arXiv:nucl-th/0507061 v2 16 Sep 2005

Variational Monte Carlo study of pentaquark states

Mark W. Paris^∗ Thomas Jefferson National Accelerator Facility, Theory Group, 12000 Jefferson Avenue MS12H2, Newport News, Virginia, 23606 (Dated: September 16, 2005)

Accurate numerical solution of the five-body Schrödinger equation is effected via variational Monte Carlo. The spectrum is assumed to exhibit a narrow resonance with strangeness S = +1. A fully antisymmetrized and pair-correlated five-quark wave function is obtained for the assumed nonrelativistic Hamiltonian which has spin, isospin, and color dependent pair interactions and manybody confining terms which are fixed by the non-exotic spectra. Gauge field dynamics are modeled via flux tube exchange factors. The energy determined for the ground states with J^π =^1_2^−(^1_2^+ ) is 2.22 GeV (2.50 GeV). A lower energy negative parity state is consistent with recent lattice results. The short-range structure of the state is analyzed via its diquark content.

A system of interacting, non-relativistic constituent quarks is the most simple, realistic model of hadronic systems. Solving the many-body Schrödinger equation to determine wave functions within this simple model is still a formidable task owing to the strong flavor, spin, and color dependence of the quark-quark interaction and traditionally requires some array of approximate methods to solve it. The controversial status of the recent evidence of a flavor exotic five-quark state warrants a careful treatment of this strongly interacting system. In this letter, the exercise of determining the wave function of five interacting constituent quarks in the flavor-exotic multiquark hadronic sector is solved using the variational Monte Carlo (VMC) technique. This technique is known to yield upper bounds on the ground state energy accurate to the level of a few percent in light nuclei with the number of nucleons A ≤ 6 [1].

Recent experimental evidence [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] has revived interest in the multiquark flavorexotic sector of the hadronic spectrum. Various model calculations have been reported [14, 15, 16, 17, 18, 19, 20, 21, 22, 23] which study the existence of a strangeness S = +1 resonance, dubbed θ^+, about 100 MeV above threshold to nucleon-kaon decay with low mass of 1540(2) MeV and possibly extremely narrow width of 0.9(3) MeV [24]. Lattice results are available, including Refs. [25, 26].

The calculation of Ref.[19], working in the chiral quark soliton model, of an extremely small width, < 15 MeV stimulated experimental searches with some positive signals, although all of them had very low statistics with at most ∼ 100 counts above a comparable background [13]. Preliminary high statistics photoproduction data of the reaction γp → nK_S from the CLAS collaboration [27] sets an upper limit on the yield of the θ^+ relative to the Λ^∗(1520) yield at 0.2%. No definitive structure in the nK-invariant mass spectrum is observed at 1540 MeV in this experiment. No experimental information is available on the spin or parity of the state in any experiment done to date.

We study the θ^+ in the non-relativistic flux tube quark model with one-gluon exchange (OGE) and one-pion exchange (OPE) (between the light quarks). We take seriously the possibility that θ^+ is a narrow resonance and calculate its mass as a stable state with respect to strong interactions. The approach adopted here will be to work with a general, completely antisymmetric wave function and determine dynamically which flavor-spin-color-orbital (TSCL) structures are favored in the constituent quark model (CQM). The model Hamiltonian used in this work is fixed by the single hadron spectrum [28] and the six-quark (deuteron) properties [29]. It is given as a sum of kinetic energy, pair potentials for OGE and OPE, and confining terms:

Ĥ = 5∑ i=1 [ m_i − ℏ^2 2m_i ∇^2_i ] + 5∑ i<j=1 [ 1 4 √ σr_{ij} + v̂^g_{ij}(r_{ij} )

+ v̂^π_{ij}(r_{ij}) ] + V^{F T} (r_1, . . . , r_5) − V_0(4qq̄). (1)

Here, m_i is the constituent quark mass, r_{ij} = r_i − r_j , and √ σ is the flux-tube tension. The two-body operator potentials v̂^{g(π)}_{ij} (r_{ij}) for OGE (OPE) interactions are determined in the non-relativistic reduction of the tree level amplitude for qq or qq̄ scattering. The many-body confining interaction

V^{F T} (R) = √ σL(R) − 1 4 5∑ i<j=1 √ σr_{ij} (2) where R = (r_1, . . . , r_5) and L(R) is the total length of the flux tubes, is defined with respect to a two-body contribution (the second term) which ensures that V^{F T} (R) → 0 when one of the quarks is pulled far from the others. The locations of the three Y junctions, denoted by ⊗ in the diagrams in Fig.(1) are determined by minimizing the total length of the flux tubes given the positions R of the quarks and topology of the tubes. Possible flux tube topologies for the 4qq̄ states consistent with gauge invariance are shown in Figs.(1). They correspond to overall singlet states of the form 1 2 √ 6 ϵ_{αβγ} ϵ_{βμν} ϵ_{γρσ} c^μ_1 c^ν_i c^ρ_j c^σ_kc̄^α_5 , (3) where ijk = 234, 432, or 324. Off-diagonal matrix elements of operators with color dependence (like those in v̂^g (r_{ij})) of these orthonormal states are accompanied by a factor which models the dynamics of the gauge fields: ζ(r_{il}) = e^{−γ2F T r2il} , (4) where γ^{−1}_{F T} is the range over which flux tubes can be exchanged (roughly the width of the flux tube) and r_{il} is the distance between the exchanged quarks [29]. We use γ_{F T} = 0, which has been determined to minimize the energy. The two-body confining interaction^1_4 √ σr_{ij} of Eq.(1) is accounted for in VMC non-perturbatively while the V^{F T} , typically ∼ 15% of the total confinement contribution, is evaluated perturbatively. The constant V_0(4qq̄) in Eq.(1), extrapolated from the single hadron spectrum, will be discussed below.

The state vector for the five quarks, including two– body isospin, spin, color and spatial correlations is given by |Ψ_5⟩ = S ∏ i<j F̂_{ij}|Φ_5⟩ (5)

where the symmetrized product of two–body correlation operators F̂_{ij} acts on the uncorrelated TSCL state:

|Φ_5⟩ = 1 √ 3 ∑ c=R,G,B × [ |(T SCL)_{[1}4_]; T_z, S_z, c, M_L⟩ ⊗ |s̄; s_z, c̄, m_ℓ⟩ ] J,J_z . (6) Here we have four light quarks, uudd (or 4q) described by the state |(T SCL)_{[1}4_]; T_z, S_z, c, M_L⟩ with isospin, T, T_z , spin S, S_z , color C, c, and orbital angular momentum L, M_L coupled to the completely antisymmetric state, denoted (T SCL)_{[1}4_]. The flavor is assumed to be T = 0 and total spin of 4q can takes the values S = 0, 1, 2. We neglect the states with S = 2 since they are expected

FIG. 1: Topological configurations of flux tubes. In general, configurations of quarks do not lie in the plane.

|1; 1^−⟩ =_T ×_S ×_C ×_L→_{T S} ×_{CL}

|1; 1^+ ⟩ =_T ×_S ×_C ×_L →_{T S} × CL |2; 1^+ ⟩ =_T ×_S ×_C ×_L →_{T S} ×_{CL}

|3; (0, 1)^+ ⟩=_T ×_S ×_C ×_L →_{T S} ×_{CL}

|4; (0, 1)^+⟩ =_T ×_S ×_C ×_L →_{T S} ×_{CL}

TABLE I: Inner products on S4 of spin, isospin, color, and orbital angular momentum states of 4q. States are labeled by an index n which differentiates the symmetry type for a given parity, the angular momentum J4 of the four quarks, and the parity of the state when the strange antiquark is coupled π = −π4, |n; J^π_4 ⟩. All the states are to be coupled to overall complete antisymmetry. States n = 3, 4 may be coupled to angular momentum J4 = 0, 1, 2. J4 = 2 is ignored in this work.

to have higher interaction energies than either S = 0, 1. Color of 4q is C = 3 since we require the state of 4qq̄ to be a color singlet. The antiquark is an s̄ with spin^1_2 , spin projection s_z , color c̄ and orbital angular momentum ℓ, m_ℓ. The square brackets [ ]_{J,Jz} indicate coupling of the 4q and q̄ to total angular momentum J, J_z. We will consider states of either parity, π = ±1 in this work. The state in Eq.(5) is translationally invariant and requires no correction due to center-of-mass motion.

Consider the fully (pair) correlated state vector |Ψ_5⟩ in a five-particle basis of spin, isospin, and color. We have

|Ψ_5(R)⟩ =

2^5∑

n_s=1 2∑ n_t=1 3∑ n_p=1 ψ_{ns,nt,np} (R)|n_s, n_t, n_p⟩ (7)

where the sums are over the 2^5 = 64 spin states n_s, the T = 0 isospin space is spanned by two states, n_t = 1, 2, and color states n_p = 1, 2, 3. Tensor interactions in the pair potentials v̂^{g(π)} (r_{ij}) populate all of the spin states. In the color (isospin) sector we may work in a reduced basis since the interactions are mediated by isovector (color octet) bosons. The color states of 4q span the C = 3 irreducible representation (irrep) of SU (3) and the (3, 1) irrep of the symmetric group on four objects, S_4. These will be combined with appropriate states in isospin, spin, and orbital angular momentum to yield states of complete antisymmetry. An orthogonal transformation relates these states to those of Eq.(3).

The OGE and OPE pair potentials, the confining flux tube potential, and the two-body correlation operators, F̂_{ij} derived from these all depend, variously, on the state |n_s, n_t, n_p⟩. Matrix elements of potential pair operators appearing in the Hamiltonian in v̂^{g(π)} (r_{ij}) are evaluated in Monte Carlo as described in Ref.[29]. The state of the gauge field depends on the color configuration of n; J^π_4 1; 1^− 1; 1^+ 2; 1^+ 3; 0^+ 3; 1^+ 4; 0^+ 4; 1^+ M_θ+ 2.22 2.50 2.57 2.75 2.81 2.83 2.88 ⟨T̂ ⟩ 1.68 2.13 2.02 2.03 2.00 1.92 1.90 ⟨V̂ ⟩ 0.92 0.74 0.93 1.10 1.19 1.29 1.36

TABLE II: Variational energies of the states of Table I in GeV. The mass is reported as M_θ+ (n; J^π_4 ) = ⟨T̂ ⟩ + ⟨V̂ ⟩ − 385.5(5) MeV. Statistical errors for M_θ+ are ≲ 5 MeV.

the quarks. Three flux tube topologies are displayed in Fig.(1). In the adiabatic approximation, the locations of the Y junctions are determined by the minimization of the flux tube length.

The states in Table I are obtained by coupling the flavor and spin states into irreps of S_4, (α)_{T S} , where T = 0, S = 0, 1 and (α) is the irrep, given by the Young diagram in the Table. Then couple color and orbital angular momentum sectors (β)_{CL}, where C = 3 and L = 0, 1. Finally, the flavor-spin (T S) and colororbital (CL) are coupled to give an overall singlet (1^4) ⊂ (α)_{T S} × (β)_{CL}. The possible combinations of inner products over spin, isospin, color, and orbital angular momentum are given schematically in Table I. There is one negative parity state, |1; 1^−⟩ and six positive parity states, |n = 1, · · · , 4; J^π_4 ⟩. The negative parity state |1; 1^−⟩ corresponds to the state of 4q with positive parity, π_4 = +1 with zero orbital angular momentum. The positive parity states, |n = 1, . . . , 4; J^+_4 ⟩ correspond to states of 4q with negative parity and include one unit of orbital angular momentum. We have chosen to neglect the state in which the strange antiquark carries one unit of orbital angular momentum in the present study. This is a prejudice based on diquark correlated wave functions [20]. Of course, it only contributes to the higher energy positive parity states but a more complete study should consider this type of wave function.

Now that we have the uncorrelated states, we consider the correlated state vector, |Ψ_5⟩ of Eq.(5). The determination of the ground state of the many-body Schrödinger equation can be formulated as a constrained variational problem. We wish to minimize ⟨Ĥ⟩ subject to the constraint that ⟨Ψ_5|Ψ_5⟩ remains constant. This problem simplifies greatly working within the ansatz of Eq.(5) but solution of the constrained variational problem now yields an upper bound on the ground state energy. The ansatz determines two-body equations for the F̂_{ij} which depend on the reduced mass, flavor, spin, color, and orbital angular momentum of the pair. Pair correlation operators for light quark pairs are denoted F̂^{(qq)}_{ij} , while light quark–strange quark pairs are F̂^{(qs)}_{ij} . For example, in the case of two light quarks which have total isospin T , color C, orbital angular momentum L, and choosing spin of the pair S = 0, the pair correlation operator satisfies − ℏ^2 2μ [ d^2 dr^2 − L(L + 1) r^2 ] F̂^{(qq)}_{ij} |T, S = 0, C⟩ + [v_{T 0C} (r) − λ_{T 0C} (r)] F̂^{(qq)}_{ij} |T, S = 0, C⟩ = 0. (8)

The pair potentials in Eq.(1) are projected into T SC channels, v̂^{g(π)}_{ij} (r)|T SC⟩ = v_{T SC} (r)|T SC⟩ and the functions λ_{T SC} (r) are generalizations of Euler-Lagrange parameters arising in the constrained variational problem. Their long distance form ensures that boundary conditions required of the many-body wave function are satisfied [30]. They include a small number (∼ 10) of variational parameters which are tuned to minimize the variational energy. In the case S = 1 the tensor interaction couples partial waves L to L ± 2 yielding coupled differential equations. The form of the F̂^{(qq)}_{ij} is chosen to be F̂^{(qq)}_{ij} = f^{(qq)}_c (r_{ij}) [ 1 + 12∑ p=2 u^{(qq)}_p (r_{ij})O^p_{ij} ] , (9)

{O^p_{ij} }^{12}_{p=1} = {11, σ_i · σ_j , S_{ij}} ⊗ {11, τ_i · τ_j} ⊗ {11, T_i · T_j }.

Here u^{(qq)}_p = f^{(qq)}_p /f^{(qq)}_c and the ∑ p includes hyperfine, σ_i · σ_j and tensor, S_{ij} operators and isospin, τ_i · τ_j and color dependent T_i ·T_j. The F̂^{(qs)}_{ij} have only confinement and one gluon terms.

The evaluation of expectation values of the variational wave function |Ψ_5⟩ are effected via Monte Carlo integration of the 15 dimensional space R = (r_1, . . ., r_5). A large number (∼ 10^5) of configurations are sampled from the weight function |Ψ^†_5(R)Ψ_5(R)|. Statistical errors are calculated by block averaging over ∼ 500 configurations [31]. Results for the variational energies of negative and positive parity states are shown in Table II. The mass of the state is reported as

M_θ+ (n; J^π_4 ) = 4m_q + m_s + ⟨T̂ ⟩ + ⟨V̂ ⟩ − V_0(4qq̄) (10)

FIG. 2: Radial diquark-diquark pair distributions in the state |1; 1^+⟩.

where ⟨T̂ ⟩ and ⟨V̂ ⟩ are the variational kinetic and potential energies, respectively, for each of the states in Table I and the states are designated by the symmetry index n, the total angular momentum of the four light quarks, and the parity π = −π_4 of the five-quark state J^π_4 . In reality, the true positive parity ground state is some admixture of the six positive parity states. However, the lowest energy state dominates since the states |n; J^π_4 ⟩ are orthonormal: applying the correlations as in Eq.(5) introduces off-diagonal elements which are O(u^{(qq)}_p , u^{(qs)}_p ), quite small. States with n ≠ 1 contribute ≲ 10%.

The constant V_0(4qq̄) is extrapolated from the single baryon spectrum. In the baryon sector the constant V_0(3q) is fixed by the nucleon mass m_N = 939 MeV to be 1312.6(5) MeV where the nucleon mass and statistical error were calculated in Monte Carlo with 10^5 configurations. We assume that V_0 scales linearly with the number of flux tube ends [18, 32], independent of the flavor of the associated quark. This gives for the combination 4m_q + m_s − V_0(4qq̄) the value −385.5(5) MeV for light quark mass m_q = 313 MeV and strange quark mass m_s = 550 MeV. One might take the perspective, as some authors have, that the constant should be fitted to the mass of the ostensible state θ^+. This would give a large value to the constant V_0(4qq̄)/5 = 570 MeV compared with the present value V_0(4qq̄)/5 = 440 MeV. Of course, our model neglects effects of chiral symmetry and cannot rule out such an effect. We note in this context that the present model Hamiltonian does not reproduce the correct chiral mass coefficients [33, 34], a discrepancy that is under current study and should be addressed in future work.

Comparison of the CQM with lattice results at large pion mass is meaningful since the effects of chiral symmetry are negligible. We note that the negative parity state |1; 1^−⟩ lies below the positive parity state |1; 1^+⟩, consistent with the lattice data in Refs.[25, 26]. This is true despite the fact that the positive parity state has much stronger attraction from OGE and OPE contributions, attributable to the high degree of symmetry of the T S state (see Table II). The ⟨V̂ ⟩ of the negative parity state is 180 MeV below the lowest positive parity state. Exciting one unit of orbital angular momentum on the other hand raises the kinetic energy significantly, about 450 MeV.

The diquark content of a state gives insight into its short-range structure. In Figure 2 we plot the diquarkdiquark (DD) pair density as a function of radius, for scalar-scalar (SS) ρ^{(SS)}_{DD} (r) and vector-vector (V V ) ρ^{(V V )}_{DD} (r) diquark configurations for the state |1; 1^+⟩. Attraction in the scalar diquark T = 0, S = 0, C = 3 SS channel favors this correlation as noted in Ref. [20]. It’s about 10 times larger than the V V correlation but only about 28% of the total strength of the state. Correlations have a large effect on this non-perturbative feature of the dynamics: the uncorrelated state Φ_5(1; 1^+) has equal parts SS and V V , constituting^1_3 of the total strength. Pair correlations induced by the operators F̂_{ij} in Eq.(5) therefore significantly increase the strength of the SS configurations to those of V V but slightly reduce the relative importance of these correlations in the overall wave function. The diquark-triquark correlation of Ref.[21] is orthogonal to the uncorrelated state |1; 1^+⟩ (it appears in states with n ≠ 1) and is strongly suppressed in the present calculation.

We have shown that within the non-relativistic flux tube CQM with OGE and OPE interactions the negative parity state is lower than the positive parity state by ∼ 280 MeV when the θ^+ is assumed to be a narrow resonance. Though the higher symmetry of the lowest lying positive parity state significantly decrease its potential energy, its unit excitation of orbital angular momentum raises the energy above that of the negative parity state. While diquark structures are a significant factor in determining energies of the states, the requisite overall antisymmetry of the light quark wave function and pair correlations imply that the majority of the wave function is described other quark-pair configurations.

The author would like to thank Jozef Dudek, Bob Wiringa, and Ross Young for helpful discussions. This work was supported by DOE contract DE-AC05- 84ER40150 Modification No. M175, under which the Southeastern Universities Research Association (SURA) operates the Thomas Jefferson National Accelerator Facility.

∗ Electronic address: mparis@jlab.org [1] B. S. Pudliner, V. R. Pandharipande, J. Carlson, and R. B. Wiringa, Phys. Rev. Lett. 74, 4396 (1995).

[2] T. Nakano et al. (LEPS), Phys. Rev. Lett. 91, 012002 (2003), hep-ex/0301020.

[3] J. Barth et al. (SAPHIR), Phys. Lett. B572, 127 (2003), hep-ex/0307083.

[4] S. Stepanyan et al. (CLAS), Phys. Rev. Lett. 91, 252001 (2003), hep-ex/0307018.

[5] V. Kubarovsky et al. (CLAS), Phys. Rev. Lett. 92, 032001 (2004), hep-ex/0311046.

[6] V. V. Barmin et al. (DIANA), Phys. Atom. Nucl. 66, 1715 (2003), hep-ex/0304040.

[7] M. Abdel-Bary et al. (COSY-TOF), Phys. Lett. B595, 127 (2004), hep-ex/0403011.

[8] A. E. Asratyan, A. G. Dolgolenko, and M. A. Kubantsev, Phys. Atom. Nucl. 67, 682 (2004), hep-ex/0309042.

[9] A. Airapetian et al. (HERMES), Phys. Lett. B585, 213 (2004), hep-ex/0312044.

[10] S. Chekanov et al. (ZEUS), Phys. Lett. B591, 7 (2004), hep-ex/0403051.

[11] C. Alt et al. (NA49), Phys. Rev. Lett. 92, 042003 (2004), hep-ex/0310014.

[12] P. Z. Aslanyan, V. N. Emelyanenko, and G. G.

Rikhkvitzkaya, Nucl. Phys. A755, 375 (2005), hepex/0403044.

[13] A. R. Dzierba, C. A. Meyer, and A. P. Szczepaniak, J.

Phys. Conf. Ser. 9, 192 (2005), hep-ex/0412077. [14] D. Strottman, Phys. Rev. D20, 748 (1979). [15] J. D. Weinstein and N. Isgur, Phys. Rev. Lett. 48, 659 (1982).

[16] M. Praszalowicz (1987), talk presented at the Cracow Workshop on Skyrmions and Anomalies, Mogilany, Poland, Feb 20-24, 1987.

[17] H. J. Lipkin, Phys. Lett. B195, 484 (1987). [18] J. Carlson and V. R. Pandharipande, Phys. Rev. D43, 1652 (1991).

[19] D. Diakonov, V. Petrov, and M. V. Polyakov, Z. Phys.

A359, 305 (1997), hep-ph/9703373.

[20] R. L. Jaffe and F. Wilczek, Phys. Rev. Lett. 91, 232003 (2003), hep-ph/0307341.

[21] M. Karliner and H. J. Lipkin, Phys. Lett. B575, 249 (2003), hep-ph/0402260.

[22] C. E. Carlson, C. D. Carone, H. J. Kwee, and V. Nazaryan, Phys. Lett. B573, 101 (2003), hepph/0307396.

[23] E. Hiyama, M. Kamimura, A. Hosaka, H. Toki, and M. Yahiro (2005), hep-ph/0507105.

[24] S. Eidelman et al. (Particle Data Group), Phys. Lett.

B592, 1 (2004).

[25] N. Mathur et al., Phys. Rev. D70, 074508 (2004), hepph/0406196.

[26] B. G. Lasscock et al., Phys. Rev. D72, 014502 (2005), hep-lat/0503008.

[27] M. Battaglieri, R. De Vita, V. Kubarovsky, and D. Weygand (CLAS) (2005), private communication.

[28] M. W. Paris, Ph.D. thesis, University of Illinois at Urbana-Champaign (2000).

[29] M. W. Paris and V. R. Pandharipande, Phys. Rev. C62, 015201 (2000), nucl-th/0002041.

[30] J. Lomnitz-Adler, V. R. Pandharipande, and R. A.

Smith, Nuc. Phys. A 361, 399 (1981).

[31] D. Lewart and V. Pandharipande, in Monte Carlo Methods in Theortical Physics,, edited by S. Caracciolo and A. Fabrocini (ETS Editrice, Pisa, 1991), pp. 1–33.

[32] N. Isgur and J. Paton, Phys. Rev. D31, 2910 (1985). [33] E. Jenkins, Nucl. Phys. B368, 190 (1992). [34] A. W. Thomas and G. Krein, Phys. Lett. B456, 5 (1999), nucl-th/9902013.