (2 L + 1)/4π δ_{m 0}. Due to P-parity conservation, the orbital momentum L in Eq. (1) is restricted by the condition (−1)^L = π, where π = π_1 π_2 π_3π_4, and π_i is the intrinsic P-parity of the i-th particle. We consider here mainly transitions without mixing the total isospin T in this reaction^4 . Using the generalized Pauli principle, one can find that for given values of T and π the spin of the initial nucleons S is fixed unambiguously by the following relation

(−1)^S = π(−1)^{T +1}. (3)

Therefore, in order to determine the P-parity π of the system at a given isospin T , it is sufficient to determine the spin of the NN-system in the initial state of this reaction.

Let us to determine the number of the spin amplitudes a^{LS}_J for a particular case of j_3 =^1_2 and j_4 being half-integer, j_4 =^1_2 ,^3_2 ,^5_2 , . . . . For this case there are two total angular momenta J_p = j_4 +^1_2 and J_m = j_4 −^1_2 . For the spinsinglet initial state S = 0 only one orbital momentum is allowed, L = J, and therefore there is only one scalar amplitude, a^{L S}_J = a^{J 0}_J , where (−1)^L = π. For S = 1 and j_4 ≥^3_2 there are three scalar amplitudes a^{L 1}_J ≡ a^L_J : (i) a^{Jp}_{Jp} , a^{Jm+1}_{Jm} and a^{Jm −1}_{Jm} , if (−1)^{Jp} = π, or (ii) a^{Jm}_{Jm} (J_m ≠ 0), a^{Jp+1}_{Jp} and a^{Jp−1}_{Jp} , if (−1)^{Jp} = −π.

For particular case of j_4 = j_3 =^1_2 , one has J_m = 0 and J_p = 1. For this case 4 The isospin mixing is possible, for example, in the reaction p + n → Σ^0 + Θ^+, if the Θ^+ is an isotriplet. In this case the P-parity cannot be determined by using the method in question.

only two triplet amplitudes are allowed for π = +1, i.e. a^0_1 and a^2_1, whereas the amplitude a^0 is forbidden by conservation of the total angular momentum. For π = −1 one has also only two spin-triplet amplitudes, one of them corresponds to J = 1, a^1, and another one is allowed for J = 0, i.e. a^1_0.

3 Non-standard method

For j_1 = j_2 =^1_2 and for given spin S, one can find from Eq. (1) the polarized cross section dσ(p_1, p_2) as

dσ(p_1, p_2) = Φ ∑ μ_3 μ_4

|T^{μ3 μ4}_{μ1 μ2} |^2 = = 1 4π ∑ M ( 1 2 μ_1 1 2 μ_2|SM)^2 ∑ J M L L^′ √ (2L + 1)(2L^′ + 1)(S M L 0|J M) × ×(S M L^′ 0|J M) a^{LS}_J (a^{L′S}_J )^∗, (4) where Φ is a kinematical factor. Using the relations (^1_2 μ_1^1_2 μ_2|00) = χ^+_{μ1}^{iσy√}_2 χ^{(T )+}_{μ2} and (^1_2 μ_1^1_2 μ_2|1λ) = χ^+_{μ1} σ_λ^{iσy√}_2 χ^{(T )+}_{μ2} , where σ_i (i = y, λ) is the Pauli matrix and χ_μ is the 2-spinor, one can find ( 1 2 μ_1 1 2 μ_2|00)^2 = 1 4 (1 − p_1 · p_2), (5)

( 1 2 μ_1 1 2 μ_2|1M)^2 = 1 4 (1 + p_1 · p_2 − 2p_{1z} p_{2z} ), M = 0, 1 4 [1 ± (p_{1z} + p_{2z} ) + p_{1z} p_{2z} ], M = ±1. (6) In Eqs. (4), (5) and (6) p_i is the polarization vector of the i-th particle with the spin j_i =^1_2 being in the pure spin state χ_{μi} .^5 The unpolarized cross section is given as

dσ_0 = Φ 1 4 ∑ μ_1 μ_2 μ_3 μ_4

|T^{μ3 μ4}_{μ1 μ2} |^2 = 1 16 π Φ ∑ J,L (2J + 1)|a^{L S}_J |^2. (7)

5 On the other side, Eqs. (5) and (6) can be considered as the matrix elements of the projection operator |SM >< SM| [49] taken between the states |^1_2 μ_1,^1_2 μ_2 >.

3.1 The spin-singlet initial state.

Using Eqs. (4), (5) and (7) one can find for the spin-singlet polarized cross section the following formula

dσ(p_1, p_2) = dσ_0(1 − p_1 · p_2). (8)

As seen from this formula, the spin-singlet cross section is equal to zero, if the polarization vectors of colliding particles are parallel (p_1 ↑↑ p_2) and have maximal values (|p_1| = |p_2| = 1). In notations of Ref. [50], non-zero spin-spin correlation parameters for this case are the following:

C_{x,x} = C_{y,y} = C_{z,z} = −1, if S = 0. (9)

In order to find spin-transfer coefficients, one should consider the following cross section dσ(p_1, p_3) = Φ ∑ μ_2 ,μ_4

|T^{μ3 μ4}_{μ1 μ2} |^2. (10) The polarization vector p_1 of the 1-st particle in the right side of Eq.(10) can be found only in the following sum ∑ μ_2 ( 1 2 μ_1 1 2 μ_2|00)^2 = 1 2 ∑ μ_2

(χ^+_{μ1} iσ_yχ^{(T )+}_{μ2} )(χ^T_{μ2} (−iσ_y)χ_{μ1} ) = = 1 4 Sp(1 + σ · p_1) = 1 2 . (11)

Since the vector p_1 is absent actually in the right hand side of Eq. (11), one should conclude that the all polarization transfer coefficients are zero for the spin-singlet initial state: K^j_i = 0 (i, j = x, y, z). The obtained results for C_{i,j} and K^j_i are valid for any values of the spins j_3 and j_4, both of them being integer or half-integer.

3.2 The spin-triplet initial state.

For S = 1 and M = 0, Eq. (4) can be written as dσ_{M =0}(p_1, p_2) = Φ 16 π

(1 + p_1 · p_2 − 2p_{1z} p_{2z} ) × ∑ J | √ J a^{J−1}_J − √ J + 1 a^{J+1}_J |^2. (12)

We obtain this formula from Eq. (4) using Eq. (6) and the following formulae for the Clebsch-Gordan coefficients: (1 0 J 0|J 0) = 0, (1 0 J − 1 0|J 0) = √ J/(2J − 1), (1 0 J + 1 0|J 0) = − √ (J + 1)/(2J + 3). In order to simplify the notations, we omit in Eq. (12) and below the superscript S = 1 in a^{L S}_J . The sum over the projections M = +1 and M = −1 into right-hand side of Eq. (4) gives

dσ_{M =±1}(p_1, p_2) = Φ 16 π

(1 + p_{1z} p_{2z} ) × × ∑ J | √ J a^{J+1}_J + √ J + 1 a^{J−1}_J |^2, if (−1)^{J+1} = π, ∑ J (2J + 1) |a^J |^2, if (−1)^J = π.

(13)

Here we used the following relations: (11 J − 1|J 0) =^{1√}_2 , (11 J − 1|J − 1 0) = √ J + 1/ √ 2(2J + 1), (11 J − 1|J + 1 0) = √ J/ √ 2(2J + 1). Using Eqs.(12), (13), one can make summation over M in Eq. (4) and then present the spintriplet polarized cross section in the following standard form [50]

dσ(p_1, p_2) = dσ_0 (1 + C_{x,x} p_{1x} p_{2x} + C_{y,y} p_{1y} p_{2y} + C_{z,z} p_{1z} p_{2z} ), (14)

where the spin-spin correlation parameters are given as

C_{x,x} = C_{y,y} = ∑ J | √ J a^{J−1}_J − √ J + 1 a^{J+1}_J |^2 ∑ J L(2J + 1) |a^L_J |^2

, if S = 1, (15) C_{z,z} = 1 − 2 C_{y,y} . (16)

As seen from Eq. (15), the spin-spin correlation parameters are non-negative for transversal polarization. One can see from Eq. (15) that the diagonal term a^J does not contribute into the numerator of C_{x,x} = C_{y,y} . The obtained results for C_{i,j} are valid for any values of the spins j_3 and j_4, both of them being integer or half-integer. Eqs. (15) and (16) are very simple for applications. Explicite formulae for different spins of the Θ^+ will be given in the next section.

Considering the sum ∑ μ_2 ( 1 2 μ_1^1_2 μ_2|1M)(^1_2 μ_1^1_2 μ_2|1M^′), one can find that this sum explicitly contains the polarization vector p_1. Therefore, in contrast to the case of S = 0, the spin-triplet initial state S = 1 allows a non-zero polarization transfer in this reaction. In order to get the spin-transfer coefficients we use below a general method developed in Ref. [46].

4 General method

According to Ref. [46], the amplitude in Eq. (1) can be written as

T^{μ3 μ4}_{μ1 μ2} = χ^+_{j3 μ3} χ^+_{j4 μ4}F̂ χ_{j1 μ1} χ_{j2 μ2} , (17)

where F̂ is an operator acting on the spin states of the initial and final particles. This operator can be written as F̂ = ∑ m_1 m_2 m_3 m_4 T^{m3 m4} m_1 m_2 χ + j_1 m_1 (1)χ + j_2 m_2 (2)χj3 m3 (3) χj4 m4 (4), (18)

where χ_{jk mk} (k) is the spin function of the kth particle with the spin j_k and zprojection m_k and T^{m3 m4}_{m1 m2} is defined by Eq. (1). The operator F̂ is normalized to the unpolarized cross section as

dσ_0 = Φ (2j_1 + 1) (2j_2 + 1)

SpF F^+. (19)

For the spin-triplet case (S = 1) with j_1 = j_2 = j_3 =^1_2 one can write

4πSpF F^+ = = (2J_p + 1)|a^{Jp}_{Jp} |^2 + (2J_m + 1) ( |a^{Jm+1}_{Jm} |^2 + |a^{Jm−1}_{Jm} |^2 ) if (−1)^{Jp} = π, (2J_m + 1)|a^{Jm}_{Jm} |^2 + (2J_p + 1) ( |a^{Jp+1}_{Jp} |^2 + |a^{Jp−1}_{Jp} |^2 ) if (−1)^{Jm} = π

(20)

for j_4 >^1_2 and

4πSpF F^+ = 3|a^1|^2 + |a^1_0|^2 if π = −1, 3|a^2_1|^2 + 3|a^0_1|^2 if π = +1

(21)

for j_4 =^1_2 .

4.1 Spin- transfer coefficients.

The spin-transfer coefficient, describing the polarization transfer from the 1st particle to the 3-rd one in the reaction ⃗j_1 + j_2 → ⃗j_3 + j_4, is given by the following formula [46]

K^κ_λ =

SpF ĵ_λ(1) F^+ ĵ_κ(3) SpF F^+ j_1j_3

, (22)

where ĵ_λ(1) and ĵ_κ(3) are the spherical components of the spin operators of the particles 1 and 3 (λ, κ = 0, ±1), respectively. For arbitrary spins of all participating particles j_i (i = 1, . . . , 4) we found from Eqs. (1), (17) and (22) the spin transfer coefficient in the following general form (for details, see Appendix):

K^κ_λ (1 → 3) SpF F^+ = δ_{λ,−κ} 1 4π √ j^{−1}_1 j^{−1}_3 (j_1 + 1)(2j_1 + 1)(j_3 + 1)(2j_3 + 1) × × ∑ S S^′ J J^′ L L^′ J_0 √ (2L + 1) (2L^′ + 1) × × √ (2S + 1) (2S^′ + 1)(2J + 1) (2J^′ + 1) (−1)^{j1 +j2 +j3 +j4 +S′ +J ′ +L+1} × ×(1 − λ 1 λ|J_0 0)(L^′ 0 L 0 |J_0 0) ×

j_1 j_2 S S^′ 1 j_1 j_3 j_4 J^′ J 1 j_3 J S L J^′ S^′ L^′ 1 1 J_0 a^{L S}_J (a^{L′ S′}_J ′ )^∗. (23)

Here we used the standard notations for the 6j-and 9j-symbols [51]. In Eq. (23) the intermediate angular momentum J_0 is even: J_0 = 0 and 2. The value J_0 = 1 is excluded because the Clebsch-Gordan coefficient (L^′ 0 L 0 |J_0 0) equals zero for L^′ + L + J_0 = odd and, furthermore, L^′ + L is even due to P-parity conservation. Taking into account this fact, one can find from Eq.(23) the following relations (for details, see Appendix):

K^{−1}_{+1} = K^{+1}_{−1} = −K^x_x = −K^y_y , K^0_0 = K^z_z , K^x_z = K^y_z = K^z_x = K^z_y = 0, (24) and K^j_i = 0 at i ≠ j, where i, j = x, y, z. From Eq. (23) we also find that there is no polarization transfer (K^j_i = 0, i, j = x, y, z) for S = S^′ = 0 in accordance with the discussion given in the section 3.1. These coefficients are also equal to zero for J = J^′ = 0:

K^j_i = 0 (i, j = x, y, z), if S = S^′ = 0 or J = J^′ = 0. (25)

For the spin-triplet transitions S = S^′ = 1, we find from Eq. (23) that K^x_x = K^y_y ≠ 0 and K^0_0 ≡ K^z_z ≠ 0. Eq. (23) is a generalization of the formula given by Eq.(5) in Ref. [45] for the particular case of j_1 = j_3 =^1_2 .

Eq. (23) is rather complicated due to its general applicability. For particular case of j_1 = j_2 = j_3 =^1_2 , we present below explicit formulae for K^j_i for j_4 =^1_2 ,^3_2 and^5_2 .

4.1.1 j_4 =^1_2

For the total isospin T = 0 and the P-parity π = +1 one has S = 1. For this case Eq. (23) gives (using the notation a^{L 1}_J = a^L_J )

K^y_y = | √ 2 a^0_1 + a^2_1|^2 − 3 Re ( √ 2 a^0_1 + a^2_1)a^2_1^∗ 3 (|a^0_1|^2 + |a^2_1|^2)

, (26)

K^z_z = | √ 2 a^0_1 + a^2_1|^2 3 (|a^0_1|^2 + |a^2_1|^2)

. (27)

For T = 1 and π = −1 one has S = 1. In this case Eq. (23) gives

K^y_y = √ 6 Re a^1_0 a^1^∗ |a^1_0|^2 + 3|a^1|^2

, (28)

K^z_z =

3|a^1|^2 |a^1_0|^2 + 3|a^1|^2

, (29)

which coincide (except for notations) with those obtained recently in Ref. [40] in the σ-representation for the amplitude.

4.1.2 j_4 =^3_2

For higher spins of the 4th particle j_4 ≥^3_2 , Eq. (23) also gives non-zero coefficients K^x_x and K^z_z for S = 1. So, for j_4 =^3_2 we find

4π SpF F^+ K^y_y = 3|a^1_2|^2 − 3|a^3_2|^2 + Re √ 3a^1 a^1_2^∗ − √ 9 2 a^1a^3_2^∗ − √ 3 2 a^3_2 a^1_2^∗ , 4π SpF F^+ K^z_z = 3 2 (|a^1_2|^2 − |a^1|^2) + |a^3_2|^2 + Re (√ 18a^1a^3_2^∗ + √ 27a^1 a^1_2^∗ + √ 6a^3_2 a^1_2^∗ ) , (30)

if T = 1 and π = −1, and

4π SpF F^+ K^y_y = |a^2_1|^2 − |a^0_1|^2 + Re √ 2 2 a^2_1a^0_1^∗ − √ 15 2 a^2 a^0_1^∗ + √ 15a^2 a^2_1^∗ , 4π SpF F^+ K^z_z = 5 2 |a^2|^2 − |a^0_1|^2 − 1 2 |a^2_1|^2 + Re (√ 30a^2 a^0_1^∗ − √ 2a^2_1a^0_1^∗ + √ 15a^2 a^2_1^∗ ) , (31)

if T = 0 π = +1. The factors SpF F^+ in Eqs. (30) and (31) are given by Eq. (20).

4.1.3 j_4 =^5_2

We consider here the case of j_4 =^5_2 , because there is an experimental indication for this value of the spin of the Θ^+(1540) [10]. For j_4 =^5_2 we find

4π SpF F^+ K^y_y = 2(|a^3_2|^2 − |a^1_2|^2) + Re ( 2 √ 7a^3a^3_2^∗ − 2 √ 42 3 a^3a^1_2^∗ + √ 6 3 a^3_2 a^1_2^∗ ) , 4π SpF F^+ K^z_z = 7 3 |a^3|^2 − |a^1_2|^2 − 2 3 |a^3_2|^2 + Re ( 8 √ 7 3 a^3a^3_2^∗ + 4 √ 42 3 a^3a^1_2^∗ − 2 √ 6 3 a^3_2 a^1_2^∗ ) , (32)

if T = 1 and π = −1, and

4π SpF F^+ K^y_y = 4(|a^2_3|^2 − |a^4_3|^2) − Re ( 2 √ 30 3 a^2a^4_3^∗ − √ 10a^2 a^2_3^∗ + 2 √ 3 3 a^4_3 a^2_3^∗ ) , 4π SpF F^+ K^z_z = − 5 3 |a^2|^2 + 4 3 |a^2_3|^2 + |a^4_3|^2 + Re ( 4 √ 30 3 a^2a^4_3^∗ + 8 √ 10 3 a^2 a^2_3^∗ + 4 √ 3 3 a^4_3 a^2_3^∗ )

(33)

if T = 0 and π = +1.

4.2 Spin-spin correlation coefficients.

In this section we consider spin-spin correlations in the initial and final states of the reaction 1 + 2 → 3 + 4.

4.3 Spin-spin correlation in the initial state ⃗j_1 + ⃗j_2 → j_3 + j_4

The initial spin-spin correlation coefficient is defined as [50]

C_{λ ,κ} = SpF ĵ_λ(1) ĵ_κ (2) F^+ SpF F^+ j_1j_2

, (34)

where ĵ_α(i) (α = 0, ±1) is the spin operator of the i-th particle. Using Eqs.(1) and (34), we find for arbitrary spins j_i (i = 1, . . . , 4)

C_{λ,κ} Sp F F^+ = δ_{λ,−κ} 1 4π √ j^{−1}_1 j^{−1}_2 (j_1 + 1)(2j_1 + 1)(j_2 + 1)(2j_2 + 1) × × ∑ S S^′ J (−1)^{S+J} (2J + 1) √ (2S + 1)(2S^′ + 1) × × ∑ L L^′ J_0

(−1)^L √ (2J_0 + 1)(2L^′ + 1) ×

×(1λ 1 − λ |J_0 0) (J_0 0 L^′ 0 |L 0) ×

× S^′ S J_0 L L^′ J S^′ j_1 j_2 S j_1 j_2 J_0 1 1 a^{L S}_J (a^{L′ S′}_J ′ )^∗. (35)

Using relations similar to those, which were employed for deriving of Eq.(24)(see Appendix), we find from Eq. (35) the following relations:

C_{+1,−1} = C_{−1,+1} = −C_{x,x} = −C_{y,y} ≠ 0, (36)

and C_{0,0} = C_{z,z} ≠ 0, whereas

C_{i,j} = 0 if i ≠ j, (i, j = x, y, z). (37)

One can see from Eq. (34) that the following relation holds independently on the production mechanisms:

Σ = C_{x,x} + C_{y,y} + C_{z,z} = ĵ(1) · ĵ(2)/(j_1 j_2). (38)

Therefore, Σ is fixed by the spin S. For j_1 = j_2 =^1_2 , one has Σ = −3 for S = 0 and Σ = +1 for S = 1 in accordance with the above results given in Eqs. (15), (16) and (8). From Eq. (35) one can find that C_{x,x} = C_{y,y} = C_{z,z} = −1 for S = S^′ = 0. For S = S^′ = 1, Eq. (35) is a generalization of Eqs.(15) and (16), derived for the particular case j_1 = j_2 =^1_2

Using Eq.(35) one can write explicite formulae for C_{i,j} , which coincide with those obtained from the more simple formula in Eq.(15). We present below the formulae for C_{y,y} for different j_4 at j_1 = j_2 = j_3 =^1_2 and S = 1. The coefficient C_{z,z} can be found as C_{z,z} = 1 − 2C_{y,y} .

4.3.1 j_4 =^1_2 .

C_{y,y} = |a^1_0|^2 |a^1_0|^2 + 3|a^1|^2

, if π = −1 and T = 1; (39) C_{y,y} = |a^0_1 − √ 2a^2_1|^2 3|a^0_1|^2 + 3|a^2_1|^2

, if π = +1 and T = 0. (40)

4.3.2 j_4 =^3_2 .

C_{y,y} = | √ 2 a^1_2 − √ 3 a^3_2|^2 3|a^1|^2 + 5|a^1_2|^2 + 5|a^3_2|^2

, if π = −1 and T = 1; C_{y,y} = |a^0_1 − √ 2 a^2_1|^2 3|a^0_1|^2 + 3|a^2_1|^2 + 5|a^2|^2

, if π = +1 and T = 0. (41)

4.3.3 j_4 =^5_2 .

C_{y,y} = | √ 2 a^1_2 − √ 3 a^3_2|^2 5|a^1_2|^2 + 5|a^3_2|^2 + 7|a^3|^2

, if π = −1 and T = 1; C_{y,y} = | √ 3a^2_3 − 2 a^4_3|^2 5|a^2|^2 + 7|a^2_3|^2 + 7|a^4_3|^2

, if π = +1 and T = 0. (42)

4.4 Spin-spin correlation in the final state j_1 + j_2 → ⃗j_3 + ⃗j_4

By analogy with Eq. (34), for the spin-spin correlation in the final state, we can use the following definition C^f_{λ ,κ} = SpF^+ ĵ_λ(3) ĵ_κ(4) F SpF F^+ j_3 j_4

. (43)

We should note that in comparison with Eq. (34) the right hand side of Eq. (43) looks as the spin-spin correlation in the initial state of the inverse reaction 3 + 4 → 1 + 2. For arbitrary spins j_3 and j_4 we find from Eq. (43)

C^f_{λ,κ} Sp F F^+ = δ_{λ,−κ} 1 4π √ j^{−1}_3 j^{−1}_4 (j_3 + 1)(2j_3 + 1) (j_4 + 1)(2j_4 + 1) × × ∑ J J^′ S (−1)^{S+J} (2J + 1)(2J^′ + 1) × × ∑ L L^′ J_0

(−1)^L √ (2J_0 + 1)(2L^′ + 1) ×

×(1λ 1 − λ |J_0 0) (J_0 0 L^′ 0 |L 0) ×

× J^′ S L^′ L J_0 J

J j_3 j_4 J^′ j_3 j_4 J_0 1 1 a^{L S}_J (a^{L′ S′}_J ′ )^∗.(44)

Here J_0 = 0 and 2. Others angular momenta J, J^′, S, L, L^′ are defined in the section 2.This formula is valid for arbitrary values of the spins j_i being integer or half-integer. We found from Eq. (44) the following relations: C^f_{+1,−1} = C^f_{−1,+1} = −C^f_{x,x} = −C^f_{y,y} ≠ 0, C^f_{0,0} = C^f_{z,z} ≠ 0, whereas C^f_{i,j} = 0 at i ≠ j (i, j = x, y, z). Below we derive explicite formulae for C^f_{λ,κ} for j_4 =^1_2 and^3_2 , assuming j_1 = j_2 = j_3 =^1_2 .

One can see from Eq. (43) that the sum of the diagonal terms C_{i,j} is determined by the total spin Ĵ = ĵ(3) + ĵ(4) as

Σ^f = C^f_{x,x} + C^f_{y,y} + C^f_{z,z} = = ĵ(3) · ĵ(4)/(j_3j_4) = 1 2j_3j_4

[J(J + 1) − j_3(j_3 + 1) − j_4(j_4 + 1)] . (45)

We will use below Eq.(45) as a check for the derived formulae for C^f_{i,j} .

4.4.1 The case of j_4 =^1_2

One can find from Eq.(44)

C^f_{x,x} = C^f_{y,y} = C^f_{z,z} = −1, if π = +1 and T = 1 (46) and

C^f_{y,y} = − |a^1_0|^2 |a^1_0|^2 + 3|a^1|^2 , C^f_{z,z} = 3|a^1|^2 − |a^1_0|^2 |a^1_0|^2 + 3|a^1|^2

, if π = −1 and T = 1

Σ^f =

3|a^1|^2 − 3|a^1_0|^2 |a^1_0|^2 + 3|a^1|^2 = +1, J = 1, −3, J = 0. (47)

The final spin-spin correlation coefficients for π = +1 given by Eq. (46) differ from those for π = −1 given by Eq. (47). The only exception is the point where a^1 = 0 (but a^1_0 ≠ 0).

For the case of T = 0 one has

C^f_{x,x} = C^f_{y,y} = +1, C^f_{z,z} = −1, if π = −1 and T = 0. (48) and

C^f_{y,y} = |a^0_1 − √ 2a^2_1|^2 3(|a^0_1|^2 + |a^2_1|^2)

, C^f_{z,z} = 1 − 2C_{y,y} , if π = +1 and T = 0 (49)

Eq. (49) coincides with Eq. (39). One can see from Eqs. (48) and (49), the final spin-spin correlation coefficients are different in absolute value for positive and negative parity π. Only exception is the point a^2_1 = − √ 2a^0_1 at which the coefficients C^f_{j,j} for π = +1 are identical to those for π = −1 and have a maximal absolute value. One can see, Eq. (49) coincides with Eq. (40): C^f_{x,x} = C^f_{y,y} = C^i_{x,x} = C^i_{y,y} .

4.4.2 The case of j_4 =^3_2

For T = 1 and π = −1 we find

C^f_{y,y} = 1 6 20(|a^1_2|^2 + |a^3_2|^2) − |3a^1 + √ 3a^1_2 + √ 2a^3_2|^2 3|a^1|^2 + 5|a^1_2|^2 + 5|a^3_2|^2 , C^f_{z,z} = 1 3 |3a^1 + √ 3a^1_2 + √ 2a^3_2|^2 − 5(3|a^1 + |a^1_2|^2 + |a^3_2|^2) 3|a^1|^2 + 5|a^1_2|^2 + 5|a^3_2|^2

. (50)

Σ^f = 1 3 −15|a^1|^2 + 15|a^1_2|^2 + |a^3_2|^2 3|a^1|^2 + 5|a^1_2|^2 + 5|a^3_2|^2 = −^5_3 , J = 1, +1, J = 2.

(51)

For T = 1 and π = +1 one has

C^f_{y,y} = + 2 3 , C^f_{z,z} = − 1 3 . (52)

Let us consider the case of T = 0. For π = +1 we find

C^f_{y,y} = 15 6 |a^2|^2 −^{11}_6 |a^2_1|^2 −^{10}_6 |a^0_1|^2 − Re

( √_{15}

3 a^2 a^2_1^∗ +^{√30}_3 a^2a^0_1^∗ −^{√2}_3 a^2_1a^0_1^∗ ) 3|a^0_1|^2 + 3|a^2_1|^2 + 5|a^2|^2 , C^f_{z,z} = −^4_3 |a^2_1|^2 −^5_3 |a^0_1|^2 + 2Re

( √_{15}

3 a^2 a^2_1^∗ +^{√30}_3 a^2a^0_1^∗ −^{√2}_3 a^2_1a^0_1^∗ ) 3|a^0_1|^2 + 3|a^2_1|^2 + 5|a^2|^2 , Σ^f =

5[|a^2|^2 − |a^2_1|^2 − |a^0_1|^2] 3|a^0_1|^2 + 3|a^2_1|^2 + 5|a^2|^2 = −^5_3 , J = 1, +1, J = 2.

(53)

For T = 0 and π = −1 one can find

C^f_{x,x} = C^f_{y,y} = − 2 3 , C^f_{z,z} = − 1 3 (54)

4.4.3 The case of j_4 =^5_2

For T = 1 and π = −1

C^f_{y,y} = 1 15 56|a^3|^2 − 43|a^3_2|^2 − 42|a^1_2|^2 − 2Re ( 4 √ 7a^3a^3_2^∗ + 2 √ 42a^3a^1_2^∗ − √ 6a^1_2a^3_2^∗ ) 5|a^1_2|^2 + 5|a^3_2|^2 + 7|a^3|^2 , C^f_{z,z} = 1 15 −7|a^3|^2 − 19|a^3_2|^2 − 21|a^1_2|^2 + 4Re [ 4 √ 7a^3a^3_2^∗ + 2 √ 42a^3a^1_2^∗ − √ 6a^1_2a^3_2^∗ ] 5|a^1_2|^2 + 5|a^3_2|^2 + 7|a^3|^2 , Σ^f = 7

(|a^3|^2 − |a^1_2|^2 − |a^3_2|^2) 5|a^1_2|^2 + 5|a^3_2|^2 + 7|a^3|^2 = −^7_5 , J = 2, +1, J = 3.

(55)

For the singlet initial state at T = 1 and π = +1 we find

C^f_{x,x} = C^f_{y,y} = − 3 5 , C^f_{z,z} = − 1 5 . (56)

For T = 0 and π = +1 we find

C^f_{y,y} = 1 15 −40|a^2|^2 + 60|a^4_3|^2 + 59|a^2_3|^2 − 4Re [√ 30a^2a^4_3^∗ + 2 √ 10a^2a^2_3^∗ + √ 3a^4_3a^2_3^∗ ] 5|a^2|^2 + 7|a^4_3|^2 + 7|a^2_3|^2 , C^f_{z,z} = 1 15 −25|a^2|^2 − 13|a^2_3|^2 − 15|a^4_3|^2 + 8Re [√ 30a^2a^4_3^∗ + 2 √ 10a^2a^2_3^∗ + √ 3a^4_3a^2_3^∗ ] 5|a^2|^2 + 7|a^4_3|^2 + 7|a^2_3|^2 , Σ^f = 7

(−|a^2|^2 + |a^2_3|^2 + |a^4_3|^2) 5|a^2|^2 + 7|a^4_3|^2 + 7|a^2_3|^2 = −^7_5 , J = 2, +1, J = 3.

(57)

For the singlet initial state at T = 0 and π = −1 one can find

C^f_{x,x} = C^f_{y,y} = 3 5 , C^f_{z,z} = − 1 5 . (58)

4.5 Spin-tensor correlation in the final state induced by polarized beam

The spin-density matrix of the particle with the spin j is determined by (2j + 1)(2j + 1) tensor momenta, t_{JM} . Here J is the rank (J = 0, 1, . . . , 2J) and M is the magnetic quantum number (M = −J, −J + 1, . . . , +J). Let us define the spin-transfer coefficient for induced tensor polarization as K^{J3 M3 ,J4 M4} J_1 M_1 =

Sp {T_{J3M3} (3)T_{J4M4} (4) F T_{J1M1} (1) F^+} SpF F^+ , (59)

where T_{JiMi} (i) is the tensor operator of the i-th particle, normalized as [51]

SpT^+_{JM} T_J ′_M ′ = δ_{JJ} ′ δ_M ′_M . (60)

Using Eqs.(1), (18) and properties of the T_{JM} operators [51], we find the following formula

K^{J3 M3,J4 M4} J_1 M_1 SpF F + = 1 4π √ (2J_1 + 1)(2J_3 + 1)(2J_4 + 1) × ∑ S S^′ J J^′ L L^′ J_0 J^′_0

(2J + 1)(2J^′ + 1) √ (2L + 1) (2L^′ + 1) × × √ (2S + 1) (2S^′ + 1) (2J_0 + 1)(−1)^{(3(j1+j2 )−S+L} × ×(J_0 − M_1 J_1 M_1|J^′_0 0)(L^′ 0 L 0 |J^′_00)(J_3M_3J_4M_4|J_0 − M_1) ×

j_1 j_2 S^′ S J_1 j_1

J^′ j_3 j_4 J j_3 j_4 J_0 J_3 J_4

J^′ S^′ L^′ J S L J_0 J_1 J^′_0 a^{L S}_J (a^{L′ S′}_J ′ )^∗. (61)

Due to presence of the Clebsch-Gordan coefficient (L^′0L0|J^′_00) in Eq. (61) and P-parity conservation only even J^′_0 contribute to the right side of Eq.(61)

L + L^′ + J^′_0 is even, J^′_0 is even. (62) We are interesting here in the case of M_4 = 0 and J_4 being even, because for this case the tensor polarizations t_{J40} can be measured via angular momentum distributions in the strong two-body decay of the Θ^+ (i.e. 4-th particle) into the nucleon and pseudoscalar meson [52]: Θ^+ → N + K. As it follows from Eq.(61), the coefficient K^{J3 M3,J4M4}_{J1 M1} is non-zero only under the following condition between the magnetic quantum numbers

M_1 + M_3 + M_4 = 0. (63)

If J_1 + J_3 + J_4 is even, the following relations are valid for M_4 = 0: K^{J3 −1,J4 0} J_1 +1 = K

J_3 +1,J_4 0 J_1 −1 , K

J_3 +1,J_4 0 J_1 +1 = K

J_3 −1,J_4 0 J_1 −1 = 0. (64)

For J_1 = J_3 = 1 Eq. (64) can be rewritten in terms of Cartesian components as K^{1 x,J40} 1 x = K^{1 y,J4 0}_{1 y} = −K^{1 +1,J40}_{1 −1} = −K^{1 −1,J4 0}_{1 +1} , K^{1 β,J40} 1 α = 0 if α ≠ β (α, β = x, y, z). (65)

The coefficient K^{J3 0,J4 0}_{J1 0} can be non-zero only for J_1 + J_3 + J_4 being even,

K^{J30,J40} J_1 0 ≠ 0, if J1 + J3 + J4 is even. (66)

If J_1 + J_3 + J_4 is odd, then one can find K^{J3 −1,J4 0} J_1 +1 = −K

J_3 +1,J_4 0 J_1 −1 ; K

1 −1,J_4 0 1 +1 = iK

1 y,J_4 0

1 x = −iK^{1 x,J4 0}_{1 y} , (67) K^{1 x,J4 0} 1 x = K^{1 y,J4 0}_{1 y} = 0, (68) K^{J3 0,J4 0}

J_1 0 = 0. (69)

Eq.(61) is rather general and can be used for calculation of the above considered spin observables. So, if one put in Eq.(61) J_4 = 0 and M_4 = 0, then the spin transfer coefficient K^β_α (α, β = x, y, z), given by Eq.(23), can be obtained from Eq.(61) as

K^β_α = 1 3 √ j^{−1}_1 j^{−1}_3 (j_1 + 1)(2j_1 + 1)(j_3 + 1)(2j_3 + 1)(2j_4 + 1)K^{1 β,00}_{1 α} . (70)

When substituting J_1 = 0 and M_1 = 0 into Eq.(61), one can find spin-tensor correlation in the final state. In particular, Eq. (44) follows from Eq.(61) at J_1 = 0, M_1 = 0, J_4 = 1.

For the spin-singlet initial state S = S^′ = 0 the coefficients K^{J3 M3,J4 M4}_{J1 M1} are non-zero only for unpolarized beam (or target), i.e. J_1 = M_1 = 0, as it follows from presence of the second 9j-symbol in Eq. (61)

K^{J3M3,J4 M4} K_1M_1 = δJ1,0 δM1,0 K

J_3 M_3,J_4M_4

00 , if S = S^′ = 0. (71)

For J_1 = M_1 = 0 one has J_0 = J^′_0, where J^′_0 is even, according to Eq. (62). Furthermore, at j_3 =^1_2 two values are allowed for the rank J_3: J_3 = 0 and J_3 = 1. (i) If J_3 = M_3 = 0, then only even ranks J_4 are allowed, as follows from the Clebsch-Gordan coefficient (J_3 M_3 J_4 M_4|J_0 −M_1) in Eq.(61). (ii) For J_3 = 1 the non-zero coefficients K^{1M3,J4M4}_{00} are allowed for M_3 = −M_4 ≠ 0 both for even and odd J_4. However, for the practically interesting case of M_4 = 0 one has M_3 = 0 due to Eq.(63). Therefore for J_1 = 0 , M_4 = 0 and even J_4 the value J_3 = 1 is not allowed due to Eq.(66). Thus, for unpolarized beam and M_4 = 0 only the coefficients K^{00,J40}_{00} with even rank J_4 are non-zero:

K^{00,J40}

00 ≠ 0, if J_4 is even. (72)

This result is valid both for the spin-singlet and spin-triplet initial states.

4.5.1 Tensor polarization for j_1 + j_2 → j_3 + ⃗j_4

Here we consider the tensor polarization of the 4-th particle, t_{J40}, when all others particles are unpolarized in the binary reaction 1 + 2 → 3 + ⃗4. The tensor polarization of the 4-th particle can be calculated as

t_{J4M4} =

SpF F^+T_{J4M4} (4) SpF F^+ . (73)

Using Eq.(59) and the normalization of T_{JM} operator given by Eq.(60), one can find the relation

t_{J40} = √ (2j_1 + 1)(2j_3 + 1)K^{00,J40}_{00} . (74)

For the spin-singlet state S = S^′ = 0, the tensor polarization of the 4-thparticle does not depend on the dynamics of the reaction 1 + 2 → 3 + 4 at the threshold and intrinsic parity of particles and takes the following values

t_{00} = 1 2 , t_{20} = − 1 2 , for j_4 = 3 2 and π = ±1, (75)

t_{00} = 1 √ 6 , t_{20} = − 2 √ 21 , t_{40} = 1 √ 7 , for j_4 = 5 2 and π = ±1, (76)

(77)

For the spin-triplet state S = 1 we find the following formulae for t_{J40} with the even rank J_4:

4πSpF F^+ t_{20} = 3 4 |a^1|^2 − 2|a^3_2|^2 − 7 4 |a^1_2|^2 − (78) −Re ( 3 √ 2 a^1a^3_2^∗ + 3 √ 3 2 a^1a^1_2^∗ − √ 6 2 a^3_2 a^1_2^∗ ) , for j_4 =^3_2 , T = 1, π = −1,

4πSpF F^+ t_{20} = − 5 4 |a^2|^2 − 3 4 |a^2_1|^2 − (79) − 1 2 Re (√ 15a^2a^2_1^∗ + √ 30a^2a^0_1^∗ − 3 √ 2a^2_1 a^0_1^∗ ) , for j_4 =^3_2 , T = 0, π = +1,

4πSpF F^+ t_{20} = − √ 21 3 |a^2|^2 − 8 √ 21 |a^4_2|^2 − √ 21 2 |a^3|^2 − (80) −Re ( 2 3 a^3a^4_2^∗ + √ 2a^3a^2^∗ − 2 √ 14 7 a^4_2 a^2^∗ ) , for j_4 =^5_2 , T = 1, π = −1,

4πSpF F^+ t_{20} = − 5 √ 21 |a^2|^2 − 25 2 √ 21 |a^4_3|^2 − 12 √ 21 |a^2_3|^2 − (81) −Re √ 10 7 a^2a^4_3^∗ + 2 √ 10 21 a^2a^2_3^∗ − 2 √ 7 a^4_3 a^2_3^∗ , for j_4 =^5_2 , T = 0, π = +1,

4πSpF F^+ t_{40} = √ 7 6 |a^3|^2 + 5 √ 7 21 |a^3_2|^2 + (82) +Re √ 10 3 a^3a^1_2^∗ + 10 3 a^3a^3_2^∗ − 10 √ 2 21 a^3_2 a^1_2^∗ , for j_4 =^5_2 , T = 1, π = −1, and

4πSpF F^+ t_{40} = √ 7 42 { −20|a^2|^2 + 27|a^4_3|^2 + 22|a^2_3|^2 + +10Re (√ 30 a^2a^4_3^∗ + 2 √ 10a^2a^3_2^∗ − 2 √ 3a^4_3 a^2_3^∗ )} , (83)

for j_4 =^5_2 , T = 0, π = +1. The formulae for SpF F^+ are given by Eq. (20).

The tensor polarization t_{J0} of the odd rank J vanishes, as can be seen from Eq. (72).

4.5.2 Induced tensor polarization for ⃗j_1 + j_2 → j_3 + ⃗j_4

As follows from Eq. (71), for the spin-singlet state the tensor polarization of the 4-th particle cannot be induced by polarized beam (J_1 ≠ 0).

For the spin-triplet state S = S^′ = 1 and J_1 ≠ 0 the non-zero coefficient K^{00,J40}

J_1 M_1 ≠ 0 is allowed only for M1 = 0 as it follows from Eq.(63), i.e. for

longitudinally polarized beam. Furthermore, according to Eq. (66), only odd rank J_4 is allowed for K^{00,J4 0}_{10} . Since the case with odd J_4 is not interesting for our purpose, we do not consider here this option in detail.

4.6 Spin-tensor correlation for j_1 + j_2 → ⃗j_3 + ⃗j_4

Assuming the spin of the 3-rd particle is j_3 =^1_2 , we find for M_4 = 0 that the spin-tensor correlation in the final state of the reaction j_1 + j_2 → ⃗j_3 + ⃗j_4 for unpolarized beam (J_1 = M_1 = 0) and target (J_2 = M_2 = 0) is non-zero (K^{1 0, J4 0}

00 ≠ 0) only for odd rank J_4 (see Eq.(66)).

For j_3 ≥^3_2 and j_4 ≥^3_2 the spin-tensor correlation coefficient K^{J3 0,J4 0}_{00} could be non-zero for J_3 and J_4 being even, however, the number of independent spin amplitudes increases in this case that makes the relation between this coefficient and P-parity non-transparent.

4.6.1 The observables for ⃗j_1 + j_2 → ⃗j_3 + ⃗j_4

We consider below the final spin-tensor correlation, K^{1y,J0}_{1y} , induced by the transversally and longitudinally polarized beam (or target) in the reaction ⃗1_2 + 1_2 → ⃗1_2 + ⃗j_4. This coefficient is non-zero only for the spin-triplet initial

state.

For the even rank J one can find from Eq. (61)

4πSpF F^+ K^{1 y,20}_{1 y} = 3 4 (|a^3_2|^2 − |a^1_2|^2) + +Re ( 3 √ 2 8 a^1a^3_2^∗ + √ 6 8 a^3_2a^1_2^∗ − √ 3 4 a^1a^1_2^∗ ) , (84)

4πSpF F^+ K^{1 z,20}_{1 z} = − 1 4 { 3|a^1|^2 + 2|a^3_2|^2 + 3|a^1_2|^2 + 2 √ 6Re a^3_2 a^1_2^∗ } , (85)

for j_4 =^3_2 , T = 1, π = −1,

4πSpF F^+ K^{1 y,20}_{1 y} = 1 4 { |a^0_1|^2 − |a^2_1|^2 + +Re ( √ 30 2 a^2a^0_1^∗ − √ 2 2 a^2_1a^0_1^∗ − √ 15a^2a^2_1^∗ )} , (86)

4πSpF F^+ K^{1 z,20}_{1 z} = − 1 4 { 2|a^0_1|^2 + |a^2_1|^2 + 5|a^2|^2 + 2 √ 2Re a^2_1a^0_1^∗ } (87)

for j_4 =^3_2 , T = 0, π = +1,

4πSpF F^+ K^{1 y,20}_{1 y} = 2 √ 21 ( |a^1_2|^2 − |a^3_2|^2 ) + +Re ( 2 √ 2 3 a^3a^1_2^∗ − 2 √ 3 3 a^3a^3_2^∗ − √ 14 21 a^1_2a^3_2^∗ ) , (88)

4πSpF F^+ K^{1 z,20}_{1 z} = − 1 252 {√ 21 ( 49|a^3|^2 + 4|a^3_2|^2 + 6|a^1_2|^2 ) + +Re ( 210 √ 2 a^3a^1_2^∗ + 12 √ 14 a^3_2a^1_2^∗ + 140 √ 3 a^3a^3_2^∗ )} , (89) for j_4 =^5_2 , T = 1, π = −1,

4πSpF F^+ K^{1 y,20}_{1 y} = 2 √ 21 13 ( |a^4_3|^2 − |a^2_3|^2 ) − − √ 7 42 Re ( 4 √ 10a^2a^4_3^∗ − 2 √ 30a^2a^2_3^∗ + 4a^4_3a^2_3^∗ ) , (90)

4πSpF F^+ K^{1 z,20}_{1 z} = − √ 7 252 {√ 3 ( 21|a^4_3|^2 + 28|a^2_3|^2 + 10|a^2|^2 ) + +Re ( 30 √ 10 a^2a^4_3^∗ + 20 √ 30 a^2a^2_3^∗ + 84 a^4_3a^2_3^∗ )} , (91)

for j_4 =^5_2 , T = 0, π = +1,

4πSpF F^+ K^{1 y,40}_{1 y} = √ 7 7 ( |a^3_2|^2 − |a^1_2|^2 ) + +Re ( a^3a^3_2^∗ − √ 6 3 a^3a^1_2^∗ + 1 √ 42 a^3_2a^1_2^∗ )} , (92)

4πSpF F^+ K^{1 z,40}_{1 z} = 1 84 {√ 7 ( 16|a^3_2|^2 + 24|a^1_2|^2 + 49|a^3|^2 ) + +Re ( −28a^3a^3_2^∗ − 14 √ 6a^3a^1_2^∗ + 16 √ 42a^3_2a^1_2^∗ )} (93)

for j_4 =^5_2 , T = 1, π = −1, and

4πSpF F^+ K^{1 y,40}_{1 y} = 2 √ 7 ( |a^2_3|^2 − |a^4_3|^2 ) + +Re ( − √ 30 21 a^2a^4_3^∗ + √ 10 14 a^2a^2_3^∗ − √ 3 21 a^4_3a^2_3^∗ )} , (94)

4πSpF F^+ K^{1 z,40}_{1 z} = √ 7 84 { 28|a^2_3|^2 + 21|a^4_3|^2 + 40|a^2|^2 − −Re ( 2 √ 30 a^2a^4_3^∗ + 4 √ 10 a^2a^2_3^∗ − 28 √ 3a^4_3a^2_3^∗ )} , (95)

for j_4 =^5_2 , T = 0, π = +1.

For the odd rank J, one has K^{00,J0}_{00} = 0, therefore the tensor polarization of the 4th particle t_{10}, t_{30}, . . . , is equal to zero if the beam is unpolarized and the polarization of the 3-rd particle is not measured. However, the tensor polarization of the odd rank can be induced by polarized beam in the transitions from the spin-triplet initial state. So, for S = 1 we obtained the following results:

K^{1 y,10}_{1 x} = − 1 2 Im a^2_1a^0_1^∗

|a^2_1|^2 + |a^0_1|^2

, (96)

for j_4 =^1_2 , T = 0, π = +1;

K^{1 y,10}_{1 x} = − √ 3 2 Im a^1a^1_0^∗

3|a^1|^2 + |a^1_0|^2

, (97)

for j_4 =^1_2 , T = 1, π = −1;

4πSpF F^+ K^{1 y,10}_{1 x} = − 1 40 Im ( 10 √ 3a^2a^2_1^∗ + 5 √ 6 a^0_1a^2^∗ + 3 √ 10a^0_1a^2_1^∗ ) , (98)

for j_4 =^3_2 , T = 0, π = +1;

4πSpF F^+ K^{1 y,10}_{1 x} = √ 5 40 Im ( 3 √ 2 a^1a^3_2^∗ + 2 √ 3 a^1_2a^1^∗ + 5 √ 6a^1_2a^3_2^∗ ) , (99)

for j_4 =^3_2 , T = 1, π = −1;

4πSpF F^+ K^{1 y,30}_{1 x} = √ 5 45 Im ( 6 √ 7a^3a^3_2^∗ + 2 √ 42 a^1_2a^3^∗ + 5 √ 6a^1_2a^3_2^∗ ) , 4πSpF F^+ K^{1 y,10}_{1 x} = − √ 105 210 Im (√ 42 a^3a^3_2^∗ + 14 √ 7 a^1_2a^3^∗ + 5a^1_2a^3_2^∗ ) , (100)

for j_4 =^5_2 , T = 1, π = −1;

4πSpF F^+ K^{1 y,30}_{1 x} = − 1 3 Im (2 √ 6 3 a^2a^4_3^∗ + √ 2 a^2_3a^2^∗ + 14 √ 15 a^2_3a^4_3^∗ ) , 4πSpF F^+ K^{1 y,10}_{1 x} = √ 7 210 Im ( 10 √ 3 a^2a^4_3^∗ + 15 a^2_3a^2^∗ + 7 √ 30a^2_3a^4_3^∗ ) , (101)

for j_4 =^5_2 , T = 0, π = +1.

5 Full spin structure for the reaction^1_2 +^1_2 →^1_2 +^1_2

Here we give the full spin structure of the binary reaction for j_1 = j_2 = j_3 =

j_4 =^1_2 .

5.1 The reaction pn → Λ^0Θ^+

5.1.1 The negative parity

For the case T = 0 and π = −1, one has S = 0. In this case the amplitude (1) describes the transition^1P_1 →^3S_1 and can be written as

M^{μ3 μ4}_{μ1 μ2} = ∑ α=x,y,z (χ^+_{μ3} σ_α iσ_y √ 2 χ^{(T )+}_{μ4} ) (χ^{(T )}_{μ1} −iσ_y √ 2 χ_{μ2} )k̂_α √ 3 4 π a^{1 0}_1 . (102)

When deriving Eq. (102) from Eq. (1) we used for the Clebsch-Gordan coefficients the formulae given above after Eq. (4). The unpolarized cross section corresponding to the amplitude (102) takes the following form:

dσ_0 = 1 4 Φ ∑ μ_1 μ_2 μ_3 μ_4

|M^{μ3 μ4}_{μ1 μ2} |^2 = 3 16π Φ |a^{1 0}_1 |^2 (103)

that is in agreement with Eq. (7). In order to calculate the polarized cross section we use the density matrix for the spin-^1_2 particle being in the pure spin state χ_{μi} in the following form:

χ_{μi} χ^+_{μi} = 1 2 (1 + σ · p_i). (104)

Using Eqs.(104) and (102) one can write the cross section with polarized both initial and final particles as

dσ(p_1, p_2; p_3, p_4) = Φ |M^{μ3 μ4}_{μ1 μ2} |^2 = = 1 4 dσ_0 (1 − p_1 · p_2) [1 + p_3 · p_4 − 2(p_3 · k̂)(p_4 · k̂)]. (105)

The polarization vectors of the final particles p_3 and p_4 are determined by the reaction amplitude (102) and can be found using the standard methods [46,50]. After performing this step and substituting the obtained vectors p_3 and p_4 into Eq. (105), one can find the polarized cross section dσ(p_1, p_2) given by Eq. (8). However, the calculation of p_3 and p_4 is not necessarily and Eq. (105) is sufficient to find all spin observables for the reaction described by the amplitude (102). In particular, one can see from Eq. (105) that there is no polarization transfer in this reaction (K^j_i = 0, i, j = x, y, z), but there are

spin-spin correlations in both the initial and final states.

5.1.2 The positive parity

For T = 0 and π = +1 we have S = 1. In this case the amplitude in Eq.(1)

describes the transition^3S_1 −^3D_1 →^3S_1 and can be written as

M^{μ3 μ4}_{μ1 μ2} = ∑ α=x,y,z (χ^+_{μ3} σ_α iσ_y √ 2 χ^{(T )+}_{μ4} ) (χ^{(T )}_{μ1} −iσ_y √ 2 Π_αχ_{μ2} ), (106)

where Π_α is the following spin operator

Π_α = Gσ_α + F k̂_α(σ · k̂) (107)

with G = 1 √ 4π (a^0_1 + 1 √ 2 a^2_1) (108) and F = − 3 √ 8π a^2_1. (109)

The cross section with polarized initial and final particles is the following

dσ(p_1, p_2; p_3, p_4) = Φ |M^{μ3 μ4}_{μ1 μ2} |^2 = × ∑ α β=x,y,z 1 8 Sp{σ_α (1 − σ · p_4) σ_β(1 + σ · p_3)} × × 1 8 Sp{Π^+_α (1 + σ · p_2) Π_β(1 − σ · p_1)}. (110)

Calculating the traces in Eq. (110), one can find finally dσ(p_1, p_2; p_3, p_4) = 1 4 dσ_0 { 1 + ( |F + G|^2 + 2|G|^2 )_{−1} { |F + G|^2(p_1 · p_2 + p_3 · p_4) − +2 ( |F |^2 + 2Re F G^∗ )[ (p_1 · k̂)(p_2 · k̂) + (p_3 · k̂)(p_4 · k̂) ] + +2 ( |G|^2 + 2Re F G^∗ ) (p_1 + p_2) · (p_3 + p_4) − 2Re F G^∗(p_1 · k̂ + p_2 · k̂)(p_3 · k̂ + p_4 · k̂) + +2Im F G^∗ [{( (p_3 · k̂) [p_4 × k̂] + (p_4 · k̂)[p_3 × k̂] ) · (p_1 + p_2) } − { . . . 1 ↔ 3, 2 ↔ 4 . . . }] + +4|F |^2(p_1 · k̂)(p_2 · k̂)(p_3 · k̂)(p_4 · k̂) − −2 ( |F |^2 + 2Re F G^∗ )[ (p_1 · p_2)(p_3 · k̂)(p_4 · k̂) + (p_1 · k̂)(p_2 · k̂)(p_3 · p_4) ] + +2 Re F G^∗ [{ (p_1 · k̂)(p_3 · k̂)(p_4 · p_2) + (p_1 · k̂)(p_4 · k̂)(p_2 · p_3) } + { . . . 1 ↔ 2 . . . }] + + ( |F + G|^2 − 2|G|^2 ) (p_1 · p_2)(p_3 · p_4) + 2|G|^2 [ (p_1 · p_3)(p_2 · p_4) + (p_2 · p_3)(p_1 · p_4) ] }} . (111)

The unpolarized cross section for this case is the following

dσ_0 = 1 4 Φ { |G + F |^2 + 2|G|^2 } = Φ 16π 3(|a^0_1|^2 + |a^2_1|^2), (112)

were we used Eqs. (108) and (109). All spin observables for this reaction are contained in Eq. (111). For example, the spin-spin correlation coefficient C_{i,j} is a factor in front of the product of the polarization vectors of the 1-st and 2-nd particles, p_{1 i} p_{2 j} , in Eq.(111). One can find these coefficients as

C_{x,x} = |G + F |^2 |G + F |^2 + 2|G|^2 , C_{z,z} = |G − F |^2 − 2|F |^2 |G + F |^2 + 2|G|^2

, (113)

which coincide with Eqs. (15) and (16), respectively. The spin transfer coefficient K^j_i is the factor in front of the product of the polarization vectors of the 1-st and 3-rd particles, p_{1 i} p_{3 j} , in Eq.(111). One can find from Eq.(111)

K^x_x = 2 |G|^2 + Re F G^∗ |G + F |^2 + 2|G|^2

, K^z_z = 2|G|^2 |G + F |^2 + 2|G|^2

, (114)

which coincide with Eqs. (26) and (27), respectively. One can find also from Eq. (111) the coefficient K^{1y, 1z}_{1x} as^6 6 Here K^{1y,10}_{1x} is defined by Eq. (59) and the additional factor 2 √ 2 in Eq.(115) follows from the relation between the spin-tensor T_{1M} and σ-matrix: σ_M = √ 2T_{1M} .

K^{1y, 1z}_{1x} = K^{1z, 1y}_{1x} = −K^{1z, 1x}_{1y} = K^{1x, 1z}_{1y} = = 1 2 √ 2 2Im F G^∗ |G + F |^2 + 2|G|^2 = − 1 2 Im a^2_1a^0_1^∗ |a^0_1|^2 + |a^2_1|^2

, (115)

that coincides with Eq. (96). One can find from Eq. (111) also the coefficients in front of the products p_{1 i} p_{2 j} p_{3 k} , which we denote here as K̄^k_{i,j} . These coefficients describe the spin-spin correlation in the initial state, which induces the polarization of the final particle:

K̄^x_{z,y} = −K̄^y_{z,x} = K̄^x_{y,z} = −K̄^y_{x,z} = 2Im F G^∗ |G + F |^2 + 2|G|^2

. (116)

For the spin-singlet initial state (see Eq.(105)) these coefficients equal zero.

5.2 The reaction pp → Σ^+Θ^+

In the reaction pp → Σ^+Θ^+ the initial state is an isotriplet, T = 1. Therefore, for π = +1 one has S = 0 whereas for π = −1 one obtains S = 1.

5.2.1 The positive parity

In case of π = +1 the amplitude (1) describes the transition^1S_0 →^1S_0 and can be written as

M^{μ3 μ4}_{μ1 μ2} = √ 1 4 π (χ^+_{μ3} iσ_y √ 2 χ^{(T )+}_{μ4} ) (χ^{(T )}_{μ1} −iσ_y √ 2 χ_{μ2} )k̂_α a^{0 0}_0 . (117)

The cross section with polarized initial and final particles is the following

dσ(p_1, p_2; p_3, p_4) = Φ |M^{μ3 μ4}_{μ1 μ2} |^2 = = 1 4 dσ_0 (1 − p_1 · p_2) (1 − p_3 · p_4). (118)

One can see from this formula that C_{x,x} = C_{y,y} = C_{z,z} = −1 and C^f_{x,x} = C^f_{y,y} = C^f_{z,z} = −1, where C^f_{i,j} is the spin-spin correlation parameter in the final state.

5.2.2 The negative parity

For π = −1 one has S = 1 in the reaction pp → Σ^+Θ^+. In this case the amplitude (1) can be written as the following sum of the two terms f_0 and f_1, describing the transitions^3P_0 →^1S_0 and^3P_1 →^3S_1, respectively,

M^{μ3 μ4}_{μ1 μ2} = f_0 + f_1, (119)

where

f_0 = − 1 √ 4π ∑ β=x,y,z (χ^+_{μ1} σ_β iσ_y √ 2 χ^{(T )+}_{μ2} ) (χ^{(T )}_{μ3} −iσ_y √ 2 χ_{μ4} )k̂_β a^1_0, (120)

f_1 = i √ 3 8π ∑ α=x,y,z ϵ_{i l α} k̂_i(χ^+_{μ1} σ_l iσ_y √ 2 χ^{(T )+}_{μ2} ) (χ^{(T )}_{μ3} −iσ_y √ 2 σ_αχ_{μ4} ) a^1; (121)

here ϵ_{i l α} is the fully antisymmetric tensor.

|f_0|^2 = 1 4π |a^1_0|^2 ∑ β ,β^′=x,y,z 1 8 Sp{σ_β (1 − σ · p_2) σ_β′ (1 + σ · p_1)} × × 1 8 Sp{(1 + σ · p_4) (1 − σ · p_3)}, (122)

|f_1|^2 = 3 8π |a^1|^2 ∑ i,i^′,l,l^′,α ,α^′=x,y,z ϵ_{i l α} ϵ_i′_l′_α′ k̂_i k̂_i′ × × 1 8 Sp{σ_l (1 − σ · p_2) σ_l′ (1 + σ · p_1)} × × 1 8 Sp{σ_α (1 + σ · p_4) σ_α′ (1 − σ · p_3)}, (123)

f^∗_0 f_1 = −i 1 4π √ 3 2 a^1 (a^1_0)^∗ ∑ i,l,α ,β=x,y,z ϵ_{i l α} k̂_β k̂_i × × 1 8 Sp{σ_l (1 − σ · p_2) σ_β (1 + σ · p_1)} × × 1 8 Sp{σ_α (1 + σ · p_4) (1 − σ · p_3)}, (124) f_0 f^∗_1 = i 1 4π √ 3 2 a^1_0 (a^1)^∗ ∑ i,l,α ,β=x,y,z ϵ_{i l α} k̂_β k̂_i × 1 8 Sp{σ_β (1 − σ · p_2) σ_l(1 + σ · p_1)} × × 1 8 Sp{σ_α (1 − σ · p_3) (1 + σ · p_4)}, (125)

Performing the traces in Eq. (110), one can find finally

dσ(p_1, p_2; p_3, p_4) = Φ(|f_0|^2 + |f_1|^2 + f_0 f^∗_1 + f^∗_0 f_1) = 1 4 dσ_0 { 1 + ( |a^1_0|^2 + 3|a^1|^2 )_{−1} × × { |a^1_0|^2[(p_1 · p_2) − (p_3 · p_4)] + (3|a^1|^2 − 2|a^1_0|^2)(p_1 · k̂)(p_2 · k̂) + 3|a^1|^2(p_3 · k̂)(p_4 · k̂) + +3|a^1|^2(p_1 · k̂ + p_2 · k̂)(p_4 · k̂ + p_3 · k̂) + + √ 6Re a^1_0a^1^∗ ( (p_1 · k̂ + p_2 · k̂)(p_4 · k̂ − p_3 · k̂) − (p_1 + p_2) · (p_4 − p_3) )

− √ 6 Im a^1_0 (a^1)^∗ ( (k̂ · [p_4 × p_3])(p_1 · k̂ + p_2 · k̂) − −[p_4 × p_3] · (p_1 + p_2) − (p_2 · k̂)((p_4 − p_3) · [k̂ × p_1]) − −(p_1 · k̂)((p_4 − p_3) · [k̂ × p_2]) ) − − √ 6 Re a^1_0 (a^1)^∗ ( ([p_3 × p_4] · [k̂ × p_1])(p_2 · k̂) + ([p_3 × p_4] · [k̂ × p_2])(p_1 · k̂) ) − − ( |a^1_0|^2 + 3|a^1|^2 ) (p_1 · p_2)(p_3 · p_4) − 3|a^1|^2 [ (p_1 · p_2)(p_3 · k̂)(p_4 · k̂) + ( 2|a^1_0|^2 + 3|a^1|^2 ) (p_1 · k̂)(p_2 · k̂)(p_3 · p_4) + +3|a^1|^2(k̂ · [p_1 × p_3])(k̂ · [p_2 × p_4]) + (k̂ · [p_1 × p_4])(k̂ · [p_2 × p_3]) ] }} . (126)

Here the unpolarized cross section is given by

dσ_0 = Φ 16π { |a^1_0|^2 + 3|a^1|^2 } . (127)

One can see from Eq. (126) that terms with interference of the amplitudes a^1 and a^1_0 are antisymmetric under permutation of the indices 3 and 4. This follows from the fact that the amplitude f_1 given by Eq. (121) is symmetric while the amplitude f_0 in Eq. (120) is antisymmetric under permutation of the indices of the nonidentical particles 3 and 4. Thus, one can find from the 4-th line in Eq. (126) that K^x_x (1, 3) = K^x_x (2, 3) = −K^x_x (1, 4) = −K^x_x (2, 4), where K^j_i (l, m) describes the polarization transfer from the l-th to m-th particle. All results obtained in the previous sections for the coefficients K^j_i , C_{i,j} , C^f_{i,j} and K^{1 j,10}_{1 i} (i, j = x, y, z) for j_i =^1_2 (i = 1, 2, 3, 4) and π = −1 are contained in Eq.(126). For example, one can find from Eq. (126) that the coefficient in front of the product p_{1 x} p_{3 y} p_{4 z} , i.e. the coefficient 2 √ 2SpF F^+K^{1y,10}_{1x} , coincides with that given by Eq.(97). The coefficients in front of the p_{1 y} p_{3 y} and p_{1 z} p_{3 z} coincide with K^y_y and K^z_z in Eqs. (28) and (29), respectively. Furthermore, similarly to Eqs. (116) we find from Eq.(126) the coefficients for the initial spin-spin correlation with induced polarization of the 3-rd particle as follows

K̄^x_{z,y} = −K̄^y_{z,x} = K̄^x_{y,z} = −K̄^y_{x,z} = √ 6 Im a^1a^1_0^∗ 3|a^1|^2 + |a^1_0|^2

. (128)

These coefficients are equal to zero for the spin-singlet initial state (see Eq. (118)).

6 Discussion and conclusion

Our analysis is restricted by the threshold region, assuming the s-wave dominance in the relative motion of the final particles. This assumption is expected to be a reasonable approximation up to few MeV of the excess energy [37]. To see it one should mention that for a high momentum transfer, what is a specific feature of the reaction NN → Y Θ^+, in the near threshold regime the final partial wave with orbital momentum l contributes to the amplitude of the reaction as ∼ (p_f /Q)^l, were p_f is the final c.m.s. momentum and Q denotes an intrinsic scale of the process which is determined by the transferred momentum. Therefore, the contribution of the higher partial waves (l ≠ 0) is suppressed at the threshold (p_f < Q) as compared to l = 0. An additional suppression of the l ≠ 0 partial waves can be provided by centrifugal barrier, if the final state short-range interaction between the hyperon Y and Θ^+ is strong enough.

When considering energy dependence of the spin observables near the threshold, one should note that if for a certain spin S (at given T and π) Eq.(3) holds at the threshold, then above the threshold for the same spin S one has the following relation:

(−1)^S = π (−1)^{T +1}(−1)^l. (129)

Eqs. (3) and (129) show that only even orbital momenta l in the final state are allowed for this spin S. In contrast, for the other spin S̄, which is not allowed at the threshold for the same T and π (for the s wave in the final state), only odd orbital momenta l̄ contribute to the final state above the threshold. Thus, taking into account the above mentioned p^l_f -dependence of the transition amplitudes, one can see that (due to a p-wave contribution) the cross section 2S̄+1dσ M̄ increases with the excess energy (W ∼ p^2_f ) in the near threshold region by one power of W faster as compared to the^{2S+1} dσ_M cross section. Here^{2S+1} dσ_M denotes the cross section of the reaction which is initiated in the NN spin state |SM > [49]. For example, for the reaction pp → Σ^+Θ^+ one has^3dσ_M /p_f ∼ const(W ) and^1dσ_{M =0}/p_f ∼ W , if π_Θ = −1. For π_Θ = +1 the energy dependences of the singlet and triplet cross sections are interchanged. This difference allows one to determine the P-parity of the Θ^+ unambiguously by measurement of the energy dependence of the observables dσ_0 C_{j,j} in the near threshold region [55], because the unpolarized cross section dσ_0 can be separated into spin-singlet (^1 dσ_{M =0}) and spin-triplet (^3dσ_M ) cross sections using the spin-spin correlation parameters C_{x,x}, C_{y,y} and C_{z,z} [49]^7 . Similar arguments can be found for energy dependence of the observables dσ_0 K^y_y [55], dσ_0 K^{JY MY , JΘ MΘ}

J_N M_N and dσ0 K̄ y x, z, although the singlet-to-triplet separation

7 In particular, the sum Σ = C_{x,x} +C_{y,y} +C_{z,z} (see Eq.(38)) is equal to +1 (−3) for the initial spin-singlet (triplet) state at any excess energy W independently on the reaction mechanism. Thus, a measurement of Σ determines the ratio of the tripletsinglet difference to the unpolarized cross section as δ =^{3σ−1 σ}_{σ0} =^1_2 (1 + Σ). This observable allows one to determine the P-parity of the Θ^+ in limiting cases δ = +1 or δ = −1, which are expected to occur near the threshold region.

cannot be applied here.

Obviously, quantitative results for spin observables above the threshold can be obtained only under additional assumptions about the dynamics of this reaction. In order to estimate the upper limit for the excess energy W for P-parity determination in the reaction pp → Σ^+Θ^+, the authors of Ref. [38] assumed the (reduced) partial wave amplitudes for different orbital momenta are comparable each with other in magnitude. Under this assumption they found that for excess energy less than 50 MeV the sign of the C_{y,y} can be used for unambiguous determination of P-parity (for the case of j_Θ =^1_2 ). Later on this result was tested within a certain model of the NN → Y Θ^+ reaction in Ref. [55] and energy dependence of dσ_0 C_{j,j} and dσ_0 K^y_y was found to be more suitable for P-parity measurement within the same region of the excess energy W < 50 MeV.

Existing model calculations of the Θ^+ production in NN-collisions [53,54,55] are performed on the basis of the kaon exchanges in the Born approximation, while the mechanism of this reaction might be more complicated [56]. Furthermore, the initial and final state interactions were neglected in [53,54,55], although these can change the relative phases of the spin-amplitudes and therefore provide a significant effect of the polarization observables. Since at present neither the Θ^+ production mechanism nor the strength of the final state interaction are known and the spin of the Θ^+ is not measured, it is impossible to construct a quantitatively reliable model for the reaction in question. Therefore a general model-independent phenomenological approach for spin-observables at the threshold of the reaction NN → Y Θ^+ is still an appropriate method at the first step of analysis, whereas energy dependence of the observables in the near threshold region can be considered in a largely model independent way according to the method developed in Ref.[55].

The main idea of the work [37] for determination of the P-parity of the Θ^+ in the ⃗p⃗p → Σ^+Θ^+ reaction is based on the fact that for π_Θ = +1 (−1) only spin singlet (triplet) initial state is allowed at the threshold and therefore the cross section is non-zero only for antiparallel (parallel) spins of the initial protons. This provides very clear signal for π_Θ. As it seen from Eqs.(8) and (15), this signal does not depend on the spins of the Y and Θ^+. This conclusion does not depend also on the isospin of the Θ^+ when it is equal to 0, 1 and 2. Therefore, this reaction seems as a real tool for P-parity determination of the Θ^+. The problem is, however, connected with a complexity of such kind of experiments. The cross section near the threshold is suppressed by the phase space factor. Furthermore, the requirement of polarized beam and target could reduce the luminosity by two orders of magnitude as compared to unpolarized measurements. Thus, one has to explore others possibilities related to unpolarized or single-polarized experiments.

In the present analysis of the reaction NN → Y Θ^+ we use two such opportunities. (i) The vector polarization of the hyperon Y and (ii) tensor polarization of the Θ^+ (for j_Θ >^1_2 ) are measurable without performing a secondary scattering. So, the vector polarization of the hyperon Y can be measured via its weak decay Y → N + π, because P-parity violation provides a large asymmetry in angular distribution of the decay products. The tensor polarization of the Θ^+, t_{J0}, for even ranks J can be measured by angular distribution in the strong decay Θ^+ → N + K. For example, according to Ref. [52], the angular distribution in the helicity frame, I_{h.f.}(θ), determines the following combinations of the spin-density matrix ρ_{mm}′ (m and m^′ are the spin projections) of the decaying spin-^3_2 particle: ρ 1_{2 ,} 1_2 + ρ_− 1_{2 ,−} 1_2 , ρ 3_{2 ,} 3_2 + ρ_− 3_{2 ,−} 3_2 . It is easy to find that these combinations determine the t_{00} and t_{20}. A similar conclusion is valid for the spin^5_2 , where the additional combination ρ 5_{2 ,} 5_2 + ρ_− 5_{2 ,−} 5_2 is appeared that allows one to measure the tensor t_{40}. The angular distribution I_{h.f.}(θ) in the decay Θ^+ → N + K is determined by the spin of the Θ^+. For the spin -^1_2 decaying particle the angular distribution I_{h.f.}(θ) is isotropic [52]. Thus, measurement of angular distribution in the decay Θ^+ → N + K allows one to determine the Θ^+ spin. In order to extract the tensor polarization t_{JM} with M ≠ 0 one needs to know the longitudinal and transversal polarization of the decaying particle [52]. Such measurements require to perform secondary rescatterings and, hence, are unrealistic for the reaction NN → Y Θ^+ and not considered here.

The main results of this paper related to the threshold kinematics of the NN → Y Θ^+ reaction can be summarized as follows.

Spin-spin correlation in the initial state C_{i,j} . Eqs. (8), (15) and (35) allow us to conclude that for S = 1 the spin-spin correlation coefficient C_{y,y} is always non-negative in the reaction 1 + 2 → 3 + 4 at the threshold independently of the spins j_3 and j_4. On the contrary, for S = 0, the spin-spin correlation coefficients C_{x,x} = C_{y,y} = C_{z,z} are equal to −1 for arbitrary spins of final particles. The obtained result allows one to determine unambiguously the Pparity of the Θ^+ by measurement of C_{y,y} in the reaction pp → Σ^+ Θ^+. The total isospin of this channel is fixed (T = 1) therefore the spin S of the initial nucleons is directly related to the P-parity π_Θ of the Θ^+ as (−1)^S = π_Θ. In the reaction pn → Λ^0Θ^+ one has either (−1)^S = −π_Θ, if the isospin of the Θ^+ is even (I_Θ = 0, 2), or (−1)^S = π_Θ, if I_Θ = 1. Therefore, both the P-parity and the isospin of the Θ^+ can be determined unambiguously by combined measurement of C_{y,y} in these two reactions.

Spin-spin correlation in the final state C^f_{i,j}, given by Eqs.(44), (46)-(58), can be used in principle for P-parity determination in a binary reaction 1+2 → ⃗3 +⃗4, if the vector polarizations of final particles are measurable in some way. In the reaction NN → ⃗Y ⃗Θ^+ only the polarization of the hyperon Y is self-analyzing via its weak decay, but a possibility to measure the polarization of the Θ^+ is very questionable. Non-zero spin-tensor correlation parameters in the final state K^{10,JΘ0}_{00} are allowed only for the odd rank J_Θ and, therefore, also unlikely can be measured in the NN → Y Θ^+ reaction.

The spin-transfer coefficient K^j_i . The vector polarization transfer is strongly correlated with the P-parity of the Θ^+ and the isospin of the NN-channel. The coefficient K^y_y is zero for the spin singlet and non-zero for the spin-triplet NN-state. In other words, in the reaction pp → Σ^+Θ^+ one has K^y_y ≠ 0 for π_Θ = −1 and K^y_y = 0 for π_Θ = +1. In the reaction pn → ΛΘ^+ the relation between K^y_y and π_Θ is inverted, if the Θ^+ is an isoscalar. For j_Θ =^1_2 we found K^z_z ≥ 0 independently of π_Θ. For the isovector Θ^+, the spin observables in the reactions pp → ΣΘ^+ and pn → ΛΘ^+ are identical.

Tensor polarization of the Θ^+, t_{J0}, for even rank J can be measured by analysis of the angular distribution in the strong decay Θ → N + K that does not require polarized beam and/or target. At given j_Θ >^1_2 , as it seen from Eqs. (78), the coefficients K^{00,J0}_{00} ∼ t_{J0} at J = 0, 2, 4, . . . are different for π = −1 and π = +1. The absolute value and the sign of this difference depend on the dynamics of the reaction NN → Y Θ^+. Hence, it is necessary to study these observables within definite mechanisms of the reaction. At last, the values of t_{J0} at even rank J give a definite restriction to the spin of the Θ^+.

The spin-transfer coefficient K^{1y,J0}_{1y} . If the spin of the Θ^+ is higher than^1_2 , then there are additional possibilities for P-parity determination. For even rank J the spin-tensor correlation induced by polarized beam, K^{1y,J0}_{1y} and K^{1z,J0}_{1z} are zero for the spin singlet and non-zero for the spin-triplet states. Therefore, similarly to the K^y_y coefficient, for given isospin and P-parity of the Θ^+, the coefficient K^{1y,J0}_{1y} is non-zero only for one isospin channel of the reaction NN → Y Θ^+ and equals zero for another one. This statement is valid for any spin of the Θ^+. Therefore, measurements of both coefficients K^{1y,J0}_{1y} and K^y_y in the reactions pp → Σ^+Θ^+ and pn → ΛΘ^+ give a strong test for the P-parity determination.

The spin-transfer coefficients K̄^y_{x,z} given by Eqs. (116) and (128) are non-zero only for the spin-triplet initial state. These coefficients are measurable in the reaction ⃗N ⃗N → ⃗Y Θ^+ and, therefore, can be used as an additional test in the P-parity determination.

In conclusion, the formalism for double and triple spin correlation parameters of a binary reaction is derived at the threshold for arbitrary spins of the participating particles. For the spin-^1_2 baryons the obtained formulae are checked by different methods. The formalism can be applied for P-parity determination of the Θ^+ in the reaction NN → Y Θ^+ and any narrow resonance with arbitrary spin.

Acknowledgments. The author would like to thank A. Dorokhov, C. Hanhart, V.L. Lyuboschitz, N.N. Nikolaev, N.M. Piskunov and O.V. Teryaev for stimulating discussions. Financial support from Forschungszentrum Jülich and the warm hospitality of Institut für Kernphysik-II, were a part of this work was carried out, is gratefully acknowledged.

Appendix

Here we derive Eqs. (23) and (24) for the spin-transfer coefficient K^j_i . From Eqs. (1), (18) and (22) we find

SpF F^+ K^κ_λ = ∑ L ML S MS J MJ m1 m2 m3 m4 ∑ L′ M ′ L S′ M ′ S J′ M ′ J m′1 m′2 m′3 m′4 a^{LS}_J (a^{L′ S′}_J ′ )^∗ Y^∗_{LM} (k)Y_L′_M ′ (k) ×

(j_1m_1j_2m_2|S M_S )(j_3m_3j_4m_4|J M_J )(SM_S LM_L|J M_J ) × ×(j_1m^′_1j_2m^′_2|S^′ M^′_S )(j_3m^′_3j_4m^′_4|J^′ M^′_J )(S^′ M^′_S L^′ M^′_L|J^′ M^′_J ) Q^κ_λ, (A.1)

where Q^κ_λ is the following trace

Q^κ_λ = Sp { χ^+_{j1 m1} (1)χ^+_{j2 m2} (2)χ_{j3 m3} (3) χ_{j4 m4} (4)S_λ(1) ×

×χ^+_{j4 m}′_4 (4)χ^+_{j3 m}′_3 (3)χ_{j2 m}′_2 (2) χ_{j1 m}′_1 (1)S_κ(3) } . (A.2)

Using the following representation [51] for the spin operator S_λ(j) of the kth particle (k = 1, . . . , 4) with the spin j

S_λ(k) = √ j(j + 1) ∑ m m^′ (jm 1λ|j m^′)χ_{j m}′ (k)χ^+_{j m}(k) (A.3)

and the relations Sp { χ^+_{j m}(k)χ_{j m}(k) } = Sp { χ_{j m}(k)χ^+_{j m}(k) } = δ_{m m}′ , (A.4) one can find

Sp { χ^+_{j m}′ (k)S_λ(k)χ_{j m}(k) } = Sp { χ_{j m}(k)χ^+_{j m}′ (k)S_λ(k) } = = (−1)^λ √ j(j + 1) (jm 1 − λ|j m^′). (A.5)

Making use Eqs. (A.5) and (A.4), one can present Eq. (A.2) as

Q^κ_λ = (−1)^{λ+κ} δ_{m2 m}′_2 δ_{m4 m}′_4 √ j_1(j_1 + 1)j_3(j_3 + 1)(j_3m^′_3 1 −κ|j_3m_3)(j_1m_1 1−λ|j_1 m^′_1). (A.6) After substituting Eq. (A.6) into Eq. (A.1), one has to perform summation over the spin projections in Eq. (A.1). It can be done using the following relations ∑ m_1 m^′_1 m_2

(j_1m_1 j_2m_2|S M_S )(j_1m^′_1 j_2m_2|S^′ M^′_S )(j_1m_11 − λ|j_1m^′_1) =

(−1)^{j1 +j2 +S+1} √ (2j_1 + 1)(2S + 1)(SM_S 1 − λ|S^′ M^′_S ) j_1 j_2 S S^′ 1 j_1 , (A.7) ∑ m_3 m^′_3 m_4

(j_3m_3 j_4m_4|J M_J )(j_3m^′_3 j_3m_4|J^′ M^′_J )(j_3m^′_31 − κ|j_3m_3) =

= (−1)^{j3 +j4 +J ′ +1} √ (2j_3 + 1)(2J^′ + 1)(J^′M^′_J 1 − κ|J M_J ) j_3 j_4 J^′ J 1 j_3 , (A.8) ∑ M_S M^′_S M_J M^′_J

(SM_S LM_L|JM_J )(S^′M^′_S L^′M^′_L|J^′M^′_J )(SM_S 1 − λ|S^′M^′_S )(J^′M^′_J 1 − κ|J M_J ) = = ∑ J_0 M_0 (−1)^{L−S−S′ −M ′L−1}(2J + 1) √ (2S^′ + 1)(2J^′ + 1) ×

×(L^′ − M^′LM|J_0M_0)(1 − λ 1 − κ|J_0 M_0) J S L J^′ S^′ L^′ 1 1 J_0

.(A.9)

After that Eq. (A.1) can be written as Eq. (23).

In order to obtain Eqs. (24), we use here the relation between the Cartesian and spherical components of the spin operator [51]

S_{+1} = − 1 √ 2 (S_x + iS_y), S_{−1} = 1 √ 2 (S_x − iS_y), S_0 = S_z . (A.10) From Eqs. (22) and (A.10) one can find

K^{−1}_{+1} = − 1 2 [ K^x_x + K^y_y + iK^x_y − iK^y_x ] , K^{+1}_{−1} = − 1 2 [ K^x_x + K^y_y − iK^x_y + iK^y_x ] , K^{+1}_{+1} = 1 2 [ K^x_x − K^y_y + iK^x_y + iK^y_x ] , K^{−1}_{−1} = 1 2 [ K^x_x − K^y_y − iK^x_y − iK^y_x ] . (A.11)

As was noted in the text after Eq. (23), the angular momentum J_0 is even. Therefore one has (1 − λ1λ|J_00) = (1λ1 − λ|J_00). It allows one to find from Eq. (23) the following relation K^{+1}_{−1} = K^{−1}_{+1} . (A.12) Using Eqs.(23), (A.11) and (A.12) one finds K^{−1}_{+1} − K^{+1}_{−1} = i(K^y_x − K^x_y ) = 0 and K^{+1}_{+1} − K_1^{−1} = i(K^y_x + K^y_x ) = 0, therefore K^y_x = K^x_y = 0. (A.13) Using relations K^0_{−1} = K^0_{+1} = K^{+1}_0 = K^{−1}_0 = 0, one can find K^z_x = K^z_y = K^x_z = K^y_z = 0. (A.14) At last, taking into account the relation K^{+1}_{+1} = 0, which follows from Eq. (23), we find from the third equation in Eqs. (A.11) K^x_x = K^y_y . (A.15) From Eqs. (A.15), (A.13) and (A.11) one can find Eqs. (24).

References

[1] T. Nakano et al., Phys. Rev. Lett. 91 (2003) 012002. [2] V. V. Barmin et al., Phys. Atom. Nucl. 66 (2003) 1715. [3] S. Stepanyan et al., Phys. Rev. Lett. 91 (2003) 252001. [4] V. Kubarovsky et al., Phys. Rev. Lett. 92 (2004) 32001. [5] J. Barth et al., Phys. Lett. B 572 (2003) 127. [6] A. Airapetian et al., hep-ex/0312044. [7] A. Aleev et al., hep-ex/0401024.

[8] M. Abdel-Bary et al., Phys. Lett. B 595 (2004) 127 [9] P.Z. Aslanyan, V.N. Emeljyanenko, G.G. Rikhkvizkaya, hep-ex/0403044. [10] Yu.A. Troyan et al., hep-ex/0404003.

[11] D. Diakonov, V. Petrov and M. Polyakov, Z. Phys. A359, 305-314 (1997). [12] M. Oka, hep-ph/0406211; S.-L. Zhu, hep-ph/0406204, hep-ph/0410002. [13] S. Nussinov, hep-ph/0307357; R.A. Arndt, I.I Strakovsky and R.L. Workman, Phys. Rev. C 68 (2003) 042201; J. Haidenbauer and G. Krein, Phys. Rev. C 68 (2003) 052201; R.N. Chan and G.H. Trilling, Phys. Rev. D 69 (2004) 011501; A. Sibirtsev, J. Haidenbauer, S. Krewald and Ulf-G. Meißner, hep-ph/0405099, Phys. Lett. B 599 (2004) 230.

[14] A. Sibirtsev, J. Haidenbauer, S. Krewald and Ulf-G. Meißner, nucl-th/0407011. [15] M. Karliner, H. Lipkin, Phys. Lett. B 586 (2004) 303. [16] N.I. Kochelev, H.-J. Lee and V. Vento, Phys. Lett. B594 (2004) 87. [17] A. Hosaka, M. Oka, T. Shinozaki, hep-ph/0409102. [18] R.L. Jaffe and A. Jain, hep-ph/0408046. [19] B.L.Ioffe, A.G. Oganesian, hep-ph/0408152.

[20] T. Nishikawa, Y. Kanada-En’yo, O. Morimatsu and Y. Kondo, hep-ph/0411224. [21] J. Ellis, M. Karliner, M. Praszslowicz, hep-ph/0401127. [22] D. Diakonov, hep-ph/0406043.

[23] R. Jaffe and F. Wilczek, Phys. Rev. Lett. 91 (2003) 232003. [24] M. Karliner and H.J. Lipkin, hep-ph/0307243. [25] T.W. Chiu and T.H. Hsieh, hep-ph/0403020.

[26] F.Csikor, Z. Fodor, S.D. Katz and T.G. Kovacs, hep-lat/0309090; S. Sasaki, hep-lat/0310014.

[27] N. Mathur et al., hep-ph/0406196, v3; N. Ishii et al., hep-lat/0408030. [28] C.E. Carlson, C.D. Carone, H.J. Kwee and V. Nazaryan, hep-ph/0312325; Phys.

Lett. B 573 (2003) 101, B 579 (2004) 52. [29] C. Alt et. al, Phys. Rev. Lett. 92 (2004) 042003. [30] H1 Collaboration, Phys. Lett. B588 (2004) 17. [31] J. Pochodzalla, hep-ex/0406077. [32] K. Hicks, hep-ph/0408001.

[33] A.I. Titov et al., Phys. Rev. C 70 (2004) 042202.

[34] T. Hyodo, A. Hosaka and E. Oset, nucl-th/0307105; nucl-th/0312014; [35] S.I. Nam, A. Hosaka and H.-Ch. Kim, Phys. Lett. B579 (2004) 43; Y. Oh, H. Kim and S.H. Lee, Phys. Rev. D 69 (2004) 014009; hep-ph/0312229; Q. Zhao, hep-ph/0310350; Phys. Rev. D69 (2004) 053009; K. Nakayama and K. Tsushima, Phys. Lett.B583 (2004) 269; K. Nakayama and W.G. Love, hep-ph/0404011; Q. Zhao, J.S. Al-Khalili, Phys. Lett. B585 (2004) 91; B.G. Yu, T.K. Choi and C.R. Ji, nucl-th/0312075; Th. Mehen and C. Schat, Phys. Lett. B 588 (2004) 67; A. Titov et al., nucl-th/0410098.

[36] M. Rekalo and E. Tomasi-Gustafsson, hep-ph/0401050. [37] A. Thomas, K. Hicks, A. Hosaka, Prog. Theor. Phys. 111 (2004) 291. [38] Ch. Hanhart et al., Phys. Lett. B 590 (2004) 39. [39] Yu.N. Uzikov, hep-ph/0401150;

[40] M. Rekalo and E. Tomasi-Gustafsson, Phys.Lett. B 591 (2004) 225. [41] F.E. Close and J.J. Dudek, Phys. Lett. 586 (2004) 75. [42] S. Takeuchi and K. Shimizi, hep-ph/0410286. [43] F. Huang, Z.Y. Zhang and Y.W. Yu, hep-ph/0411222. [44] B. Wu and B.-Q. Ma, Phys. Lett. B 586 (2004) 69. [45] Yu.N. Uzikov, hep-ph/0402216; Phys. Lett. B 595 (2004) 277. [46] S.M. Bilenky, L.L. Lapidus, L.D. Puzikov and R.M. Ryndin, Nucl. Phys. 7 (1958) 646.

[47] M. Rekalo and E. Tomasi-Gustafsson, hep-ph/0402227.

[48] M.L. Goldberger and K.M. Watson, Collision Theory, John Wiley, New York- London-Sidney, 1964.

[49] G. Ramachandran and P.N. Deepak, Phys.Rev. C 63 (2001) 051001(R). [50] G.G. Ohlsen, Rep.Prog.Phys. 35 (1972) 717.

[51] D.A. Varschalovich, A.N. Moskalev, V.K. Khersonskiy, Kvantovaya teoriya uglovogo momenta, “Nauka”, Leningrad, 1975, 439 p. (in Russian); Singapure, World Scientific, 1988 (translated to English).

[52] S.M. Berman and M. Jacob, Phys. Rev. 139 (1965) B1023; SLAC-43 (1965) p.34.

[53] W. Liu, C.M. Ko, Phys. Rev. C 68 (2003) 045203.

[54] S.I. Nam, A. Hosaka and H.-Ch. Kim, hep-ph/0401074; hep-ph/0402138. [55] C. Hanhart, J. Haidenbauer, K. Nakayama, U.-G. Meissner, hep-ph/0407107;

hep-ph/0410293.

[56] M. Karliner and H.J. Lipkin, Phys. Lett. B 597 (2004) 309.