arXiv:nucl-th/0506040 v1 14 Jun 2005

LBNL-57478

Modified Fragmentation Function from Quark Recombination

A. Majumder,^1 Enke Wang,^{2, 1} and Xin-Nian Wang^1 1 Nuclear Science Division, Lawrence Berkeley Laboratory, Berkeley, California 94720 2Institute of Particle Physics, Huazhong Normal University, Wuhan 430079, China (Dated: May 1, 2005)

Within the framework of the constituent quark model, it is shown that the single hadron fragmentation function of a parton can be expressed as a convolution of shower diquark or triquark distribution function and quark recombination probability, if the interference between amplitudes of quark recombination with different momenta is neglected. The recombination probability is determined by the hadron’s wavefunction in the constituent quark model. The shower diquark or triquark distribution functions of a fragmenting jet are defined in terms of overlapping matrices of constituent quarks and parton field operators. They are similar in form to dihadron or trihadron fragmentation functions in terms of parton operator and hadron states. Extending the formalism to the field theory at finite temperature, we automatically derive contributions to the effective single hadron fragmentation function from the recombination of shower and thermal constituent quarks. Such contributions involve single or diquark distribution functions which in turn can be related to diquark or triquark distribution functions via sum rules. We also derive QCD evolution equations for quark distribution functions that in turn determine the evolution of the effective jet fragmentation functions in a thermal medium.

PACS numbers: 13.87.Fh,12.38.Bx,12.38.Mh, 11.80.La

I. INTRODUCTION

In the study of the properties of dense matter and search for quark gluon plasma in high-energy heavy-ion collisions, jet quenching [1] or the suppression of leading high p_T hadrons [2] has become a powerful diagnostic tool. The theoretical concept relies on the study of parton propagation in medium and induced radiative energy loss [3, 4, 5, 6]. Using perturbative QCD (pQCD) and taking into account the intricate Landau-Pomeranchuk- Migdal (LPM) [7] interference effect, one can calculate the radiative energy loss. It has a unique dependence on the path length traversed by the parton and the local gluon density of the medium. Such energy loss is manifested in the modification of the effective parton fragmentation functions [8] which in turn leads to the suppression of the single inclusive hadron spectra. In noncentral heavy-ion collisions, the path length dependence of the energy loss gives rise to the azimuthal angle dependence of the high p_T single hadron spectra [9]. Therefore, experimental measurements of the suppression of single hadron spectra or the modification of the fragmentation functions and their centrality dependence can provide important information about the initial gluon density and geometry of the produced dense matter. Moreover, one can go beyond single hadron spectra and study the modification of multiple hadron correlations inside jets due to multiple scattering of the parton in the medium [10].

Data from experiments at the Relativistic Heavy-ion Collider (RHIC) have indeed confirmed the predicted features of jet quenching [11]. One has seen not only a significant suppression of single inclusive high p_T hadron spectra [12, 13] and strong azimuthal angle dependence [14], but also the suppression of high p_T hadrons on the opposite side of a triggered high p_T hadron in the central Au + Au collisions [15]. These are all consistent with the qualitative features of jet quenching due to parton energy loss [16]. The extracted initial gluon density in the most central Au + Au collisions at √ s = 200 GeV is found to be about 30 times higher than that in a cold Au nuclei [16, 17, 18]. Combined with the enormous collective expansion as measured by the elliptic flow of the final bulk hadrons [19], current experimental data points to the formation of a strongly interactive quark-gluon plasma in central Au + Au collisions at RHIC.

During the propagation and interaction inside a deconfined hot partonic medium, a fast parton can have not only induced gluon radiation but also induced absorption of the surrounding thermal gluons. The detailed balance leads to an energy dependence of the net energy loss that is stronger than without for an intermediate energy parton [20]. In principle, one can consider gluon absorption as a parton recombination process and it continues until the hadronization of the bulk partonic matter. Eventually, during the hadronization, partons from the jet can combine with those from the medium to form the final hadrons. Indeed, there already exists some evidence for such parton recombination in the measured hadron spectra in heavy-ion collisions at RHIC. At intermediate p_T = 2 − 4 GeV/c, the suppression of baryons is significantly smaller than mesons, leading to a baryon to meson ratio larger than 1 [21]. This is about a factor of 5 increase over the value in p + p collisions. On the other hand, the azimuthal anisotropy of the baryon spectra is larger than that of meson spectra. Such a flavor dependence of the nuclear modification of the hadron spectra and their azimuthal anisotropy is not consistent with a picture of pure parton energy loss followed by vacuum fragmentation. The most striking empirical observation of the flavor dependence, that could reveal the underlying hadronization mechanism, is the scaling behavior between the azimuthal anisotropy of baryon and meson spectra [22], v^M_2 (p_T /2)/2 = v^B_2 (p_T /3)/3. Such an observation is inspired by a schematic model of hadron production by constituent quark recombination [23]. Here, v^M_2 (v^B_2 ) is the second coefficient of the Fourier transformation of the azimuthal angle distribution of mesons (baryons).

Many quark recombination models [24, 25, 26] are successful in describing the observed flavor dependence of the nuclear modification of hadron spectra at intermediate p_T . These models in general involve thermal quarks in the medium and employ the constituent quark model for hadron wavefunctions which determine the recombination probabilities. They, however, differ in the handling of specific recombination processes. Some considered only recombination of thermal quarks, with inherent correlations caused by jet quenching. Others also include recombination of thermal and shower quarks from the fragmenting jet, which dominate the hadron spectra at intermediate p_T . They also differ in the determination of the constituent quark distributions from high p_T jets and there exist ambiguities in the connection between partons from pQCD hard processes and constituent quarks that form the final hadrons.

One of the models that we will follow closely in this paper is by Hwa and Yang [24]. In this model, quark recombination processes are traced back to parton fragmentation processes in vacuum. They assume that the initial produced hard partons will evolve into a shower of constituent quarks which then recombine to form the final hadrons in the hadronization process. The formulation of the recombination of the shower quarks of the partonic jets and the medium quarks in heavy-ion collisions is straightforward, given both the shower and medium quark distributions. Since the Hwa-Yang model is a phenomenological one, the nuclear modification of the shower quark distributions and their QCD evolution cannot be calculated. The model has to rely on fitting to the experimentally measured hadron spectra to obtain the corresponding nuclear modified shower quark distributions for each centrality of heavy-ion collisions and correlations between shower quarks are completely neglected.

In this paper, we make a first attempt to derive the recombination model of jet fragmentation functions from a field theoretical formulation and the constituent quark model of hadron structure. Within the constituent quark model, we consider the parton fragmentation as a two stage process. The initial parton first evolves into a shower of constituent quarks that subsequently will combine with each other to form the final hadrons. Since constituent quarks are non-perturbative objects in QCD just like hadrons, the conversion of hard partons into showers of constituent quarks is not calculable in pQCD. However, we can define constituent quark distributions in a jet as overlapping matrices of the parton field operator and the constituent quark states, similarly as one has defined hadron fragmentation functions. Ignoring interferences in the process of quark recombination, we demonstrate that the single inclusive meson (baryon) fragmentation functions can be cast as a convolution of the diquark (triquark) distribution functions and the recombination probabilities, which are determined by the hadrons’ wavefunctions. This is similar in spirit to the Hwa-Yang recombination model. Given a form of the hadrons’ wavefunctions in the constituent quark model, one can in principle extract constituent quark distribution functions from measured jet fragmentation functions. We are also able to derive the Dokshitzer-Gribov- Lipatov-Altarelli-Parisi (DGLAP) [27, 28, 29] evolution equations for the diquark and triquark distribution functions, which in turn give rise to the DGLAP evolution equations for the hadron fragmentation functions within the quark recombination formalism. Such a reformulation of the jet fragmentation functions does nothing to simplify the description of jet hadronization. However, extending the formalism to the case of jet fragmentation in a thermal medium and working within field theory at finite temperature, we can automatically derive contributions from recombination between shower and thermal quarks in addition to soft hadron production from recombination of thermal quarks and leading hadrons from recombination of shower quarks. The shower and thermal quark recombination involves single (diquark) quark distribution functions which can be obtained from diquark (triquark) distributions through sum rules. Therefore, one can consistently describe three different processes within this formalism. One can also consistently take into account parton energy loss and detailed balance effect for jet fragmentation inside a thermal medium.

For convenience in this paper, we will simply refer to the constituent quarks as quarks and the initial current quarks and gluons as partons. The quarks from jet fragmentation will be denoted as shower quarks in contrast to quarks in the thermal medium in heavy-ion collisions. The remainder of the paper is organized as follows: In Section II, we review single inclusive hadron fragmentation functions in terms of overlapping matrix elements between parton field operators and hadronic states. In Section III and IV, we introduce the hadronic wavefunctions in the constituent quark model and reformulate the parton fragmentation functions in terms of quark recombination probabilities and shower quark distribution functions of the fragmenting partons, which are defined as the overlapping matrices of the parton field operators and constituent quark states. We also derive the QCD evolution equations for the shower quark distribution functions and discuss possible sum rules relating triquark, diquark and single quark distribution functions. In Section V, we extend the formalism to parton fragmentation in a thermal medium within the framework of field theory at finite temperature and derive various contributions to the effective fragmentation functions from shower-thermal and thermal-thermal quark recombination. We summarize the results and discuss future work in Section VI.

II. SINGLE HADRON FRAGMENTATION FUNCTION

For hadron production processes, in e^+e^− annihilation for example, that involve a large momentum scale, the inclusive cross section at leading twist can be factorized into a hard part for parton scattering at short distances and a soft part for hadronization at long distances as the parton fragmentation function. Though one can systematically calculate the hard part in pQCD due to asymptotic freedom, the parton fragmentation function is nonperturbative and currently can only be measured in experiments. However, one can derive the DGLAP evolution equations with the momentum scale, which have been tested successfully against the experimental data [30]. In this section, we review the parton fragmentation functions as defined in the form of matrix elements of parton operators and the corresponding DGLAP evolution equations.

As in a previous study of medium modification of fragmentation functions with detailed balance [31], we consider e^+e^− annihilation to illustrate the parton operator definition of the quark fragmentation functions. Within the collinear factorization approximation, the inclusive differential cross section can be expressed as dσ_e+_e−_{→h} dz_h = 1 2s e^4 q^4 L_{μν} (p_a, p_b) dW^{μν} dz_h = ∑ q σ^{qq̄}_0 [ D^h_q (z_h) + D^h_{q̄} (z_h) ] , (1)

where q = p_a + p_b is the four-momentum of virtual photon and s = q^2 ≡ Q^2 is the invariant mass of e^+e^− pair. The leptonic and hadronic tensors are given by L_{μν} (p_a, p_b) = (1/4)Tr(γ_μ ̸p_aγ_ν ̸p_b) and

W^{μν} (q) = ∑ X ⟨0 |J^μ(0)| X⟩⟨X |J^ν(0)| 0⟩(2π)^4δ^4(p_X − q) = ∫ d^4xe^{−iq·x}⟨0 |J^μ(0)J^ν (x)| 0⟩ , (2) where ∑ X runs over all possible intermediate states and the quark electromagnetic current is J_μ = ∑ q e_qψ̄_qγ_μψ_q .

Here, e_q is the fractional charge of the quark in units of an electron charge. The total cross-section at the lowest order in pQCD is σ^{qq̄}_0 ≡ N_c4πα^2e^2_q /3s, where N_c = 3 is the number of colors in the fundamental representation of SU(3) and α is the electromagnetic coupling constant. The single inclusive fragmentation functions of a current quark and antiquark are defined as [32, 33, 34, 35],

D^h_q (z_h) = z^3_h 2 ∫ d^4p (2π)^4 δ ( z_h− p_h · n p · n ) ∫ d^4xe^{−ip·x}Tr [ γ · n 2p_h · n ∑ S ⟨0 |ψ(0)| S, p_h⟩⟨p_h, S | |ψ(x) | | 0⟩ ] , (3)

D^h_{q̄} (z_h) = z^3_h 2 ∫ d^4p (2π)^4 δ ( z_h− p_h · n p · n ) ∫ d^4xe^{−ip·x}Tr [ ∑ S ⟨0 | |ψ(0) | | S, p_h⟩ γ · n 2p_h · n ⟨p_h, S |ψ(x)| 0⟩ ] , (4)

respectively, where p_h is the four-momentum of the identified hadron and z_h is its momentum fraction with respect to the initial parton momentum. Sum over the color index of the quark field is implicitly implied. The light-like vector is defined as n^μ = [n^+, n^−, n_⊥] = [0, 1, 0_⊥]. These fragmentation functions D^h_{q(q̄)}(z_h) can be interpreted as the multiplicity distribution of hadrons with fractional momenta between z_h and z_h + dz_h produced in the fragmentation of the initial parton quark q or antiquark q̄.

In deriving Eqs. (1), (3) and (4) from Eq. (2), the intermediate states ∑ X |X⟩⟨X| have been replaced by two complete subsets ∑ S,S^′ |S, ph; S ′⟩⟨S^′; S, p_h|, corresponding to independent fragmentation of the quark and anti-quark created from the e^+e^− annihilation. One can further replace |S^′⟩ by a complete set consisting of quarks and gluons. To the lowest order of pQCD, only a single quark or anti-quark state |p^′⟩ of |S^′⟩ contributes to the hadronic tensor in Eq. (2). Thus, one can effectively express, ∑ X |X⟩⟨X| = ∑ S ∫ d^3p_h (2π)^32E_h ∫ d^3p^′ (2π)^32E_p′ |S, p_h; p^′⟩⟨p^′; p_h, S| , (5) and the factorized form of the differential cross section in Eq. (1) can be represented by a cut diagram as shown in Fig. 1, in which the amplitudes of the fragmentation processes are represented by the blob connecting initial quark and final hadron states. This is normally presented as cut-vertices [31]. Since the hadronic states |X⟩ are all color singlet, the above approximation implies that |S⟩ also carries color which can only be neutralized via exchange of soft partons. These soft processes are higher twist and are suppressed by powers of 1/Q^2. Soft gluon exchanges also lead

FIG. 1: diagram for single hadron fragmentation in e^+ e^− annihilation.

to eikonal contributions or gauge links that ensure the gauge invariance of the defined quark fragmentation functions. They, however, do not appear in the light-cone gauge, n · A = 0.

Similarly, the hadron fragmentation function D^h_g (z_h) from a gluon parton is defined as

D^h_g (z_h) = z^2_h 2 ∫ d^4p (2π)^4 δ ( z_h − p_h · n p · n ) ∫ d^4xe^{−ip·x}d_{μν}(p) ∑ S ⟨0 |A^μ(0)| S, p_h⟩⟨p_h, S |A^ν (x)| 0⟩ , (6) where gluonic color indices are also implicitly summed over. The gluon polarization tensor is defined in terms of the polarization vectors ε^μ(k) and has the form d_{μν}(p) = ∑ λ=1,2 ε_μ(p, λ)ε_ν (p, λ) = −g_{μν} + p_μn_ν + p_ν n_μ n · p , (7)

in the light-cone gauge.

The scale dependence of the single inclusive hadron fragmentation functions can be calculated by considering the radiative corrections to the fragmentation functions at the next-to-leading order in perturbation QCD [33, 34]. It is governed by the DGLAP evolution equations [27, 28, 29],

Q^2 d dQ^2 D^h_q (z_h, Q^2) = α_s(Q^2) 2π ∫_1 z_h dz z [ γ_{qq} (z)D^h_q ( z_h z , Q^2) + γ_{qg} (z)D^h_g ( z_h z , Q^2) ] , (8)

Q^2 d dQ^2 D^h_g (z_h, Q^2) = α_s(Q^2) 2π ∫_1 z_h dz z [ γ_{gq} (z)D^h_s ( z_h z , Q^2) + γ_{gg} (z)D^h_g ( z_h z , Q^2) ] , (9)

where D^h_s (z_h/z, Q^2) is the singlet quark fragmentation function

D^h_s (z, Q^2) ≡ ∑ q [ D^h_q (z, Q^2) + D^h_{q̄} (z, Q^2) ] , (10)

and the splitting functions are [36] γ_{qq} (z) = C_F [ 1 + z2 (1 − z)_+ + 3 2 δ(1 − z) ] , (11) γ_{qg} (z) = C_F 1 + (1 − z)^2 z , (12) γ_{gq} (z) = T_F [ z^2 + (1 − z)^2 ] , (13)

γ_{gg} (z) = 2C_A [ z (1 − z)_+ + 1 − z z + z(1 − z) ] + δ(1 − z)

[ 11 6 C_A − 2 3 n_f T_F ] . (14)

Here, n_f is the number of quark flavors, the SU(N_c) Casimirs are given by C_F = (N^2_c − 1)/2N_c, C_A = N_c and T_F = 1/2. The ‘+’-function is defined such that the replacement ∫_1 0 dz f(z) (1 − z)_+ = ∫_1 0 dz f(z) − f(1) 1 − z (15)

is valid for any function f(z) that is continuous at z = 1.

The single hadron fragmentation functions as defined in Eqs. (3), (4) and (6) satisfy the following momentum sum rules, ∑ h ∫ dzzD^h_a (z, Q^2) = 1, (a = q, q̄, g). (16) One can also naively define the zeroth moments of the fragmentation functions, ∑ h ∫ dzD^h_a (z, Q^2) = N^h_q , (17)

(18)

which are simply the average hadron multiplicities of the parton jets. In principle, the average hadron multiplicities are not infrared safe and therefore not well defined in the simple leading log and leading twist approximation. One has to go beyond these approximations and take into account the coherence of parton cascade. In practice, one can introduce a cut-off to regularize the infrared behavior.

III. QUARK RECOMBINATION AND PARTON FRAGMENTATION

A. The Constituent Quark Model

In hard processes involving a large momentum scale, the produced partons are normally off-shell and subject to radiative processes following the hard scattering. The DGLAP evolution equations describe these radiative processes for a highly virtual parton in pQCD. Eventually, however, when the parton’s virtuality becomes smaller than allowed for the applicability of pQCD, further interaction among produced or shower partons and the ensuing hadronization can never be described by pQCD. Therefore, one cannot calculate perturbatively the parton fragmentation functions with momentum scale Q < Q_0. Conventionally, one uses experimental data to parameterize the fragmentation functions with Q ≤ Q_0 (called initial condition) and the DGLAP equations [Eqs. (8) and (9)] predict the evolution of the fragmentation functions with the momentum scale.

In this paper, we will employ a constituent quark model to describe the soft interaction and hadronization of shower partons. In this approach, soft interaction between shower partons below the scale Q_0 will be effectively represented by constituent quarks and their interaction. The non-perturbative conversion between shower partons and constituent quarks will be described by the constituent quark distribution functions in the fragmenting jet. Further interaction among constituent quarks during the hadronization will be given by the hadrons’ wave functions in the constituent quark model.

In this constituent quark model, a hadronic state with momentum p_h = [p^+_h , 0, 0_⊥] can be expressed as |p_h⟩ = ∫ [d^2k_⊥][dx]φ_h(k_{1⊥}, x_1; k_{2⊥}, x_2)|k_{1⊥}, x_1; k_{2⊥}, x_2⟩, (19)

for a meson and |p_h⟩ = ∫ [d^2k_⊥][dx]φ_h(k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3)|k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3⟩ , (20)

for a baryon. Here,

[d^2k_⊥] ≡ 2(2π)^3δ^{(2)} (_n ∑ i=1 k_{i⊥} )_n ∏ i=1 d^2k_{i⊥} 2(2π)^3

, ( n = 2 for a meson and 3 for a baryon) , (21)

[dx] ≡ δ ( 1 − n∑ i=1 x_i )_n ∏ i=1 dx_i √ x_i , x_i = k^+_i p^+_h

, (22)

FIG. 2: The cut diagram for single meson fragmentation functions in terms of quark recombination. The blob connecting initial quark and final constituent quarks before recombination represents the amplitudes of shower-to-constituent quark conversion of the fragmenting quark. Hadronic wavefunction is presented by the shaded blob.

and φ_h is the hadronic wavefunction. In the infinite momentum frame, the constituent quarks can be considered approximately on shell. The normalization of the hadronic wavefunction is ∫ [d^2k_⊥][dx] |φ_h(k_{i⊥}, x_i)|^2 = 1 , (23)

given the normalization of single constituent quark states,

⟨k_{i⊥}, x_i|k_{j⊥}, x_j⟩ = (2π)^32x_iδ^{(2)} (k_{i⊥} − k_{j⊥}) δ (x_i − x_j) . (24)

B. Double Constituent Quark Distribution Functions

Substituting the hadronic state in Eq.(19) in the constituent quark model into Eq. (3), we can express the meson fragmentation as

D^M_q (z_M ) = z^3_M 2 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x}[d^2k_⊥][dx][d^2k^′_⊥][dx^′]

φ_M (k_{1⊥}, x_1; −k_{1⊥}, 1 − x_1)φ^∗_M (k^′_{1⊥}, x^′_1; −k^′_{1⊥}, 1 − x^′_1) Tr [ γ^+ 2p^+_M ∑ S ⟨0 |ψ(0)| S; k_{1⊥}, x_1; −k_{1⊥}, 1 − x_1⟩⟨−k^′_{1⊥}, 1 − x^′_1; k^′_{1⊥}, x^′_1; S | |ψ(x) | | 0⟩ ] . (25)

Since the constituent quarks can be regarded as a complete set of intermediate states | ~S⟩, they are equivalent to and can replace the complete set of hadronic states |S⟩ in the above expression, ∑ S |S⟩⟨S| = ∑_~ S | ~S⟩⟨ ~S|. One can then interpret the above expression in terms of quark recombination as shown in Fig. 2: a quark and anti-quark with momentum [x_1p^+_M , k_{1⊥}] and [(1 − x_1)p^+_M , −k_{1⊥}] from the fragmentation of the parton jet will combine to form a meson with momentum p_M = [p^+_M , 0, 0_⊥]. Since the fragmentation function D^M_q (z_M ) is proportional to the single inclusive cross section for hadron production, it should naturally include the interference between recombination of quark and anti-quark pairs with different momenta that sum to the meson’s momentum. With the presence of the interference contribution, one can never arrive at a probabilistic interpretation as postulated in all the current recombination models [24, 25, 26]. However, if the hadronic wavefunction φ_M (k_{1⊥}, x_1; k_{2⊥}, x_2) in the constituent quark model is sharply peaked, one may neglect the interference contributions. Effectively, one can complete the integration ∫ [d^2k^′_⊥][dx^′] in Eq. (25) and assume that the final result is proportional to the diagonal term with a coefficient C_M . One has then approximately,

D^M_q (z_M ) ≈ C_M z^3_M 2 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x} ∫ d^2k_{1⊥} (2π)^3 dx_1 4x_1(1 − x_1)

|φ_M (k_{1⊥}, x_1; −k_{1⊥}, 1 − x_1)|^2

Tr γ^+ 2p^+_M ∑ ~S ⟨0 |ψ(0)| ~S; k_{1⊥}, x_1; −k_{1⊥}, 1 − x_1⟩⟨−k_{1⊥}, 1 − x_1; k_{1⊥}, x_1; ~S | |ψ(x) | | 0⟩ , (26) where C_M is a constant with dimensions of momentum that accounts for the non-diagonal (or interference) contributions. Note that

x_i = k^+_i p^+_M = k^+_i p^+ p^+ p^+_M = z_i z_M , (27)

and z_i is the fractional momentum carried by the constituent quark. Defining the diquark recombination probability R_M as

R_M (k_{1⊥}, z_1 z_M ) ≡ | | |φ_M (k_{1⊥}, z^1 z_M ; −k_{1⊥}, 1 − z_1 z_M ) | | |^2 , (28)

we can approximate the meson fragmentation function [Eq. (26)] as

D^M_q (z_M ) ≈ C_M ∫_{zM} 0 dz_1 2 R_M (0_⊥, z_1 z_M )F^{q1q̄2}_q (z_1, z_M − z_1) , (29)

where the double constituent quark (or diquark) distribution function in a quark jet is defined as

F^{q1q̄2}_q (z_1, z_2) = z^4_M 2z_1z_2

∫_Λ d^2k_{1⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x}

Tr γ^+ 2p^+_M ∑ ~S ⟨0 |ψ(0)| ~S, k_1, k_2⟩⟨k_2, k_1, ~S | |ψ(x) | | 0⟩ . (30)

Here, p_M = k_1 + k_2, z_M = z_1 + z_2, and Λ is the cutoff for the intrinsic transverse momentum of the constituent quark inside a hadron, as provided by the hadron wavefunction. One can consider Λ as the scale for hadronization. One can also similarly express single inclusive hadron fragmentation functions for antiquarks and gluons in terms of the same diquark recombination probability R_M (x_1, x_2) and double constituent quark distribution functions from antiquark and gluon jets, F^{q1q̄2}_{q̄} (z_1, z_2) and F^{q1q̄2}_g (z_1, z_2), respectively, which are defined as

F^{q1q̄2}_{q̄} (z_1, z_2) = z^4_M 2z_1z_2

∫_Λ d^2k_{1⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x}

Tr ∑ ~S ⟨0 | |ψ(0) | | ~S, k_1, k_2⟩ γ^+ 2p^+_M ⟨k_2, k_1, ~S |ψ(x)| 0⟩ , (31)

F^{q1q̄2}_g (z_1, z_2) = z^3_M 2z_1z_2

∫_Λ d^2k_{1⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x} d_{μν}(p) ∑ ~S ⟨0 |A^μ(0)| ~S, k_1, k_2⟩⟨k_2, k_1, ~S |A^ν (x)| 0⟩ . (32)

As we will show in the next subsection, the above definitions of diquark distribution functions have almost the same form as dihadron quark fragmentation functions [35], except the cutoff Λ for the intrinsic transverse momentum which is similar to the cut-off μ_⊥ for the intra-jet transverse momentum in dihadron fragmentation functions.

The quark recombination process in our constituent quark model happens at a scale μ ∼ Λ during the evolution of the jet. Therefore, the expression for hadron fragmentation function, Eq. (29), in this model is valid for jets produced at any initial scale Q. Since the recombination happens at a fixed momentum scale μ, the recombination probability should be independent of the initial scale Q. The scale dependence of the hadron fragmentation functions D^M_q (z_M , Q^2) will be completely determined by the scale dependence of the diquark distribution functions F^{q1q̄2}_q (z_1, z_2, Q^2). Similar to the derivation of the evolution equations of the dihadron fragmentation function [35], one can also obtain the radiative corrections to the double constituent quark distributions from parton fragmentation,

F^{q1q̄2}_q (z_1, z_2, Q^2) = F^{q1q̄2}_q (z_1, z_2, μ^2) + α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 dz z^2 γ_{qq} (z)F^{q1q̄2}_q (z_1 z , z_2 z , μ^2 )

+ α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 dz z^2 γ_{qg} (z)F^{q1q̄2}_g ( z_1 z , z_2 z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 2∑ i=1 ∫_{1−zī} z_i dz z(1 − z) γ̂_{qq} (z)F^{qi}_q ( z_i z , μ^2 ) F^{q̄ī}_g ( z¯_i 1 − z , μ^2 ) , (33)

F^{q1q̄2}_g (z_1, z_2, Q^2) = F^{q1q̄2}_g (z_1, z_2, μ^2) + α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 dz z^2 γ_{gq} (z)F^{q1q̄2}_s ( z_1 z , z_2 z , μ^2 )

+ α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 dz z^2 γ_{gg} (z)F^{q1q̄2}_g ( z_1 z , z_2 z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 2∑ i=1 ∑ q ∫_{1−zī} z_i dz z(1 − z) γ_{gq} (z)F^{qi}_q ( z_i z , μ^2 ) F^{q̄ī}_{q̄} ( z¯_i 1 − z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ ∫_{1−z2} z_1 dz z(1 − z) γ̂_{gg} (z)F^{q1}_g (z_1 z , μ^2 ) F^{q̄2}_g ( z_2 1 − z , μ^2 ) . (34)

The singlet constituent diquark distribution function is defined as

F^{q1q̄2}_s (z_1, z_2, μ^2) ≡ ∑ q [ F^{q1q̄2}_q (z_1, z_2, μ^2) + F^{q1q̄2}_{q̄} (z_1, z_2, μ^2) ] . (35)

The splitting γ-functions are the same as in the evolution equation of single inclusive hadron fragmentation functions given in Eqs.(11)-(14). The first two terms in Eqs. (33) and (34) represent diquark production from a single parton after the radiative splitting. The third term in Eq. (33) and the third and fourth terms in Eq. (34) are from independent single quark production from each of the partons after the radiative splitting. The indices ī = 2, 1 and q̄¯_i = q̄_2, q_1 for i = 1, 2 and q_i = q_1, q̄_2, representing the exchange between q_1 and q̄_2 in the independent single quark production process. These terms from independent single quark production are proportional to the products of two single constituent quark distribution functions,

F^q_q (z_q ) = z^3_q 2 ∫ d^4p (2π)^4 δ ( z_q − p^+_q p^+ ) ∫ d^4xe^{−ip·x}Tr γ · n 2p^+_q ∑ ~S ⟨0 |ψ(0)| ~S, p_q⟩⟨p_q, ~S | ψ(x) | 0⟩ , (36)

F^q_{q̄} (z_q ) = z^3_q 2 ∫ d^4p (2π)^4 δ ( z_q − p^+_q p^+ ) ∫ d^4xe^{−ip·x}Tr ∑ ~S ⟨0 | ψ(0) | ~ S, p_q⟩ γ · n 2p^+_q ⟨p_q, ~S |ψ(x)| 0⟩ , (37)

F^q_g (z_q ) = z^2_q 2 ∫ d^4p (2π)^4 δ ( z_q − p^+_q p^+ ) ∫ d^4xe^{−ip·x}d_{μν} (p) ∑ ~S ⟨0 |A^μ(0)| ~S, p_q⟩⟨p_q , ~S |A^ν(x)| 0⟩ , (38)

whose definitions have the same form as single hadron fragmentation functions in Eqs. (3),(4) and (6), replacing the single hadron state h with a single constituent quark q.

In the independent single quark production, there are no virtual corrections. Therefore, the corresponding splitting γ̂-functions

γ̂_{qq} (z) = C_F

1 + z^2 1 − z , (39)

γ̂_{gg} (z) = 2C_A [ z 1 − z + 1 − z z + z(1 − z) ] , (40)

have no ’+’-function and delta functions, unlike γ_{qq} and γ_{gg} in Eqs.(11)-(14).

Since the hadrons’ wavefunctions in the constituent quark model restrict the relative transverse momentum of the constituent quarks within a hadron to a finite value, we have an intrinsic transverse momentum cutoff Λ in the definition of the double constituent quark distributions that are relevant for quark recombination in Eqs. (30)–(32). Similarly, such a restriction should also be applied to the relative transverse momentum between the two quarks from the independent single quark production processes in the radiative corrections. This is why there is a cutoff Λ in the relative transverse momentum in the third term in Eq. (33) and the third and four terms in Eq. (34) for the independent production of two constituent quarks that will form a final hadron. This cutoff is determined by the hadronic structure in the constituent quark model and is independent of the momentum scale of the initial hard parton scattering. Therefore, these radiative corrections do not contribute to the DGLAP evolution equations for the diquark distribution functions. Differentiating Eqs. (33) and (34) with respect to Q^2, one obtains,

Q^2 d dQ^2 F^{q1q̄2}_q (z_1, z_2, Q^2) = α_s(Q^2) 2π ∫_1

z_1+z_2 dz z^2 [ γ_{qq} (z)F^{q1q̄2}_q ( z_1 z , z_2 z , Q^2) + γ_{qg} (z)F^{q1q̄2}_g ( z_1 z , z_2 z , Q^2) ] , (41)

Q^2 d dQ^2 F^{q1q̄2}_g (z_1, z_2, Q^2) = α_s(Q^2) 2π ∫_1

z_1+z_2 dz z^2 [ γ_{gq} (z)F^{q1q̄2}_s ( z_1 z , z_2 z , Q^2) + γ_{gg} (z)F^{q1q̄2}_g ( z_1 z , z_2 z , Q^2) ] . (42)

One can show that combining the above evolution equations for the double constituent quark distribution functions with the expression of jet fragmentation function in Eq. (29), the DGLAP evolution equations for single inclusive hadron fragmentation functions in Eqs. (8) and (9) can be recovered.

Similar to the single and dihadron fragmentation functions, one can also derive sum rules for the single and diquark distribution functions in a parton jet. One can define the mean constituent quark multiplicities from the single quark distributions as ∫_1 0 dzF^q_a (z) ≡ N^q_a, (a = q, q̄, g). (43) Similarly, single quark distribution functions also obey the momentum sum rule, ∫_1 0 dz ∑ q zF^q_a (z) = 1 . (44)

For diquark distribution functions F^{q1,q2}_a (z_1, z_2, Q^2), the multiplicity sum rule leads to the second cumulant moments of the multiplicity distribution, ∫ dz_1dz_2F^{q1q2}_a (z_1, z_2, Q^2) ≡ N^{q1}_a (N^{q2}_a − δ_{q1q2} ) , (45)

where δ_{q1 q2} = 1 if q_1 and q_2 are identical quarks and δ_{q1 q2} = 0 if q_1 and q_2 are different. It illustrates the importance of quark correlations in the diquark distribution functions. Any initial conditions for the diquark distributions should contain the correlation between two quarks within a jet. For two identical quark distributions, the above equation also illustrates the information on the multiplicity fluctuation contained in the diquark distributions. Because of the correlation and fluctuation contained in the diquark distributions, one cannot find any rigorous sum rules relating single and diquark distributions. Following the work on dihadron fragmentation functions [35], an approximate ansatz that contains the minimum correlation and fluctuation is ∑ q_2 ∫ dz_2F^{q1q2}_a (z_1, z_2, Q^2) ≈

N^{q1}a (N^{q2}a − δ_{q1 ,q2} ) N^{q1}_a F^{q1}_a (z_1, Q^2) . (46)

Using the momentum sum rule Eq. (44) for single quark distributions, the above ansatz will lead to the momentum sum rule for double constituent quark distributions, ∑ q_1 q_2 ∫ dz_1dz_2 1 2 (z_1 + z_2)F^{q1q2}_a (z_1, z_2, Q^2) =

N^{q1}_a (N^{q2}_a − δ_{q1 ,q2} ) 2N_a^{q1} N_a^{q2}

(N_a^{q1} + N_a^{q2} ) . (47)

Whether such ansatz is a good approximation remains to be explored.

C. Dihadron Fragmentation Functions

The definitions of diquark distribution functions of a jet are very similar to that of dihadron fragmentation functions, except that the constituent quarks in the distributions are restricted by the hadron wavefunction in the phase space for quark recombination during hadronization. According to Ref. [35], the dihadron fragmentation functions of a quark or gluon parton are defined as,

D^{h1 h2}_q (z_{h1} , z_{h2} ) = z^4_h 2z_{h1} z_{h2} ∫ d^2p_{h1⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_h − p^+_h p^+ ) ∫ d^4xe^{−ip·x} Tr [ γ^+ 2p^+_h ∑ S ⟨0 |ψ(0)| S, p_{h1} , p_{h2} ⟩⟨p_{h2} , p_{h1} , S | |ψ(x) | | 0⟩ ] , (48)

D^{h1 h2}_{q̄} (z_{h1} , z_{h2} ) = z^4_h 2z_{h1} z_{h2} ∫ d^2p_{h1⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_h − p^+_h p^+ ) ∫ d^4xe^{−ip·x} Tr [ ∑ S ⟨0 | |ψ(0) | | S, p_{h1} , p_{h2} ⟩ γ^+ 2p^+_h ⟨p_{h2} , p_{h1} , S |ψ(x)| 0⟩ ] , (49)

D^{h1 h2}_g (z_{h1} , z_{h2} ) = z^3_h 2z_{h1} z_{h2} ∫ d^2p_{h1 ⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_h − p^+_h p^+ ) ∫ d^4xe^{−ip·x} d_{μν} (p) ∑ S ⟨0 |A^μ(0)| S, p_{h1} , p_{h2} ⟩⟨p_{h2} , p_{h1} , S |A^ν (x)| 0⟩ , (50)

where p_h = p_{h1} + p_{h2} and z_h = z_{h1} + z_{h2} . Note that the transverse momentum, p_{h1 ⊥} and p_{h2⊥}, are defined as perpendicular to the summed total momentum p_h. The relative transverse momentum q_T used in Ref. [35] is then ⃗q_⊥ = 2⃗p_{h1⊥} = −2⃗p_{h2⊥}. The radiative corrections to the dihadron fragmentation functions are similar to that of diquark distribution functions, except that the transverse momentum between two individual hadrons is not limited as in the case for diquark distributions due to quark recombination during hadronization. Therefore, the cutoff Λ in Eq. (33) and (34) should be replaced by Q^2. The DGLAP evolution equations for dihadron fragmentation functions then become [35],

Q^2 d dQ^2 D^{h1 h2}_q (z_{h1} , z_{h2} , Q^2) = α_s(Q^2) 2π [∫_1 z_{h1} +z_{h2} dz z^2 γ_{qq} (z)D^{h1 h2}_q ( z_{h1} z , z_{h2} z , Q^2 )

+ 2∑ i=1 ∫_{1−zhī} z_{hi} dz z(1 − z) γ̂_{qq} (z)D^{hi}_q (z_{hi} z , Q^2 ) D^{hī}_g ( z_{hī} 1 − z , Q^2 )

+ ∫_1

z_{h1} +z_{h2} dz z^2 γ_{qg} (z)D^{h1 h2}_g ( z_{h1} z , z_{h2} z , Q^2 ) ] , (51)

Q^2 d dQ^2 D^{h1 h2}_g (z_{h1} , z_{h2} , Q^2) = α_s(Q^2) 2π [∫_1 z_{h1} +z_{h2} dz z^2 γ_{gq} (z)D^{h1 h2}_s ( z_{h1} z , z_{h2} z , Q^2 )

+ 2∑ i=1 ∑ q ∫_{1−zhī} z_{hi} dz z(1 − z) γ_{gq} (z)D^{hi}_q (z_{hi} z , Q^2 ) D^{hī}_{q̄} ( z_{hī} 1 − z , Q^2 )

+ ∫_1

z_{h1} +z_{h2} dz z^2 γ_{gg} (z)D^{h1 h2}_g ( z_{h1} z , z_{h2} z , Q^2 )

+ ∫_{1−zh2} z_{h1} dz z(1 − z) γ̂_{gg} (z)D^{h1}_g ( z_{h1} z , Q^2 ) D^{h2}_g ( z_{h2} 1 − z , Q^2 )] . (52)

The additional terms in comparison to the DGLAP evolution equations for single hadron fragmentation functions that are proportional to the convolution of two single hadron fragmentation functions arise from independent fragmentation of both the leading parton and radiated gluon. They can be attributed to the dependence of the relative transverse momentum between two hadrons from the independent fragmentation on the momentum scale. This is the main difference between the evolution of the above dihadron fragmentation functions and the diquark distributions in the quark recombination model.

IV. BARYON FRAGMENTATION FUNCTIONS IN QUARK RECOMBINATION MODEL

A. Triple Constituent Quark Distribution Function

Since a baryon has three constituent quarks, the fragmentation functions for a parton into baryons naturally involve triple quark distribution functions in the quark recombination model. Similar to the meson fragmentation functions, we can also express the baryon fragmentation functions in terms of baryon wave functions and overlapping matrix elements of parton fields and constituent quark states, as illustrated in Fig. 3,

D^B_q (z_B ) = z^3_B 2 ∫ d^4p (2π)^4 δ ( z_B− p^+_B p^+ ) ∫ d^4xe^{−ip·x}[d^2k_⊥][dx][d^2k^′_⊥][dx^′]

φ_B (k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3)φ^∗_B (k^′_{1⊥}, x^′_1; k^′_{2⊥}, x^′_2; k^′_{3⊥}, x^′_3) Tr γ^+ 2p^+_B ∑ ~S ⟨0 |ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3⟩⟨k^′_{3⊥}, x^′_3; k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S | |ψ(x) | | 0⟩

≈ C_B z^3_B 2 ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x} ∫ d^2k_{1⊥} (2π)^3 dx_1 4x_1 ∫ d^2k_{2⊥} (2π)^3 dx_2 4x_2 1 x_3

|φ_b(k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3)|^2

Tr γ^+ 2p^+_B ∑ ~S ⟨0 |ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3⟩⟨k_{3⊥}, x_3; k_{2⊥}, x_2; k_{1⊥}, x_1; ~S | ψ(x) | 0⟩ , (53)

where [d^2k_⊥] and [dx] are given by Eqs. (21) and (22) for baryons, x_3 = 1 − x_1 − x_2, k_{3⊥} = −k_{1⊥} − k_{2⊥}, and C_B is a constant with the dimension of momentum. Notice again that

x_1 = k^+_1 p^+_B = k^+_1 p^+ p^+ p^+_B = z_1 z_B ; x_2 = k^+_2 p^+_B = k^+_2 p^+ p^+ p^+_B = z_2 z_B . (54)

As in the quark recombination model for meson fragmentation functions, we also define the recombination probability for a baryon as R_B(k_{1⊥}, z_1 z_B ; k_{2⊥}, z_2 z_B ) ≡ |φ_B(k_{1⊥}, z_1 z_B ; k_{2⊥}, z_2 z_B ; −k_{1⊥} − k_{2⊥}, 1 − z_1 + z_2 z_B )|^2 . (55)

The baryon fragmentation function from Eq. (53) can then be cast in the form

D^B_q (z_B ) ≈ C_B ∫_{zB} 0 dz_1 2 ∫_{zB −z1} 0 dz_2 2 R_B(0_⊥, z_1 z_B ; 0_⊥, z_2 z_B )F^{q1q2q3} q (z_1, z_2, 1 − z_1 − z_2) . (56)

This relation is very similar to that for meson fragmentation functions in Eq. (29). The triple constituent quark distribution function is defined as F^{q1q2q3} q (z_1, z_2, z_3) = z^4_B 2z_1z_2z_3

∫_Λ

d^2k_{1⊥} 2(2π)^3

∫_Λ

d^2k_{2⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x}

Tr γ^+ 2p^+_B ∑ ~S ⟨0 |ψ(0)| ~S, k_1, k_2, k_3⟩⟨k_3, k_2, k_1, ~S | |ψ(x) | | 0⟩ , (57) where, p_B = k_1 +k_2 +k_3, z_B = z_1 +z_2 +z_3 and Λ is the cutoff for the intrinsic transverse momentum of the constituent quarks in a baryon. Similarly, the triple constituent quark distribution function from the antiquark and gluon parton are defined as D^{q1 q2q3} q̄ (z_1, z_2, z_3) = z^4_B 2z_1z_2z_3

∫_Λ d^2k_{1⊥} 2(2π)^3

∫_Λ d^2k_{2⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x}

Tr ∑ ~S ⟨0 | |ψ(0) | | ~S, k_1, k_2, k_3⟩ γ^+ 2p^+_B ⟨k_3, k_2, k_1, ~S |ψ(x)| 0⟩ , (58)

D^{q1 q2q3} g (z_1, z_2, z_3) = z^3_B 2z_1z_2z_3

∫_Λ d^2k_{1⊥} 2(2π)^3

∫_Λ d^2k_{2⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x} d_{μν}(p) ∑ ~S ⟨0 |A^μ(0)| ~S, k_1, k_2, k_3⟩⟨k_3, k_2, k_1, ~S |A^ν (x)| 0⟩ . (59)

FIG. 3: The cut diagram for single baryon fragmentation function in terms of quark recombination.

Similarly as for the diquark distribution functions, one can also obtain the radiative corrections to the triple constituent quark distribution functions,

F^{q1q2q3} q (z_1, z_2, z_3, Q^2) = F^{q1q2q3}_q (z_1, z_2, z_3, μ^2) + α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 +z_3 dz z^3 γ_{qq} (z)F^{q1 q2q3}_q ( z_1 z , z_2 z , z_3 z , μ^2 )

+ α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 +z_3 dz z^3 γ_{qg} (z)F^{q1q2 q3}_g ( z_1 z , z_2 z , z_3 z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 3∑ i=1 ∫_{1−zi′ −zi′′} z_i dz z(1 − z)^2 γ̂_{qq} (z)F^{qi}_q ( z_i z , μ^2 ) F^{qi′ qi′′} g ( z_i′ 1 − z , z_i′′ 1 − z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 3∑ i=1 ∫_{1−zi} z_i′ +z_i′′ dz z^2(1 − z) γ̂_{qq} (z)F^{qi′ qi′′}_q (z_{i′} z , z_i′′ z , μ^2 ) F^{qi}_g ( z_i 1 − z , μ^2 ) , (60) F^{q1q2q3} g (z_1, z_2, z_3, Q^2) = F^{q1q2q3}_g (z_1, z_2, z_3, μ^2) + α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 +z_3 dz z^3 γ_{gq} (z)F^{q1q2 q3}_s ( z_1 z , z_2 z , z_3 z , μ^2 )

+ α_s(μ^2) 2π ∫_Q2

μ^2 dk^2_⊥ k^2_⊥

∫_1

z_1+z_2 +z_3 dz z^2 γ_{gg} (z)F^{q1q2 q3}_g ( z_1 z , z_2 z , z_3 z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 3∑ i=1 ∑ q ∫_{1−zi′ −zi′′} z_i dz z(1 − z)^2 γ_{gq} (z)F^{qi}_q ( z_i z , μ^2 ) F^{qi′ qi′′} q̄ ( z_i′ 1 − z , z_i′′ 1 − z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 3∑ i=1 ∑ q ∫_{1−zi} z_i′ +z_i′′ dz z^2(1 − z) γ_{gq} (z)F^{qi′ qi′′}_q ( z_{i′} z , z_i′′ z , μ^2 ) F^{qi}_{q̄} ( z_i 1 − z , μ^2 )

+ α_s(μ^2) 2π ∫_Λ2

μ^2 dl^2_⊥ l^2_⊥ 3∑ i=1 ∫_{1−zi′ −zi′′} z_i dz z(1 − z)^2 γ̂_{gg} (z)F^{qi}_g ( z_i z , μ^2 ) F^{qi′ qi′′} g ( z_i′ 1 − z , z_i′′ 1 − z , μ^2 ) , (61)

where (i^′, i^{′′}) = (2, 3), (1, 3), (1, 2) as i = 1, 2, 3 and the singlet triple constituent quark distribution is given by

F^{q1q2 q3} s (z_1, z_2, z_3, μ^2) ≡ ∑ q [ F^{q1q2q3} q (z_1, z_2, z_3, μ^2) + F^{q1q2 q3}_{q̄} (z_1, z_2, z_3, μ^2) ] . (62)

The DGLAP evolution equations for triple constituent quark distribution functions can be obtained from the above,

Q^2 d dQ^2 D^{q1 q2q3} q (z_1, z_2, z_3, Q^2) = α_s(Q^2) 2π ∫_1

z_1+z_2 +z_3 dz z^3 [ γ_{qq} (z)D^{q1 q2 q3}_q ( z_1 z , z_2 z , z_3 z , Q^2)

+ γ_{qg} (z)D^{q1 q2 q3}_g ( z_1 z , z_2 z , z_3 z , Q^2) ] , (63)

Q^2 d dQ^2 D^{q1 q2q3} g (z_1, z_2, z_3, Q^2) = α_s(Q^2) 2π ∫_1

z_1+z_2 +z_3 dz z^3 [ γ_{gq} (z)D^{q1 q2 q3}_s ( z_1 z , z_2 z , z_3 z , Q^2)

+ γ_{gg} (z)D^{q1 q2q3}_g ( z_1 z , z_2 z , z_3 z , Q^2) ] . (64)

Again, the radiative corrections from the independent fragmentation of the leading and radiated partons do not contribute to the DGLAP evolution because of the restriction on the relative transverse momentum between constituent quarks by the baryon’s wavefunction during quark recombination. As in the case for diquark distribution functions and meson fragmentation functions, the above DGLAP evolution equations for triple quark distributions will give rise to the DGLAP equations for baryon fragmentation functions within the quark recombination model as given by Eq. (56).

One can also obtain the multiplicity sum rule for the triple quark distribution functions of a parton jet, ∫ dz_1dz_2dz_3F^{q1q2q3}_a (z_1, z_2, z_3, Q^2) = N^{q1}_a (N^{q2}_a − δ_{q1 q2} )(N^{q3}_a − δ_{q2 q3} − δ_{q1 q3} ) . (65)

Similar to the ansatz of the sum rule relating single and diquark distributions, one can also have the following ansatz for a sum rule relating diquark and triple quark distributions, ∑ q_3 ∫ dz_3F^{q1q2q3} a (z_1, z_2, z_3, Q^2) ≈

N^{q1}_a (N^{q2}_a − δ_{q1 q2} )(N^{q3}_a − δ_{q2 q3} − δ_{q1 q3} )

N^{q1}_a (N^{q2}_a − δ_{q1 q2} )

F^{q1q2}_a (z_1, z_2, Q^2) . (66)

B. Trihadron Fragmentation Function

It is straightforward to generalize the result for the triple quark distribution functions to the trihadron fragmentation functions. The operator expressions of the trihadron fragmentation functions from quark, antiquark or a gluon jet are defined as D^{h1 h2h3} q (z_{h1} , z_{h2} , z_{h3} ) = z^4_h 2z_{h1} z_{h2} z_{h3} ∫ d^2p_{h1⊥} 2(2π)^3 ∫ d^2p_{h2⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_h− p^+_h p^+ ) ∫ d^4xe^{−ip·x} Tr [ γ^+ 2p^+_h ∑ S ⟨0 |ψ(0)| S, p_{h1} , p_{h2} , p_{h3} ⟩⟨p_{h3} , p_{h2} , p_{h1} , S | |ψ(x) | | 0⟩ ] , (67)

D^{h1 h2h3} q̄ (z_{h1} , z_{h2} , z_{h3} ) = z^4_h 2z_{h1} z_{h2} z_{h3} ∫ d^2p_{h1⊥} 2(2π)^3 ∫ d^2p_{h2⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_h− p^+_h p^+ ) ∫ d^4xe^{−ip·x} Tr [ ∑ S ⟨0 | |ψ(0) | | S, p_{h1} , p_{h2} , p_{h3} ⟩ γ^+ 2p^+_h ⟨p_{h3} , p_{h2} , p_{h1} , S |ψ(x)| 0⟩ ] , (68)

D^{h1 h2h3} g (z_{h1} , z_{h2} , z_{h3} ) = z^3_h 2z_{h1} z_{h2} z_{h3} ∫ d^2p_{h1⊥} 2(2π)^3 ∫ d^2p_{h2⊥} 2(2π)^3 ∫ d^4p (2π)^4 δ ( z_h − p^+_h p^+ ) ∫ d^4xe^{−ip·x} d_{μν} (p) ∑ S ⟨0 |A^μ(0)| S, p_{h1} , p_{h2} , p_{h3} ⟩⟨p_{h3} , p_{h2} , p_{h1} , S |A^ν (x)| 0⟩ , (69) where p_h = p_{h1} + p_{h2} + p_{h3} and z_h = z_{h1} + z_{h2} + z_{h3} .

One can show that in the leading twist and collinear factorization approximations, the semi-inclusive cross section σ_e+_e−_{→h1 h2 h3} can be expressed in terms of the trihadron fragmentation functions as, dσ_e+_e−_{→h1 h2h3} dz_{h1} dz_{h2} dz_{h3} = ∑ q σ^{qq̄}_0 [ D^{h1 h2h3} q (z_{h1} , z_{h2} , z_{h3} ) + D^{h1 h2 h3}_{q̄} (z_{h1} , z_{h2} , z_{h3} ) ] . (70)

Again, the radiative corrections for the trihadron fragmentation functions are similar to that of triple quark distribution functions in Eqs.(60) and (61), except that the cutoff in the intrinsic transverse momentum Λ should be replaced by Q which is the only limit of the relative transverse momenta between hadrons. The DGLAP equations for the scale evolution for the trihadron fragmentation functions are then,

Q^2 ∂ ∂Q^2 D^{h1 h2 h3} q (z_{h1} , z_{h2} , z_{h3} , Q^2) = α_s(Q^2) 2π [∫_1 z_{h1} +z_{h2} +z_{h3} dz z^3 γ_{qq} (z)D^{h1 h2 h3} q ( z_{h1} z , z_{h2} z , z_{h3} z , Q^2 )

+ 3∑ i=1 ∫_{1−zhi′ −zhi′′} z_{hi} dz z(1 − z)^2 γ̂_{qq} (z)D^{hi}_q ( z_{hi} z , Q^2 ) D^{hi′ hi′′} g ( z_{hi′} 1 − z , z_{hi′′} 1 − z , Q^2 )

+ 3∑ i=1 ∫_{1−zhi} z_{hi′} +z_{hi′′} dz z^2(1 − z) γ̂_{qq} (z)D^{hi′ hi′′}_q (z_{hi′} z , z_{hi′′} z , Q^2 ) D^{hi}_g ( z_{hi} 1 − z , Q^2 )

+ ∫_1

z_{h1} +z_{h2} +z_{h3} dz z^3 γ_{qg} (z)D^{h1 h2 h3} g ( z_{h1} z , z_{h2} z , z_{h3} z , Q^2 ) ] , (71)

Q^2 ∂ ∂Q^2 D^{h1 h2 h3} g (z_{h1} , z_{h2} , z_{h3} , Q^2) = α_s(Q^2) 2π [∫_1 z_{h1} +z_{h2} +z_{h3} dz z^3 γ_{gq} (z)D^{h1 h2 h3} s ( z_{h1} z , z_{h2} z , z_{h3} z , Q^2 )

+ 3∑ i=1 ∑ q ∫_{1−zhi′ −zhi′′} z_{hi} dz z(1 − z)^2 γ_{gq} (z)D^{hi}_q ( z_{hi} z , Q^2 ) D^{hi′ hi′′} q̄ ( z_{hi′} 1 − z , z_{hi′′} 1 − z , Q^2 )

+ 3∑ i=1 ∑ q ∫_{1−zhi} z_{hi′} +z_{hi′′} dz z^2(1 − z) γ_{gq} (z)D^{hi′ hi′′}_q (z_{hi′} z , z_{hi′′} z , Q^2 ) D^{hi}_{q̄} ( z_{hi} 1 − z , Q^2 )

+ ∫_1

z_{h1} +z_{h2} +z_{h3} dz z^3 γ_{gg} (z)D^{h1 h2 h3} g ( z_{h1} z , z_{h2} z , z_{h3} z , Q^2 )

+ 3∑ i=1 ∫_{1−zhi′ −zhi′′} z_{hi} dz z(1 − z)^2 γ̂_{gg} (z)D^{hi}_g ( z_{hi} z , Q^2 ) D^{hi′ hi′′} g ( z_{hi′} 1 − z , z_{hi′′} 1 − z , Q^2 )] . (72)

V. QUARK RECOMBINATION AND JET FRAGMENTATION IN A THERMAL MEDIUM

So far we have reformulated jet fragmentation in vacuum in the quark recombination model in which we related the parton fragmentation functions to the quark recombination probability as determined by the hadron wavefunction in a constituent quark model and multi-quark distribution functions of a parton jet before hadronization. In the following sections we will extend the formula to the case of jet fragmentation in a thermal medium which is relevant to jet fragmentation in the environment of high-energy heavy-ion collisions. Such problems have been considered before [31]. But the attention has been focused on parton emission and absorption by the propagating parton jet in a thermal medium before hadronization. It has been assumed that the thermal medium is in a deconfined phase so that partons from the jet will eventually hadronize together with the medium.

In this paper, however, we focus on the physical process during the hadronization of the parton jet in a thermal medium and the modification of the parton fragmentation functions with respective to that in the vacuum. We assume that the effective degrees of freedom can be described by constituent quarks just before and during hadronization. Therefore, we consider constituent quarks not only as the effective states in the process of jet fragmentation but also the effective constituent of the medium just before hadronization. In this framework, one naturally encounters recombination between thermal constituent quarks and shower quarks from parton fragmentation, in addition to recombination of shower quarks as in the vacuum. They both contribute to to hadron production associated with an energetic parton jets in a thermal medium.

As in the previous study [31], one can describe the fragmentation of a parton jet in medium simply by replacing the vacuum expectation in the S matrix of the processes or the operator definition of the parton fragmentation functions by their thermal expectation values, ⟨0|O|0⟩ → ⟨⟨O⟩⟩,

⟨⟨O⟩⟩ = Tr[e^{−Ĥβ}O] Tr e^{−Ĥβ} , (73) where, Ĥ is the Hamiltonian operator of the system and 1/β = T is the temperature. Therefore, the single hadron fragmentation functions at finite temperature for a quark, antiquark and gluon jet can be defined as

D̃^h_q (z_h, p^+) = z^{3h} 2 ∫ d^4p (2π)^4 δ ( z_h− p^+_h p^+ ) ∫ d^4xe^{−ip·x}Tr [ γ^+ 2p^+_h ∑ S ⟨⟨ψ(0)|S, p_h⟩⟨p_h, S|ψ(x)⟩⟩ ] , (74)

D̃^h_{q̄} (z_h, p^+) = z^{3h} 2 ∫ d^4p (2π)^4 δ ( z_h− p^+_h p^+ ) ∫ d^4xe^{−ip·x}Tr [ ∑ S ⟨⟨ψ(0)|S, p_h⟩ γ^+ 2p^+_h ⟨p_h, S|ψ(x)⟩⟩ ] , (75)

D̃^h_g (z_h, p^+) = z^{2h} 2 ∫ d^4p (2π)^4 δ ( z_h − p^+_h p^+ ) ∫ d^4xe^{−ip·x}d_{μν} (p) ∑ S ⟨⟨A^μ(0)|S, p_h⟩⟨p_h, S|A^ν (x)⟩⟩ , (76) where p_h and p are the four-momentum of the hadron and the initial parton, respectively. In the above definition of the parton fragmentation function in medium, we have explicitly kept the dependence on the initial parton energy p^+. Such dependence arises at finite temperature from the the thermal average which also introduces dependence on the temperature T . An alternative definition of the fragmentation functions [31],

D̃^h_q (p^+_h , p^+) = p^{+h} 4p^+ ∫ d^4k (2π)^4 δ ( k^+ − p^+ ) ∫ d^4xe^{−ik·x}Tr [ γ^+ ∑ S ⟨⟨ψ(0)|S, p_h⟩⟨p_h, S|ψ(x)⟩⟩ ] , (77)

D̃^h_{q̄} (p^+_h , p^+) = p^{+h} 4p^+ ∫ d^4k (2π)^4 δ ( k^+ − p^+ ) ∫ d^4xe^{−ik·x}Tr [ ∑ S ⟨⟨ψ(0)|S, p_h⟩γ^+ ⟨p_h, S|ψ(x)⟩⟩ ] , (78)

D̃^h_g (p^+_h , p^+) = − p^{+h} 2p^{+2} ∫ d^4k (2π)^4 δ ( k^+ − p^+ ) ∫ d^4xe^{−ik·x} ∑ S ⟨⟨F^{+μ}(0)|S, p_h⟩⟨p_h, S|F^+_μ (x)⟩⟩ , (79) explicitly takes into account the dependence on the absolute initial parton energy and the medium temperature. The two expressions can be related via the identity,

p^+_h p^+ δ(k^+ − p^+) = z^3_h p^+_h δ(z_h − p^+_h k^+

). (80)

At zero temperature T = 0, the above fragmentation functions will be reduced to the parton fragmentation functions in vacuum as defined in Eqs.(3), (4) and (6). At leading twist, they depend only on the scaling variable, z_h = p^+_h /p^+, i.e., the ratio of the hadron and parton energies.

A. Meson Production from Thermal Quark Recombination

From Eq. (74), the meson fragmentation function at finite temperature from the quark parton can be expressed as

D̃^M_q (z_M , p^+) = z^{3M} 2 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x} ∫ [d^2k_⊥][dx] ∫ [d^2k^′_⊥][dx^′]φ_M (k_{1⊥}, x_1; k_{2⊥}, x_2)φ^∗_M (k^′_{1⊥}, x^′_1; k^′_{2⊥}, x^′_2)

Tr γ^+ 2p^+_M ∑ ~S ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2⟩⟨k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩ . (81)

To evaluate the thermal average in Eq. (81), it is convenient to use the finite volume quantization (FVQ) in a cubic box with length L. Employing FVQ, the momentum integral, δ-function and continuous states can be replaced by following summation, Kronecker functions and discrete states, respectively. ∫_∞ −∞ dq_x ∫_∞ −∞ dq_y ∫_∞ −∞ dq_zf(q_x, q_y, q_z) ←→ ( 2π L )_{3 ∞}∑ n_x=−∞ ∞∑ n_y=−∞ ∞∑ n_z=−∞ f( 2πn_x L , 2πn_y L , 2πn_z L ) , (82) (2π)^3δ(q_x − q^′_x)δ(q_y − q^′_y)δ(q_z − q^′_z) ←→ L^3δ_{nx ,n}′_x δ_{ny ,n}′_y δ_{nz ,n}′_z , (83) 1 √ 2E_qL^3 |q⟩ ←→ |q_i⟩ . (84)

Using Eq.(73), we can express the thermal average of the matrix element in Eq. (81) as ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2⟩⟨k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩

= ∑ {n_i} ⟨{(q_i, n_i)}|e^{−βĤ} ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|{(q_i, n_i)}⟩ ∑ {n_i} ⟨{(q_i, n_i)}|e^{−βĤ} |{(q_i, n_i)}⟩ , (85)

where n_i = 0, 1 (for i = 1, 2 · · · , ∞) since we have assumed the thermal medium to consist of constituent quarks that obey Fermi statistics. The denominator in Eq.(85) can be reduced to ∑ {n_i} ⟨{(q_i, n_i)}|e^{−βĤ} |{(q_i, n_i)}⟩ = ∑ {n_i} e^{−β} ∞∑ i=1 n_iE_i = ∞∏ i=1 ( 1 + e^{−βEi} ) . (86)

Taking into account that the intermediate states of constituent quarks |k_1⟩, |k_2⟩, |k^′_1⟩, |k^′_2⟩ can contract both with the field operators ψ and ψ and the constituent quark states |{(q_i, n_i)}⟩ in the thermal medium, we get ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2⟩⟨k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩ = (_∞ ∏ i=1 ( 1 + e^{−βEi} ) )_{−1} ∑ {n_i} e^{−β} ∞∑ i=1 n_iE_i [ ⟨(q_1, n_1); · · · ; (q_∞, n_∞)|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|(q_∞, n_∞); · · · ; (q_1, n_1)⟩ + ∑ i,j ⟨(q_1, n_1); · · · ; (q_i, n_i); · · · |ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)| · · · ; (q_j, n_j); · · · ; (q_1, n_1)⟩ + ∑ i,j ⟨(q_1, n_1); · · · ; (q_i, n_i); · · · |ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)| · · · ; (q_j, n_j); · · · ; (q_1, n_1)⟩ + ∑ i,j,l,m ⟨· · · ; (q_i, n_i); · · · ; (q_l, n_l); · · · |ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)| · · · ; (q_m, n_m); · · · ; (q_j, n_j); · · · ⟩ ] . (87)

For simplicity in this paper, the states |k_1⟩, |k_2⟩, |k^′_1⟩, |k^′_2⟩ without the connecting lines are meant to be only contracted with the field operators ψ and ψ. The states |(q_i, n_i)⟩ with the connecting lines are meant to contract only with the final states |k_{1,2}⟩ and |k^′_{1,2}⟩ but without contraction with the field operators ψ and ψ. The states |(q_i, n_i)⟩ without the connecting lines can still contract with the field operators ψ and ψ but will not contract with the final states |k_{1,2}⟩ and |k^′_{1,2}⟩.

Let us for a moment neglect the contraction between the thermal states |(q_i, n_i)⟩ and the field operators ψ and ψ. Using

⟨(q_1, n_1); · · · ; (q_{i−1}, n_{i−1}); (q_{i+1}, n_{i+1}); · · · | · · · ; (q_{j+1}, n_{j+1}); (q_{j−1}, n_{j−1}); · · · ; (q_1, n_1)⟩ = δ_{ij} , (88)

one can obtain from Eq. (87) ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2⟩⟨k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩ = (_∞ ∏ i=1 ( 1 + e^{−βEi} ) )_{−1} [∑ {n_i} e^{−β} ∞∑ i=1 n_iE_i ⟨0|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|0⟩

+ ∑ j e^{−βEj} ∑_′ {n_i} e −β ∞∑_′ i=1 n_iE_i ⟨(q_j, n_j)|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|(q_j, n_j)⟩

+ ∑ j e^{−βEj} ∑_′ {n_i} e −β ∞∑_′ i=1 n_iE_i ⟨(q_j, n_j)|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|(q_j, n_j)⟩

+ ∑ j,m e^{−β(Ej +Em )} ∑_{′′} {n_i} e −β ∞∑_{′′} i=1 n_iE_i ⟨(q_j , n_j); (q_m, n_m)|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|(q_m, n_m); (q_j, n_j)⟩ ] ,(89)

FIG. 4: The cut diagram for contributions from (a) shower-thermal and (b) thermal-thermal quark recombination to the single meson fragmentation function.

where Σ^′ , Σ^{′′} indicates that i ≠ j and i ≠ j, m in their summation, respectively. One can generalize the above results to include the contraction between thermal states and the quark field operators. In this general case, the vacuum expectation will be replaced by a thermal average without contraction between thermal states and the final constituent quark states. Using Eq.(86) and replacements (82),(84), we obtain the thermal average value of the matrix elements in the meson fragmentation function as ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2⟩⟨k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩ =_k⟨⟨ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)⟩⟩_k + ∫ d^3q_1 (2π)^32E_{q1} 1 e^{βEq1} + 1 [ k⟨⟨q_1|ψ(0)|S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k +_k⟨⟨q_1|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k ]

+ ∫ d^3q_1 (2π)^32E_{q1} d^3q_2 (2π)^32E_{q2} 1 e^{βEq1} + 1 1 e^{βEq2} + 1^k

⟨⟨q_2; q_1|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|q_1; q_2⟩⟩_k , (90)

where the notation_k⟨⟨· · · ⟩⟩_k represents thermal averaging without the contraction between thermal states and the final constituent quark states. The form (e^{βE} +1)^{−1} is the Fermi-Dirac thermal distribution function in the co-moving frame of a fluid that maintains only local equilibrium. In the reaction frame in which a parton jet propagates, it should be replaced by f(q) = 1 e^{βq·u} + 1 , (91)

for the thermal quark distribution in a fluid element with flow four-velocity u in the thermal medium. The momentum of a thermal constituent quark is decomposed to q = (q^+, 0, q_⊥) with respect to the direction of the propagating parton jet. In the following, we also sometimes express the longitudinal component of the thermal momentum as a fraction of the initial parton momentum, q^+ = z_qp^+. In this case, the value of z_q is not bound. With this, we can finally express the thermal averaged matrix element in the fragmentation function as ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2⟩⟨k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩ =_k⟨⟨|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|⟩⟩_k + ∫ d^2q_{1⊥} 2(2π)^3 dq^+_1 q^+_1 f(q_{1⊥}, q^+_1 ) [ k⟨⟨q_1|ψ(0)|S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k +_k⟨⟨q_1|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k ]

+ ∫ d^2q_{1⊥} 2(2π)^3 dq^+_1 q^+_1 ∫ d^2q_{2⊥} 2(2π)^3 dq^+_2 q^+_2 f(q_{1⊥}, q^+_1 )f(q_{2⊥}, q^+_2 )_k⟨⟨q_2; q_1|ψ(0)| ~S; k_1; k_2⟩⟨k^′_2; k^′_1; ~S|ψ(x)|q_1; q_2⟩⟩_k . (92)

The above equation has three distinct contributions. One can immediately identify the first term as the contribution from recombination of two shower quarks from parton fragmentation, D̃^{M(SS)} q (z_M ) ≈ C_M ∫_{zM} 0 dz_1 2 R_M (0_⊥, z_1 z_M )F̃^{q1q̄2}_q (z_1, z_M − z_1) , (93)

This contribution is normally referred [24] to as “shower-shower” quark recombination. It has exactly the same form as the parton fragmentation functions in vacuum [Eq.(29)] in the framework of quark recombination, except that the diquark distribution functions F̃^{q1q̄2}_q (z_1, z_2) are now medium modified. Their definitions are similar to that in vacuum in Eq. (30) but the vacuum expectation is replaced by a thermal average. These modified diquark distribution functions should in principle contain effects of multiple scattering, induced gluon radiation and absorption, in the same way as the modification of hadron fragmentation functions in a thermal medium [31]. We have assumed that the meson wavefunction and therefore the recombination probability during the hadronization of the parton jets in a quark-gluon plasma are the same as in vacuum.

In the second term, one of the constituent quarks is contracted with the thermal quark states while the other with the quark field operators. This corresponds to processes in which a quark from the thermal medium combines with another quark from the parton fragmentation (or shower) to form the final meson, as illustrated in Fig. 4(a). Using the convention of previous studies [24], these processes are called “shower-thermal” quark recombination. Finally, the third term where both of the final constituent quark states contract with the thermal quark states corresponds to the formation of the final meson from two thermal quarks in the quark recombination model, as shown in Fig. 4(b). This is referred to as “thermal-thermal” quark recombination.

Using Eqs. (28) and (81) and the contraction between two single-particle states, ⟨q_i|k_j⟩ ≡ ⟨q_{i⊥}, x_{qi}|k_{j⊥}, x_j⟩ = (2π)^32x_iδ^{(2)} (q_{i⊥} − k_{j⊥}) δ (x_{qi} − x_j) , (94) we can express the contribution from “shower-thermal” quark recombination to the meson fragmentation function as D̃^{M(ST )} q (z_M , p^+) = ∫_{zM} 0 dz_q z_M ∫ d^2q_⊥ 2(2π)^3 R_M (q_⊥, z_q z_M ) 1 (1 − z_q/z_M )^2 [ f_{q1} (q_⊥, z_qp^+)F̃^{q̄2}_q (z_M − z_q) + f_{q̄2} (q_⊥, z_qp^+)F̃^{q1}_q (z_M − z_q ) ] , (95)

where x_{qi} = z_{qi} /z_M is the thermal quark’s momentum as a fraction of the produced meson’s momentum, F̃^{qi}_q (z) and F̃^{q̄}i_q (z) are single constituent quark or anti-quark distributions of the fragmenting parton jet in a thermal medium defined similarly as in Eqs. (36) and (37), except that the vacuum expectation values are replaced again by thermal averaged expectation. They should be different from the corresponding quark distributions in vacuum because of multiple scattering, induced gluon bremsstrahlung and parton absorption.

The contribution due to “thermal-thermal” quark recombination to the meson fragmentation function in Eq. (92) comes from recombination of two thermal constituent quarks. This contribution would never be associated with the parton jet had we not used the parton’s momentum as a reference to calculate the distribution of produced hadrons from such thermal quark recombination. Again, using Eq. (94), we can express this “thermal-thermal” contribution as D̃^{M(T T )} q (z_M , p^+) = ∫ d^2q_{1⊥}dz_{q1} 2(2π)^3 ∫ d^2q_{2⊥}dz_{q2} 2(2π)^3 f_{q1} (q_{1⊥}, z_{q1} p^+)f_{q̄2} (q_{2⊥}, z_{q2} p^+)S^0_q (z_M ) × 4 | | | |φ^M (q^{1⊥}, z_{q1} z_M ; q_{2⊥}, z_{q2} z_M ) | | | | 2 [ (2π)^3δ^{(2)}(p_{M⊥} − q_{1⊥} − q_{2⊥})δ(z_M − z_{q1} − z_{q2} )

]_2 , (96)

where

S^0_q (z_M ) ≡ z^3_M 2 ∫ d^4p (2π)^4 δ ( z_M − p^+_M p^+ ) ∫ d^4xe^{−ip·x}Tr γ^+ 2p^+_M ∑ ~S k⟨⟨|ψ(0)| ~S⟩⟨ ~S | |ψ(x) | | 0⟩⟩_k

= z_M 2 1 (2π)^3 ∫ d^2p_⊥ = 1 2(2π)^3 1 z_M ∫ d^2p_{M⊥} , (97)

is just a factor associated with the phase-space integration. Since the fragmentation function represents the total yield of particle production, the thermal contribution naturally contains a volume factor, which leads to the δfunction squared in Eq. (96). To factor out this volume factor, we again employ the finite volume quantization with V = L^3 in a cubic box. The momentum integral and δ-functions can be expressed by using replacements Eqs. (82) and (83). Then we can rewrite Eq. (96) as D̃^{M(T T )} q (z_M , p^+) = V p^+ ∫ d^2p_{M⊥} (2π)^3 ∫_{zM} 0 dz_q 2z_M ∫ d^2q_⊥ (2π)^3

f_{q1} (q_⊥, z_qp^+)f_{q̄2} (p_{M⊥} − q_⊥, (z_M − z_q )p^+)R_M (q_⊥, z_q z_M ) . (98)

Since hadron production from the thermal quark recombination is not correlated with the parton jet and its fragmentation, the above expression is a little unnatural. One should be able to rewrite it in a form that has no dependence on the parton jet. Considering, D̃^{M(T T )} q (z_M , p^+) = dN^{M(T T )} dz_M = dN^{M(T T )} dp^+_M p^+ , (99)

one can obtain the invariant hadron spectrum from thermal quark recombination,

(2π)^3 dN^{M(T T )} dp^+_M d^2p_{M⊥} = V ∫_1 0 dx_q ∫ d^2q_⊥ 2(2π)^3 f_{q1} (q_⊥, x_qp^+_M )f_{q̄2} (p_{M⊥} − q_⊥, (1 − x_q)p^+_M )R_M (q_⊥, x_q) . (100)

which coincides with results from other recombination models [25, 26]. In this expression, the hadron spectra from thermal quark recombination are not correlated and therefore do not depend on the parton jet fragmentation. Even though one can sum over the three contributions and obtain the effective meson fragmentation in a thermal medium, D̃^M_q (z_M , p^+) = D̃^{M(SS)}_q (z_M ) + D̃^{M(ST )}_q (z_M , p^+) + D̃^{M(T T )}_q (z_M , p^+) , (101)

the last term from thermal quark recombination is not correlated with the initial parton jet and therefore should not be considered as part of the medium modified jet fragmentation function. The contributions that are correlated with the initial parton jets are from “shower-shower” and “shower-thermal” quark recombination. For a thermalized medium, the thermal quark distribution follows a Fermi-Dirac form that is determined by the local temperature and flow velocity. The contribution from “shower-thermal” recombination is most important for hadron spectra in the intermediate transverse momentum region. This contribution, however, will be negligible relative to the “showershower” recombination which dominates hadron spectra at large transverse momentum because that the power-law-like spectra of initially produced partons will win over the exponential-like distribution of thermal quarks.

B. Baryon Production from Thermal Quark Recombination

We can similarly generalize the quark recombination model for baryon fragmentation functions to the case in a thermal medium,

D̃^B_q (z_B , p^+) = z^{3B} 2 ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x} ∫ [d^2k_⊥][dx] √ x_1 √ x_2 √ x_3 ∫ [d^2k^′_⊥][dx^′] √ x^′_1 √ x^′_2 √ x^′_3 φ_B (k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3)φ^∗_B (k^′_{1⊥}, x^′_1; k^′_{2⊥}, x^′_2; k^′_{3⊥}, x^′_3)

Tr γ^+ 2p^+_B ∑ ~S ⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3⟩⟨k^′_{3⊥}, x^′_3; k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩

. (102)

As in the case of meson fragmentation functions, the thermal average of the matrix element in the above baryon fragmentation function can be expressed as

⟨⟨ψ(0)| ~S; k_{1⊥}, x_1; k_{2⊥}, x_2; k_{3⊥}, x_3⟩⟨k^′_{3⊥}, x^′_3; k^′_{2⊥}, x^′_2; k^′_{1⊥}, x^′_1; ~S|ψ(x)⟩⟩

=_k⟨⟨ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)⟩⟩_k + ∫ d^2q_{1⊥} 2(2π)^3 dq^+_1 q^+_1 f(q_{1⊥}, q^+_1 ) [ k⟨⟨q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k

+_k⟨⟨q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k +_k⟨⟨q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1⟩⟩_k ]

+ ∫ d^2q_{1⊥} 2(2π)^3 dq^+_1 q^+_1 ∫ d^2q_{2⊥} 2(2π)^3 dq^+_2 q^+_2 f(q_{1⊥}, q^+_1 )f(q_{2⊥}, q^+_2 ) [ k⟨⟨q_2; q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1; q_2⟩⟩_k

+_k⟨⟨q_2; q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1; q_2⟩⟩_k +_k⟨⟨q_2; q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1; q_2⟩⟩_k ]

+ ∫ d^2q_{1⊥} 2(2π)^3 dq^+_1 q^+_1 ∫ d^2q_{2⊥} 2(2π)^3 dq^+_2 q^+_2 ∫ d^2q_{3⊥} 2(2π)^3 dq^+_3 q^+_3 f(q_{1⊥}, q^+_1 )f(q_{2⊥}, q^+_2 )f(q_{3⊥}, q^+_3 )_k⟨⟨q_3; q_2; q_1|ψ(0)| ~S; k_1; k_2; k_3⟩⟨k^′_3; k^′_2; k^′_1; ~S|ψ(x)|q_1; q_2; q_3⟩⟩_k . (103)

FIG. 5: The cut diagrams for contributions from (a) shower-shower-thermal, (b) shower-thermal-thermal and (c) thermalthermal-thermal quark recombination to the single baryon fragmentation function.

Here, one can similarly identify the first term and the last term as the contributions from ”shower-shower-shower” and ”thermal-thermal-thermal” quark recombination, respectively. The others terms are the contributions from the ”shower–shower-thermal” and “shower-thermal-thermal” quark recombination. These last three processes involving thermal quarks are illustrated in Fig. 5.

The contributions from “shower-shower-shower” quark recombination, denoted as D̃^{B(SSS)}_q , has the same expression as in vacuum [Eq.(56)] with the replacement of the triple quark distribution functions F^{q1q2 q3}_q (z_1, z_2, z_3) in vacuum by its counterpart in medium F̃^{q1q2 q3}_q (z_1, z_2, z_3). Working along the same approach, one can also find out the contribution from “thermal-thermal-thermal” quark recombination, D̃^{B(T T T )} q (z_B , p^+) = ∫ d^2q_{1⊥}dz_{q1} 2(2π)^3 ∫ d^2q_{2⊥}dz_{q2} 2(2π)^3 ∫ d^2q_{3⊥}dz_{q3} 2(2π)^3 f_{q1} (q_{1⊥}, z_{q1} p^+)f_{q2} (q_{2⊥}, z_{q2} p^+)f_{q3} (q_{3⊥}, z_{q3} p^+)S^0_q (z_B ) × 4 z_B | | |φ^B (q^{1⊥}, z_{q1} z_B ; q_{2⊥}, z_{q2} z_B ; q_{3⊥}, z_{q3} z_B ) | | | 2 [ (2π)^3δ^{(2)}(p_{B⊥}−q_{1⊥}−q_{2⊥}−q_{3⊥})δ(z_B −z_{q1} −z_{q2} −z_{q3} )

]_2 , (104)

where S^0_q (z_B ) is the same factor associated with phase-space integration as in Eq. (97). After extracting the spatial volume from the δ-function squared, one has D̃^{B(T T T )} q (z_B , p^+) = V p^+ ∫ d^2p_{B⊥} (2π)^3 ∫_{zB} 0 dz_{q1} 2z_B ∫_{zB −zq1} 0 dz_{q2} 2z_B ∫ d^2q_{1⊥} (2π)^3 ∫ d^2q_{2⊥} (2π)^3 f_{q1} (q_{1⊥}, z_{q1} p^+)f_{q2} (q_{2⊥}, z_{q2} p^+)f_{q3} (p_{B⊥}−q_{1⊥}−q_{2⊥}, (z_B−z_{q1} −z_{q2} )p^+) R_B(q_{1⊥}, z_{q1} z_B ; q_{2⊥}, z_{q2} z_B ) , (105)

which corresponds to an invariant inclusive baryon spectrum from thermal quark recombination,

(2π)^3 dN^{B(T T T )} dp^+_B d^2p_{B⊥} = V ∫_1 0 dx_{q1} ∫_{1−xq1} 0 dx_{q2} ∫ d^2q_{1⊥} 2(2π)^3 ∫ d^2q_{2⊥} 2(2π)^3 f_{q1} (q_{1⊥}, x_{q1} p^+_b )f_{q2} (q_{2⊥}, x_{q2} p^+_b )

× f_{q3} (p_{B⊥}−q_{1⊥}−q_{2⊥}, (1−x_{q1} −x_{q2} )p^+_B)R_B (q_{1⊥}, x_{q1} ; q_{2⊥}, x_{q2} ) . (106)

The derivation of the contribution from the “shower-thermal-thermal” quark recombination to the baryon fragmentation function is also straightforward. One has, D̃^{B(ST T )} q (z_B , p^+) = ∑ q_3 ∈B ∫ d^2q_{1⊥} (2π)^3 ∫ d^2q_{2⊥} (2π)^3 ∫_{zB} 0 dz_{q1} 2z_B ∫_{zB−zq1} 0 dz_{q2} 2z_B f_{q1} (q_{1⊥}, z_{q1} p^+)f_{q2} (q_{2⊥}, z_{q2} p^+) 1 (1 − z_{q1} /z_B − z_{q2} /z_B )^2 R_B(q_{1⊥}, z_{q1} z_B ; q_{2⊥}, z_{q2} z_B )F̃^{q3}_q (z_B −z_{q1} −z_{q2} ) , (107)

where the summation is over different quark flavors of q_3 ∈ B among the constituent quarks of the baryon B.

In deriving the contribution from “shower-shower-thermal” quark recombination, one encounters again the problem of interference between amplitudes of different shower quark recombination. We have to make the same approximation that one can neglect the interference term and the final result is proportional to the diagonal contribution with a constant C_{B2}. Therefore, we have D̃^{B(SST )} q (z_B , p^+) = ∑ (q_1q_2 )∈B

z^3_B 2 ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x} ∫ d^2k_{1⊥} (2π)^3 dx_{k1} 2 √ x_{k1} ∫ d^2k^′_{1⊥} (2π)^3 dx^′_{k1} 2 √ x^′_{k1} ∫ d^2q_⊥ (2π)^3 dx_q 2 1 √ x_{k2} x^′_{k2} f_{q3} (q_⊥, x_qp^+_B)φ_B (q_⊥, x_q; k_{1⊥}, x_{k1} ; k_{2⊥}, x_{k2} )φ^∗_B (q_⊥, x_q; k^′_{1⊥}, x^′_{k1} ; k^′_{2⊥}, x^′_{k2} )

Tr [ γ^+ 2p^+_B ∑ S k⟨⟨ψ(0)|S; k_{1⊥}, x_{k1} ; k_{2⊥}, x_{k2} ⟩⟨k^′_{2⊥}, x^′_{k2} ; k^′_{1⊥}, x^′_{k1} ; S|ψ(x)⟩⟩_k ]

≈ ~C_{B2} z^3_B 2 ∑ (q_1 q_2)∈B ∫ d^4p (2π)^4 δ ( z_B − p^+_B p^+ ) ∫ d^4xe^{−ip·x} ∫ d^2k_{1⊥} (2π)^3 dx_{k1} 4x_{k1} ∫ d^2q_⊥ (2π)^3 dx_q 2 1 x_{k2} f_{q3} (q_⊥, x_qp^+_B)|φ_B(q_⊥, x_q; k_{1⊥}, x_{k1} ; k_{2⊥}, x_{k2} )|^2 Tr [ γ^+ 2p^+_B ∑ S k⟨⟨ψ(0)|S; k_{1⊥}, x_{k1} ; k_{2⊥}, x_{k2} ⟩⟨k_{2⊥}, x_{k2} ; k_{1⊥}, x_{k1} ; S|ψ(x)⟩⟩_k ] , (108)

where k_{2⊥} = p_{B⊥}−q_{1⊥}−k_{1⊥}, k^′_{2⊥} = p_{B⊥}−q_{1⊥}−k^′_{1⊥}, x_{k2} = 1−x_{q1} −x_{k1} , x^′_{k2} = 1−x_{q1} −x^′_{k1} , ~C_{B2} is a constant with the dimension of momentum and the summation is over all possible (q_1q_2) ∈ B quark pairs among the three constituent quarks of the baryon B. Changing the variables x_{k1} , x_{k2} , x_{q1} to z_{k1} , z_{k2} , z_{q1} and neglecting the intrinsic momentum in the baryon wavefunction, |φ_B(q_⊥, x_q; k_{1⊥}, x_{k1} ; k_{2⊥}, x_{k2} )|^2 ≈ R_B(q_⊥, x_q; 0_⊥, x_{k1} ), we have D̃^{B(SST )} q (z_B , p^+) ≈ ∑ (q_1 q_2)∈B ~C_{B2} ∫ d^2q_⊥ (2π)^3 ∫_{zB} 0 dz_q 2z_B ∫_{zB−zq} 0 dz 2z_B f_{q3} (q_⊥, z_qp^+)

× 1 (1 − z_q/z_B )^2 R_B(q_⊥, z_q z_B ; 0_⊥, z z_B )F̃^{q1q2}_q (z, z_B − z_q − z) . (109)

The diquark distribution F̃^{q1q2}_q (z_1, z_2) is the same as in the “shower-shower” contribution to the meson fragmentation in Eq. (29), which is similarly defined as in the vacuum except that the thermal average in principle should include medium effects such as induced radiation and absorption.

Finally, the effective baryon fragmentation function is the sum over the contributions resulting from “shower-shower-shower”, “shower-shower-thermal”, “shower-thermal-thermal” and “thermal-thermal-thermal” constituent quark recombination,

D̃^B_q (z_B , p^+) = D̃^{B(SSS)}_q (z_B ) + D̃^{B(SST )}_q (z_B , p^+) + D̃^{B(ST T )}_q (z_B , p^+) + D̃^{B(T T T )}_q (z_B , p^+) , (110)

though the “thermal-thermal-thermal” contribution is not correlated with the initial parton jet and thus is only the background from the hadronization of the thermal medium.

VI. CONCLUSION

In this paper, we have studied medium modification to the effective parton fragmentation functions due to quark recombination during the hadronization of the parton jet together with a quark-gluon plasma.

We started with a formulation of the vacuum parton fragmentation functions in the parton operator form within a constituent quark model. In this model, constituent quarks are the effective degrees of freedom during the hadronization of both the parton jet and the quarkgluon plasma, which is essentially a thermalized gas of constituent quarks. Final hadrons are composed of constituent quarks with given wavefunctions. We showed that for sharply peaked hadron wavefunctions, one can neglect the interference between amplitudes of hadron formation from recombination of constituent quarks with different momenta. Consequently, we were able to cast the meson (baryon) fragmentation functions into a convolution of the recombination probability and constituent diquark (triquark) distribution functions of the fragmenting parton. The recombination probability is determined by the hadron’s wavefunction in the constituent quark model. The diquark or triquark quark distribution functions of the fragmenting parton are defined as the overlapping matrices between parton field operator and the final constituent quark states, similarly as the dihadron or trihadron fragmentation functions defined as the overlapping matrices between parton operator and final hadron states. We derived the QCD DGLAP evolution equations for the diquark and triquark distributions functions which are a little different from that of dihadron and trihadron fragmentation functions because of the kinematic constraints imposed by the hadrons’ wavefunctions in the constituent quark model. We further discussed possible connections between triquark, diquark and single quark distribution functions through sum rules.

Working within the framework of field theory at finite temperature, we extended the formulation of parton fragmentation functions in terms of quark recombination to the case of jet fragmentation in medium, assuming that the medium is hadronizing together with the parton jets. Replacing the vacuum expectation in the overlapping matrices by the thermal average, we were able to derive the medium modification to the fragmentation functions via quark recombination. The medium modification comes not only as the medium modification of the diquark or triquark distribution functions in the recombination of constituent quarks from the fragmenting parton, called shower quark recombination, but also as additional contributions from recombination between shower and thermal constituent quarks. We also obtained contributions from recombination of thermal quarks within the same formalism. However, such contributions of thermal quark recombination are disconnected with parton jet fragmentation and therefore are just a thermal background to jet fragmentation processes in the medium.

The formulation and derivation of jet fragmentation functions in terms of quark recombination in the vacuum do not simplify the theoretical description of the jet fragmentation processes. It is only a model of the nonperturbative process of hadronization. However, once extended to jet fragmentation in medium, it provides a natural framework for the description of jet hadronization in medium and the study of effective medium modification to the fragmentation functions. Within this formalism, one can not only include contributions to jet fragmentation from the recombination of constituent quarks from the parton jet and the thermal medium but also the medium modification of the quark distributions of the jet parton due to induced gluon bremsstrahlung and absorption. This framework will effectively unify parton energy loss via induced gluon radiation and quark recombination processes during hadronization.

Acknowledgments

We would like to thank R. Hwa for stimulating discussion and helpful comments on the manuscript. This work was supported by by the Director, Office of Energy Research, Office of High Energy and Nuclear Physics, Division of Nuclear Physics, and by the Office of Basic Energy Science, Division of Nuclear Science, of the U.S. Department of Energy under Contract No. DE-AC03- 76SF00098, and by National Natural Science Foundation of China under projects 10440420018, 10475031 and 10135030, and by MOE of China under projects NCET- 04-0744, SRFDP-20040511005, CFKSTIP-704035. E. W. thanks LBNL Nuclear Theory Group for its hospitality during the completion of this work.

[1] M. Gyulassy and M. Plumer, Phys. Lett. B 243, 432 (1990).

[2] X. N. Wang and M. Gyulassy, Phys. Rev. Lett. 68, 1480 (1992).

[3] M. Gyulassy and X. N. Wang, Nucl. Phys. B 420, 583 (1994) [arXiv:nucl-th/9306003]; X. N. Wang, M. Gyulassy and M. Plumer, Phys. Rev. D 51, 3436 (1995) [arXiv:hep-ph/9408344].

[4] R. Baier, Y. L. Dokshitzer, S. Peigne and D. Schiff, Phys. Lett. B 345, 277 (1995) [arXiv:hep-ph/9411409]; R. Baier, Y. L. Dokshitzer, A. H. Mueller, S. Peigne and D. Schiff, Nucl. Phys. B 484, 265 (1997)

[arXiv:hep-ph/9608322].

[5] B. G. Zakharov, JETP Lett. 63, 952 (1996) [arXiv:hep-ph/9607440].

[6] U. A. Wiedemann, Nucl. Phys. A 690, 731 (2001) [arXiv:hep-ph/0008241].

[7] L. D. Landau and I. J. Pomeranchuk, Dokl. Akad. Nauk Ser.Fiz. 92 (1953) 92; A. B. Migdal, Phys. Rev. 103, 1811 (1956).

[8] X. N. Wang, Z. Huang and I. Sarcevic, Phys. Rev. Lett.

77, 231 (1996) [arXiv:hep-ph/9605213]; X. N. Wang and Z. Huang, Phys. Rev. C 55, 3047 (1997) [arXiv:hep-ph/9701227].

[9] M. Gyulassy, I. Vitev and X. N. Wang, Phys. Rev. Lett.

86, 2537 (2001) [arXiv:nucl-th/0012092]. X. N. Wang, Phys. Rev. C 63, 054902 (2001) [arXiv:nucl-th/0009019];

[10] A. Majumder, E. Wang and X. N. Wang, arXiv:nucl-th/0412061.

[11] P. Jacobs and X. N. Wang, Prog. Part. Nucl. Phys. 54, 443 (2005) [arXiv:hep-ph/0405125].

[12] K. Adcox et al. [PHENIX Collaboration], Phys. Rev.

Lett. 88, 022301 (2002) [arXiv:nucl-ex/0109003]. [13] C. Adler et al. [STAR Collaboration], Phys. Rev. Lett.

89, 202301 (2002) [arXiv:nucl-ex/0206011].

[14] C. Adler et al. [STAR Collaboration], Phys. Rev. Lett.

90, 032301 (2003) [arXiv:nucl-ex/0206006].

[15] C. Adler et al. [STAR Collaboration], Phys. Rev. Lett.

90, 082302 (2003) [arXiv:nucl-ex/0210033].

[16] X. N. Wang, Phys. Lett. B 595, 165 (2004) [arXiv:nucl-th/0305010].

[17] E. Wang and X.-N. Wang, Phys. Rev. Lett. 89, 162301 (2002).

[18] I. Vitev and M. Gyulassy, Phys. Rev. Lett. 89, 252301 (2002) [arXiv:hep-ph/0209161].

[19] K. H. Ackermann et al. [STAR Collaboration], Phys.

Rev. Lett. 86, 402 (2001) [arXiv:nucl-ex/0009011]. [20] E. Wang and X. N. Wang, Phys. Rev. Lett. 87, 142301 (2001) [arXiv:nucl-th/0106043].

[21] S. S. Adler et al. [PHENIX Collaboration], Phys. Rev. C 69, 034909 (2004).

[22] J. Adams et al. [STAR Collaboration], Phys. Rev. Lett.

92, 052302 (2004).

[23] S. Voloshin, Nucl. Phys. A 715, 379 (2003) [arXiv:nucl-ex/0210014].

[24] R. C. Hwa and C. B. Yang, Phys. Rev. C 67, 034902 (2003) [arXiv:nucl-th/0211010]; Phys. Rev. C 70, 024904 (2004); Phys. Rev. C 70, 024905 (2004)

[arXiv:nucl-th/0401001].

[25] V. Greco, C. M. Ko and P. Levai, Phys. Rev. Lett.

90, 202302 (2003) [arXiv:nucl-th/0301093]; Phys. Rev. C 68, 034904 (2003) [arXiv:nucl-th/0305024]; V. Greco, C. M. Ko and R. Rapp, Phys. Lett. B 595, 202 (2004) [arXiv:nucl-th/0312100].

[26] R. J. Fries, B. Muller, C. Nonaka and S. A. Bass, Phys.

Rev. Lett. 90, 202303 (2003) [arXiv:nucl-th/0301087]; R. J. Fries, B. Muller, C. Nonaka and S. A. Bass, Phys. Rev. C 68, 044902 (2003) [arXiv:nucl-th/0306027]; R. J. Fries, S. A. Bass and B. Muller, arXiv:nucl-th/0407102.

[27] Y. L. Dokshitzer, Sov. Phys. JETP 46 (1977) 641 [Zh.

Eksp. Teor. Fiz. 73 (1977) 1216].

[28] V. N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys. 15, 438 (1972) [Yad. Fiz. 15, 781 (1972)].

[29] G. Altarelli and G. Parisi, Nucl. Phys. B 126, 298 (1977). [30] S. Bethke, J. Phys. G 26, R27 (2000) [arXiv:hep-ex/0004021].

[31] J. A. Osborne, E. Wang and X. N. Wang, Phys. Rev. D 67, 094022 (2003) [arXiv:hep-ph/0212131].

[32] J. C. Collins, D. E. Soper, and G. Sterman, in: A. H.

Mueller (Ed.), Perturbative Quantum Chromodynamics, World Scientific, Singapore, 1989, and the references therein.

[33] J. C. Collins, D. E. Soper and G. Sterman, Nucl. Phys.

B261, 104 (1985).

[34] J. C. Collins and J. Qiu, Phys. Rev. D39, 1398 (1989). [35] A. Majumder and X. N. Wang, Phys. Rev. D 70, 014007 (2004) [arXiv:hep-ph/0402245]; arXiv:hep-ph/0411174.

[36] R. D. Field, in: Application of Perturbative QCD, Frontier in Physics Lecture, Vol. 77, Addison Wesley, 1989.