arXiv:nucl-th/0608063 v3 6 Nov 2006

D-dimensions Dirac fermions BEC-BCS crossover thermodynamics

Ji-sheng Chen^∗ Institute of Particle Physics & Physics Department, Hua-Zhong Normal University, Wuhan 430079, People’s Republic of China

An effective Proca Lagrangian action is used to address the vector condensation Lorentz violation effects on the equation of state of the strongly interacting fermions system. The interior quantum fluctuation effects are incorporated as an external field approximation indirectly through a fictive generalized Thomson Problem counterterm background. The general analytical formulas for the ddimensions thermodynamics are given near the unitary limit region. In the non-relativistic limit for d = 3, the universal dimensionless coefficient ξ = 4/9 and energy gap Δ/ε_f = 5/18 are reasonably consistent with the existed theoretical and experimental results. In the unitary limit for d = 2 and T = 0, the universal coefficient can even approach the extreme occasion ξ = 0 corresponding to the infinite effective fermion mass m^∗ = ∞ which can be mapped to the strongly coupled twodimensions electrons and is quite similar to the three-dimensions Bose-Einstein Condensation of ideal boson gas. Instead, for d = 1, the universal coefficient ξ is negative, implying the non-existence of phase transition from superfluidity to normal state. The solutions manifest the quantum Ising universal class characteristic of the strongly coupled unitary fermions gas.

PACS numbers: 05.30.Fk, 03.75.Hh, 21.30.Fe Keywords: unitary fermions thermodynamics universality, Thomson Problem approach, statistical methods

I. INTRODUCTION

Since DeMarco and Jin achieved the Fermi degeneracy[1], the property of the strongly coupling fermions system under the ultra-cold extreme conditions serves as a bewitching topic in the fundamental Fermi-Dirac statistical physics.

The universal thermodynamics properties learned from the ultra-cold atomic experiments can be related to many other realistic many-body physics problems[2, 3]. For example, in nuclear physics, the magnitude of the neutron-neutron S-wave scattering length a_{NN} = −18.6 fm is much larger than the interaction range given by R ≈ 1/m_π ∼ 1.4 fm, which will indicate the low energy thermodynamics universal property in the dilute regime[4]. Furthermore, the Feshbach resonance physics can be also related with the strongly interacting SU(N_c) non-Abelian plasma low viscosity physics realized in the ultra-relativistic heavy-ion collisions or existed in the core of neutron star[5] and even the “high-temperature” T_c physics[6].

Across the Feshbach resonance regime, the interaction changes from weakly to strongly attractive according to the magnitude of the applied external magnetic field B. At this Bose-Einstein Condensation (BEC)/Bardeen- Cooper-Schrieffer (BCS) crossover point, the scattering length diverges |a| = ∞ due to the existence of a zero-energy bound state. This characteristic leads to the universal thermodynamics, i.e., the system details do not contribute to the thermodynamics properties. The intriguing universal unitary fermions thermodynamics properties attract much attention recently in

∗chenjs@iopp.ccnu.edu.cn

the literature[4–11].

In the dilute unitary limit, the important physical quantities energy density E/N = ξ (E/N)_{ideal} and energy gap Δ or critical phase transition temperature T_c, are the two key parameters to be determined experimentally and calculated theoretically. The dimensionless proportionality constant ξ is called the universal factor. The Δ is also proportional to the Fermi kinetic energy. Many growing theoretical and experimental efforts about the universal factor ξ have been made in recent years Refs.[4, 7–11][12]. It is worthy noting that the differences for the critical temperature or the energy gap can be as large as several times among the theoretical or experimental results existed in the literature. Up to now, there is not a reliable analytical method to deal with the unitary limit problem although there are many updating theoretical analytical attempts. Beyond the naive perturbative expansion techniques or the lowest order mean field theory, a novel method is to be explored for the unitary limit fermions thermodynamics[13]. The essential task is how to incorporate the in-medium nonlinear quantum fluctuation/correlation effects into the thermodynamics in a reasonably controllable way.

Recently, inspired by the homology between this unitary limit topic and the nonperturbative long range infrared singularity manifested by the hot and dense gauge field theory, we make an analytical detour to attack this intriguing problem[14]. Our initial observation is that the scattering cross section between the two-body particles at the zero energy bound unitarity is limited as S-wave σ = 4π/k^2(with k being the relative wavevector of the colliding particles), while the gauge propagator is Δ_{μν} ∼ g_{μν} /k^2. The interesting analytical results ξ = 4/9 and Δ/ε_f = 5/18 comparable with other theoretical ones are obtained by taking the still unsolved classical Thomson Problem as a potential nonperturbative quantum many-body arm. In the non-relativistic limit with T = 0, the analytical expression for the energy density is the same as that obtained by Steele with the power counting in the effective theory framework[15].

The relativistic continuum quantum field theory formalism provides a natural framework to address the infrared long range singular correlations associated with the density of state in many-body physics according to quantum statistical physics. In terms of the relativistic formalism we can certainly achieve more than those we need in a non-relativistic theory, but we can recover all the non-relativistic limit physical quantities by expanding in powers of k_f /m at any time especially for the T = 0 universal unitary gas thermodynamics. In this work, we will continue the relativistic continuum field theory attempts for the strongly interacting Fermi-Dirac statistical physics in terms of the in-medium Lorentz violation. After giving the general analytical expressions for the energy density functional and pressure as well as entropy density according to the density functional theory near the unitary limit, the final analytical results comparable with other theoretical approaches will be obtained by applying the corresponding Taylor series expansion.

Initialed with the recent discussions about the low d-dimensions unitary fermions gas[16], we extend the Thomson Problem counterterm analytical method to arbitrary d-dimensions with the relativistic continuum field theory formalism. The d = 2-dimensions solution reflects the essential interesting physics. The universal dimensionless coefficient ξ can approach to the specific value ξ = 0, corresponding to the two-dimensions strongly coupled electrons with the infinity effective mass m^∗ = ∞. This is also very similar to the well-known BEC phenomena for the three-dimensions ideal boson gas with the simultaneous vanishing of both the energy density, pressure and entropy density at T = 0. Furthermore, the energy gap can be zero. Instead, for the one-dimension, the ξ can be negative, corresponding to non-existence of the phase transition from the superfluidity to normal state at T = 0. The properties of these solutions manifest the strongly coupled quantum Ising universal class characteristic of the unitary fermions thermodynamics realized in the artificial experimental environments.

The present work is organized as follows. In section II, the adopted low energy effective quantum field theory formalism of the relativistic continuum Proca Lagrangian and corresponding Thomson Problem counterterm nonperturbative approach for the strongly interacting unitary gas thermodynamics are described. The effective potential and the general thermodynamics quantities for finite scattering length a as well as the concrete comparisons with existed results are presented in section III. Moreover, the d-dimensions universal thermodynamics at unitarity are discussed in section IV and the concluding remarks are made in the final section V.

Throughout this work, the natural units with c = ℏ = k_B = 1 are adopted.

II. FORMALISM

A. Effective interaction action

A nonperturbative approach is crucial to understand the strongly correlating dense and hot manybody physics. Near the strongly interacting unitary limit, any form of effective interaction can be used to detect the universal thermodynamics properties in the pseudo-potential spirit of statistical physics. We extend previous work[14] to near unitary limit regime motivated by the successful relativistic quantum manybody formalism[17]. To model the strongly interacting fermions thermodynamics in terms of the fundamental in-medium Lorentz violation effects, let us consider the relativistic Dirac fermions interacting with an auxiliary Proca-like Lorentz massive vector field[18]

L_{effective} = ψ̄(iγ_μ∂^μ − m)ψ − 1 4 F_{μν} F^{μν} + 1 2 M^2_AA_μA^μ + A_μJ^μ

+δL_{Auxiliary Thomson Counterterm Background}.(1)

The A_μ is the vector field with the field stress

F_{μν} = ∂_μA_ν − ∂_ν A_μ. (2)

In the effective action L_{I,A−ψ} =^1_2 M^2_AA_μA^μ + A_μJ^μ, the vector current contributed by the fermions is

J^μ = gψ̄γ^μψ. (3)

In Eq.(1), m is the bare fermion mass with the vector boson mass squared assembling both a bare m^2_A and a fluctuating one m^2_{B̃} [19], M^2_A = m^2_A + m^2_{B̃} . Here, a bare Lorentz violation term 1/2m^2_AA_μA^μ is included obviously, which determines the interaction strength in vacuum with the bare electric charge g. For example, the Swave scattering length a is given through the low energy Born approximation in the language of the low energy quantum mechanics in three-dimensions

g^2 m^2_A = 2πa m . (4)

B. Induced interaction determined by Thomson counterterm background

The induced Lorentz violation term caused by the Thomson background 1/2m^2_{B̃}A_μA^μ represents the manybody renormalization effect, which has been introduced with a hidden local symmetry manner(Abelian Higgs model) by mapping the unitary limit topic to the infrared singularity correlation in dense and hot gauge theory[14]. Taking the coupling constant g to be an “electric” charge of the fermions, makes it possible for us to introduce the generalized renormalization condition, i.e., the fictive Thomson stability condition. With the physical constraint Thomson stability condition, the parameter m^2_{B̃} is found to be the negative of the gauge invariant Debye mass squared in the unitary limit |a| = ∞[14, 20]. The gauge invariant Debye mass associated the density of state (DOS) reflects the essential quantum fluctuation effect on the thermodynamics.

More generally, the analytical expression for the Debye mass squared is the gauge invariant static infrared limit of the 00 ingredient for the vector boson polarization tensor Π^{μν}_A (p_0, p), which can be also calculated with the full fermion propagator through the Dyson- Schwinger equations or relativistic random phase approximation (RPA)[21]

Π^{μν}_A (p_0, p) = g^2T ∑ k_0 ∫ k Tr [ γ^μ 1 k/ − m γ^ν 1 (k/ − p/) − m ] ,(5)

m^2_{B̃} = Π^{00}_A (0, |p| → 0) = −Π^L_A(0, |p| → 0).

In Eq.(5), the 0-component of the d + 1-dimensions momentum k = (k_0, k) in the fermion loop is related to temperature T and effective chemical potential μ^∗ via k_0 = (2n + 1)πT i + μ^∗ determined by the pole of the full fermion propagator with the relativistic Hartree approximation (RHA) formalism.

Throughout this paper, the shorthand notation ∫ k = ∫ d^dk/(2π)^d will be adopted for the d-dimensions abstract Dirac phenomenology[22, 23]. With finite temperature field theory, the general analytical expression for d-dimensions unitary fermions gas is derived to be

m^2_{B̃} g^2

= −2 ∫ k (d − 2)E^2_k + k^2 E_kk^2 [ f + f ] . (6)

In the above expressions, f = 1 e^{β(Ek −μ∗)} + 1 , f = 1 e^{β(Ek+μ∗)} + 1 , (7)

are the distribution functions for (anti-)particles with E_k = √ k^2 + m^2 and β = 1/T the inverse temperature.

This kind of calculations can be indicated by the comprehensive diagrammatic representation as indicated in Fig.1.

C. Diagrammatic expression for the coupled generalized Dyson-Schwinger equations

It should be stressed the in-medium boson propagator with the negative of the gauge invariant longitudinal component Π^L_A(0, |p| → 0) = −Π^{00}_A (0, |p| → 0) of the polarization tensor Π^{μν}_A (0, |p| → 0) presented in Fig. 1.a. This minus sign implies that the induced interior correlation contribution is realized with the external field approximation formalism indirectly caused by the opposite charged Thomson counterterm background.

The minus sign in front of Π^L_A(0, |p| → 0) is crucial, which ensures the theoretical thermodynamics selfconsistency and the unitarity of the final physical re-

FIG. 1: The generalized coupled Dyson-Schwinger equations incorporating the Landau pole contributions: (a), The full fermion propagator determined with the effective interaction through the in-medium anti-screened vector boson “propagator” in instantaneous approximation ∝ 1/(m^2_A − Π^L_A(0, |p| → 0)); (b), The full vector boson propagator calculated with the in-medium full fermion propagator through RPA.

sults in the unitary limit[20]. The comprehensive Landau dynamical screening effects are automatically incorporated while the concrete physical contents are quite different from the conventional weak coupling resummation techniques. With these two Feynman diagrams, the relevant algebra equations formalism instead of the coupled integral equations one makes it possible for us to deal with the low energy density and temperature fluctuation/correlation effects on the strongly interacting fermions thermodynamics in an accurate way. In other words, the in-medium density correlation effects are included through the effective chemical potential instead of directly through the effective fermion mass. The spirit hidden in this kind of approach is quite similar to the Kohn-Sham density functional theory[17, 24]. Especially, the integral momentum divergence is naturally gauged by the relativistic kinematic factors due to taking the density functional theory formalism to approach the universal unitary gas thermodynamics.

That the correlation effects are embodied through the fictive opposite electric charged Thomson counterterm background can also avoid the theoretical double counting trouble, which leads to the key minus sign difference as found in previous works[20]. This minus sign difference is inspired by the anomalous thermodynamics discussions of neutron-star nuclear matter with either short or long-range force interactions[25, 26].

D. Parameters m^2_{B̃} at T = 0

At T = 0, from the general expression Eq.(6), one can have

m^2_{B̃} g^2 = − 2d (2 √ π)^d k^{d−2}_f E_f Γ(^d_2 + 1)

, (8)

which can be reduced to^{m2B̃}_{g2} = −^{2d}_{(2}^√_{π)d}^{kd−2f m}_{Γ( d2 +1)} for the non-relativistic limit. The fermion density in ddimensions is n = 2 (2 √ π)^d k^d_f Γ(^d_2 + 1)

. (9)

In above expressions, the Γ(^d_2 +1) is the Gamma function.

For example, with d = 3, the parameter m^2_{B̃} is

m^2_{B̃} g^2 = − k_f E_f π^2

, (10)

with k_f being the Fermi momentum and E_f = √ k^2_f + m^2 the relativistic Fermi energy. In the non-relativistic limit, the corresponding result is^{m2B̃}_{g2} = −^{kf m}_{π2} .

For d = 2, one can have^{m2B̃}_{g2} = −^{Ef}_π with the expression Eq.(6). The corresponding non-relativistic re-

sult is^{m2B̃}_{g2} = −^m_π . For d = 1, the result is^{m2B̃}_{g2} = −^{2Ef}_{πkf} ,

while the non-relativistic limit is^{m2B̃}_{g2} = −^{2m}_{πkf} . In the unitary limit, they are negative of the gauge invariant Debye/Thomas-Fermi mass squared[23].

Before making the following calculations, let us discuss the physical meanings of the coupling constants represented by the vector boson mass m_A and electric charge g. They are the parameters introduced to characterize the bare vacuum interaction strength (scattering length a in three-dimensions) between particles with relativistic continuum Dirac formalism. Only in the threedimensions, the coupling constant g can be of dimensionless, which can be clearly seen from Eq.(4). Unusually, it will have the mass dimensional μ^{3−d2} g^′, where g^′ is dimensionless and μ is an arbitrary mass scale of the problem.

E. Effective interaction strength

Physically, the interaction between the fermions is renormalized by the Lorentz violating many-body environment and the induced interaction strength between the particles is characterized by the three parameters m^2_A, m^2_{B̃} and g^2. The in-medium effective scattering length formalism can give relevant concise expressions to describe the strongly correlating effect in a nonperturbative manner a_{ef f} = m 2π g^2 M^2_A = a 1 1 +^{m2B̃}_{m2A}

. (11)

It is worthy noting that the m^2_{B̃} and g^2 appear in the analytical expressions as a fraction ratio. Actually, the magnitude of this fraction ratio m^2_{B̃} /g^2 characterizes the remarkable low energy long range infrared quantum fluctuating effects associated with the DOS on the universal thermodynamics according to the quantum statistical physics. Therefore, there are not any remained adjustable or expansion parameters, i.e., the physical vacuum interaction strength parameter/S-wave scattering length a controls completely the final thermodynamics quantities as given below.

III. EFFECTIVE POTENTIAL THROUGH LORENTZ VECTOR CONDENSATION WITH EXTERNAL FIELD APPROXIMATION

In methodology, the quantum many-body correlation/DOS effects are incorporated as an external field approximation to ensure the theoretical thermodynamics self-consistency, from which the effective potential can be obtained with the standard path integral by taking the relativistic Hartree instantaneous approximation. The external field approximation formalism implies that the vector current conservation/gauge invariance can be guaranteed by the Lorentz transversality condition realized by RHA

∂_μA^μ = 0, (12)

from which the effective potential reads[17, 27] Ω/V = −T ln Z = − 1 2 M^2_AA^2_0 − T ∫ k ∑ i [ ln(1 + e^{−β(Ek,i−μ∗i )}) + ln(1 + e^{−β(Ek,i+μ∗i )}) ]

= − 1 2 M^2_AA^2_0 − 2T ∫ k [ ln(1 + e^{−β(Ek−μ∗)}) + ln(1 + e^{−β(Ek+μ∗)}) ] , (13)

where “2” represents the hyperfine-spin degenerate factor of the fermions system. Furthermore, the self-consistency condition or the tadpole diagram with the boson selfenergy for the full fermion propagator leads to

A_0 = − g M^2_A n = − 2πa_{ef f} gm n, (14)

from which the effective (local) chemical potential μ^∗ is defined with a gauge invariant manner

μ^∗ ≡ μ + μ_I = μ − 2πa_{ef f} m n, (15)

where μ is the global chemical potential. The fermions particle number (electric charge number) density is

n = 2 ∫ k [ f − f ] . (16)

A. Thermodynamics near the strongly interacting unitary limit regime

With the external field counterterm instantaneous approximation formalism of the interior correlating effects, one obtains the general analytical expressions for the energy density functional from the effective potential Eq.(13) with the thermodynamics relation ϵ =^Ω_V + μn + T^S_V ϵ = πa_{ef f} m n^2 + 2 ∫ k E_k [ f + f̄ ] , (17)

and pressure P = −Ω/V P = πa_{ef f} m n^2 + 2 d ∫ k k^2 E_k [ f + f̄ ] , (18)

with the entropy density S V = −2 ∫ k [ f ln f + (1 − f) ln [1 − f] + (f → f) ]

= 1 T ( 2 ∫ k E_k(f + f̄) + 2 d ∫ k k^2 E_k (f + f̄) − μ^∗n ) . (19)

In Eq.(17) and Eq.(18), the first terms are directly related to the interaction and/or quantum fluctuation contributions. In the weak coupling limit, the bare vacuum interaction strength/scattering length a_{ef f} → a can recover the lowest order conventional mean field theory which neglects the quantum fluctuation contributions. The second terms in Eq.(17) and Eq.(18) as well as the entropy density Eq.(19) appear as very much the analytical formalisms for the free Fermi-Dirac gas. However, the correlating effects are also implicitly included through the effective chemical potential esp. for T ≠ 0.

The Eq.(17) and Eq.(18) with m^2_{B̃} = −Π^L_A(0, |p| → 0) = Π^{00}_A (0, |p| → 0) are the final results. The remaining task is to give the numerical results for given temperature T and density n with the fermion mass m. In this work, we limit ourselves to the T = 0 universal thermodynamics attempting to obtain the analytical results.

B. Thermodynamics universality at T = 0 for three-dimensions

At T = 0 and from the above general analytical expressions, one can obtain the energy density and pressure for finite scattering length a ϵ = πa m −^{2kf Ef a}_π n^2 +

(2k^2_f + m^2)k_f E_f − m^4 ln^{kf +Ef}_m 8π^2 ,

P = πa m −^{2kf Ef a}_π n^2 +

(2k^2_f − 3m^2)k_f E_f + 3m^4 ln^{kf +Ef}_m 24π^2 . (20)

In the non-relativistic limit with T = 0, the analytical expression for the energy density can recover Steele’s main result obtained within the effective theory framework[15]. In deed, the non-relativistic negative Debye/Thomas- Fermi mass squared can readily approach the nonrelativistic power counting result of Steele with the generalized coupled Dyson-Schwinger equations(through the full anti-screened vector boson propagator) as indicated by Fig.1. The non-trivial physics occurs at the pole of the first term in Eq.(20), i.e., in the repulsive BEC regime with m − 2k_f E_f a/π = 0 → 2k_f a/π ≈ 1 as pointed out in Refs. [13, 15].

Due to the universal properties at T = 0 in the dilute unitary limit, the energy density can be scaled as[9] ε(n) = 3 5 ε_f F ( 1 k_f a ) = 3 5 ε_f ( ξ − ζ k_f a − 5 3 v k^2_f a^2

+ 0( 1 (k_f a)^3 ) ) , (21)

where ε_f = k^2_f /(2m) is the Fermi kinetic energy. Applying the Taylor series expansion of ϵ Eq.(20) according to 1/(ak_f ) as well as k_f by keeping only up to the lowest order of k_f /m, the corresponding universal coefficients ξ = 4/9 .= 0.44, ζ = 5π/18 .= 0.87, v = π^2/12 .= 0.82 are exactly consistent with those ξ ≈ 0.44, ζ ≈ 1, v ≈ 1 of Refs.[7, 9] obtained with Monte Carlo calculation. Especially, one of them with much attention is ξ = 4/9. The recent quantum Monte Carlo calculation also gives the same result[28].

In the unitary limit, the strong fluctuation and correlation effects not only do manifest themselves in the bulk properties but also modify the quasi-particle properties in a substantial way from the viewpoint of the universal thermodynamics. At unitary |a| = ∞, the energy gap Δ is derived from the total energy density with the odd-even staggering (OES) Δ = f_{sw} 2k^2_f + 3m^2 − 3mE_f 6E_f , (22)

with f_{sw} being the Fermi-Dirac statistical weight factor. In the non-relativistic limit with the factor f_{sw} = 5/3, the analytical result is Δ/ε_f = 5/18, which is reasonably consistent with theoretical result^8_{e2} ε_f e^{− π2kf a} ∼ 0.40ε_f obtained through the BCS model but with the effective scattering length. The corresponding phase transition critical temperature is still approximated by the BCS relation T_c = e^γ Δ/π with γ being the Euler-Gamma constant

T_c ≈ 0.157T_f , (23)

as given in Ref.[14]. This is in reasonable agreement with the updating results[10, 28–30].

The pressure is P = 1/6P_{F G} in the unitary limit, from which one can find the sound speed is reduced remarkably v = √ 1 6 v_{F G} = √ 2 6 v_f , (24) where v^2_{F G} = 1/3v^2_f is the sound speed squared for the ideal Fermi gas with the Fermi velocity v_f = k_f /m. For the ideal fermion gas, the ratio of pressure to energy density is well known 2/3. For unitary fermion gas, this ratio is found to be changed to 1/4 for the nonrelativistic occasion due to the strongly correlating effects. This is different from that obtained with the universal hypothesis based on assuming the scaling property in terms of the zero-energy bound state. This difference can be attributed to the implicit pairing correlation contribution to the binding energy in the strongly coupling limit[31]. The simultaneous experimental detection for the universal coefficient ξ and the sound speed can judge this dilemma. We also note that similar conclusion can be seen in the analytical Dyson-Schwinger attempt of Ref.[30].

IV. D-DIMENSIONS FERMIONS UNIVERSAL PROPERTIES AT UNITARITY

Although the unitary limit issue is proposed for the three-dimensions physics representing for such as the inner neutron star crust physics in the low energy strongly interacting nuclear many-body theory context, it is very interesting to visit the d-dimensions occasion of the general Fermi-Dirac statistics as a toy model in the unitary limit by applying the Thomson Problem counterterm analytical method.

Concentrating on the realistic physics realized in the experimental environments, the non-relativistic analytical results reduced from the general expressions Eq.(17) and Eq.(18) in the unitary limit with the Thomson Problem counterterm approach are given below. The kinetic energy density contribution for d-dimensions nonrelativistic fermion gas is ε_{ideal} = 2d (2 √ π)^d (d + 2) ε_f k^d_f Γ(^d_2 + 1)

, (25)

while the pressure is P_{ideal} = 4 (2 √ π)^d (d + 2) ε_f k^d_f Γ(^d_2 + 1)

. (26)

The negative correlation energy is derived to be ε_{int} = − 2 (2 √ π)^d d ε_f k^d_f Γ(^d_2 + 1)

. (27)

Analogously to the discussion for three-dimensions, one can obtain the general universal dimensionless coefficient ξ expression according to dimension d ξ = f_{sw} (d − 2)(d + 1) d(d + 2) = (d − 2)(d + 1) d^2

. (28)

With the OES method for the d-dimensions unitary fermions gas, one can have the extended S-wave energy gap Δ/ε_f = f_{sw} d − 2 2d = (d − 2)(d + 2) 2d^2

. (29)

In above expressions, f_{sw} = (d + 2)/d is the ddimensions Fermi-Dirac statistical weight factor in the non-relativistic limit. It is worthy noting that the ratio of pressure to energy density is changed from 2/d of the ideal fermion gas to 1/(1 + d) of that in the unitary limit.

From Eq.(28), one can find that ξ will be equal to zero at d = 2. This corresponds to the infinity m^∗ = ∞ of the effective fermion mass. At this specific two-dimensions, the pressure as well as entropy density is also equal to zero, which is quite similar to the BEC phenomena for the ideal boson gas at three-dimensions. In this specific occasion, the sound speed will approach to zero in terms of the Landau Fermi liquid theory. Furthermore, the energy gap will be zero in the meantime with the OES result Eq.(29) of the two-dimensions. This result indicates the low two-dimensions unitary limit thermodynamics properties are exotic.

In the strongly coupling limit, the essential characteristic m^∗ → ∞ is in line with the strongly coupled two-dimensions electrons discussed in the literature[32]. The zero energy gap is so similar to the vanishing of the extended S pairing correlation etc. with the increase of repulsive interaction strength in the two-dimensions Hubbard Model with quantum Monte Carlo study[33]. It is worthy noting that the behavior of ξ according to the spatial dimensions d as indicated by Fig.2 is different from those found in the recent works[16].

FIG. 2: The universal coefficient ξ versus dimension d. The lower solid line (a) is for the non-relativistic Eq.(28), while the upper dotted line (b) is for the ultra-relativistic limit Eq.(30). The dashed parts correspond to the instability region.

In Fig.2, we also give the ultra-relativistic limit result for completeness with the explicit analytical expressions ξ^′ = f^′_{sw} (d − 1)(2d + 1) 2d(d + 1) = (d − 1)(2d + 1) 2d^2

, (30) and Δ^′/ε^′_f = f^′_{sw}

(d − 1) 2d = (d − 1)(d + 1) 2d^2

. (31)

It is worthy noting that in this opposite limit the corresponding correction of the Fermi kinetic energy is the magnitude of the Fermi momentum k_f , i.e., ε^′_f → k_f . The prime symbol has been adopted in order to avoid the confusion with the non-relativistic results. In Eqs.(30)- (31), the statistical weight factor is f^′_{sw} = (d + 1)/d. There exists a rummy duality relation between the nonrelativistic and the ultra-relativistic results seen from above expressions.

From Fig.2, one can clearly see that these solutions manifest the quantum Ising universal class characteristic of the strongly interacting fermions gas realized in the experimental environments[34]. For the non-relativistic occasion, the universal coefficient is ξ < 0 for d < 2 with the negative sound speed squared. The negative sound speed squared means that there is no phase transition from the superfluidity state to normal state due to the spinodal instability of the superfluidity state. In the onedimension, the strong fluctuation effects in the system will make the regions out of phase with each other and reduce the possibility of reaching the thermodynamics equilibrium. This is consistent with the general phase transition theory, i.e., there is not a phase transition for one-dimension.

With the analytical results such as Eq.(28) and Eq.(29) as well as Eq.(30) and Eq.(31), one can also see that the proportionality coefficients do depend only on the spatial dimensions d and are independent of the system details in the unitary limit. This is of the genuine thermodynamics universality characteristic associated with the critical phenomena in terms of the general statistical physics.

V. SUMMARY

In conclusion, we have given the general analytical formulas of the energy density functional and pressure as well as entropy density at both finite temperature and density in terms of the relativistic quantum many-body formalism near the unitary limit regime. The interior non-linear fluctuation/correlation effects on the thermodynamics have been incorporated with an external field approximation scheme through a fictive opposite charged Thomson background. This detour will allow us to go beyond the lowest order mean field theory or the naive perturbative expansions in an accurate way.

The d-dimensions universal thermodynamics in the unitary limit are discussed. It is found the thermodynamics properties of low dimension d = 2 are very interesting in the unitary limit, i.e., the universal dimensionless coefficient ξ = 0 with simultaneous vanishing of energy density, pressure, energy gap and sound speed as well as entropy density. In the non-relativistic limit, the effective fermion mass can approach to m^∗ = ∞, corresponding to the strongly coupled electrons in condensed matter physics. This characteristic is quite similar to the well-known BEC of the ideal boson gas at T = 0 for three-dimensions. These d-dimensions solutions manifest the quantum Ising universal class characteristic of the strongly interacting low temperature fermions gas physics.

In addition to the exact consistency of the obtained physical results with some existed theoretical analytical or simulation ones, this attempt with the unknown side/Thomson Problem as a potential quantum many-body nonperturbative arm to solve the other unknown side facilitates the concrete comparison of the non-relativistic many-body methods and the Dirac phenomenology of the relativistic continuum formalism in terms of the fundamental in-medium Lorentz violation.

The essential features of the strongly coupled unitary gases may be captured by the Lorentz violation with vector condensation formalism. The key physics may be obtained by the external field realization scheme of the interior correlations between the strongly interacting particles through a fictive Thomson background but still with the standard RHA and RPA techniques (or the generalized coupled Dyson-Schwinger equations).

Acknowledgments

The author acknowledges the discussions with Profs. Jia-Rong Li and Lu Yu; colleagues’ comments at the sQGP workshop at IOPP of CCNU, Aug 14-16, 2006. He is also grateful to the beneficial communications with Drs. E. Burovski, F. Chevy, C. Chin, Jason Ho, C.J Pethick and S.-W Zhang. Supported by the scientific starting research fund of CCNU and NSFC under grant No 10675052.

[1] B. DeMarco and D.S Jin, Science 285, 1703 (1999). [2] The Many-Body Challenge Problem formulated by G F Bertsch in 1999, see R A Bishop, Int. J. Mod. Phys. B 15, iii (2001).

[3] G.A Baker, Int. J. Mod. B 15, 1314 (2001). [4] H. Heiselberg, Phys. Rev. A 63, 043606 (2001); R.J Furnstahl and H.W Hammer, Ann. Phys. (N.Y.) 302, 206 (2002); A. Schwenk and C.J Pethick, Phys. Rev. Lett. 95, 160401 (2005); C.J Horowitz and A. Schwenk, Phys. Lett. B 638, 153 (2006); M. Wingate, preprint cond-mat/0502372; Dean Lee and T Schaefer, Phys. Rev. C 73, 015201 (2006); ibid., 73, 015202 (2006); Dean Lee, Phys. Rev. B 73, 115112 (2006); Y. Nishida and D.T Son, Phys. Rev. Lett. 97, 050403 (2006); A. Bhattacharyya and T. Papenbrock, preprint nucl-th/0602050; G. Rupak, preprint nucl-th/0604053.

[5] T. Schaefer, preprint nucl-th/0606019; E.V Shuryak, preprint nucl-th/0606046.

[6] Qijin Chen, J. Stajic, S. Tan, and K. Levin, Phys. Rep.

412, 1 (2005).

[7] J. Carlson, S.Y Chang, V.R Pandharipande, and K.E Schmidt, Phys. Rev. Lett. 91, 050401 (2003); Phys. Rev. A 70, 043602 (2004).

[8] G.E Astrakharchik, J. Boronat, J. Casulleras, and S.

Giorgini, Phys. Rev. Lett. 93, 200404 (2004). [9] A. Bulgac and G.F Bertsch, Phys. Rev. Lett. 94, 070401 (2005).

[10] A. Bulgac, J.E Drut, and P. Magierski, Phys. Rev. Lett.

96, 090404 (2006).

[11] Tin-Lun Ho, Phys. Rev. Lett. 92, 090402 (2004); A. Perali, P. Pieri, L. Pisani, and G.C Strinati, Phys. Rev. Lett. 92, 220404 (2004); J.E Thomas, J. Kinast, and A. Turlapov, Phys. Rev. Lett. 95, 120402 (2005); J. Carlson and S. Reddy, Phys. Rev. Lett. 2005, 95 (060401); T.D Cohen, Phys. Rev. Lett. 95, 120403 (2005); F. Chevy, Phys. Rev. Lett. 96, 130401 (2006); H. Hu, X.J Liu, and P.D Drummond, Europhys. Lett.74, 574 (2006); H.W Xiong, S.J Liu, and M.S Zhan, Phys. Rev. A 74, 033602 (2006); M Gao, H.Y Wu, and L. Yin, Phys. Rev. A 74, 023604 (2006); J. Yin, Y.L Ma, and G.X Huang, Phys. Rev. A 74, 013609 (2006).

[12] M.E Gehm, S.L Hemmer, S.R Granade, K.M O’Hara, and J.E Thomas, Phys. Rev. A 68, 011401 (R) (2003); T. Bourdel, J. Cubizolles, L. Khaykovich, K.M.F Magalhäes, S.J.J.M.F Kokkelmans, G.V Shlyapnikov, and C. Salomon, Phys. Rev. Lett. 91, 020402 (2003); M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, C. Chin, J.H Denschlag, and R. Grimm, Phys. Rev. Lett. 92, 120401 (2004); J. Kinast, A. Turlapov, J.E Thomas, Q. Chen, J. Stajic, and K. Levin, Science 307, 1296 (2005); M.W Zwierlein, J.R Abo-Shaeer, A. Schirotzek, C.H Schunck, and W. Ketterle, Nature 435, 1047 (2005); G.B Partridge, W. Li, R.I Kamar, Y.-A Liao, R.G Hulet, Science 311, 503 (2006).

[13] C.J Pethick and H. Smith, Bose-Einstein Condensation in Dilute Gases, Cambridge University Press, Cambridge, England, 2002.

[14] J.-S Chen, preprint nucl-th/0602065. [15] J.V Steele, preprint nucl-th/0010066.

[16] Z. Nussinov and S. Nussinov, preprint condmat/0410597; Y. Nishida and D.T Son, preprint cond-mat/0607835; P. Arnold, J.E Drut, and D.T Son, preprint cond-mat/0608477.

[17] J.D Walecka, Ann. Phys. (N.Y.) 83, 491 (1974); B.D

Serot and J.D Walecka, Adv. Nucl. Phys. 16, 1 (1986); Int. J. Mod. Phys. E 6, 515 (1997).

[18] A. Proca, J. Phys. Radium 7 347, 1936; J.D Jackson, Classical Electrodynamics, 3rd. ed, John Wiley & Sons, New York, 1999.

[19] J. Alfaro, A.A Andrianov, M. Cambiaso, P. Giacconi, and R. Soldati, Phys. Lett. B 639, 586 (2006).

[20] J.-S Chen, J.-R Li, and M. Jin, Phys. Lett. B 608, 39 (2005); J.-S Chen, preprint nucl-th/0509038.

[21] J.-S Chen, J.-R Li, and P.-F Zhuang, Phys. Rev. C 67, 068202 (2003); J.-S Chen, P.-F Zhuang, and J.-R Li, Phys. Rev. C 68, 045209 (2003); Phys. Lett. B 585, 85 (2004).

[22] M.E Peskin and D.V Scroeder, An introduction to Quantum Field Theory, Weber State University, 1995.

[23] A.M Tsvelik, Quantum Field Theory in Condensed Matter Physics, Cambridge University Press, Cambridge, England, 1995.

[24] W. Kohn and L.J Sham, Phys. Rev. A 140, 1133 (1965). [25] Ph. Chomaz, F. Gulminelli, C. Ducoin, P. Napolitani, and K.H.O Hasnaoui, preprint astro-ph/0507633.

[26] Suggestions of the referees for [20] to address the inverse electrons Thomson background.

[27] J.I Kapusta, Finite Temperature Field Theory (Cambridge University Press, Cambridge, England, 1989).

[28] V.K Akkineni, D.M Ceperley, and N. Trivedi, preprint cond-mat/0608154.

[29] E. Burovski, N. Prokof’ev, B. Svistunov, and M. Troyer, Phys. Rev. Lett. 2006, 96 (160402); New J. Phys. 8, 153 (2006).

[30] R. Haussmann, W. Rantner, S. Cerrito, and W. Zwerger, preprint cond-mat/0608282.

[31] Private communications with Drs. E. Burovski, F. Chevy, and Jason Ho.

[32] Y. Zhang and S.D Sarma, Phys. Rev. B 71, 045322 (2005).

[33] S.-W Zhang, J. Carlson, and J.E Gubernatis, Phys. Rev.

Lett. 74, 4486 (1997).

[34] S. Sachdev, Quantum Phase Transition, Cambridge University Press, Cambridge, England,1999; R.K Pathria, Statistical Mechanics (2nd edition), Butterworth- Heinemann, Oxford, 1996.