arXiv:nucl-th/0602065 v5 14 Jun 2006

nucl-th/0602065

Thomson Problem approach to the ground state energy of a system of relativistic Dirac fermions in the unitary limit

Ji-sheng Chen^∗ Physics Department, Hua-Zhong Normal University, Wuhan 430079, People’s Republic of China (Dated: Feb 23, 2006)

A relativistic continuum massive Proca QED-like Lagrangian is constructed for the strongly correlating physics in terms of the in-medium Lorentz violation. The (generalized) Thomson Problem is taken as a nonperturbative tool to address the equation of state including the low energy nonlinear quantum fluctuation/correlation effects within the framework of the established finite temperate field theory. The concise expressions for the pressure and energy density functional at both finite temperature and density are obtained. Analytically, in the non-relativistic limit, the dimensionless universal coefficient is ξ = 4/9 for the T → 0 regime, which is exactly consistent with the quantum Monte Carlo calculations[5] and in reasonable agreement with the recent experimental results[10–12]. The energy gap is Δ =^5_{18} εf with εf being the Fermi kinetic energy.

PACS numbers: 05.30.Fk, 03.75.Hh, 03.75.Ss, 05.70.-a Keywords: thermodynamics universality, statistical methods, long range correlation

In many-body physics, with the further developments of the Bardeen-Cooper-Schrieffer(BCS) theory, the possibility about the existence of the fermion superfluidity in the dilute gas system motivates widely theoretical studies and experimental efforts. Since DeMarco and Jin achieved the Fermi degeneracy[1], the ultra-cold fermion atoms gas has stirred intense interest about the quantum criticality of the fundamental Fermi-Dirac statistical physics in the strongly correlating limit.

The two-body inter-particle interaction can be tuned via the Feshbach resonance. Interestingly, the interaction changes from weakly to strongly attractive according to the magnitude of the magnetic field across the resonance region. At the midpoint of this BEC-BCS crossover regime, the scattering length will diverge due to the existence of a zero-energy bound state for the two-body system[2–7]. This cross-over behavior plays the key role to understand the collective behaviors of the strongly interacting system in the unitary limit.

According to dimensional analysis, at zero temperature in the scattering length |a| → ∞ limit of the dilute Fermi gases, the only dimensionful parameter is the Fermi momentum k_f . The corresponding energy scale is

the Fermi kinetic energy ε_f =^{k2f}_{2m} , while m is the fermion mass. In this limit, the system details do not contribute to the thermodynamics properties, i.e., the thermodynamics properties are universal[2–7]. The energy density should be proportional to that of a free Fermi gas E N = ξ ( E N ) free = ξ 3k^2_f 10m , (1)

where the dimensionless proportionality constant ξ is usually called the universal factor. In Eq.(1),^{3k2f}_{10m} is the free Fermi gas energy density.

∗chenjs@iopp.ccnu.edu.cn

This mysterious factor ξ has attracted much attention either theoretically or experimentally in recent years. Various theoretical approaches have been tried and the results differ from each other remarkably (for example, see Ref.[2–7] and references therein). The theoretical calculation results are about ξ ∼ 0.3 − 0.6. Intriguingly, the experimental results are also quite different from each other, for example, ξ ≈ 0.74 ± 0.07[8], ξ ≈ 0.7[9], ξ = 0.32^{+0.13}_{−0.10}[10], ξ = 0.51 ± 0.04[11], ξ = 0.46 ± 0.05[12]. The recent lattice result is ξ = 0.25 ± 0.03[13]. To find its exact value or how to approach it analytically is a bewitching topic in the Fermi-Dirac statistical physics.

Essentially, in the unitary limit, the characteristic that the scattering lengths between the two-body particles diverge is quite similar to the nonperturbative infrared singularity in the dense and hot gauge field theory. Based on the effective relativistic quantum many-body theory[14], the usually overlooked electromagnetic (EM) correlating effects are found to play an important role from the point of view of the in-medium Lorentz violation according to statistical physics[15, 16]. The induced EM forces between the collective electrons caused by the opposite charged baryon background contribute a negative term to the equation of state (EOS). The induced interaction energy can be as large as their kinetic energy. However, the ground state energy and pressure of electrons in a compact matter environment do not rely on the concrete EM coupling constant^{e2}_{4π} [16]. It means that the infrared Coulomb correlating thermodynamics is also universal. The analogism between them is the main motivation.

The ultra-cold fermion atoms gas physics offers a plausible perspective in looking for the nonperturbative statistical physics methods. How about a relativistic approach? To fill this gap is the present objective.

On the one hand, there is not a finished standard answer for the (generalized) Thomson Problem itself for over a century (for example, see Ref.[17] and references therein). On the other hand, a consummate method to gauge the infrared singularity in the dense and hot gauge theory is still to be looked for. However, we will turn the unitary limit topic into the same involved infrared problem. Then, the Thomson Problem is used as a potential nonperturbative arm to attack the infrared one.

To achieve the aim, an effective infrared long range correlating characteristic “QED” Lagrangian is constructed to model the unusual Lorentz violation effects in the unitary limit. Let the fermion have “electric” charge g simultaneously with other internal global U (1) (“hypercharge”) symmetry quantum numbers (very much like the lepton number of the electric charged electron[16]). The system should be stabilized by a fictive opposite charged Thomson background in the meantime.

The interaction actions involve the interaction of Dirac fermions with an auxiliary Proca-like Lorentz vector boson field[18] L_{matter} = ψ̄(iγ_μ∂^μ − m)ψ; L_{A,free} = − 1 4 F_{μν} F^{μν}; L_{I,A−ψ} = 1 2 m^2backgroundA_μA^μ + A_μJ^μ, (2)

where m is the bare fermion mass. The A_μ is the vector field with the field stress

F_{μν} = ∂_μA_ν − ∂_ν A_μ. (3)

In the action L_{I,A−ψ}, the electric vector current contributed by the fermions is

J^μ = gψ̄γ^μψ. (4)

Based on the local gauge invariant free Lagrangian, the many-body interactions can be introduced with a hidden local symmetry (HLS) manner[19, 20]

L_I = − 1 4 F_{μν}F^{μν} + |D_μH|^2 + V (H) + A_μJ^μ. (5)

The many-body environment (Lorentz violation) modulates the bare two-body interaction. The vector boson mode mass (not internal freedom) mbackground is a free parameter and controls the interaction strength between the particles. It indicates the interaction of the opposite electric charged Thomson background or the stochastic many-body potential caused by the strongly fluctuating/correlating effects. Below, the suffix “background” will be emitted for brevity just with a tilde symbol m_{B̃} . The un-physical coupling constant g also represents the unitary limit/infrared characteristic “two-body” bare potential.

In the below discussion, it will be found that the role of this fictitious vector boson excitation mode mimics that of the ω meson in the successful effective relativistic nuclear quantum many-body theory[14], in which ω sometimes appears as a realistic hadronic freedom (Ref.[15] and references therein). Through theoretical calculation, the vector mode A is found to play an effective attractive role contrary to the repulsive one of ω for nucleons.

The electric current conservation (gauge invariance) is guaranteed by the Lorentz condition with HLS formalism

∂_μA^μ = 0, (6)

which can be naturally realized by taking the relativistic Hartree approximation (RHA).

In terms of finite temperature field theory with functional path integral[14, 21], the effective potential reads Ω/V = −T ln Z = − 1 2 m^2_{B̃} A^2_0 − 2T ∫ k ∑ i [ ln(1 + e^{−β(Ek,i −μ∗i )}) + ln(1 + e^{−β(Ek,i +μ∗i )}) ]

= − 1 2 m^2_{B̃} A^2_0 − 2νT ∫ k [ ln(1 + e^{−β(Ek −μ∗)}) + ln(1 + e^{−β(Ek +μ∗ )}) ] , (7)

where ν represents the degenerate factor of the fermions system with ∫ k = ∫_{d3 k}

(2π)^3 , β = 1/T . For two-component

system, ν = 2 for the ideal symmetric occasion without a loss of generality. The tadpole diagram with the boson self-energy for the full fermion propagator leads to

A_0 = − g m^2_{B̃} n, (8) with the fermions (electric charge number) density n = 2ν ∫ k [ f(μ^∗, T ) − f (μ^∗, T ) ] . (9)

In the above expressions, f(μ^∗, T ) = 1 e^{β(Ek −μ∗)} + 1 , f (μ^∗, T ) = 1 e^{β(Ek +μ∗ )} + 1 , are the distribution functions for (anti-)particles with E_k = √ k^2 + m^2. From Eq.(8), the effective (local) chemical potential μ^∗ is defined with a gauge invariant manner

μ^∗ ≡ μ + μ_I = μ − g^2 m^2_{B̃} n, (10)

where μ is the global chemical potential. This spirit is very much like the Kohn-Sham density functional theory[22].

Using the effective potential Eq.(7) and the thermodynamics relation ϵ =^1_V^{∂(βΩ)}_{∂β} + μn, one obtains the energy density functional ϵ = 1 2 g^2 m^2_{B̃} n^2 + 2ν ∫ k E_k [ f(μ^∗, T ) + f̄ (μ^∗, T ) ] , (11)

and pressure P = −Ω/V P = 1 2 g^2 m^2_{B̃} n^2 + 2ν 3 ∫ k k^2 E_k [ f(μ^∗, T ) + f̄ (μ^∗, T ) ] . (12)

The second terms in Eq.(11) and Eq.(12) appear as very much the analytical formalisms for the free Fermi-Dirac gas. However, the correlating effects are implicitly included through the effective chemical potential esp. for T ≠ 0.

The central task is how to determine the unknown many-body stochastic potential characterized by the coupling constants m^2_{B̃} and g^2. The answer can be found from the effective potential. With the global U (1) hypercharge conservation condition[16, 23] ∂Ω ∂μ = 0, (13)

one has

m^2_{B̃} = −ν g^2 π^2 ∫_∞ 0 d|k| (2k^2 + m^2) E_k [ f(μ^∗, T ) + f̄ (μ^∗, T ) ] = −m^2_D , (14)

which is the negative of the gauge invariant Debye (Thomas-Fermi) screening mass squared m^2_D, i.e., there is a minus sign between m^2_{B̃} and m^2_D . The Debye mass parameter can be also directly calculated with the vector boson polarization through the Dyson-Schwinger equation (relativistic random phase approximation-RPA)[24]

Π^{μν}_A (p_0, p) = νg^2T ∑ k_0 ∫ k Tr [ γ^μ 1 k/ − m γ^ν 1 (k/ − p/) − m ] , (15)

with the full fermion propagator Eq.(10) by noting m^2_D = −Π^{00}_A (0, |p| → 0). In Eq.(15), the 0-component of the four-momentum k = (k_0, k) in the fermion loop is related to temperature T and effective chemical potential μ^∗ via k_0 = (2n + 1)πT i + μ^∗.

At T = 0, the parameter m^2_{B̃} is

m^2_{B̃} = −ν g^2 π^2 k_f E_f , (16)

with k_f being the Fermi momentum and E_f = √ k^2_f + m^2 the relativistic Fermi kinetic energy.

The Eq.(11) and Eq.(12) with Eq.(14) (m^2_{B̃} = −m^2_D ) are our main results, from which one can further study the strongly correlating fermions thermodynamics in the unitary limit. The collective interaction contribution is negative for the physical energy density functional and pressure. Especially, there is not any remained parameter because the un-physical coupling constant g appears simultaneously in the denominator and numerator within the relevant analytical expressions through m^2_{B̃} . However, the density and temperature low energy long range fluctuating/correlating effects are automatically included in the physical quantities. The remaining task is to give the numerical value for given temperature T and density n with the fermion mass m.

The T → 0 occasion is taken as an example to analyze the energy density and pressure in the unitary limit ϵ = − νk^5_f 18π^2E_f + ν (2k^2_f + m^2)k_f E_f − m^4 ln^{kf +Ef}_m 8π^2 , P = − νk^5_f 18π^2E_f + ν (2k^2_f − 3m^2)k_f E_f + 3m^4 ln^{kf +Ef}_m 24π^2 . (17)

In the non-relativistic limit k_f ≪ m, one can expand ϵ and P according to the Taylor series of k_f . The energy density is ϵ = mn + 4 15 nε_f + 5 42 n ε^2_f m − 1 3 n ε^3_f m^2

+ · · · , (18)

with the Fermi kinetic energy ε_f =^{k2f}_{2m} and n =^{νk3f}_{3π2} . Furthermore, one can obtain the ground state binding energy (energy per particle)

e_b = ϵ n − m = ( 4 15 + 5 42 ε_f m − 1 3 ( ε_f m )_2 + · · · ) ε_f .(19)

The pressure is P = ( 1 15 + 1 21 ε_f m − 1 6 ( ε_f m )_2 + · · · ) nε_f . (20)

In the dilute limit k_f → 0 by keeping up to the lowest order of k_f , the ratio of the binding energy to the Fermi kinetic energy is^4_{15} . Furthermore, one can obtain the the universal dimensionless coefficient, i.e, the ratio of the energy density to that of a free Fermi gas ξ = E N / ( E N ) free = 4 15 × 5 3 = 4 9 . (21)

This analytical result is in the range of the existed theoretical ones ξ ∼ 0.3 − 0.6[3–7]. We also note a same result was obtained by Steele within the framework of the effective theory long ago[25]. This result is also exactly consistent with that of the quantum Monte Carlo calculations[5] and in reasonable agreement with the recent experimental results[10–12].

From the point of view of the fully symmetric pairing correlation, the energy gap is Δ =^5_{18} ε_f with ε_f being the Fermi kinetic energy. The corresponding critical temperature is T_c ≈ 0.157T_f , which is in reasonable agreement with the recent theoretical results of Refs.[7, 26]. Like the effective mass concept, the effective (local) chemical potential also indicates the collective correlation effects. If considering from the effective mass viewpoint closely associated the density of states and heat capacity, the long range infrared correlating effect will lead to m^∗ = 2.25m, which is in the range of the existed results (m^∗ ∼ 3m [7]). This means that the external space-time Lorentz symmetry violation (medium effects) influences the effective mass.

Let us analyze the pressure by keeping up only to the lowest order of k_f

P = 1 30m ( 3π^2 ν ) 2_3

n^{1+ 23} = αn^{1+ 23} . (22)

The power index of n is also consistent with the existed theoretical calculations[27]. One can see that the strongly correlating effect as well as the fermion mass affects the coefficient α significantly.

The sound speed squared for the ideal Fermi gas is

v^2_{F G} = 1 m ∂P_{F G} ∂n = 1 3 v^2_f , (23)

with the Fermi velocity v_f =^{kf}_m . In the unitary limit, the pressure is P =^1_6 P_{F G}, from which one can find the sound speed is reduced remarkably v = √ 1 6 v_{F G} = √ 2 6 v_f > 0. (24)

It has been argued that the sound speed squared might be negative due to the theoretical spinodal instability in the unitary limit[3]. It is found that although the sound speed is significantly reduced due to the correlating effects, it is still a real number.

Let us discuss briefly the thermodynamics universality hypothesis in the unitary limit. Compared with the ideal Fermi gas, the ratio of pressure to binding energy is changed from^2_3 to^1_4 for the non-relativistic occasion. For the ultra-relativistic limit m = 0, the infrared characteristic correlation effects make the ratio of pressure to energy changed from^1_3 to^1_7 . The collective strongly correlating effects are so significant.

Considering the status quo that there are still tremendous differences in both the experimental and theoretical results, the calculation and comparisons with other existed results are stopped here.

As discussed in this work with an effective relativistic Lagrangian, the relativistic continuum field theory might contribute to understanding the ultra-cold fermions thermodynamics from the viewpoint of the fundamental inmedium Lorentz violation. This approach with a spacelike tachyonic excitation mode (induced effective potential^{g2}_{4π}^{cos[mD r]}_r ) mimics the widely used pseudo-potential method in statistical physics. The critical density correlating effects closely associated with the nonlinear response theory of plasma affect significantly the thermodynamics. It is worthy noting that the momentum integral divergence is naturally gauged in the relativistic formalism because the kinematic factors guarantee the convergence of the relevant momentum integrals.

Although the gauge invariant Debye mass squared appears in the final analytical expressions, the minus sign indicates that the physics explored in this work is quite different from those of the free Fermi gas physics or those based on the Debye screening formalism (or Thomas- Fermi screening theory of normal state) with the conventional resummation/ring diagram approaches.

In summary, there is a similarity between the infrared EM Coulomb problem in a compact environment and the strongly interacting ultra-cold atoms physics in the scattering length limit |a| → ∞. The (generalized) Thomson Problem is used as a potential arm to address the unitary limit thermodynamics in the QED-like framework with HLS formalism, with which the key universal coefficient ξ = 4/9 and the energy gap Δ =^5_{18} ε_f are obtained. The relativistic many-body theory might redound to accounting for the relevant critical physics. In turn, the dilute ultra-cold fermions gas physics also offers a valuable opportunity to detect the Dirac phenomenology of the relativistic quantum many-body theory in terms of the inmedium Lorentz violation. The author acknowledges the discussions with Prof. J.-R Li, colleagues’ comments at the workshop of CCAST, 6-10 March, 2006. Supported in part by the starting research fund of CCNU.

[1] B. DeMarco and D.S Jin, Science 285, 1703 (1999). [2] The Many-Body Challenge Problem formulated by G.F Bertsch in 1999, see R.A Bishop, Int. J. Mod. Phys. B 15, iii, (2001); G.A Baker, Int. J. Mod. B 15, 1314 (2001).

[3] H. Heiselberg, Phys. Rev. A 63, 043606 (2001). [4] Tin-Lun Ho, Phys. Rev. Lett. 92, 090402 (2004); G.E Astrakharchik, J. Boronat, J. Casulleras, and S. Giorgini, Phys. Rev. Lett. 93, 200404 (2004); G.E Astrakharchik, R. Combescot, X. Leyronas, and S. Stringari, Phys. Rev. Lett. 95, 030404 (2005); A. Schwenk and C.J Pethick, Phys. Rev. Lett. 95, 160401 (2005); J. Carlson, S. Reddy, Phys. Rev. Lett. 95, 060401 (2005); T.D Cohen, Phys. Rev. Lett. 95, 120403 (2005); Dean Lee and T. Schaefer, Phys. Rev. C 73, 015201 (2006), ibid., 73, 015202 (2006); F. Chevy, Phys. Rev. Lett. 96, 130401 (2006); H. Hu, Xia-Ji Liu, P.D Drummond, Europhys. Lett.74, 574 (2006); A. Bhattacharyya and T. Papenbrock, preprint nucl-th/0602050; G. Rupak, preprint nucl-th/0604053; Y. Nishida, D.T Son, preprint cond-mat/0604500.

[5] J. Carlson, S.-Y Chang, V.R Pandharipande, and K.E Schmidt, Phys. Rev. Lett. 91, 50401 (2003), preprint physics/0303094; Phys. Rev. A 70, 043602 (2004).

[6] A. Bulgac and G.F Bertsch, Phys. Rev. Lett. 94, 070401 (2005).

[7] A. Bulgac, J.E Drut, and P. Magierski, Phys. Rev. Lett.

96, 090404 (2006).

[8] M.E Gehm, S.L Hemmer, S.R Granade, K.M O’Hara, and J.E Thomas, Phys. Rev. A 68, 011401(R) (2003).

[9] T. Bourdel, J. Cubizolles, L. Khaykovich, K.M.F Magalhäes, S.J.J.M.F Kokkelmans, G.V Shlyapnikov, and C. Salomon, Phys. Rev. Lett. 91, 020402 (2003).

[10] M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, C.

Chin, J.H Denschlag, and R. Grimm, Phys. Rev. Lett. 92, 120401 (2004).

[11] J. Kinast, A. Turlapov, J.E Thomas, Q. Chen, J. Stajic, and K. Levin, Science 307, 1296 (2005).

[12] G.B Partridge, W. Li, R.I Kamar, Y.-A Liao, R.G Hulet, Science 311, 503 (2006).

[13] Dean Lee, Phys. Rev. B 73, 115112 (2006). [14] J.D Walecka, Ann. Phys. (N.Y.) 83, 491 (1974);

B.D Serot and J.D Walecka, Adv. Nucl. Phys. 16, 1 (1986).

[15] J.-S Chen, J.-R Li, and M. Jin, Phys. Lett. B 608, 39 (2005).

[16] J.-S Chen, preprint nucl-th/0509038.

[17] J.J Thomson, Philos. Mag. 7, 237 (1904); J.D Luca, S.B Rodrigues, and Yan Levin, Europhys. Lett. 71, 84 (2005); M. Bowick, A. Cacciuto, D.R Nelson, and A. Travesset, Phys. Rev. Lett. 89, 185502 (2002).

[18] A. Proca, J. Phys. Radium 7, 347 (1936); J.D Jackson, Classical Electrodynamics(Wiley, New York, 1999).

[19] M.E Peskin and D.V Scroeder, An introduction to Quantum Field Theory (Weber State University, 1995).

[20] G. Dvali, M. Papucci, and M.D Schwartz, Phys. Rev.

Lett. 94, 191602 (2005).

[21] J.I Kapusta, Finite Temperature Field Theory (Cambridge University Press, Cambridge, England, 1989).

[22] W. Kohn and L.J Sham, Phys. Rev. A 140, 1133 (1965). [23] Ph. Chomaz, F. Gulminelli, C. Ducoin, P. Napolitani, and K.H.O Hasnaoui, preprint astro-ph/0507633.

[24] J.-S Chen, J.-R Li, and P.-F Zhuang, Phys. Rev. C 67, 068202 (2003) and refrences therein.

[25] J.V Steele, preprint nucl-th/0010066.

[26] E. Burovski, N. Prokof’ev, B. Svistunov, and M. Troyer, Phys. Rev. Lett. 96, 160402 (2006).

[27] H. Heiselberg, Phys. Rev. Lett. 93, 040402 (2004).