arXiv:nucl-th/0604060 v1 24 Apr 2006

Relativistic Covariance and Quark-Diquark Wave Functions for Baryons^∗

M. Dillig^† Institute for Theoretical Physics III^‡ University of Erlangen-Nürnberg Staudtstr. 7, D-91058 Erlangen, Germany

Abstract

We derive covariant wave functions for hadrons composed of two constituents for arbitrary Lorentz boosts. Focussing explicitly on baryons as quark-diquark systems, we reduce their manifestly covariant Bethe-Salpeter equation to covariant 3-dimensional forms by projecting on the relative quark-diquark energy. Guided by a phenomenological multi gluon exchange representation of covariant confining kernels, we derive explicit solutions for harmonic confinement and for the MIT Bag Model. We briefly sketch implications of breaking the spherical symmetry of the ground state and the transition from the instant form to the light cone via the infinite momentum frame.

PACS: 03.65Pm,11.30Cp,12.39Ki Key Words: Covariance, Quark Models, Diquarks

∗Supported by the Forschungszentrum FZ Jülich (COSY) †mdillig@theorie3.physik.uni-erlangen.de ‡preprint FAU-TP3-06/Nr. 05

Modern electron and hadron accelerators investigate the internal structure and dynamics of hadrons and implications for the non perturbative regime of QCD: detailed information is extracted from scattering experiments at large momentum transfers of typically 1 GeV and beyond. The corresponding form factors map out the various internal (generalized) charge distributions and provide stringent information on the underlying quark and gluon degrees of freedom. Presently various experiments are ongoing with electron and proton beams at various labs (1,2).

With energy and momentum transfers increasing bébeyond a typical scale of 1 GeV, at least approximate covariance is an important ingredient in any microscopic parametrization; however, its quantitative importance and implementation is still under investigations for practical calculations and quantitatively not fully understood. Traditionally performed in the instant (equal time) form, observables, such as form factors, are sensitive to the pertinent problem of center-of-mass (CM) corrections for the many-body problem and from substantial effects from Lorentz contraction at increasing momentum transfers. Both for the CM corrections (3-6) and the formulation of covariant hadronic wave functions, various recipes have been developed and applied in practical calculations (7-28). A possible alternative, the evaluation of form factors on the light cone, where Lorentz boosts are kinematical (29), has so far entered only selectively in applications at low and intermediate scattering energies; beyond that, such an approach suffers from other deceases, such as the loss of strict rotational invariance (30). As in general the construction of boosted, Lorentz contracted wave functions in the instant form is nearly as complicated as the solution of the full problem (as here the boost are dynamical and depend explicitly on the interaction kernel employed in the problem), in most practical applications simple kinematical prescriptions for the rescaling of the coordinate along the direction of the momentum transfer are applied (examples are given ref. (31,32)); however, specific questions, as the dependence of Lorentz corrections on the confining kernel in quark models, are not addressed.

In this note we formulate an economical model for hadron baryon wave functions, which leads to results suitable for practical applications. As it is our main goal to end up with analytical formulae, we model the baryon - in the following we focus on the proton, though our approach is fairly general - as a quark-diquark system (33) and restrict ourselves, for technical simplicity and without any loss of generality, to spin-isospin scalar diquarks; including axial diquarks or modelling mesons as qq systems basically only introduces a more angular momentum structure of the corresponding amplitudes (see our comment below).

Our starting point is the manifestly covariant 4-dimensional Bethe-Salpeter equation (34) Γ = K G Γ and Ψ = G Γ (1) with the vertex function and the Bethe-Salpeter amplitude Γ and Ψ, respectively, and the interaction kernel K. In the two-body Greens function for the quark and diquark masses m and m*, we fix the relative energy dependence from the covariant projection on the diquark (35) G(P, q) = q/ + m ν(q^2 − m^2) + (1 − ν)((Q − q)^2 − m^2) − iϵ iπ(1 − ν) (2)

δ_+ ( ν(q^2 − m^2) − (1 − ν)((Q − q)^2 − m^2 )) ) . (3)

As we would like to connect below with the boost of the MIT bag, which we simulate for an static (infinite) spectator-diquark mass, we pursue among the infinite many projections the limit ν → ∞ which results up to 0 (_{q2} 2M ) in the single particle Dirac equation for the quark for systems with arbitrary overall 4-momentum Q = (E(P ) = √ P^2 + M^2 , 0, 0, P )

(( M^2 2E(P ) + P E(P ) q_z ) − (αq + βm))ϕ(P, q) = 1 E(P ) ∫ K(p, q, k)ϕ(P, k)dk (4)

with M being the mass of the baryon (the external momentum P is chosen along the z axis).

Without any details we add a brief comment on the CM corrections in our model: evidently there is a direct coupling between the internal and external momenta q and P, or equivalently, between boosts and the CM motion. In the rest system the leading centerof-mass corrections are absorbed for ϵ = m + ϵ_b, where ϵ_b is the binding energy of the quark in ( q^2 2μ + ϵ_b − V_n(r) ) φ(r) = 0 (5)

with the reduced mass 1/μ ∼= 1/m + 1/(m + m^∗) for an arbitrary quark potential V_n(r). The important step for a practical model is the formulation of a covariant interaction kernel in eq. (4). As the dynamics of the quark - quark interactions, particularly the microscopic nature of the confinement, lacks an understanding on the fundamental level of QCD, all current models in practical calculations rely on phenomenological formulations of the interaction kernel. Here we proceed here along similar lines: we parametrize the interaction kernel as a superposition of appropriately weighted gluon exchange contributions; quantitative parameters can be extracted in comparison with studies to baryon spectroscopy, decay rates or form factors (36). Thus we start from the general kernel K(P, q, k) = ∑ n k_n(P ) ((q − k)^2 − μ^2 − iϵ)^{n+1} (6) for arbitrary powers of n (which reflect different parametrizations of the confining kernel; for n=1 eq.(5) contains the linear confinement in the Cornell potential (37) and as confirmed from lattice calculations). Upon projecting out the relative energy dependence this yields the covariant, 3-dimensional kernel K_n(P, q, k) ∝ lim_{μ→0} ( d dμ^2 )_n 1 λ^2(P )q^2_z + q^2_⊥ + μ^2 − iϵ (7) with the ”quenching parameter” λ(P ) = M/ √ M^2 + P^2 = M/E(P ) (8)

where we introduced the mass scale μ (to regularize the Fourier transform to coordinate space). Already simple power counting signals, that a kernel with the power n ≥ 1 leads to confinement with ∼ r^{2n−1}. Upon performing the corresponding Fourier transform to coordinate space and taking the limit μ → 0 we find

K_n(P, q) → (1 + β)/2 V_n( √ (z/λ(P ))^2 + ρ^2) (9)

(with ρ as the perpenticular component to z),where we introduced for convenience the particular Dirac structure of the kernel to facilitate the evaluation of the resulting Dirac equation (more general Dirac invariants modify in addition the structure of the small Dirac component; compare our remark below). Eliminating the small component in eq. (3) with the kernel from eq. (6) and upon dropping CM corrections and ϵ^2_b terms for compactness, we end up with the Schroedinger type equation for the large component of the Dirac equation

(2mϵ_b − λ^2(q_z − m M P )^2) − q^2_⊥ − − V_n (√ (z/λ(P ))^2 + ρ^2)/R ) u(z, ρ) = 0 (10)

(with the typical length scale R; in the rest system the equation above reduces to the standard spherical Schrödinger type equation for a particle with mass m). The final equation defines with its connection to the small component by a simple differentiation the full relativistic covariant quark - diquark wave function for arbitrary Lorentz systems. In the equation above we see the shortcoming from the phenomenological nature of the interaction kernel: we absorb the explicit ϵ and P dependence of the kernel in the definition of the energy scale V_n for the confining force; including an explicit P dependence in V_n would require a detailed knowledge of its microscopic origin.

Approximate or numerical solutions for eq. (9) can be obtained for different confining scenarios. Here we discuss briefly two examples, which allow a rigorous analytical solution: i. e. harmonic confinement and bag models (in the limit n → ∞ in eq. (6)).

- Harmonic confinement:

With the harmonic kernel defined as (39) K(P, q, k) = −12/π lim_{(μ→0)} ( (d/dμ^2)^2(μ/2 + (d/dμ^2)μ^3/3 ) 1 q^2 − μ^2 − iϵ → − ( (1/λ(P ))^2(d/dq_z )^2 + (d/dq^2_⊥) ) δ(q_z − k_z )δ(q_⊥ − k_⊥) , (11)

the solutions for arbitrary excitations of the baryon are easily obtained in momentum space. After a redefinition of the longitudinal momentum and upon separating the longitudinal and the perpendicular component, the general solution is given by a product of confluent hypergeometric functions (40). Here we focus only on the nucleon as the quark - diquark ground state and obtain explicitly

u(q_z, q_⊥) = N e^{− a22} (^{λ2(qz− mM P} )^{2 +q⊥ )2} (12)

with the oscillator parameter a^2 =^{2√}_{Vc} and V_c ∝ 1/R^4 being the confinement strength. As expected the standard solution for the spherical harmonic oscillator is recovered in the rest system, i.e. for P=0 and λ(0)=1. As the characteristic result we find a quenching of the effective P-dependent size parameter

a^2(P ) = (λ(P )a)^2 =

M^2 P^2 + M^2 a^2 (13)

which leads to Lorentz quenching in coordinate space along the z - axis and thus to a significant increase of the longitudinal momentum components with increasing P (Fig.1(a,b));

- Bag Model:

As mentioned above we generate the Bag from the transition n → ∞ in the power of the gluon-exchange kernel. As we are unable to present an analytical solution for arbitrary n (a closed solution for the z-component exists only in the limit of vanishing binding (40)), we first perform the limit n → ∞ and then solve the equation ( ϵ_b + P M q_z + m − (α q + βm) ) u(z, ρ) = 0 (14)

with the boundary condition for the large and small components at z = λ(P )R for the bag radius R. For the large component the ground state solution can be represented as

u(z, ρ) = N cos( k_z λ z) J_0(k_⊥ρ) (15)

where the λ dependence of the z-component again reflects the quenching of the bag. The corresponding boundary condition z = λR for ρ = 0 for the deformed bag, which reduces to the standard boundary condition for the spherical bag, can be solved only numerically (41). Characteristic results for 3 different boost momenta are presented for the large and small component of the bag ground state solution in Fig. 2.

Comparing our findings with simple recipes we find that a general and simple extension of the parametrization of the spherical wave functions and momentum distributions in the rest system to a boosted system, by rescaling the size parameter of the system, but keeping otherwise the spherical character of the solutions, is certainly very unsatisfactory and breaks down completely for boost momenta of typically P/M ≥ 1. Only for very small boost momenta P simple approximations, such as u(z, ρ, a) ∼= u ( r, a/ (√ 3 λ(P ) )) and (16a)

u(z, ρ, R) ∼= exp(−(r/( √ 3 λ(P )R))^2 u(r, R) (16b)

simulate very qualitatively Lorentz quenching of slowly moving systems.

The breaking of the spherical symmetry for moving systems leads to significant modifications of the structure of composite objects with increasing boost momenta. Without entering into details we list just a few consequences.

One novel feature for moving particles is the modification of their spin-orbit interaction for interaction kernels involving different Dirac invariants. As an example, for a purely scalar confining potential the elimination of the lower component in the Dirac equation leads to

V_{ls} ∼ (σ_z q_z + cσq) V (z, ρ) (σ_z q_z + c^′ σq) (17)

which gives rise to terms ∼ l_⊥s_⊥ and thus to a spin-orbit interaction even for baryons initially in a relative s-state .

Similarly, boosting a spherical kernel leads even for baryons with quarks in relative sstates - due to the breaking of spherical symmetry - to the admixture of additional angular momenta, which significantly enhance the momentum spectrum of the ground state with increasing q due to their radial structure (in an harmonic basis, dropping normalization constants)

ϕ(P, r) ∼ 1 aa^{1/2}(P ) exp(− r^2 2a^2

(1 + a^2 − a^2(P ) a^2(P ) 4π 3 Y^2_{10}(r̂))), (18) which yields for the spectrum in momentum space from the corresponding Fourier transform ϕ(P, q) ∼ 1∫ 0 dt 2p^2(t) − (qt)^2

p^5(t) exp(−

(qt)^2 4p^2(t)

) (19)

with p^2(t) = (1 +^{a2−a2(P )}_{a2(P )} t^2)/(2a^2).

In Fig. 3 a characteristic result for the admixture of higher angular momenta to the L=0 ground state of a baryon (with all quarks in relative s states), is shown for different boosts upon projecting out the L=2 orbital angular momentum: evidently, higher angular momenta dominate form factors of hadrons with increasing momentum transfers (for an explicit inclusion of a d-state in the nucleon the present quark-scalar diquark representation has to to include in addition axial diquarks with S = 1, which allow the coupling of the orbital angular momentum L = 2 to the total spin 1/2 of the nucleon). A test for the consistency of the simple approach above is the transition to the infinite momentum frame for boost momenta P → ∞: as in this limit the physics becomes effectively (1+1)-dimensional, our approach has to merge into the corresponding dynamical equations on the light cone. Without entering into details of such a limiting process, we, for simplicity, only sketch here our reasoning for two spin less bosons with equal masses. With a projection of the BSE for the two particles symmetrically off their mass shell (following Blankenbecler and Sugar (35); an similar result is obtained in the Gross limit (42), we obtain with the momentum fraction x and the total longitudinal light cone momentum P_+, from

G_{IF} ∼ δ_+(q_0 − P E(P ) q_z), G_{LC} ∼ δ(q_− + M^2x); x = q_+ P_+ − 1 2 , (20)

for P → ∞ the equation ( M^2 4 − m^2 − y^2 − q_⊥)Φ(y, q_⊥, M^2) = ∫ K(y − y^′ , q_⊥ − q^′_⊥), Φ(y^′ , q^′_⊥, M^2) dy^′ dq^′_⊥ (21)

with y ≡ y_{IF} = M q_z P , y ≡ y_{LC} = Mx, (22) respectively. Similarly, the kernels also become identical in the IF and on the LC in the limit M → ∞.

Summarizing the main findings in this note, we derive covariant wave functions and their transformation properties in an analytical quark - diquark model for the baryon. As expected, we find characteristic modifications from the baryon rest system to moving Lorentz systems for different confining kernels already for moderate boost momenta. Our findings suggest possible extensions and basic shortcomings of the model. Evidently its application to mesons as qq systems, towards a more realistic quark-diquark description of baryons or to genuine 3-quark systems (together with a systematic inclusion of CM corrections) imposes only technical problems and is clearly feasible. Here we only mention that the quenching factor from eq.(7) is recovered in leading order for all different projections of the BS equation.

A more serious problem is the detailed formulation of confining kernels with a finite power in the inter quark distance r, in particular of the Lorentz quenching for the kernels itself (in Bag models the dependence is absorbed in the boundary condition). Here the main problem it the poor phenomenological understanding the confining mechanism: it is not clear how the full P dependence enters into the kernel (for a simple extension compare ref. (43)). We feel that a more realistic formulation of present phenomenological quark models requires a deeper analytical understanding of confinement, beyond the numerical results from lattice calculations. Here significant progress in various directions has been achieved recently, to mention only the modelling of confinement of QCD in the Coulomb gauge (44) or the extension of concept of instantons to merons as solutions of the classical QCD equations (45). Given such a more detailed understanding may eventually provide some answer to our question at the beginning, i. e. on the importance of covariance and the appropriate incorporation of boosts in exclusive processes at typical energy and momentum transfers of 1 GeV. Valuating both the approximations and the practicability of calculations on the one side, and recent progress in light cone physics, such as restoring rotational invariance (29,46), on the other side, we expect that systematic studies of both electromagnetic and hadronic exclusive two-body reactions will finally map out the most adequate parametrization of the underlying short ranged physics of exclusive processes at the low GeV scale, advocating either the instant form or the front form.

References

[1] CLAS Coll. (V. D. Burkert et al.): Int. J. Mod. Phys. A 20 (2005) 1531;

[2] H. Machner: AIP Conf. Proc. 814 (2006) 183;

[3] K. Shimizu, Y. B. Dong, A. Faessler and A. J. Buchmann: Phys. Rev. C 63 (2001) 025212;

[4] R. E. Peierls and J. Yoccoz: Proc. Phys. Soc. London A 70 (1957) 381; R. E. Peierls and D. J. Thouless: Nucl. Phys. 38 (1962) 1154

[5] R. Tegen, R. Brockmann and W. Weise: Z. Phys. A 307 (1982) 329; [6] D. H. Lu, A. W. Thomas and A. G. Williams: Phys. Rev. C 55 (1997) 3108; [7] R. Bakamjian and L. H. Thomas: Phys. Rev. 92 (1953) 1300; [8] Y. S. Kim and R. Zaoui: Phys. Rev. D 4 (1971) 1764; [9] A. L. Licht and A. Pagnamenta: Phys. Rev. D 4 (1971) 2810; [10] F. Coester and W. N. Polyzou: Phys. Rev. 26 (1982) 1348; [11] M. Betz and R. Goldflam: Phys. Rev. D 28 (1983) 2848; [12] B. D. Keister: Nucl. Phys. A 402 (1983) 445;

[13] W. Glöckle and Y. Nogmai: Phys. Rev. D 35 (1987) 3840; 584; [14] P. L. Chung and F. Coester: Phys. Rev. D 44 (1991) 229; [15] B. D. Keister and W. W. Polyzou: Adv. Nucl. Phys. 20 (1991) 225; [16] D. Tadic and S. Zganec: Phys. Rev. D 50 (1994) 5853; Phys. Rev. D 52 (1995) 6466; [17] S. Giller et al.: Mod. Phys. Lett. A 8 (1993) 3785;

[18] Y. B. Dai, C. S. Huang and H. Y. Jin: Phys. Rev. D 51 (1995) 2347; [19] V. Morenas et al.: Phys. Lett. B 386 (1996) 315; [20] F. Coester and D. O. Riska: Few Body Syst. 25 (1998) 29; [21] L. Ya. Glozman et al.: Phys. Rev. D 58 (1998) 094030; [22] M. Oda, M. Ishida and S. Ishida: Progr. Theor. Phys. 101 (1999) 1285; [23] L. Micu: hep-th/0107210;

[24] S. Boffi et al.: Eur. Phys. J. A 14 (2002) 17; L. Ya. Glozman et al.; Phys. Lett. B 516 (2001) 183;

[25] B. Desplanques and L. Theussl: Eur. Phys. J. A 13 (2002) 461 ; [26] B. Desplanques, L. Theussl and S. Noguera: Phys. Rev. C 65 (2002) 038202; [27] L. Theussl, A. Amghar, B. Desplanques and S. Noguera: Few Body Syst. Suppl. 14 (2003) 393;

[28] 28) R. Alkofer, P. Watson and H. Weigel: Phys. Rev. D 65 (2002) 094026;

[29] S. J. Brodsky, H.-C. Pauli and S. S. Pinsky: Phys. Rept. 301 (1998) 299;

[30] M. Burkardt: Adv. Nucl. Phys. 23 (1996) 1;

[31] A. L. Lewis and A. Pagnamenta: Phys. Rev. D 2 (1970) 1150; 1156;

[32] D. H. Lu, A. W. Thomas and A. G. Williams: Phys. Rev. C 57 (1998) 2628;

[33] M. Anselmino and E. Predazzi: Proc. ”Diquarks 3” (1998) (Torino, Italy; World Scientific, Singapore); C. F. Berger, B. Lechner and W. Schweiger: Fizika B 8 (1999) 371; M. Oettel, R. Alkofer and L. von Smekal: Eur. Phys. J. A 8 (2000) 553; R. Alkofer and L. von Smekal: Phys. Rept. 353 (2001) 281; M. Oettel: ”Hirschegg 2001: Structure of Hadrons” (2001) 140, hep-ph/0102054; S. M. Gerasyuta and D. V. Ivanov: hep-th/0102024;

[34] E. E. Salpeter and H. A. Bethe: Phys. Rev. 84 (1951) 1232; C. Itzykson and J. B.

Zuber: Quantum Field Theory (1980) (McGraw - Hill, New York);

[35] R. Blankenbecler and R. Sugar: Phys. Rev. 142 (1961) 1051; R. J. Yaes: Phys. Rev.

D 3 (1971)3086; F. Gross: Phys. Rev. 186 (1969) 1448; Relativ. Quant. Mech. and Field Theory (1993); (J. Wiley & Sons, Inc. New York);

[36] F. Coester, K. Dannborn and D. O. Riska: Nucl. Phys. A 634 (1998) 335; F. Cardarelli et al.: Few. Body. Syst. Suppl. 11 (1999) 66; S. Capstick and W. Roberts: nuclth/0008028; U. Löring et al.: Eur. Phys. J. A 10 (2001) 309; A 10 (2001) 395; A 10 (2001) 447;

[37] J. L. Richardson: Phys. Lett. 382 (1979) 272

[38] H. Q. Ding: Int. Journ. Mod. Phys. C 2 (1991) 637; V. V. Kiselev, A. E. Kovalsky and A. I. Onishchenko: Phys. Rev. D 64 (2001) 054009;

[39] N. N. Singh, Y. K. Mathur and A. N. Mitra: Few Body Syst. 1 (1987) 47; M. Schmitt:

PhD thesis, Univ. Erlangen (1996);

[40] M. Abramowitz and I. A. Stegun: Handbook of Mathematical Functions (1964) (US Nat. Bureau of Standards. Wash. DC.);

[41] q D. Vasak et al.: J. Phys. G 9 (1983) 511; K. Hahn, R. Goldflam and L. Wilets:

Phys. Rev. D 27 (1983) 635;

[42] M. Schott, Hadrons on the Light Cone, Diploma Thesis, Univ. Erlangen (2004);

[43] S. J. Wallace and V. B. Mandelzweig: Nucl. Phys. A 503 (1989) 673;

[44] A. Cucchieri and D. Zwanziger: Nucl. Phys. Suppl. 106 (2002) 694; A. Cucchieri, T. Mendes and D. Zwanziger: Nucl. Phys. Suppl. 106 (2002) 697; A. P. Szczepaniak and E. S. Swanson: Phys. Rev. D 65 (2002) 025012;

[45] C. G. Callan Jr., R. F. Dashen and D. J. Gross: Phys. Lett. B 66 (1977) 375; O.

Jahn, F. Lenz, J. W. Negele and M. Thies: Nucl. Phys. Proc. Suppl. 83 (2000) 524; J. W. Negele, F. Lenz and M. Thies: Nucl. Phys. Proc. Suppl. 140 (2005) 629;

[46] G. A. Miller: Prog. Part. Nucl. Phys. 45 (2000) 83;

Figure 1: Longitudinal dependence of the large component of the harmonic oscillator ground state in coordinate (a) and momentum space (b) for different boost momenta P.

Figure 2: Quenching and boundary conditions for the bag along the boost momenta P=0, 1 and 2 GeV/c. The functions f(z) and g(z) denote the large and small Dirac components of the ground state wave function for a (static) bag radius R = 0.7 fm.

Figure 3: D-state admixture to a boosted harmonic oscillator ground state. Compared are the (spherical L=0) s-wave momentum distribution for P=0 with the L=2 component for P = 1 and 2 GeV/c.