arXiv:nucl-th/0510075 v2 5 Dec 2005

Few-Body Systems 0, 1–22 (2005) Few-

Body

Systems

© by Springer-Verlag 2005 Printed in Austria

Sigma Terms of Light-Quark Hadrons

V. V. Flambaum,^{1,3} A. Höll,^2 P. Jaikumar,^2 C. D. Roberts^{2,4} and S. V. Wright^2

1 Argonne Fellow, Physics Division, Argonne National Laboratory, Argonne, IL 60439-4843, USA 2 Physics Division, Argonne National Laboratory, Argonne, IL 60439-4843, USA 3 School of Physics, University of New South Wales, Sydney 2052, Australia 4 Institut für Physik, Universität Rostock, D-18051 Rostock, Germany

Abstract. A calculation of the current-quark mass dependence of hadron masses can help in using observational data to place constraints on the variation of nature’s fundamental parameters. A hadron’s σ-term is a measure of this dependence. The connection between a hadron’s σ-term and the Feynman-Hellmann theorem is illustrated with an explicit calculation for the pion using a rainbow-ladder truncation of the Dyson-Schwinger equations: in the vicinity of the chiral limit σ_π = m_π/2. This truncation also provides a decent estimate of σ_ρ because the two dominant self-energy corrections to the ρ-meson’s mass largely cancel in their contribution to σ_ρ. The truncation is less accurate for the ω, however, because there is little to compete with an ω → ρπ self-energy contribution that magnifies the value of σ_ω by ≲ 25%. A Poincaré covariant Faddeev equation, which describes baryons as composites of confined-quarks and -nonpointlike-diquarks, is solved to obtain the currentquark mass dependence of the masses of the nucleon and Δ, and thereby σ_N and σ_Δ. This “quark-core” piece is augmented by the “pion cloud” contribution, which is positive. The analysis yields σ_N ≃ 60 MeV and σ_Δ ≃ 50 MeV.

1 Introduction

Chiral symmetry is explicitly broken in QCD by the current-quark mass term, which for the u- and d-quark sector is expressed in the action as ∫ d^4z Q̄(z) M Q(z) = ∫ d^4z (ū(z) d̄(z)) ( m_u 0 0 m_d ) ( u(z) d(z) ) (1) = ∫ d^4z { m̄ Q̄(z)τ^0Q(z) + Q̄(z)m̌τ^3Q(z) } , (2)

where: (τ^0)_{ij} = δ_{ij} and {τ^k; k = 1, 2, 3} are Pauli matrices; and m̄ = (m_u +m_d)/2 and m̌ = (m_u − m_d)/2. Empirical success with the application of chiral effective

2 Sigma Terms of Light-Quark Hadrons

theories to low-energy phenomena in QCD indicates that this term can often be treated as a perturbation. That simplification owes fundamentally to the phenomenon of dynamical chiral symmetry breaking (DCSB) in QCD; namely, the feature that the dressed-quark Schwinger function is nonperturbatively modified at infrared momenta: p ≲ 1 GeV. This is a longstanding prediction of Dyson- Schwinger equation (DSE) studies [1, 2, 3, 4, 5] that has recently been verified in numerical simulations of lattice-regularised QCD [6]. A quantitative comparison and feedback between DSE and lattice studies is currently proving fruitful; e.g., Refs. [7, 8, 9, 10, 11, 12, 13, 14, 15].

The σ-term for a hadron H is obtained from the isoscalar matrix element ⟨H(x)|m̄ J_σ(z)|H(y)⟩ , J_σ (z) = Q̄(z)τ^0Q(z) , (3) and simple counting of field dimensions entails that for mesons the scalar form factor associated with this matrix element has mass-dimension two, while for fermions it has mass-dimension one. For all hadrons the σ-term vanishes in the chiral limit. It is thus a keen probe of the impact of explicit chiral symmetry breaking on a hadron, in particular, as will be made plain below, on a hadron’s mass.

Such information is important for numerous reasons, some of longstanding [16], but our interest is prompted by its connection with the variation of nature’s fundamental parameters [17, 18, 19]. It is a feature anticipated of models for the unification of all interactions that the so-called fundamental “constants” actually exhibit spatial and temporal variation. In consequence there is an expanding search for this variation via laboratory, astronomical and geochemical measurements. An interpretation of some of these measurements can benefit from calculations of the current-quark mass dependence of the parameters characterising nuclear systems.

Of relevance herein are meson and baryon masses. A variation in light-meson masses will modify the internucleon potential, and a variation in the nucleon mass will affect the kinetic energy term in the nuclear Hamiltonian. Such changes could modify the binding energy in deuterium. That would have a material impact on Big Bang Nucleosynthesis (BBN) because the first step in BBN is the process p + n → d + γ. The rate of this process is crucially dependent on the binding energy of deuterium, and this reaction is the seed for all subsequent processes and therefore the primordial abundance of light elements. A calculation of the current-quark mass dependence of hadron properties is therefore necessary to enable the use of observational data to place constraints on the variation of nature’s constants [20].

A variation of meson and nucleon masses will also modify the position of compound resonances in heavy nuclei [21]. The position two-billion years ago of such a resonance in neutron capture by^{149}Sm has been determined using data from the Oklo natural nuclear reactor, with a non-zero shift reported cf. the present day [22]. The position of this resonance is very sensitive to the masses of mesons and the nucleon, and thus the Oklo data provide an acute method by which to measure the temporal rate of variation of nature’s basic parameters. Data on the position of nuclear resonances several billion years ago are also available from the

V. V. Flambaum, et al. 3

study of nuclear reactions in stars [21]. Moreover, the interpretation of numerous measurements of quasar absorption spectra and superprecise atomic clocks in terms of the variation of nature’s fundamental parameters also requires calculations of the quark-mass-dependence of meson and nucleon properties [21, 23, 24]. These observations emphasise the important role that the calculations reported herein can currently play in the interpretation of many measurements performed in several areas of physics and astronomy. In addition, a large number of new and more accurate measurements are soon expected to appear.

In Sect. 2 we focus on the σ-term for mesons, in particular, the π, ρ and ω. We present an explicit calculation of σ_π from the pion’s scalar form factor in the rainbow-ladder truncation of the DSEs. This is a useful means by which to exemplify the Feynman-Hellmann theorem in the context of QCD. In order to compute the σ-terms of the nucleon and Δ it is first necessary to have a tool with which to calculate the masses of these baryons. Hence, in Sect. 3 we recapitulate on a Poincaré covariant Faddeev equation that serves this purpose [25]. In Sect. 4 we describe how this equation is used to calculate the dressed-quark contribution to σ_N and σ_Δ, and how that result may be affected by meson-cloud corrections. Section 5 is an epilogue. It contains a tabulation of our “best estimates” for δm_H /m_H in terms of δm̄/m̄.

2 Mesons

We judge that it is useful to begin with an explicit calculation of σ_π from the pion’s scalar form factor, which is defined by a momentum space re-expression of Eq. (3):

s_π (Q^2) = ⟨π(P^′)|m̄ J_σ (Q)|π(P )⟩ , Q_μ = (P^′ − P )_μ . (4)

This three-point function arises, for example, in the analysis of ππ scattering, as explicated in Ref. [26].

In the rainbow-ladder truncation of QCD’s DSEs,

s_π (Q^2) = tr_{CDF} ∫ d^4ℓ (2π)^4

S(ℓ_{−1,} 1_2 ) m̄ Γ_τ 0 (ℓ_{−1,0}; Q) S(ℓ_{−1,−} 1_2 )

×Γ_π (ℓ_− 1_{2 ,0}; P^′) S(ℓ_{0,} 1_2 ) Γ_π(ℓ_− 1_{2 ,} 1_2 ; P ) , (5)

where the trace is over colour, flavour and spinor indices, and ℓ_{α,β} = ℓ + αP + βQ. The rainbow-ladder approximation is the first term in a nonperturbative, systematic and symmetry preserving DSE truncation scheme [27, 28]. This leading-order contribution preserves the one-loop renormalisation group properties of QCD, and has provided a uniformly accurate description and prediction of a wide range of meson properties [29]. (NB. We employ the Euclidean metric described in Appendix A: Euclidean Conventions.)

Equation (5) is fully renormalised. It contains the renormalised rainbowdressed quark propagator, which is the solution of

S(p)^{−1} = Z_2 (iγ · p + M^{bm}) + Σ(p) , (6)

Σ(p) = Z_1 ∫_Λ q g^2D_{μν} (p − q) λ^a 2 γ_μS(q) λ^a 2 γ_ν , (7)

4 Sigma Terms of Light-Quark Hadrons

wherein: ∫_Λ q represents a Poincaré invariant regularisation of the integral, with Λ the regularisation mass-scale; D_{μν} describes the interaction between light-quarks; and M^{bm} describes the Λ-dependent current-quark bare masses. The final step in any calculation is to take the limit Λ → ∞. The quark-gluon-vertex and quark wave function renormalisation constants, Z_{1,2}(ζ, Λ), depend on the gauge parameter, the renormalisation point, ζ, and the regularisation mass-scale, but they are independent of the current-quark mass. Equation (5) is supplemented by the renormalisation condition S(p)^{−1} | p^2=ζ^2 = iγ · p + M(ζ) , (8)

where M(ζ) describes the renormalised (running) current-quark masses:

Z_2(ζ, Λ) M^{bm}(Λ) = Z_4(ζ, Λ) M(ζ) , (9)

with Z_4(ζ, Λ) the Lagrangian-mass renormalisation constant.

Equation (5) contains in addition: the Bethe-Salpeter amplitude for the ladder-pion bound state, which is obtained from

Γ_π (k; P ) = − ∫_Λ q g^2D_{μν} (k − q) λ^a 2 γ_μS(q_+))Γ_π(q; P )S(q_−) λ^a 2 γ_ν , (10)

with q_± = q ± P/2, and normalised canonically

2P_μ = tr_{CDF} ∫_Λ q Γ_π (q; −P ) ∂ ∂P_μ S(q + P/2)Γ_π(q; P )S(q − P/2) + tr_{CDF} ∫_Λ q Γ_π (q; −P )S(q + P/2)Γ_π(q; P ) ∂ ∂P_μ S(q − P/2); (11)

and the isoscalar vertex

Γ_τ 0 (ℓ; Q) = Z_4(ζ, Λ)τ^0 + ∫_Λ q g^2D_{μν} (ℓ − q) λ^a 2 γ_μS(q_+) Γ_τ 0 (ℓ; Q)S(q_−) λ^a 2 γ_ν . (12)

NB. Although the isoscalar vertex Γ_τ 0 (ℓ; Q) depends on the renormalisation point, the product m̄(ζ) Γ_τ 0 (ℓ; Q) is renormalisation-point-independent.

The pion σ-term is defined via

2 m_π σ_π := s_π (Q^2 = 0) (13) = tr_{CDF} ∫ d^4ℓ (2π)^4

S(ℓ_{−1,0}) m̄ Γ_τ 0 (ℓ_{−1,0}; 0) S(ℓ_{−1,0})

×Γ_π (ℓ_− 1_{2 ,0}; −P ) S(ℓ) Γ_π(ℓ_− 1_{2 ,0}; P ) . (14)

Equation (14) can be simplified using a textbook result; viz., ∂ ∂m̄(ζ) S(k) = − S(k) Γ_τ 0 (k; 0) S(k) , (15)

V. V. Flambaum, et al. 5

and hence

2 m_π σ_π = − m̄(ζ) tr_{CDF} ∫ d^4ℓ (2π)^4 ∂S(ℓ_{−1,0}) ∂m̄(ζ) Γ_π (ℓ_− 1_{2 ,0}; −P ) S(ℓ) Γ_π(ℓ_− 1_{2 ,0}; P ) = − m̄(ζ) ∂P_μ ∂m̄(ζ) tr_{CDF} ∫ d^4ℓ (2π)^4 ∂S(ℓ_{−1,0}) ∂P_μ Γ_π (ℓ_− 1_{2 ,0}; −P ) S(ℓ) Γ_π(ℓ_− 1_{2 ,0}; P ) = − m̄(ζ) ∂P^2 ∂m̄(ζ) = m̄(ζ) ∂m^2_π ∂m̄(ζ) , where the last line follows from Eq. (11), so that

σ_π = m̄(ζ) ∂m_π ∂m̄(ζ) . (16)

We emphasise that in arriving at Eq. (16) we have depended heavily upon the fact that the rainbow-ladder expression is the leading term in a systematic, nonperturbative and symmetry preserving truncation of the DSEs [10, 27, 28]. The derivation provides a concrete illustration of a general result that may be viewed as a consequence of the Feynman-Hellmann theorem. Applied in the present case, this theorem states that the response of an eigenvalue of the QCD mass-squared operator to a change in a parameter in that operator is given by the expectation value of the derivative of the mass-squared operator with respect to the parameter. The result is valid in this form for all mesons; i.e.,

2 m_M σ_M := s_M (0) = m̄(ζ) ∂m^2_M ∂m̄(ζ) ⇒ σ_M = m̄(ζ) ∂m_M ∂m̄(ζ) . (17)

NB. The σ-term is a renormalisation point invariant, in general and also in our explicit calculation.

In QCD the pion’s mass is expressed precisely via [30]:

m^2_π = − 2 m̄(ζ) ρ_π(ζ) f_π . (18)

In this expression, f_π is the pion’s leptonic decay constant:

f_π δ^{ij} P_μ = Z_2(ζ, Λ) tr ∫_Λ q 1 2 τ^iγ_5γ_μ S(q_+)Γ^j_π (q; P )S(q_−) ; (19)

and ρ_π is the residue of the pion pole in the dressed-quark-antiquark-pseudoscalar vertex:^1

iρ_π(ζ) δ^{ij} = Z_4(ζ, Λ) tr ∫_Λ q 1 2 τ^iγ_5 S(q_+)Γ^j_π (q; P )S(q_−) . (20)

1NB. The factor of Z2 (ζ, Λ) in Eq. (19) guarantees that the right-hand-side (r.h.s.) is gauge invariant, independent of the renormalisation point and finite in the limit Λ → ∞; and Z4(ζ, Λ) in Eq. (20) ensures that the r.h.s. is gauge invariant, finite when the regularisation scale is removed, and evolves according to the renormalisation group precisely as required to guarantee that the product m̄(ζ)ρπ(ζ) is renormalisation point independent.

6 Sigma Terms of Light-Quark Hadrons

Additional information may now be obtained from Eq. (16) by substituting Eq. (18). In the neighbourhood of the chiral limit [30]

ρ_π(ζ)^{m∼0}= − ⟨q̄q⟩^0_ζ f^0_π

, (21)

where ⟨q̄q⟩^0_ζ is the vacuum quark condensate and f^0_π is the chiral limit value of the leptonic decay constant, and hence

2 m_π σ_π^{m̄∼0}= −2 m̄(ζ) ⟨q̄q⟩^0_ζ (f^0_π )^2 ⇒ σ_π^{m̄∼0}= 1 2 m_π . (22)

This is an essential consequence of DCSB.

With typical, calculated chiral limit values of [29]: f^0_π = 0.088 GeV and ⟨q̄q⟩^0_{ζ=1 GeV} = (− 0.241 GeV)^3, and a current-quark mass m(ζ = 1 GeV) = 0.0055 GeV, one estimates from Eq. (22)

σ_π = 0.95 √ m(ζ = 1 GeV) = 0.071 GeV . (23)

On the other hand, the value obtained via direct calculation in rainbow-ladder truncation can be determined from the information provided in Refs. [31, 32, 33] using Eq. (16); namely, σ^{RL}_π = 0.069 GeV. (24)

It is useful and relevant to compare the pion σ-term with that obtained for the ρ-meson, and one may infer the rainbow-ladder truncation result from Refs. [32, 33]; viz.,

2 m_ρ σ^{RL}_ρ = s^{RL}_ρ (0) = (0.194 GeV)^2 ⇒ σ^{RL}_ρ = 0.025 GeV . (25)

Since the ρ-meson is unstable it is natural to ask whether meson-loop selfenergy corrections alter this result significantly. It was shown in Ref. [34] that the ρ → ππ and ρ → ωπ self-energy insertions, Π^{ππ}_ρ and Π^{ωπ}_ρ respectively, provide the largest shift in the mass of the ρ-meson. Hence, we focus on the contribution of these terms to σ_ρ and estimate their effect by adapting the approach of Ref. [35], which gives formulae for Π^{ππ}_ρ and Π^{ωπ}_ρ that can be used to calculate their m^2_π-dependence. For all values of m_π, both Π^{ππ}_ρ < 0 and Π^{ωπ}_ρ < 0; viz., they both act to reduce m^2_ρ. However, since the ρ → ππ decay channel is open in the vicinity of the experimental value of m_π, we find

0 < m^2_π ∂Π^{ωπ}_ρ ∂m^2_π | | |_{(m2π )expt.}= (0.056 GeV)^2 ≲ − m^2π ∂Π^{ππ}_ρ ∂m^2_π | | |_{(m2π )expt.}= (0.090 GeV)^2 . (26) Hence the contributions to σ_ρ from these self-energy insertions cancel each other to a large degree, and one obtains 2 m_ρ σ^{RL+ππ+ωπ} ρ = (0.181 GeV)^2 ⇒ σ^{RL+ππ+ωπ}_ρ = 0.022 GeV . (27)

This suggests that in connection with σ_ρ the effect of meson-loop contributions is moderate; i.e., ≲ 15 %, so that the rainbow-ladder truncation yields a fairly good

V. V. Flambaum, et al. 7

estimate. It is thus noteworthy that with the interaction employed in Ref. [32] the rainbow-ladder truncation yields, via the formulae presented in Ref. [33],

σ^{RL}_ρ = 0.034 m^{RL}_ρ . (28)

At this point we have sufficient information to estimate the ω-meson’s σterm. In the case of isospin symmetry, the ω- and ρ-mesons are indistinguishable in rainbow-ladder truncation [36] and hence

σ^{RL}_ω = σ^{RL}_ρ . (29)

However, the states differ in the nature of their self-energy corrections. In contrast with the ρ-meson, the ω → ππ coupling vanishes. This leaves only the ω → ρπ self-energy, and in the isosymmetric limit^2

Π^{ρπ}_ω = 3 Π^{ωπ}_ρ . (30)

From this and Eq. (26) 2 m_ω σ^{RL+ρπ} ω = (0.217 GeV)^2 ⇒ σ^{RL+ρπ}_ω = 0.032 GeV = 0.043 m_ω , (31)

which is an increase of ≲ 25% over the rainbow-ladder result. The marked difference between the values in Eqs. (28) and (31), and that in Eq. (22) highlights again the particular character of QCD’s Goldstone mode.

3 Baryons

In a consideration of Eq. (3) and the σ-term for fermions, the analogue of Eq. (17) is σ_F := s_F (0) = m̄(ζ) ∂M_F ∂m̄(ζ) . (32)

This is apparent in the context of the Feynman-Hellmann theorem because fermion fields have mass-dimension 3/2 and their spectrum is described by a mass operator, not a mass-squared operator. The σ-terms of the nucleon and Δ can thus be determined in any framework that provides for a calculation of the current-quark-mass dependence of M_N and M_Δ. We will use the Poincaré covariant Faddeev equation model described in Refs. [25].

3.1 Faddeev Equation

In order to explain the input it is useful to recapitulate on the model’s foundation. For quarks in the fundamental representation of colour-SU(3):

3_c ⊗ 3_c ⊗ 3_c = (¯3_c ⊕ 6_c) ⊗ 3_c = 1_c ⊕ 8^′_c ⊕ 8_c ⊕ 10_c , (33)

and hence any two quarks in a colour-singlet three-quark bound state must constitute a relative colour-antitriplet. This fact enables the derivation of a Faddeev

2NB. The ω → πππ contribution is negligible [37] and no other strong decay channels are open. The signs are incorrect in Eqs. (2.11) and (3.4) of Ref. [37].

8 Sigma Terms of Light-Quark Hadrons

equation for the bound state contribution to the three quark scattering kernel [38] because the same kernel that describes mesons so well [29] is also attractive for quark-quark scattering in the colour-¯3 channel.

In this truncation of the three-body problem the interactions between two selected quarks are added to yield a quark-quark scattering matrix, which is then approximated as a sum over all possible diquark pseudoparticle terms [39]: Diracscalar + -axial-vector +[. . .]. The Faddeev equation thus obtained describes the baryon as a composite of a dressed-quark and nonpointlike diquark with an iterated exchange of roles between the bystander and diquark-participant quarks. The baryon is consequently represented by a Faddeev amplitude:

Ψ = Ψ_1 + Ψ_2 + Ψ_3 , (34)

where the subscript identifies the bystander quark and, e.g., Ψ_{1,2} are obtained from Ψ_3 by a correlated, cyclic permutation of all the quark labels.

3.2 Ansätze for the Nucleon and Δ

We employ the simplest realistic representation of the Faddeev amplitudes for the nucleon and Δ. The spin- and isospin-1/2 nucleon is a sum of scalar and axial-vector diquark correlations:

Ψ_3(p_i, α_i, τ_i) = N^{0+}_3 + N^{1+}_3 , (35)

with (p_i, α_i, τ_i) the momentum, spin and isospin labels of the quarks constituting the bound state, and P = p_1 + p_2 + p_3 the system’s total momentum.^3 Since it is not possible to combine an isospin-0 diquark with an isospin-1/2 quark to obtain isospin-3/2, the spin- and isospin-3/2 Δ contains only an axial-vector diquark component Ψ^Δ_3 (p_i, α_i, τ_i) = D^{1+}_3 . (36)

The scalar diquark piece in Eq. (35) is

N^{0+}_3 (p_i, α_i, τ_i) = [Γ^{0+} ( 12 p_{[12]}; K)]^{τ1τ2}_{α1α2} Δ^{0+} (K) [S(ℓ; P )u(P )]^{τ3}_{α3} , (37)

where: the spinor satisfies (recall Appendix A: Euclidean Conventions)

(iγ · P + M) u(P ) = 0 = ū(P ) (iγ · P + M) , (38)

with M the mass obtained by solving the Faddeev equation, and it is also a spinor in isospin space with φ_+ = col(1, 0) for the proton and φ_− = col(0, 1) for the neutron; K = p_1 + p_2 =: p_{{12}}, p_{[12]} = p_1 − p_2, ℓ := (−p_{{12}} + 2p_3)/3; Δ^{0+} is a pseudoparticle propagator for the scalar diquark formed from quarks 1 and 2, and Γ^{0+} is a Bethe-Salpeter-like amplitude describing their relative momentum correlation; and S, a 4×4 Dirac matrix, describes the relative quarkdiquark momentum correlation. (S, Γ^{0+} and Δ^{0+} are discussed in Sect. 3.3.) The

3NB. Hereafter we assume isospin symmetry of the strong interaction; i.e., the u- and d-quarks are indistinguishable but for their electric charge. This simplifies the form of the Faddeev amplitudes.

V. V. Flambaum, et al. 9

colour antisymmetry of Ψ_3 is implicit in Γ^{J P}, with the Levi-Civita tensor, ϵ_{c1 c2c3} , expressed via the antisymmetric Gell-Mann matrices; viz., defining

{H^1 = iλ^7, H^2 = −iλ^5, H^3 = iλ^2} , (39)

then ϵ_{c1 c2 c3} = (H^{c3} )_{c1c2} . [See Eqs. (66), (67).]

The axial-vector component in Eq. (35) is

N^{1+} (p_i, α_i, τ_i) = [t^i Γ^{1+}_μ ( 12 p_{[12]}; K)]^{τ1τ2}_{α1α2} Δ^{1+}_{μν} (K) [A^i_ν(ℓ; P )u(P )]^{τ3}_{α3} , (40)

where the symmetric isospin-triplet matrices are

t^+ = 1 √ 2 (τ^0 + τ^3) , t^0 = τ^1 , t^− = 1 √ 2 (τ^0 − τ^3) , (41)

and the other elements in Eq. (40) are straightforward generalisations of those in Eq. (37).

The general form of the Faddeev amplitude for the spin- and isospin-3/2 Δ is complicated. However, isospin symmetry means one can focus on the Δ^{++} with it’s simple flavour structure, because all the charge states are degenerate, and consider

D^{1+}_3 = [t^+Γ^{1+}_μ ( 12 p_{[12]}; K)]^{τ1τ2}_{α1α2} Δ^{1+}_{μν} (K) [D_{νρ}(ℓ; P )u_ρ(P ) φ_+]^{τ3}_{α3} , (42)

where u_ρ(P ) is a Rarita-Schwinger spinor, Eq. (A.10).

The general forms of the matrices S(ℓ; P ), A^i_ν (ℓ; P ) and D_{νρ}(ℓ; P ), which describe the momentum space correlation between the quark and diquark in the nucleon and the Δ, respectively, are described in Ref. [40]. The requirement that S(ℓ; P ) represent a positive energy nucleon; namely, that it be an eigenfunction of Λ_+(P ), Eq. (A.7), entails

S(ℓ; P ) = s_1(ℓ; P ) I_D + ( iγ · ℓ̂ − ℓ̂ · P̂ I_D ) s_2(ℓ; P ) , (43)

where (I_D)_{rs} = δ_{rs}, ℓ̂^2 = 1, P̂^2 = −1. In the nucleon rest frame, s_{1,2} describe, respectively, the upper, lower component of the bound-state nucleon’s spinor. Placing the same constraint on the axial-vector component, one has

A^i_ν (ℓ; P ) = 6∑ n=1 p^i_n(ℓ; P ) γ_5 A^n_ν (ℓ; P ) , i = +, 0, − , (44)

where (ℓ̂^⊥_ν = ℓ̂_ν + ℓ̂ · P̂ P̂_ν , γ^⊥_ν = γ_ν + γ · P̂ P̂_ν )

A^1_ν = γ · ℓ̂^⊥ P̂_ν , A^2_ν = −iP̂_ν , A^3_ν = γ · ℓ̂^⊥ ℓ̂^⊥ , A^4_ν = i ℓ̂^⊥_μ , A^5_ν = γ^⊥_ν − A^3_ν , A^6_ν = iγ^⊥_ν γ · ℓ̂^⊥ − A^4_ν .

(45)

Finally, requiring also that D_{νρ}(ℓ; P ) be an eigenfunction of Λ_+(P ), one obtains

D_{νρ}(ℓ; P ) = S^Δ(ℓ; P ) δ_{νρ} + γ_5A^Δ_ν (ℓ; P ) ℓ^⊥_ρ , (46)

10 Sigma Terms of Light-Quark Hadrons

with S^Δ and A^Δ_ν given by obvious analogues of Eqs. (43) and (44), respectively.

One can now write the Faddeev equation satisfied by Ψ_3 as [ S(k; P ) u(P ) A^i_μ(k; P ) u(P ) ] = − 4 ∫ d^4ℓ (2π)^4 M(k, ℓ; P ) [ S(ℓ; P ) u(P ) A^j_ν (ℓ; P ) u(P ) ] . (47)

The kernel in Eq. (47) is

M(k, ℓ; P ) = [ M_{00} (M_{01})^j_ν (M_{10})^i_μ (M_{11})^{ij}_{μν} ] (48)

with

M_{00} = Γ^{0+}(k_q − ℓ_{qq}/2; ℓ_{qq}) S^T(ℓ_{qq} − k_q) Γ̄^{0+}(ℓ_q − k_{qq}/2; −k_{qq}) S(ℓ_q) Δ^{0+} (ℓ_{qq}) , (49) where: ℓ_q = ℓ + P/3, k_q = k + P/3, ℓ_{qq} = −ℓ + 2P/3, k_{qq} = −k + 2P/3 and the superscript “T” denotes matrix transpose; and

(M_{01})^j_ν = t^j Γ^{1+}_μ (k_q − ℓ_{qq}/2; ℓ_{qq})

×S^T(ℓ_{qq} − k_q) Γ̄^{0+}(ℓ_q − k_{qq}/2; −k_{qq}) S(ℓ_q) Δ^{1+}_{μν} (ℓ_{qq}) , (50) (M_{10})^i_μ = Γ^{0+}(k_q − ℓ_{qq}/2; ℓ_{qq})

×S^T(ℓ_{qq} − k_q) t^i Γ̄^{1+}_μ (ℓ_q − k_{qq}/2; −k_{qq}) S(ℓ_q) Δ^{0+} (ℓ_{qq}) , (51) (M_{11})^{ij}_{μν} = t^j Γ^{1+}_ρ (k_q − ℓ_{qq}/2; ℓ_{qq})

× S^T(ℓ_{qq} − k_q) t^i Γ̄^{1+}_μ (ℓ_q − k_{qq}/2; −k_{qq}) S(ℓ_q) Δ^{1+}_{ρν} (ℓ_{qq}) . (52)

The Δ’s Faddeev equation is

D_{λρ}(k; P ) u_ρ(P ) = 4 ∫ d^4ℓ (2π)^4

M^Δ_{λμ}(k, ℓ; P ) D_{μσ}(ℓ; P ) u_σ(P ) , (53)

with

M^Δ_{λμ} = t^+Γ^{1+}_σ (k_q −ℓ_{qq} /2; ℓ_{qq}) S^T(ℓ_{qq} −k_q) t^+Γ̄^{1+}_λ (ℓ_q −k_{qq}/2; −k_{qq}) S(ℓ_q) Δ^{1+}_{σμ}(ℓ_{qq}). (54)

3.3 Completing the Faddeev Equation Kernels To complete the Faddeev equations, Eqs. (47) & (53), one must specify the dressed-quark propagator, the diquark Bethe-Salpeter amplitudes and the diquark propagators that appear in the kernels.

3.3.1 Dressed-quark propagator The dressed-quark propagator has the general form

S(p) = −iγ · p σ_V (p^2) + σ_S (p^2) = 1/[iγ · p A(p^2) + B(p^2)] (55)

V. V. Flambaum, et al. 11

and can be obtained from QCD’s gap equation, the rainbow-ladder truncation of which is given in Eq. (6). It is a longstanding prediction of DSE studies in QCD that the wave function renormalisation and dressed-quark mass:

Z(p^2) = 1/A(p^2) , M(p^2) = B(p^2)/A(p^2) , (56)

respectively, receive strong momentum-dependent corrections at infrared momenta [1, 2, 3]: Z(p^2) is suppressed and M(p^2) enhanced. The enhancement of M(p^2) is central to the appearance of a constituent-quark mass-scale and an existential prerequisite for Goldstone modes. The mass function evolves with increasing p^2 to reproduce the asymptotic behaviour familiar from perturbative analyses, and that behaviour is unambiguously evident for p^2 ≳ 10 GeV^2 [41, 42].

The impact of this infrared dressing on hadron phenomena has long been emphasised [43] and, while numerical solutions of the quark DSE are now readily obtained, the utility of an algebraic form for S(p) when calculations require the evaluation of numerous multidimensional integrals is self-evident. An efficacious parametrisation of S(p), which exhibits the features described above, has been used extensively in hadron studies [4, 5, 29]. It is expressed via

σ̄_S (x) = 2 m̄ F(2(x + m̄^2)) + F(b_1x) F(b_3x) [b_0 + b_2F(ϵx)] , (57)

σ̄_V (x) = 1 x + m̄^2 [ 1 − F(2(x + m̄^2)) ] , (58)

with x = p^2/λ^2, m̄ = m/λ, F(x) = 1 − e^{−x} x , (59)

σ̄_S (x) = λ σ_S(p^2) and σ̄_V (x) = λ^2 σ_V (p^2). The mass-scale, λ = 0.566 GeV, and parameter values^4

m̄ b_0 b_1 b_2 b_3 0.00897 0.131 2.90 0.603 0.185

, (60)

were fixed in a least-squares fit to light-meson observables [44, 45]. The dimensionless u = d current-quark mass in Eq. (60) corresponds to

m = 5.08 MeV . (61)

The parametrisation yields a Euclidean constituent-quark mass

M^E_{u,d} = 0.33 GeV, (62)

defined as the solution of p^2 = M^2(p^2) [31]. Since the dressed-quark mass function is a renormalisation point invariant then so is M^E . Hence, one may define a constituent-quark σ-term

σ_Q := m(ζ) ∂M^E ∂m(ζ) = 6.2 MeV (63)

4ϵ = 10^{−4} in Eq. (57) acts only to decouple the large- and intermediate-p^2 domains.

12 Sigma Terms of Light-Quark Hadrons

for the parametrisation we have just described. NB. With the model interaction of Ref. [32], Eq. (6) gives σ_Q = 9.4 MeV in rainbow-ladder truncation; and that of Ref. [10] gives σ_Q ∼ 8 - 9 MeV, depending on the Ansatz for the quark-gluon vertex, with the lower value corresponding to rainbow-ladder truncation. It is thus likely that the parametrisation of S(p) employed herein underestimates σ_Q, owing to the implicit assumption that b_{0,1,2,3} are m-independent.

3.3.2 Diquark Bethe-Salpeter amplitudes

The rainbow-ladder DSE truncation yields asymptotic diquark states in the strong interaction spectrum. Such states are not observed and their appearance is an artefact of the truncation. Higher order terms in the quark-quark scattering kernel, whose analogue in the quark-antiquark channel do not much affect the properties of vector and flavour non-singlet pseudoscalar mesons, ensure that QCD’s quark-quark scattering matrix does not exhibit singularities which correspond to asymptotic diquark states [10]. Nevertheless, studies with kernels that do not produce diquark bound states, do support a physical interpretation of the masses, m_{(qq)JP} , obtained using the rainbow-ladder truncation: the quantity l_{(qq)JP} = 1/m_{(qq)JP} may be interpreted as a range over which the diquark correlation can persist inside a baryon. These observations motivate the Ansatz for the quark-quark scattering matrix that is employed in deriving the Faddeev equation: [M_{qq}(k, q; K)]^{tu}_{rs} = ∑ J^P =0^+ ,1^+,...

Γ̄^{J P}(k; −K) Δ^{J P}(K) Γ^{J P}(q; K) . (64)

One practical means of specifying the Γ^{J P} in Eq. (64) is to employ the solutions of a rainbow-ladder quark-quark Bethe-Salpeter equation (BSE). Using the properties of the Gell-Mann matrices one finds easily that Γ^{J P}_C := Γ^{J P} C^† satisfies exactly the same equation as the J^{−P} colour-singlet meson but for a halving of the coupling strength [46]. This makes clear that the interaction in the ¯3_c (qq) channel is strong and attractive. For the correlations relevant herein, models typically give masses (in GeV) [47, 48]:

m_{(ud)0+} = 0.74 − 0.82 , m_{(uu)1+} = m_{(ud)1+} = m_{(dd)1+} = 0.95 − 1.02 . (65)

Such values are confirmed by results obtained in simulations of quenched lattice- QCD [49].

A solution of the BSE equation requires a simultaneous solution of the quark- DSE [48]. However, since we have already chosen to simplify the calculations by parametrising S(p), we also employ that expedient with Γ^{J P}, using the following one-parameter forms:

Γ^{0+} (k; K) = 1 N^{0+}

H^a Ciγ_5 iτ_2 F(k^2/ω^2_0+ ) , (66)

t^iΓ^{1+}_μ (k; K) = 1 N^{1+}

H^a iγ_μC t^i F(k^2/ω^2_1+ ) , (67)

with the normalisation, N^{J P}, fixed by an appropriate analogue of Eq. (11) [25]. These Ansätze retain only that single Dirac-amplitude which would represent a

V. V. Flambaum, et al. 13

point particle with the given quantum numbers in a local Lagrangian density: they are usually the dominant amplitudes in a solution of the rainbow-ladder BSE for the lowest mass J^P diquarks [47, 48] and mesons [31, 32, 50].

3.3.3 Diquark propagators

Solving for the quark-quark scattering matrix using the rainbow-ladder truncation yields free particle propagators for Δ^{J P} in Eq. (64). As already noted, however, higher order contributions remedy that defect, eliminating asymptotic diquark states from the spectrum. The attendant modification of Δ^{J P} can be modelled efficiently by simple functions that are free-particle-like at spacelike momenta but pole-free on the timelike axis [10]; namely,^5

Δ^{0+} (K) = 1 m^2_{0+}

F(K^2/ω^2_0+ ) , (68)

Δ^{1+}_{μν} (K) = ( δ_{μν} + K_μK_ν m^2_{1+} ) 1 m^2_{1+}

F(K^2/ω^2_1+ ) , (69)

where the two parameters m_J P are diquark pseudoparticle masses and ω_J P are widths characterising Γ^{J P}. Herein we require additionally that d dK^2 ( 1 m^2_{J P} F(K^2/ω^2_J P ) )_{−1}| | | K^2 =0

= 1 ⇒ ω^2_J P = 12 m^2_J P , (70)

which is a normalisation that accentuates the free-particle-like propagation characteristics of the diquarks within the hadron.

3.4 Nucleon and Δ Masses

All elements of the Faddeev equations, Eqs. (47) & (53), are now completely specified. We solve the equations via the method described in Ref. [55]. Owing to Eq. (70), the masses of the scalar and axial-vector diquarks are the only variable parameters. The axial-vector mass is chosen so as to obtain a desired mass for the Δ, and the scalar mass is subsequently set by requiring a particular nucleon mass.

Two primary parameter sets are presented in Table 1. Set A is obtained by requiring a precise fit to the experimental nucleon and Δ masses. It has long been known that this is possible; e.g., Ref. [40] reports octet and decuplet baryon masses in which the rms deviation between the calculated mass and experiment is only 2%. However, it is also known that such an outcome is undesirable because, e.g., studies using the cloudy bag model [56] indicate that the nucleon’s mass is reduced by as much as δM_N = −300 to −400 MeV through pion self-energy corrections [57]. Furthermore, a perturbative study, using the Faddeev equation, of the mass shift induced by pion exchange between the quark and diquark

5These forms satisfy a sufficient condition for confinement because of the associated violation of reflection positivity. This notion may be traced from Refs. [51, 52, 53, 54] and is reviewed in Refs. [3, 4, 5].

14 Sigma Terms of Light-Quark Hadrons

Table 1. Mass-scale parameters (in GeV) for the scalar and axial-vector diquark correlations, fixed by fitting nucleon and Δ masses: Set A provides a fit to the actual masses; whereas Set B provides masses that are offset to allow for “pion cloud” contributions [59]. We also list ω_JP = 1 √ 2 m_JP , which is the width-parameter in the (qq)_JP Bethe-Salpeter amplitude,

Eqs. (66) & (67): its inverse is an indication of the diquark’s matter radius. Sets A^∗ and B^∗ illustrate effects of omitting the axial-vector diquark correlation: the Δ cannot be formed and MN is significantly increased. It is thus plain that the axial-vector diquark provides significant attraction in the Faddeev equation’s kernel.

set M_N M_Δ m_0+ m_1+ ω_0+ ω_1+ A 0.94 1.23 0.63 0.84 0.44=1/(0.45fm) 0.59=1/(0.33fm) B 1.18 1.33 0.79 0.89 0.56=1/(0.35fm) 0.63=1/(0.31fm) A^∗ 1.15 0.63 0.44=1/(0.45fm) B^∗ 1.46 0.79 0.56=1/(0.35fm)

constituents of the nucleon obtains δM_N = −150 to −300 MeV [58]. This leads to Set B, which was obtained by fitting to nucleon and Δ masses that are inflated so as to allow for the additional attractive contribution from the pion cloud [59].

4 Nucleon and Δ σ-terms

4.1 Analysis

In order to calculate σ_{N,Δ} in the framework we have outlined it is necessary to know the variation with current-quark mass of the elements described in Sects. 3.3.1–3.3.3. That is straightforward for the dressed-quark described in Sect. 3.3.1 so long as we assume that the explicit m-dependence is dominant in the neighbourhood of the physical current-quark mass. As we saw in connection with Eq. (63), this assumption may underestimate the m-dependence.

The diquark propagators in Sect. 3.3.3 each involve a single mass-scale, and the response of the nucleon and Δ masses to changes in these mass-scales is much as one would expect if m_0+ & m_1+ were true diquark masses. This is apparent in Table 1. For example, in changing from Set A to B, M_N increases by 240 MeV when (m_0+ + m_1+ ) is raised by 210 MeV; and the increase of m_1+ by 50 MeV raises M_Δ by 100 MeV. This is an appealing feature of the model.

However, the connection should not be viewed as trivial because, in addition, these mass-scale parameters appear in the diquark Bethe-Salpeter amplitudes described in Sect. 3.3.2. These amplitudes constitute the final element in the Faddeev equation kernel. In principle their pointwise form will evolve with the current-quark mass and in our model, owing to Eq. (70), that is effected through an explicit dependence on the mass-scale characterising the appropriate diquark’s propagator. This entails that the momentum-space width grows with increasing diquark mass-scale, a property which is consistent with the Bethe-Salpeter equation studies of Ref. [31]. It follows that the normalisation factor in Eqs. (66) and (67) becomes larger with increasing diquark mass. That leads to a reduction

V. V. Flambaum, et al. 15

in the quark-quark ↔ diquark transition probability amplitude and thereby a decrease in the amount of attraction in the Faddeev equation’s kernel. This explains why, in changing from Set A to B, M_N and M_Δ rise by more than just the increase in the diquark masses.

Diquark masses can unambiguously be defined and calculated in rainbowladder truncation, and that calculation would provide the variation of m_0+ and m_1+ with current-quark mass; viz., an estimate of the diquark σ-terms σ_0+ and σ_1+ . Although a realistic calculation of m_0+ and m_1+ is available [48], the evolution of these masses with current-quark mass is not. We have therefore studied this problem using the algebraic model of Ref. [60], which gives (in MeV)

σ_0+ = 21 ≳ σ_1+ = 20 ≳ σ_ρ = 17 ; (71)

i.e., an evolution with current-quark mass of a diquark’s mass which is similar to that of the ρ-meson. This being the case, we proceed by supposing that the current-quark mass dependence of m_0+ and m_1+ is well approximated by that of the ρ-meson; namely, we adapt the fit of Ref. [33] as follows:

m_0+ (m) = m^0+ + √ c_0m + c_1m , (72) m_1+ (m) = m^0_1+ + √ c_0m + c_1m , (73)

with c_0 = 0.195 GeV, c_1 = 1.90, and (in GeV)

Set A Set B m^0_+ 0.59 0.75 m^0_{1+} 0.80 0.85

(74)

This assumption, too, will likely bias our calculation toward an underestimate of σ_N and σ_Δ.

Now that the response of the Faddeev equation’s kernel to changes in the current-quark mass has been elucidated, the calculation of σ_N and σ_Δ is straightforward. It is only necessary to evaluate M_N and M_Δ on a small domain of current-quark mass, centred on the physical value, Eq. (61); viz., 4.5 < m (MeV) < 5.5, and interpolate. The σ-terms follow from Eq. (32) and our results are presented in Table 2. It is notable that so long as Eq. (71) is valid, σ_N ≳ σ_Δ.

With the kernel we have employed, the Faddeev amplitudes describe a baryon’s dressed-quark core. Differences between the amplitudes obtained with Set A and Set B are exposed in calculations of the nucleons’ electromagnetic form factors [25]. It is apparent in Table 2 that the values of the σ-terms are almost independent of whether Set A or Set B is used. For the nucleon, the value is influenced much more by whether, or not, the axial-vector diquark is retained. It is thus evident that σ_N and σ_Δ are primarily determined by the evolution of the constituents’ masses with current-quark mass, and that the pointwise response of the Faddeev amplitude affects the results very little. In this connection we observe that the σ-term is the Q^2 = 0 value of a form factor and hence is determined by global rather than local properties of the distribution of bound state constituents.

16 Sigma Terms of Light-Quark Hadrons

Table 2. “Quark core” σ-terms for nucleon and Δ evaluated from Faddeev equation solutions using Eq. (32). All dimensioned results tabulated are reported in GeV. NB. On the domain 4.5 < m (MeV) < 5.5, MN (m) and MΔ(m) are linear. The Set label indicates which parameters from Table 1 were used in solving the Faddeev equation. The row labelled Set Bσ̃ is described in connection with Eq. (82). Recall that absent an axial-vector diquark there is no Δ. For comparison, a value of σN may be inferred from the isospin-even elastic πN scattering amplitude and analyses yield: σN ≈ 45 MeV [62, 63] or σN ≃ 67 ± 8 MeV [64, 65]. Moreover, analyses of data from simulations of two-flavour lattice-regularised QCD yield: σN ≈ 51 MeV [66]; σN ∼ 51 . . . 54 MeV [67]; and σN ≈ 49 MeV and σΔ ≈ 21 MeV [68]. A chiral-quark model analysis gives σN = 45 ± 5 MeV and σΔ = 32 ± 3 MeV [69]. Our best estimates are presented in Eq. (83).

Set M_N M_Δ σ_N σ_Δ A 0.94 1.23 0.046 0.042 B 1.18 1.33 0.047 0.042 A^∗ 1.15 0.040 B^∗ 1.46 0.041 B_{σ̃} 1.18 1.33 0.057 0.051

Here, too, it is natural to ask whether meson-loop self-energy contributions materially affect the results in Table 2. This may be addressed following Ref. [59], which explains the nature of the πN-loop corrections to the Faddeev equation nucleon mass. A reliable estimate of this mass shift is δM_N = − 6π f^2_{N N π} m^2_π ∫ d^3k (2π)^3 k^2 u^2(k^2) ω_π (k^2)[ω_π(k^2) + ω_N (k^2) − M_N ]

, (75)

where f^2_{N N π} = g^2_{N N π}m^2_π/(16πM^2_N ), ω_π(k^2) = √ k^2 + m^2_π , ω_N (k^2) = √ k^2 + m^2_N , and, with a Pauli-Villars regularisation of the nucleon’s pion-induced self-energy,

u(k^2) = 1/(1 + k^2/λ^2) . (76)

In Eq. (76), λ is the pion-loop regularisation scale. It is finite and nonzero in a realistic calculation because neither the pion nor the nucleon is pointlike.

To estimate the contribution to σ_N from the mass shift in Eq. (75) we evaluated this expression using a fixed value of (f_{N N π}/M_N ) = (g_A/f_π) = 13.6 GeV^{−1}, and values of M_N and m_π that vary with the current-quark mass, m; namely, we used the nucleon mass obtained from the Set B Faddeev equation at a given value of m, which is described by (in GeV)

M^B_N = 1.13 + 9.20 m , m ∈ [0.0045, 0.0055] (77)

and [30]

m^2_π = − 2 m ⟨q̄q⟩^π f^2_π

(78)

V. V. Flambaum, et al. 17

where, with the model of Sect. 3.3.1, the calculated values are [45]: ⟨q̄q⟩^π = (−0.25 GeV)^3 and f_π = 0.090 GeV. This procedure gave (in GeV)

λ 0.30 0.40

δσ^{πN}_N 0.0037 0.0058

(79)

viz., a contribution to σ_N from the πN self-energy diagram of ∼ 4 − 6 MeV. NB. We list results with values of the regularisation parameter, λ, that are typical of realistic analyses [25, 61]. The smaller value of λ is favoured in our model [25]. Moreover, the values in Eq. (79) are unchanged if the Set A Faddeev equation results for M_N are used.

Comparing rows 2 & 4 and 3 & 5 in Table 2, it is apparent that the πN-loop contribution to σ_N , Eq. (79), possess the same sign and is similar in magnitude to that arising from the axial-vector diquark. This is typical of the constructive interference between the pion cloud and axial-vector diquark correlations in the Faddeev equation.

The shift in the nucleon mass owing to a πΔ self-energy contribution has the same sign as that in Eq. (75) and is no larger in magnitude. This suggests that the total correction to σ_N from πN and πΔ self-energy corrections is δσ^{πN +πΔ} N ≃ 7 MeV. (80)

The shift in M_Δ owing to πN and πΔ self-energy corrections is approximately one-half of the analogous correction to M_N [70]. (Naturally, this fact lays behind the choice of Set B parameters in Table 1.) Hence we deduce δσ^{πN +πΔ} Δ ≃ 3 MeV. (81)

The primary remaining source of uncertainty within our model is the assumption associated with Eqs. (72), (73), which entails σ_0+ = σ_1+ = σ_ρ. To develop a notion of the error this may introduce we repeated the calculation of σ_N and σ_Δ using the Set B Faddeev equation parameters with σ_0+ = σ_1+ = 1.2 σ_ρ and the Ansatz:

m_{qq}(m) = m^0_{qq} + m σ_{qq} , (82)

with m^0_{qq} given in Eq. (74). This gave the results listed as Set B_{σ̃} in Table 2.

4.2 Result

Combining the elements discussed above we judge that, in the model employed, the best estimate of the σ-terms is

σ_N ≃ 60 MeV , σ_Δ ≃ 50 MeV . (83)

5 Epilogue

We illustrated the connection between the σ-term and the Feynman-Hellmann theorem with an explicit calculation of σ_π in the rainbow-ladder truncation of

18 Sigma Terms of Light-Quark Hadrons

the Dyson-Schwinger equations. Naturally, in the vicinity of the chiral limit we obtain the model-independent result: σ_π = m_π/2.

While on the subject of mesons, we also calculated σ_ρ, for which the rainbowladder truncation likewise provides a reliable estimate. A priori that need not have been the case because ρ → ππ and ρ → ωπ self-energy terms noticeably reduce m^2_ρ. However, while the contribution to σ_ρ from each term is relatively large, they are of similar magnitude but opposite sign and therefore cancel to a large extent. We find σ_ρ ≃ m_ρ/34, a value that is appreciably smaller than σ_N [71, 72]. For the ω-meson, on the other hand, there is little to cancel the contribution to σ_ω from ω → ρπ, which is three-times larger than that to σ_ρ from ρ → ωπ. Hence σ_ω ≃ m_ω/23. A comparison of these values with σ_π highlights the importance of dynamical chiral symmetry breaking to light-hadron masses.

To calculate σ_N and σ_Δ we employed a Poincaré covariant Faddeev equation, which describes baryons as composites of confined-quarks and -diquarks. Two parameters appear in the model Faddeev equation. They are the mass parameters of the scalar and axial-vector diquark correlations, and were fixed by fitting stipulated masses of the baryons. The dependence of these diquark mass-scales on the current-quark mass was a key assumption in our calculation of the baryon σ-terms and the principal source of uncertainty.

The Faddeev equation solution describes a baryon’s “quark core”. This must be augmented in a consistent fashion by chiral-loop corrections. Those chiral corrections increase σ_N by ≲ 15% and σ_Δ by ≲ 10%.

Our analysis indicates that σ_N is large compared with estimates based on chiral effective theory. Nonetheless, our value of σ_N ≈ 0.06 M_N is consistent with modern experimental evaluations [64, 65].

It has been argued, based on a perturbative treatment of SU(3)-flavour symmetry breaking [73], that a large value of σ_N implies a large value for the ratio y = 2⟨p|s̄s|p⟩/⟨p|ūu + d̄d|p⟩; where large means y/2 ≥ 0.2. While we have not studied this ratio, there are numerous examples of explicit calculations in which that inference is invalid because baryon masses exhibit a strong nonlinear dependence on the s-quark mass; e.g., Refs. [69, 74, 75, 76].

With this study we have gained insight into the current-quark mass dependence of hadron properties. It is of use to gather our numerical results and reiterate them here in the form δm_H m_H = σ_H m_H δm̄ m̄ , (84)

where m̄ is defined in Eq. (2). At the physical value of the light current-quark mass we have π ρ ω N Δ σ_H m_H 0.498 0.030 0.043 0.064 0.041

(85)

From this point one may proceed directly to investigate the impact of our results on the analysis of experimental observations that relate to the variation of nature’s fundamental “constants.”

Acknowledgement. We thank P. Maris and P. C. Tandy for constructive conversations. This work was supported by: Department of Energy, Office of Nuclear Physics, contract no. W-31-

V. V. Flambaum, et al. 19

109-ENG-38; Helmholtz-Gemeinschaft Virtual Theory Institute VH-VI-041; the A. v. Humboldt- Stiftung via a F. W. Bessel Forschungspreis; and benefited from the facilities of ANL’s Computing Resource Center.

Appendix A: Euclidean Conventions

In our Euclidean formulation: p · q = 4∑ i=1 pi qi ; (A.1) {γμ, γν } = 2 δμν ; γ^†_μ = γμ ; σμν = i 2 [γμ, γν ] ; tr_[γ5γμγν γργσ] = −4 ϵμνρσ , ϵ1234 = 1 . (A.2) A positive energy spinor satisfies ū(P, s) (iγ · P + M) = 0 = (iγ · P + M) u(P, s) , (A.3) where s = ± is the spin label. It is normalised: ū(P, s) u(P, s) = 2M (A.4) and may be expressed explicitly: u(P, s) = √ M − iE ( χs σ · P M − iE χs ) , (A.5)

with E = i √ P^2 + M^2 , χ+ = ( 1 0 ) , χ− = ( 0 1 ) . (A.6)

For the free-particle spinor, ū(P, s) = u(P, s)^†γ4.

The spinor can be used to construct a positive energy projection operator:

Λ+(P ) := 1 2M ∑ s=± u(P, s) ū(P, s) = 1 2M (−iγ · P + M) . (A.7) A negative energy spinor satisfies v̄(P, s) (iγ · P − M) = 0 = (iγ · P − M) v(P, s) , (A.8) and possesses properties and satisfies constraints obtained via obvious analogy with u(P, s).

A charge-conjugated Bethe-Salpeter amplitude is obtained via Γ̄ (k; P ) = C^† Γ (−k; P )^T C , (A.9)

where “T” denotes a transposing of all matrix indices and C = γ2γ4 is the charge conjugation matrix, C^† = −C.

In describing the Δ resonance we employ a Rarita-Schwinger spinor to unambiguously represent a covariant spin-3/2 field. The positive energy spinor is defined by the following equations: (iγ · P + M) uμ(P ; r) = 0 , γμuμ(P ; r) = 0 , Pμuμ(P ; r) = 0 , (A.10) where r = −3/2, −1/2, 1/2, 3/2. It is normalised:

ūμ(P ; r^′ ) uμ(P ; r) = 2M , (A.11)

and satisfies a completeness relation 1 2M 3/2∑ r=−3/2 uμ(P ; r) ūν (P ; r) = Λ+(P ) Rμν , (A.12) where Rμν = δμν ID − 1 3 γμγν + 2 3 P̂_μP̂_ν I_D − i 1 3 [P̂μγν − P̂ν γμ] , (A.13) with P̂^2 = −1, which is very useful in simplifying the positive energy Δ’s Faddeev equation.

20 Sigma Terms of Light-Quark Hadrons

References

1. K. D. Lane, Phys. Rev. D 10, 2605 (1974). 2. H. D. Politzer, Nucl. Phys. B 117, 397 (1976).

3. C. D. Roberts and A. G. Williams, Prog. Part. Nucl. Phys. 33, 477 (1994). 4. C. D. Roberts and S. M. Schmidt, Prog. Part. Nucl. Phys. 45, S1 (2000). 5. R. Alkofer and L. von Smekal, Phys. Rept. 353, 281 (2001).

6. P. O. Bowman, U. M. Heller, D. B. Leinweber and A. G. Williams, Nucl. Phys. Proc. Suppl.

119, 323 (2003); J. B. Zhang, P. O. Bowman, R. J. Coad, U. M. Heller, D. B. Leinweber and A. G. Williams, Phys. Rev. D 71, 014501 (2005) 7. C. S. Fischer and R. Alkofer, Phys. Rev. D 67, 094020 (2003).

8. M.S. Bhagwat, M.A. Pichowsky, C.D. Roberts and P.C. Tandy, Phys. Rev. C 68, 015203 (2003).

9. R. Alkofer, W. Detmold, C. S. Fischer and P. Maris, Phys. Rev. D 70, 014014 (2004). 10. M. S. Bhagwat, A. Höll, A. Krassnigg, C. D. Roberts and P. C. Tandy, Phys. Rev. C 70, 035205 (2004).

11. M. S. Bhagwat and P. C. Tandy, Phys. Rev. D 70, 094039 (2004).

12. J. I. Skullerud, P. O. Bowman, A. Kizilersu, D. B. Leinweber and A. G. Williams, JHEP 0304, 047 (2003).

13. J. C. R. Bloch, A. Cucchieri, K. Langfeld and T. Mendes, Nucl. Phys. B 687, 76 (2004). 14. A. Sternbeck, E. M. Ilgenfritz, M. Mueller-Preussker and A. Schiller, Phys. Rev. D 72, 014507 (2005).

15. M. Ghiotti, A. C. Kalloniatis and A. G. Williams, Phys. Lett. B 628, 176 (2005). 16. J. Gasser, H. Leutwyler and M. E. Sainio, Phys. Lett. B 253, 252 (1991). 17. J. K. Webb, V. V. Flambaum, C. W. Churchill, M. J. Drinkwater and J. D. Barrow, Phys.

Rev. Lett. 82, 884 (1999).

18. K. M. Nollett and R. E. Lopez, Phys. Rev. D 66, 063507 (2002). 19. J. P. Uzan, Rev. Mod. Phys. 75, 403 (2003).

20. V. F. Dmitriev, V. V. Flambaum and J. K. Webb, Phys. Rev. D 69, 063506 (2004). 21. V. V. Flambaum and E. V. Shuryak, Phys. Rev. D 65, 103503 (2002); ibid. 67, 083507 (2003).

22. S. K. Lamoreaux and J. R. Torgerson, Phys. Rev. D 69, 121701 (2004). 23. V. V. Flambaum, D. B. Leinweber, A. W. Thomas and R. D. Young, Phys. Rev. D 69, 115006 (2004).

24. P. Tzanavaris, J. K. Webb, M. T. Murphy, V. V. Flambaum and S. J. Curran, Phys. Rev.

Lett. 95, 041301 (2005).

25. R. Alkofer, A. Holl, M. Kloker, A. Krassnigg and C. D. Roberts, Few Body Syst. 37, 1 (2005); A. Holl, R. Alkofer, M. Kloker, A. Krassnigg, C. D. Roberts and S. V. Wright, Nucl. Phys. A 755, 298 (2005).

26. S. R. Cotanch and P. Maris, Phys. Rev. D 66, 116010 (2002). 27. H. J. Munczek, Phys. Rev. D 52 4736 (1995).

28. A. Bender, C. D. Roberts and L. von Smekal, Phys. Lett. B 380, 7 (1996). 29. P. Maris and C. D. Roberts, Int. J. Mod. Phys. E 12, 297 (2003). 30. P. Maris, C. D. Roberts and P. C. Tandy, Phys. Lett. B 420, 267 (1998). 31. P. Maris and C. D. Roberts, Phys. Rev. C 56, 3369 (1997). 32. P. Maris and P. C. Tandy, Phys. Rev. C 60, 055214 (1999). 33. P. Maris, “Continuum QCD and light mesons,” nucl-th/0009064.

V. V. Flambaum, et al. 21

34. M. A. Pichowsky, S. Walawalkar and S. Capstick, Phys. Rev. D 60, 054030 (1999). 35. D. B. Leinweber, A. W. Thomas, K. Tsushima and S. V. Wright, Phys. Rev. D 64, 094502 (2001).

36. C. D. Roberts, R. T. Cahill and J. Praschifka, Int. J. Mod. Phys. A 4, 719 (1989);

K. L. Mitchell and P. C. Tandy, Phys. Rev. C 55, 1477 (1997).

37. L. C. L. Hollenberg, C. D. Roberts and B. H. J. McKellar, Phys. Rev. C 46, 2057 (1992). 38. R. T. Cahill, C. D. Roberts and J. Praschifka, Austral. J. Phys. 42, 129 (1989). 39. C. J. Burden, R. T. Cahill and J. Praschifka, Austral. J. Phys. 42, 147 (1989). 40. M. Oettel, G. Hellstern, R. Alkofer and H. Reinhardt, Phys. Rev. C 58, 2459 (1998). 41. M. A. Ivanov, Yu. L. Kalinovsky and C. D. Roberts, Phys. Rev. D 60, 034018 (1999). 42. A. Höll, A. Krassnigg, C. D. Roberts and S. V. Wright, Int. J. Mod. Phys. A 20, 1778 (2005).

43. C. D. Roberts, Nucl. Phys. A 605, 475 (1996).

44. C. J. Burden, C. D. Roberts and M. J. Thomson, Phys. Lett. B 371, 163 (1996). 45. M. B. Hecht, C. D. Roberts and S. M. Schmidt, Phys. Rev. C 63, 025213 (2001). 46. R. T. Cahill, C. D. Roberts and J. Praschifka, Phys. Rev. D 36, 2804 (1987). 47. C. J. Burden, L. Qian, C. D. Roberts, P. C. Tandy and M. J. Thomson, Phys. Rev. C 55, 2649 (1997).

48. P. Maris, Few Body Syst. 32, 41 (2002).

49. M. Hess, F. Karsch, E. Laermann and I. Wetzorke, Phys. Rev. D 58, 111502 (1998). 50. P. Maris and P. C. Tandy, Phys. Rev. C 61, 045202 (2000). 51. H. J. Munczek, Phys. Lett. B 175, 215 (1986).

52. C. J. Burden, C. D. Roberts and A. G. Williams, Phys. Lett. B 285, 347 (1992). 53. M. Stingl, Phys. Rev. D 34, 3863 (1986) [Erratum-ibid. D 36, 651 (1987)]. 54. G. Krein, C. D. Roberts and A. G. Williams, Int. J. Mod. Phys. A 7, 5607 (1992). 55. M. Oettel, L. Von Smekal and R. Alkofer, Comput. Phys. Commun. 144, 63 (2002). 56. A. W. Thomas, Adv. Nucl. Phys. 13 (1984) 1. 57. B. C. Pearce and I. R. Afnan, Phys. Rev. C 34, 991 (1986). 58. N. Ishii, Phys. Lett. B 431, 1 (1998).

59. M. B. Hecht, M. Oettel, C. D. Roberts, S. M. Schmidt, P. C. Tandy and A. W. Thomas, Phys. Rev. C 65, 055204 (2002).

60. H.J. Munczek and A.M. Nemirovsky, Phys. Rev. D 28 (1983) 181. 61. J. D. Ashley, D. B. Leinweber, A. W. Thomas and R. D. Young, Eur. Phys. J. A 19, 9 (2004). 62. B. Borasoy and U.-G. Meissner, Annals Phys. 254, 192 (1997). 63. M. E. Sainio, πN Newslett. 16, 138 (2002).

64. M. M. Pavan, I. I. Strakovsky, R. L. Workman and R. A. Arndt, πN Newslett. 16, 110 (2002).

65. P. Schweitzer, Eur. Phys. J. A 22, 89 (2004).

66. D. B. Leinweber, A. W. Thomas and S. V. Wright, Phys. Lett. B 482, 109 (2000). 67. M. Frink, U.-G. Meissner and I. Scheller, Eur. Phys. J. A 24, 395 (2005). 68. V. Bernard, T. R. Hemmert and U.-G. Meissner, Phys. Lett. B 622, 141 (2005). 69. V. E. Lyubovitskij, T. Gutsche, A. Faessler and E. G. Drukarev, Phys. Rev. D 63, 054026 (2001).

70. A. W. Thomas and S. V. Wright, “Classical quark models: An introduction,” in Frontiers in Nuclear Physics: From Quark-Gluon Plasma to Supernovae, edited by S. Kuyucak (World Scientific, Singapore, 1999) pp. 171-211.

22 Sigma Terms of Light-Quark Hadrons

71. P. C. Bruns and U.-G. Meissner, Eur. Phys. J. C 40, 97 (2005).

72. W. Armour, C. R. Allton, D. B. Leinweber, A. W. Thomas and R. D. Young, “Unified chiral analysis of the vector meson spectrum from lattice QCD,” hep-lat/0510078.

73. J. F. Donoghue and C. R. Nappi, Phys. Lett. B 168, 105 (1986). 74. R. L. Jaffe, Nucl. Phys. A 478, 3C (1988).

75. J. A. McGovern and M. C. Birse, Phys. Lett. B 209, 163 (1988); M. C. Birse, Prog. Part.

Nucl. Phys. 25, 1 (1990).

76. V. Dmitrasinovic and F. Myhrer, Phys. Rev. C 61, 025205 (2000).