nucl-th/9909003 1 Sep 1999

QUANTUM GROUPS AND THEIR APPLICATIONS IN NUCLEAR PHYSICS

Dennis BONATSOS Institute of Nuclear Physics, N.C.S.R. \Demokritos" GR-15310 Aghia Paraskevi, Attiki, Greece C. DASKALOYANNIS Department of Physics, Aristotle University of Thessaloniki GR-54006 Thessaloniki, Greece

ABSTRACT Quantum algebras are a mathematical tool which provides us with a class of symmetries wider than that of Lie algebras, which are contained in the former as a special case. After a self-contained introduction to the necessary mathematical tools (q-numbers, q-analysis, q-oscillators, q-algebras), the suq(2) rotator model and its extensions, the construction of deformed exactly soluble models (u(3)⊃so(3) model, Interacting Boson Model, Moszkowski model), the 3-dimensional q-deformed harmonic oscillator and its relation to the nuclear shell model, the use of deformed bosons in the description of pairing correlations, and the symmetries of the anisotropic quantum harmonic oscillator with rational ratios of frequencies, which underly the structure of superdeformed and hyperdeformed nuclei, are discussed in some detail. A brief description of similar applications to the structure of molecules and of atomic clusters, as well as an outlook are also given.

Table of contents 1. Introduction 2. q-numbers 3. q-deformed elementary functions 4. q-derivatives 5. q-integration 6. Q-numbers 7. Q-deformed elementary functions 8. Q-derivative 9. Q-integration 10. The q-deformed harmonic oscillator 11. The Q-deformed harmonic oscillator 12. The generalized deformed oscillator 13. The physical content of deformed harmonic oscillators 13.1 Classical potentials equivalent to the q-oscillator 13.2 Classical potentials equivalent to the Q-deformed oscillator 13.3 WKB-EPs for the q-deformed oscillator 13.4 WKB-EPs for the Q-deformed oscillator 14. The quantum algebra su_q(2) 15. Realization of su_q(2) in terms of q-deformed bosons 16. The quantum algebra su_q(1,1) 17. Generalized deformed su(2) and su(1,1) algebras

18. Generalized deformed parafermionic oscillators 19. The su_q(2) rotator model 20. Comparison of the su_q(2) model to other models

20.1 The Variable Moment of Inertia (VMI) model 20.2 Comparison of the su_q(2) model to the VMI and related models 20.3 The hybrid model 20.4 Other models 21. Electromagnetic transitions in the su_q(2) model

21.1 The collective model of Bohr and Mottelson 21.2 The Interacting Boson Model (IBM) 21.3 The su_q(2) model 21.4 Comparison to experiment 22. Superdeformed bands 23. The physical content of the su_q(2) model 24. The u_{p,q}(2) rotator model 25. Generalized deformed su(2) models 26. Quantum algebraic description of vibrational and transitional nuclear spectra 26.1 The Interacting Boson Model 26.2 Generalized VMI 26.3 Modification of the su_q(2) model 27. A toy Interacting Boson Model with su_q(3) symmetry

27.1 The su_q(3) algebra 27.2 The su_q(2) limit 27.3 The so_q(3) limit 28. The 3-dimensional q-deformed harmonic oscillator and the nuclear shell model 28.1 Simplified so_q(3) subalgebra and so_q(3) basis states 28.2 Definitions of so_q(3) irreducible tensor operators, tensor and scalar products 28.3 Construction of so_q(3) vector operators and spherical vector operators 28.4 A choice for the physical angular momentum 28.5 A choice for the Hamiltonian 28.6 The Modified Harmonic Oscillator of Nilsson 28.7 Connection between the 3-dimensional q-deformed harmonic oscillator and the Modified Harmonic Oscillator of Nilsson 28.8 3-dimensional q-deformed harmonic oscillator with q-deformed spin–orbit term 29. Further development of u_q(3)⊃so_q(3) models

29.1 Matrix elements of a q-deformed quadrupole operator in the u_q(3)⊃so_q(3) basis 29.2 Matrix elements of the usual quadrupole operator in the u_q(3)⊃so_q(3) basis 29.3 Transformation between so_q(3) and so(3) basis states 30. The question of complete breaking of symmetries and some applications 31. q-deformation of the Interacting Boson Model (IBM) 32. Deformed versions of other collective models

33. Fermion pairs as deformed bosons: approximate mapping

33.1 The single-j shell model 33.2 Fermion pairs of zero angular momentum 33.3 Mapping using the q-deformed oscillator 33.4 Mapping using the Q-deformed oscillator 34. Fermion pairs as deformed bosons: exact mapping

34.1 An appropriate generalized deformed oscillator 34.2 Related potentials 35. The seniority scheme

35.1 Uncovering a dynamical symmetry 35.2 Comparison to experiment 35.3 Other approaches 36. Anisotropic quantum harmonic oscillators with rational ratios of frequencies 36.1 A deformed u(2) algebra 36.2 The representations 36.3 The “angular momentum” quantum number 36.4 Multisections of the isotropic oscillator 36.5 Connection to W^{(2)}_3 36.6 Discussion 37. The use of quantum algebras in molecular structure 38. The use of quantum algebras in the structure of atomic clusters 39. Outlook

Acknowledgements References

1. Introduction

Quantum algebras^{1,2,3,4,5} (also called quantum groups) are deformed versions of the usual Lie algebras, to which they reduce when the deformation parameter q is set equal to unity. From the mathematical point of view they are Hopf algebras^6. Details about their mathematical properties can be found in^{7,8,9,10,11,12,13}. Their use in physics became popular with the introduction of the q-deformed harmonic oscillator (sec. 10) as a tool for providing a boson realization of the quantum algebra su_q(2) (sec. 14), although similar mathematical structures had already been known (sec. 11). Initially used for solving the quantum Yang–Baxter equation^3, quantum algebras have subsequently found applications in several branches of physics, as, for example, in the description of spin chains^{14,15}, anyons^{16,17,18}, quantum optics^{19,20,21,22,23}, rotational and vibrational nuclear and molecular spectra, and in conformal field theories. By now several kinds of generalized deformed oscillators (sec. 12) and generalized deformed algebras (sec. 17) have been introduced.

It is clear that quantum algebras provide us with a class of symmetries which is richer than the class of Lie symmetries, which are contained in the former as a special case. It is therefore conceivable that quantum algebras can turn out to be appropriate for describing symmetries of physical systems which are outside the realm of Lie algebras.

Here we shall confine ourselves to applications of quantum algebras in nuclear structure physics. The structure of this review is as follows: In order to make this review self-contained, we are going first to give a brief account of the necessary tools: q-numbers and q-analysis (secs 2–9), q-deformed oscillators (secs 10–13), q-deformed algebras (secs 14–18). The remainder will be devoted to specific applications in nuclear structure problems, starting with phenomenology and advancing towards more microscopic subjects. The su_q(2) rotator model (secs 19–23) and its extensions (secs 24–26), as well as the formulation of deformed exactly soluble models (u(3)⊃so(3) model (secs 28, 29), Interacting Boson Model (secs 27, 30, 31), Moszkowski model (sec. 32)) will be covered in some detail. In addition the 3-dimensional q-deformed harmonic oscillator and its relation to the nuclear shell model (sec. 28) will be extensively discussed. Subsequently, the use of quantum algebraic techniques for the description of pairing correlations in nuclei (secs 33–35), as well as the symmetries of the anisotropic quantum harmonic oscillators with rational ratios of frequencies (sec. 36) will also be considered in some detail. The latter are of current interest in connection with the symmetries underlying superdeformed and hyperdeformed nuclear bands (sec. 36). Finally, a brief account of applications of the same techniques to the structure of molecules (sec. 37) and of atomic clusters (sec. 38), as well as an outlook (sec. 39) will be given. An earlier review of the subject has been given in^{24}.

2. q-numbers

The q-number corresponding to the ordinary number x is defined as

[x] = q^x − q^{−x} q − q^{−1} , (2.1)

where q is a parameter. The same definition holds if x is an operator. We remark that q-numbers remain invariant under the substitution q → q^{−1}.

If q is real, q-numbers can easily be put in the form

[x] = sinh(τ x) sinh(τ )

, (2.2)

where q = e^τ and τ is real.

If q is a phase factor, q-numbers can be written as

[x] = sin(τ x) sin(τ )

, (2.3)

where q = e^{iτ} and τ is real.

In both cases it is clear that in the limit q → 1 (or, equivalently, τ → 0) q-numbers (or operators) tend to the ordinary numbers (or operators):

lim_{q→1}[x] = x. (2.4)

A few examples of q-numbers are given here:

[0] = 0, [1] = 1, [2] = q + q^{−1}, [3] = q^2 + 1 + q^{−2}. (2.5)

Identities between q-numbers exist. They are, however, different from the familiar identities between usual numbers. As an exercise one can show (using the definition of q-numbers) that

[a][b + 1] − [b][a + 1] = [a − b]. (2.6)

The q-factorial of an integer n is defined as

[n]! = [n][n − 1] . . . [2][1]. (2.7)

The q-binomial coefficients are defined as [ m n ] = [m]! [m − n]![n]! , (2.8)

while the q-binomial expansion is given by

[a ± b]^m = m∑ k=0 [ m k ] a^{m−k}(±b)^k. (2.9)

In the limit q → 1 we obviously have

[n]! → n! and [ m n ] → ( m n ) , (2.10)

where n! and ( m n ) are the standard factorial and binomial coefficients respectively.

It should be noticed that two-parameter deformed numbers have also been introduced [x]_{p,q} = q^x − p^{−x} q − p^{−1} . (2.11)

In the special case p = q they reduce to the usual q-numbers.

3. q-deformed elementary functions

In addition to q-deformed numbers and operators, q-deformed elementary functions can be introduced. The q-exponential function is defined as e_q(ax) = ∞∑ n=0 a^n [n]!

x^n, (3.1)

while the q-trigonometric functions are defined as

sin_q(x) = ∞∑ n=0 (−1)^n x^{2n+1} [2n + 1]!

, cos_q(x) = ∞∑ n=0 (−1)^n x^{2n} [2n]!

. (3.2)

It should also be noticed that q-deformed polynomials, such as q-deformed Hermite polynomials^{25,26,27} and q-deformed Laguerre polynomials^{25} also exist (see also subsec. 36.3).

The definitions of the q-exponential function and the q-trigonometric functions given above are not unique; for a different set of definitions, based on the Tsallis statistics, see^{28}.

4. q-derivatives

Proceeding along this path one can build a new differential calculus, based on q-deformed quantities (see^{29,30} for concise expositions). For this purpose the q-derivative is defined as D^q_xf(x) = f(qx) − f(q^{−1}x) (q − q^{−1})x . (4.1)

The similarity between the present definition and the one of q-numbers (eq.(2.1)) is clear.

Using the definition of the q-derivative one can easily see that D^q_x(ax^n) = a[n]x^{n−1}, (4.2) D^q_xe_q(ax) = ae_q(ax). (4.3) ¿From the definition of the q-derivative one can further derive the sum rule D^q_x(f(x) + g(x)) = D^q_xf(x) + D^q_xg(x), (4.4) as well as the rule D^q_{x2} [ax_1 ± bx_2]^m = ±[m]b[ax_1 ± bx_2]^{m−1}, (4.5) where a and b are costants and [ax_1 ± bx_2]^m is given by the q-binomial expansion (eq. (2.9)). One can also prove the q-integration by parts formula D^q_x(f(x)g(x)) = f(qx)g(qx) − f(q^{−1}x)g(q^{−1}x) (q − q^{−1})x . (4.6)

From this, the following two forms of the Leibnitz rule can be derived D^q_x(f(x)g(x)) = (D^q_xf(x))g(q^{−1}x) + f(qx)(D^q_xg(x)), (4.7) D^q_x(f(x)g(x)) = (D^q_xg(x))f(q^{−1}x) + g(qx)(D^q_xf(x)). (4.8) In addition one can show the property D^q_xf(qx) = qD^q_xf(x)|_{x=qx}, (4.9) and the chain rules D^q_{ax}f(x) = 1 a D^q_xf(x) , (4.10) D^q_xf(x^n) = [n]x^{n−1}D^{qn}_xn f(x^n), (4.11) where a is a constant. Another useful result is D^{qn}_x f(x) = 1 [n] n−1∑ k=0 D^q_xf(q^{2k−(n−1)}x). (4.12)

5. q-integration

The q-integration (see^{29,30} for concise expositions) in the interval [0, a] is defined by ∫ a 0 f(x)d_qx = a(q^{−1} − q) ∞∑ n=0 q^{2n+1}f(q^{2n+1}a), (5.1)

while for the interval [0, ∞) one has ∫_∞ 0 f(x)d_qx = (q^{−1} − q) ∞∑ n=−∞ q^{2n+1}f(q^{2n+1}). (5.2)

The indefinite q-integral is defined as ∫ f(x)d_qx = (q^{−1} − q) ∞∑ n=0 q^{2n+1}xf(q^{2n+1}x) + constant, (5.3)

where 0 < q < 1. For entire functions f(x) one can easily see that this q-integral approaches the Riemann integral as q → 1, and also that the operators of q-differentiation and q-integration are inverse to each other D^q_x ∫ f(x)d_qx = f(x) = ∫ D^q_xf(x)d_qx. (5.4) One can also easily see that ∫ ax^{n−1}d_qx = 1 [n] ax^n + constant, (5.5) ∫ e_q(ax)d_qx = 1 a e_q(ax) + constant. (5.6) From (4.6) one can also prove the following formulae of integration by parts ∫ a 0 f(qx)(D^q_xg(x))d_qx = f(x)g(x)|^{x=a}_{x=0} − ∫ a 0 (D^q_xf(x))g(q^{−1}x)d_qx, (5.7) ∫ a 0 f(q^{−1}x)(D^q_xg(x))d_qx = f(x)g(x)|^{x=a}_{x=0} − ∫ a 0 (D^q_xf(x))g(qx)d_qx. (5.8) The following formulae can also be proved ∫ f(x)d_{aq}x = a ∫ f(x)d_qx, (5.9)

∫ f(x^n)d_qn x^n = [n] ∫ x^{n−1}f(x^n)d_qx, (5.10) ∫ f(x)d_qx = 1 [n] n−1∑ k=0 q^{2k−(n−1)} ∫ f(q^{2k−(n−1)}x)d_qn x. (5.11) The q-analogue for Euler’s formula for the function Γ(x) is ∫ ζ 0 e_q(−x)x^nd_qx = [n][n − 1][n − 2] . . . [1] = [n]!. (5.12)

A proof of this formula can be found in^{29}.

6. Q-numbers

The definition of q-numbers given in sec. 2 is not the only possible one. We have already seen the two-parameter deformed numbers, defined in eq. (2.11). Furthermore, a different definition of quantum numbers (the Q-numbers) has been used in mathematics since the early ninetenth century, with rich literature existing on this subject^{31,32}. Q-numbers are defined as

[x]_Q =

Q^x − 1 Q − 1 , (6.1)

where x can be a number or an operator and Q is a deformation parameter. Q is a real number (Q ≠ 0, 1). The notation Q = e^T , where T a real number, will be often used. The subscript Q will be used in this review in order to distinguish deformed numbers defined as in eq. (6.1) from these defined by eq. (2.1). It is clear that in the limit Q → 1 (or, equivalently, T → 0) Q-numbers become ordinary numbers, i.e. [x]_Q → x.

A few examples of Q-numbers are given here:

[0]_Q = 0, [1]_Q = 1, [2]_Q = Q + 1, [3]_Q = Q^2 + Q + 1. (6.2)

Q-numbers clearly do not remain invariant under the substitution Q → Q^{−1}. One can easily prove that [x]_Q = Q^{x−1} [x]_{1/Q} . (6.3)

Q-numbers are connected to q-numbers through the relation^{29}

[x] = q^{1−x}[x]_Q, with Q = q^2. (6.4)

The definitions of Q-factorials and Q-binomial coefficients still look like the ones given in eqs. (2.7)– (2.8):

[n]_Q! = [n]_Q[n − 1]_Q . . . [1]_Q, (6.5) [ m n ] Q = [m]_Q!

[m − n]_Q![n]_Q!

. (6.6)

As it can be easily seen from eq. (6.1) under the substitution Q → Q^{−1} one obtains

[n]_Q! = Q^{n(n−1)/2} [n]_{1/Q} , (6.7)

and [ n k ] Q = Q^{k(n−k)} [ n k ] 1/Q . (6.8)

Q-factorials are connected to q-factorials by

[n]! = q^{−n(n−1)/2}[n]_Q!, with Q = q^2. (6.9)

7. Q-deformed elementary functions

The definitions of Q-deformed elementary functions^{31} look similar to these given in sec. 3. The Q-deformed exponential function is defined as e_Q(ax) = ∞∑ n=0 a^n [n]_Q!

x^n, (7.1)

and satisfies the property e_Q(x)e_{1/Q}(−x) = 1. (7.2) (Notice that e_Q(x)e_Q(−x) ≠ 1.)

The Q-deformed trigonometric functions are defined as

sin_Q(x) = ∞∑ n=0 (−1)^n x^{2n+1} [2n + 1]_Q!

, (7.3)

cos_Q(x) = ∞∑ n=0 (−1)^n x^{2n} [2n]_Q!

. (7.4)

One can easily show that sin_Q(x) = 1 2i (e_Q(ix) − e_Q(−ix)) , (7.5) cos_Q(x) = 1 2 (e_Q(ix) + e_Q(−ix)) . (7.6) Instead of the familiar identity sin^2(x) + cos^2(x) = 1 one has sin_Q(x) sin_{1/Q}(x) + cos_Q(x) cos_{1/Q}(x) = 1. (7.7) The above defined Q-deformed functions are examples of Q-deformed hypergeometric functions^{31,33,34}. In addition Q-deformed polynomials, which are counterparts of the ordinary non deformed polynomials, can be defined, such as Q-deformed Hermite polynomials and Q-deformed Laguerre polynomials^{31}.

8. Q-derivative

Given the function f(x) one defines its Q-derivative D^Q_x^{31} by the expression

D^Q_x f(x) = f(Qx) − f(x) (Q − 1)x . (8.1)

The similarity between this definition and the one of Q-numbers (eq. (6.1)) is clear.

One can easily prove that D^Q_x x^n ≡ Q^nx^n − x^n (Q − 1)x = [n]_Qx^{n−1}, (8.2)

which looks exactly like eq. (4.2). In addition one has D^Q_x e_Q(ax) = ae_Q(ax), (8.3) D^Q_x e_{1/Q}(ax) = ae_{1/Q}(aQx), (8.4) D^Q_x sin_Q(ax) = a cos_Q(ax), (8.5) D^Q_x cos_Q(ax) = −a sin_Q(ax). (8.6) One can also easily see that sin_Q(ax) and cos_Q(ax) are the linearly independent solutions of the Qdifferential equation (D^Q_x )^2u(x) + a^2u(x) = 0, (8.7) while the functions sin_{1/Q}(ax) and cos_{1/Q}(ax) satisfy the equation (D^Q_x )^2u(x) + a^2u(Q^2x) = 0. (8.8)

The following Leibnitz rules can also be shown: D^Q_x (f_1(x)f_2(x)) = ( D^Q_x f_1(x) ) f_2(Qx) + f_1(x) ( D^Q_x f_2(x) ) , (8.9) D^Q_x (f_1(x)f_2(x)) = ( D^Q_x f_1(x) ) f_2(x) + f_1(Qx) ( D^Q_x f_2(x) ) . (8.10) One can further obtain D^Q_x f_1(x) f_2(x) = ( D^Q_x f_1(x) ) f_2(x) − f_1(x) ( D^Q_x f_2(x) ) f_2(Qx)f_2(x)

. (8.11) For the second derivative of f(x) one has (D^Q_x )^2f(x) = (Q − 1)^{−2}Q^{−1}x^{−2} { f(Q^2x) − (Q + 1)f(Qx) + Qf(x) } , (8.12) and by mathematical induction we obtain the general formula (D^Q_x )^nf(x) = (Q − 1)^{−n}Q^{−n(n−1)/2}x^{−n} n∑ k=0 [ n k ] Q (−1)^kQ^{k(k−1)/2}f(Q^{n−k} x). (8.13)

9. Q-integration

In a way analogous to that of sec. 5 the definite Q-integral of the function f(x) in the interval [0, 1] is defined^{31} as follows ∫_1 0 f(x)d_Qx = (1 − Q) ∞∑ s=0 f(Q^s)Q^s, (9.1) assuming that Q is real and |Q| < 1, while for the definite integral of f(x) in the interval [0, ∞], we have ∫_∞ 0 f(x)d_Qx = (1 − Q) ∞∑ s=−∞ Q^sf(Q^s). (9.2) For the indefinite Q-integral of f(x) one has ∫ f(x)d_Qx = (1 − Q)x ∞∑ s=−∞ Q^sf(Q^sx) + constant. (9.3) One can easily check that Q-differentiation and Q-integration are operations inverse to each other D^Q ∫ f(x)d_Qx = f(x). (9.4) The formula for Q-integration by parts reads ∫ ( D^Qf_1(x) ) f_2(x)d_Qx = f_1(x)f_2(x) − ∫ f_1(Qx) ( D^Qf_2(x) ) d_Qx. (9.5)

10. The q-deformed harmonic oscillator

The interest for possible applications of quantum algebras in physics has been triggered in 1989 by the introduction of the q-deformed harmonic oscillator^{35,36,37}, of which earlier equivalent versions existed^{38,39}.

The q-deformed harmonic oscillator^{35,36,37,40,41,42} is defined in terms of the creation and annihilation operators a^† and a and the number operator N, which satisfy the commutation relations [N, a^†] = a^†, [N, a] = −a, (10.1) aa^† − q^{∓1}a^†a = q^{±N} . (10.2) In addition the following conditions of hermitian conjugation hold (in the case of q being a real number or q being a root of unity) (a^†)^† = a, N^† = N. (10.3) Eq. (10.1) is the same as in ordinary quantum mechanics, while eq. (10.2) is modified by the presence of the deformation parameter q. For q → 1 it is clear that eq. (10.2) goes to the usual boson commutation relation [a, a^†] = 1. An immediate consequence of (10.2) is that

a^†a = [N], aa^† = [N + 1]. (10.4)

Thus the number operator N is not equal to a^†a, as in the ordinary case. The operators a^† and a are referred to as q-deformed boson creation and annihilation operators respectively.

The basis of the Fock space is defined by repeated action of the creation operator a^† on the vacuum state, which is annihilated by a: a|0⟩ = 0, |n >= (a^†)^n √ [n]!

|0 > . (10.5)

The action of the operators on the basis is given by N|n >= n|n >, (10.6) a^†|n >= √ [n + 1]|n + 1 >, (10.7) a|n >= √ [n]|n − 1 > . (10.8) We remark that these equations look very similar to the ones of the ordinary case, the only difference being that q-numbers appear under the square roots instead of usual numbers.

The Hamiltonian of the q-deformed harmonic oscillator is H = h̄ω 2 (aa^† + a^†a), (10.9)

and its eigenvalues in the basis given above are E(n) = h̄ω 2 ([n] + [n + 1]). (10.10)

One can easily see that for q real the energy eigenvalues increase more rapidly than the ordinary case, in which the spectrum is equidistant, i.e. the spectrum gets “expanded”. In contrast, for q being a phase factor (q = e^{iτ} with τ real) the eigenvalues of the energy increase less rapidly than the ordinary (equidistant) case, i.e. the spectrum is “compressed”. In particular, for q real (q = e^τ ) the eigenvalues can be written as E(n) = h̄ω 2 sinh ( τ ( n +^1_2 )) sinh^τ_2

, (10.11) while for q being a phase factor (q = e^{iτ} ) one has

E(n) = h̄ω 2 sin ( τ ( n +^1_2 )) sin^τ_2

. (10.12)

In both cases in the limit q → 1 (τ → 0) the ordinary expression E(n) = h̄ω ( n + 1 2 ) (10.13)

is recovered.

In addition, the following commutation relation holds

[a, a^†] = [N + 1] − [N]. (10.14)

For q being a phase factor, this commutation relation takes the form

[a, a^†] = cos^{(2N +1)τ}_2 cos^τ_2

. (10.15)

It is useful to notice that the q-deformed boson operators a^† and a can be expressed in terms of usual boson operators α^† and α (satisfying [α, α^†] = 1 and N = α^†α) through the relations^{40,43} a = √ [N + 1] N + 1 α = α √ [N] N , a^† = α^† √ [N + 1] N + 1 = √ [N] N α^†. (10.16)

The square root factors in the last equation have been called q-deforming functionals.

For q being a primitive root of unity, i.e. q = e^{2πi/k} (k = 2, 3, . . . ), it is clear the the representation of eqs (10.5)–(10.8) becomes finite-dimensional and has dimension k, since only the vectors |0 >, |1 >, . . . , |k − 1 > can be present. This case has been related to the system of two anyons^{44}. In what follows we are going to assume that q is not a primitive root of unity.

A discussion on the position and momentum operators of the q-deformed oscillator can be found in 45. 11. The Q-deformed harmonic oscillator

A different version of the deformed harmonic oscillator can be obtained by defining^{43,46,47} the operators b, b^+ through the equations

a = q^{1/2}bq^{−N/2}, a^† = q^{1/2}q^{−N/2}b^†. (11.1)

Eqs. (10.1) and (10.2) then give [N, b^†] = b^†, [N, b] = −b, (11.2) bb^† − q^2b^†b = 1. (11.3) This oscillator has been first introduced by Arik and Coon^{38} and later considered also by Kuryshkin 39. One then easily finds that b^†b = [N]_Q, bb^† = [N + 1]_Q, (11.4) where Q = q^2 and Q-numbers are defined in (6.1). The basis is defined by b|0⟩ = 0, |n >= (b^†)^n √ [n]_Q! |0 >, (11.5) while the action of the operators on the basis is given by N|n >= n|n >, (11.6) b^†|n >= √ [n + 1]_Q|n + 1 >, (11.7) b|n >= √ [n]_Q|n − 1 > . (11.8) The Hamiltonian of the corresponding deformed harmonic oscillator has the form H = h̄ω 2 (bb^† + b^†b), (11.9)

the eigenvalues of which are E(n) = h̄ω 2 ([n]_Q + [n + 1]_Q). (11.10) One can easily see that for Q = e^T , where T > 0 and real, the spectrum increases more rapidly than the ordinary (equidistant) spectrum, while for Q = e^T , with T < 0 and real, the spectrum is increasing less rapidly than the ordinary (equidistant) case.

From the above relations, it is clear that the following commutation relation holds [b, b^†] = Q^N . (11.11)

12. The generalized deformed oscillator

In addition to the oscillators described in the last two sections, many kinds of deformed oscillators have been introduced in the literature (see^{48} for a list). All of them can be accommodated within the common mathematical framework of the generalized deformed oscillator^{49,50}, which is defined as the algebra generated by the operators {1, a, a^†, N} and the structure function Φ(x), satisfying the relations [a, N] = a, [a^†, N] = −a^†, (12.1) a^†a = Φ(N) = [N], aa^† = Φ(N + 1) = [N + 1], (12.2) where Φ(x) is a positive analytic function with Φ(0) = 0 and N is the number operator. ¿From eq. (12.2) we conclude that N = Φ^{−1}(a^†a), (12.3) and that the following commutation and anticommutation relations are obviously satisfied: [a, a^†] = [N + 1] − [N], {a, a^†} = [N + 1] + [N]. (12.4) The structure function Φ(x) is characteristic to the deformation scheme. In Table 1 the structure functions corresponding to different deformed oscillators are given. They will be further discussed at the end of this section.

It can be proved that the generalized deformed algebras possess a Fock space of eigenvectors |0 >, |1 >, . . . , |n >, . . . of the number operator N N|n >= n|n >, < n|m >= δ_{nm}, (12.5) if the vacuum state |0 > satisfies the following relation: a|0 >= 0. (12.6) These eigenvectors are generated by the formula: |n >= 1 √ [n]! ( a^† )n |0 >, (12.7) where [n]! = n∏ k=1 [k] = n∏ k=1 Φ(k). (12.8)

The generators a^† and a are the creation and annihilation operators of this deformed oscillator algebra: a|n >= √ [n]a|n − 1 >, a^†|n >= √ [n + 1]a|n + 1 > . (12.9)

These eigenvectors are also eigenvectors of the energy operator H = h̄ω 2 (aa^† + a^†a), (12.10)

corresponding to the eigenvalues E(n) = h̄ω 2 (Φ(n) + Φ(n + 1)) = h̄ω 2 ([n] + [n + 1]). (12.11) For Φ(n) = n (12.12) one obtains the results for the ordinary harmonic oscillator. For

Φ(n) = q^n − q^{−n} q − q^{−1} = [n] (12.13)

one has the results for the q-deformed harmonic oscillator, while the choice

Φ(n) =

Q^n − 1 Q − 1 = [n]_Q (12.14)

leads to the results of the Q-deformed harmonic oscillator. Many more cases are shown in Table 1, on which the following comments apply:

i) Two-parameter deformed oscillators have been introduced^{51,52,53}, in analogy to the one-parameter deformed oscillators.

ii) Parafermionic oscillators^{54} of order p represent particles of which the maximum number which can occupy the same state is p. Parabosonic oscillators^{54} can also be introduced. The deformed oscillator realization of the parafermionic and parabosonic oscillator has been studied in^{48}, while in^{55} an equivalent realization for the parabosonic oscillator has been introduced.

iii) q-deformed versions of the parafermionic and parabosonic oscillators have also been introduced

56,57.

iv) q-deformed versions of the fermionic algebra^{58} have also been introduced^{59,60,61,62,63,64}, as well as q-deformed versions of generalized q-deformed fermionic algebras^{65}. It has been proved, however, that q-deformed fermions are fully equivalent to the ordinary fermions^{66,67}.

13. The physical content of deformed harmonic oscillators

In order to get a feeling about the physical content of the various deformed harmonic oscillators it is instructive to construct potentials giving spectra similar to these of the oscillators.

13.1. Classical potentials equivalent to the q-oscillator

Let us consider the q-deformed harmonic oscillator first. For small values of τ one can take Taylor expansions of the functions appearing there and thus find an expansion of the q-number [n] of eq. (2.1) in terms of powers of τ^2. The final result is [n] = n ± τ^2 6 (n − n^3) + τ^4 360 (7n − 10n^3 + 3n^5) ± τ^6 15120

(31n − 49n^3 + 21n^5 − 3n^7) + . . . , (13.1)

where the upper (lower) sign corresponds to q being a phase (real). Using this expansion the energy of the q-deformed harmonic oscillator of eq. (10.10) can be rewritten as E(n)/(h̄ω) = (n + 1 2 )(1 ± τ^2 24 ) ∓ τ^2 6 (n + 1 2 )^3 + . . . (13.2)

Table 1: Structure functions of special deformation schemes

Φ(x) Reference i x harmonic oscillator, bosonic algebra ii^{qx −q} �x q−q�1 q-deformed harmonic oscillator^{35,36} iii^{qx−1}_{q−1} Arik–Coon, Kuryshkin, or Q-deformed oscillator^{38,39} iv^{qx−p} �x q−p�1 2-parameter deformed oscillator^{51,52,53} v x(p + 1 − x) parafermionic oscillator^{54} vi^{sinh(τx) sinh(τ (p+1−x))}

sinh2(τ ) q-deformed parafermionic

oscillator^{56,57} vii x cos^2(πx/2) + (x + p − 1) sin^2(πx/2) parabosonic oscillator^{54}

viii

sinh(τx) sinh(τ ) cosh(τ (x+2N0−1)) cosh(τ ) cos 2(πx/2)+ +^{sinh(τ (x+2N0−1))}

sinh(τ ) cosh(τx) cosh(τ ) sin 2(πx/2) q-deformed parabosonic oscillator^{56,57} ix sin^2 πx/2 fermionic algebra^{58} x q^{x−1} sin^2 πx/2 q-deformed fermionic algebra^{59,60,61,62,63,64} xi^{1−(−q)x}_{1+q} generalized q-deformed fermionic algebra^{65} xii x^{n 49} xiii^{sn(τx)}_{sn(τ )}^{49}

On the other hand, one can consider the potential

V (x) = V_0 + kx^2 + λx^4 + μx^6 + ξx^8 + . . . . (13.3)

If λ, μ, ξ are much smaller than k, one can consider this potential as a harmonic oscillator potential plus some perturbations and calculate the corresponding spectrum through the use of perturbation theory^{68} (see also subsec. 34.2). In order to keep the subsequent formulae simple, we measure x in units of (h̄/(2mω))^{1/2}. Using standard first order perturbation theory one finds that the corresponding spectrum up to the order considered is

E(n) = E_0 + (2κ + 25μ)(n + 1 2 ) + (6λ + 245ξ)(n + 1 2 )^2 + 20μ(n + 1 2 )^3 + 70ξ(n + 1 2 )^4. (13.4)

By equating coefficients of the same powers of (n +^1_2 ) in eqs. (13.2) and (13.4), we can determine the coefficients appearing in the expansion of the potential given in eq. (13.3). The final result for the potential, up to the order considered, is

V (x) = ( 1 2 ± τ^2 8 )x^2 ∓ τ^2 120 x^6. (13.5)

We see therefore that to lowest order one can think of the q-oscillator with a small value of the parameter τ as a harmonic oscillator perturbed by a x^6 term. It is clear that if we go to higher order, the next term to appear will be proportional to τ^4x^{10}.

The results of this subsection are corroborated by an independent study of the relation between the q-deformed harmonic oscillator and the ordinary anharmonic oscillator with x^6 anharmonicities^{69}.

A different interpretation of the q-deformed oscillator as the nonlinear oscillator with the frequency dependent on the amplitude has been given in^{70}.

13.2. Classical potentials equivalent to the Q-deformed oscillator

Similar considerations can be made for the Q-oscillator. Defining Q = e^T it is instructive to construct the expansion of the Q-number of eq. (6.1) in powers of T . Assuming that T is small and taking Taylor expansions in eq. (6.1) one finally has

[n]_Q = n + T 2 (n^2 − n) +

T^2 12 (2n^3 − 3n^2 + 1) +

T^3 24 (n^4 − 2n^3 + n^2) + . . . (13.6)

Then the corresponding expansion of the energy levels of the oscillator of eq. (11.10) is

E(n)/(h̄ω) = E^′_0 + (1 − T 2 + T^2 8 − T^3 16 + . . .)(n + 1 2 ) + ( T 2 − T^2 4 + 5T^3 48 − . . .)(n + 1 2 )^2 +( T^2 6 − T^3 12 + . . .)(n + 1 2 )^3 + (

T^3 24 − . . .)(n + 1 2 )^4. (13.7)

Comparing this expansion to eq. (13.4) and equating equal powers of (n +^1_2 ) we arrive at the following expression for the potential

V (x) =

T^2 12 + ( 1 2 − T 4 − T^2 24 + T^3 48 )x^2 + ( T 12 − T^2 24 − T^3 144 )x^4 + (

T^2 120 − T^3 240 )x^6 +

T^3 1680 x^8. (13.8)

Thus to lowest order one can think of the Q-oscillator with small values of the parameter T as a harmonic oscillator perturbed by a x^4 term. A similar expression is found, for example, by Taylor expanding the modified Pöschl–Teller potential^{71}, which, among other applications, has been recently used in the description of hypernuclei^{72,73,74,75}. The modified Pöschl–Teller potential (see also subsec. 34.2) has the form V (x)_{P T} = − A cosh(ax)^2

. (13.9)

Its Taylor expansion is

V (x)_{P T} = A(−1 + a^2x^2 − 2 3 a^4x^4 + 17 45 a^6x^6 − . . .). (13.10)

We remark that this expansion contains the same powers of x as the expansion (13.8). Furthermore, the signs of the coefficients of the same powers of x in the two expansions are the same for T < 0.

13.3. WKB-EPs for the q-deformed oscillator

The potentials obtained above are only rough lowest order estimates. More accurate methods exist for constructing WKB equivalent potentials (WKB-EPs) giving (within the limits of WKB approximation) the same spectrum as the above mentioned oscillators. A method by which this can be achieved has been given by Wheeler^{76} and is described by Chadan and Chabatier^{77}. Applying this method to the q-deformed oscillator (sec. 10) with q being a phase factor one finds the potential^{78,79}

V (x) = ( τ 2 sin(τ /2)

)_2 mω^2 2 x^2 [ 1 − 8 15 ( x 2R_e )_4 + 4448 1575 ( x 2R_e )_8 − 345344 675675 ( x 2R_e )_{12} + . . . ] , (13.11)

where

R_e = 1 τ ( h̄^2 2m )_1/_2 (

2 sin(τ /2) h̄ω )_1/_2

, (13.12)

while for the q-deformed oscillator with q real one has

V (x) = ( τ 2 sinh(τ /2)

)_2 mω^2 2 x^2 [ 1 + 8 15 ( x 2R_h )_4 + 4448 1575 ( x 2R_h )_8 + 345344 675675 ( x 2R_h )_{12} + . . . ] , (13.13) where

R_h = 1 τ ( h̄^2 2m )_1/_2 (

2 sinh(τ /2) h̄ω )_1/_2

. (13.14)

The results of this subsection are corroborated by an independent study of the relation between the q-deformed harmonic oscillator and the ordinary anharmonic oscillator with x^6 anharmonicities^{69}.

13.4. WKB-EPs for the Q-deformed oscillator

Using the same technique one finds that the WKB equivalent potential for the Q-deformed harmonic oscillator (sec. 11) takes the form^{80} V (x) = V_{min} + (ln Q)^2 Q ( Q + 1 Q − 1 )_2 1 2 mω^2x^2 [ 1 − 2 3 ( x R^′ )_2 + 23 45 ( x R^′ )_4 − 134 315 ( x R^′ )_6 + 5297 14172 ( x R^′ )_8 − . . . ] , (13.15)

where V_{min} = h̄ω( √ Q − 1) 2 √ Q( √ Q + 1)

, (13.16) and R^′ = ( h̄ √ Q(Q − 1) ωm(Q + 1) )_1/_2

(ln Q)^{−1} √ 2 . (13.17)

We remark that this WKB-EP contains all even powers of x, in contrast to the WKB-EPs for the q-oscillator (eqs (13.11), (13.13)), which contain only the powers x^2, x^6, x^{10}, . . . . This is in agreement with the lowest order results obtained in subsecs 13.1 and 13.2.

In this section approximate expressions for some potentials having similar energy spectrum with some deformed oscillators have been given. Another point of view is the search for phase space coordinates having exact symmetries, like the operators involved in q-deformed algebras in the case of real q^{81}. In the case of q being a root of unity the corresponding phase space is discrete^{82}

14. The quantum algebra su_q(2)

Quantum algebras are generalized versions of the usual Lie algebras, to which they reduce when the deformation parameter q is set equal to unity. A simple example of a quantum algebra is provided by su_q(2)^{35,36}, which is generated by the operators J_+, J_0, J_−, satisfying the commutation relations

[J_0, J_±] = ±J_±, (14.1)

[J_+, J_−] = [2J_0], (14.2) with J^†_0 = J_0, (J_+)^† = J_−. We remark that eq. (14.1) is the same as in the case of the ordinary su(2) algebra, while eq. (14.2) is different, since in the usual su(2) case it reads

[J_+, J_−] = 2J_0. (14.3)

In the rhs of eq. (14.3) one has the first power of the J_0 operator, while in the rhs of eq. (14.2) one has the q-operator [2J_0], defined in sec. 2. Because of eqs (2.2) and (2.3) it is clear that if one writes the rhs of eq. (14.2) in expanded form all odd powers of J_0 will appear:

[J_+, J_−] = 1 sinh(τ ) ( 2τ J_0 1! + (2τ J_0)^3 3! + (2τ J_0)^5 5! + . . . ) for q = e^τ , (14.4)

[J_+, J_−] = 1 sin(τ ) ( 2τ J_0 1! − (2τ J_0)^3 3! + (2τ J_0)^5 5! − . . . ) for q = e^{iτ} . (14.5)

Thus su_q(2) can be loosely described as a nonlinear generalization of the usual su(2): While in usual Lie algebras the commutator of two generators is always producing a linear combination of generators, in the case of quantum algebras the commutator of two generators can contain higher powers of the generators as well.

The irreducible representations (irreps) D^J of su_q(2) (which have dimensionality 2J + 1) are determined by highest weight states with J = 0,^1_2 , 1, . . .. The basic states |J, M > (with −J ≤ M ≤ J) are connected with highest weight states |J, J > as follows |J, M >= [J + M]! [2J]![J − M]! (J_−)^{J−M} |J, J >, (14.6) with J_+|J, J >= 0 and < J, J|J, J >= 1. The action of the generators of the algebra on these basic vectors is given by J_0|J, M >= M|J, M >, (14.7) J_±|J, M >= √ [J ∓ M][J ± M + 1]|J, M ± 1 > . (14.8) These expressions look similar to the ones of the usual su(2) algebra, the only difference being that q-numbers appear under the square root instead of ordinary numbers.

The second order Casimir operator of su_q(2) is determined from the condition that it should commute with all of the generators of the algebra. The resulting operator is

C^q_2 = J_−J_+ + [J_0][J_0 + 1] = J_+J_− + [J_0][J_0 − 1]. (14.9)

Its eigenvalues in the above mentioned basis are given by C^q_2 |J, M >= [J][J + 1]|J, M >, (14.10) while for the usual su(2) the eigenvalues of the Casimir operator are J(J +1). One can easily check that for real q (q = e^τ with τ real) the eigenvalues [J][J +1] produce a spectrum increasing more rapidly than J(J + 1) (an expanded spectrum), while for q being a phase factor (q = e^{iτ} with τ real) the eigenvalues [J][J + 1] correspond to a spectrum increasing less rapidly than J(J + 1) (a compressed spectrum).

It should be noticed that the generators J_+, J_0, J_− of su_q(2) are connected to the generators j_+, j_0, j_− of the usual su(2), which satisfy the commutation relations

[j_0, j_±] = ±j_±, [j_+, j_−] = 2j_0, (14.11)

through the relations^{83,84}

J_0 = j_0, J_+ =

[j_0 + j][j_0 − 1 − j]

(j_0 + j)(j_0 − 1 − j) j_+, J_− = j_−

[j_0 + j][j_0 − 1 − j]

[j_0 + j][j_0 − 1 − j]

, (14.12)

where j is determined by the relation for the second order Casimir operator of su(2)

C = j_−j_+ + j_0(j_0 + 1) = j_+j_− + j_0(j_0 − 1) = j(j + 1). (14.13)

15. Realization of su_q(2) in terms of q-deformed bosons

Realizations of Lie algebras in terms of (ordinary) bosons are useful not only as a convenient mathematical tool, but also because of their applications in physics^{85}. In the case of quantum algebras it turns out that boson realizations are possible in terms of the q-deformed boson operators already introduced in sec. 10.

In the case of su_q(2) the generators can be mapped onto q-deformed bosons as follows^{35,36}

J_+ = a^†_1a_2, J_− = a^†_2a_1, J_0 = 1 2 (N_1 − N_2), (15.1) where a^†_i , a_i and N_i are q-deformed boson creation, annihilation and number operators as these introduced in sec. 10. One can easily prove that the boson images satisfy the commutation relations (14.1) and (14.2). For example, one has

[J_+, J_−] = a^†_1a_2a^†_2a_1 − a^†_2a_1a^†_1a_2 = [N_1][N_2 + 1] − [N_1 + 1][N_2] = [N_1 − N_2] = [2J_0], (15.2)

where use of the identity (2.6) has been made.

In the q-boson picture the normalized highest weight vector is |JJ >= (a^†_1)^{2J} √ [2J]! |0 >, (15.3) while the general vector |JM > is given by |JM >= (a^†_1)^{J+M} √ [J + M]!

(a^†_2)^{J−M} √ [J − M]! |0 > . (15.4)

It should be noticed that it was the search for a boson realization of the su_q(2) algebra that led to the introduction of the q-deformed harmonic oscillator in 1989^{35,36}.

Starting from su_q(2) one can formulate a q-deformed version of angular momentum theory. Some references are listed here:

i) Clebsch-Gordan coefficients for su_q(2) can be found in^{86,87,88,89,90,91,92,93,94}. ii) 6-j symbols for su_q(2) can be found in^{95,96,97,98}. iii) 9-j symbols for su_q(2) can be found in^{99}.

iv) 3n-j symbols (with n=1, 2, 3, 4, 5) for su_q(2) can be found in^{100}. v) The q-deformed version of the Wigner–Eckart theorem can be found in^{101,102,103}. vi) Irreducible tensor operators for su_q(2) can be found in^{103}.

In addition, it should be noticed that a two-parameter deformation of su(2), labelled as su_{p,q}(2) has been introduced^{51,53,104,105,106,107,108}. Clebsch-Gordan coefficients for su_{p,q}(2) have been discussed in^{109,110,111,112,113}.

The way in which the algebra su_q(2) can be realized in terms of the Q-deformed bosons of sec. 11 is given in subsec. 35.1 (see eqs (35.13)–(35.16)).

16. The quantum algebra su_q(1,1)

In this section we shall give a brief account of the algebra su_q(1,1)^{43,114,115}. In the classical case the so(2,1) generators satisfy the commutation relations^{116}

[K_1, K_2] = −iK_3, [K_2, K_3] = iK_1, [K_3, K_1] = iK_2, (16.1)

which differ from the classical so(3) commutation relations in the sign of the r.h.s. of the first commutator. Defining K_+ = K_1 + iK_2, K_− = K_1 − iK_2, K_3 = K_z, (16.2)

one obtains the su(1,1) commutation relations

[K_z, K_±] = ±K_±, [K_+, K_−] = −2K_z, (16.3)

which differ from the familiar su(2) commutation relations in the sign of the r.h.s. of the last commutator. The generators of su(1,1) accept the following boson representation^{117}

K_+ = a^†_1a^†_2, K_− = a_1a_2, K_z = 1 2 (a^†_1a_1 + a^†_2a_2 + 1), (16.4)

where a^†_1, a_1, a^†_2, a_2 satisfy usual boson commutation relations.

The second order Casimir operator of so(2,1) is^{116}

C_2[so(2, 1)] = −(K^2_1 + K^2_2 − K^2_3 ), (16.5) while for su(1,1) one has C_2[su(1, 1)] = [K_0][K_0 − 1] − K_+K_− = [K_0][K_0 + 1] − K_−K_+. (16.6) In the quantum case, the generators of su_q(1,1) satisfy the commutation relations^{43,114,115} [K_0, K_±] = ±K_±, [K_+, K_−] = −[2K_0]. (16.7) The generators of su_q(1,1) accept the following boson representation K_+ = a^†_1a^†_2, K_− = a_1a_2, K_0 = 1 2 (N_1 + N_2 + 1), (16.8) where the bosons a^†_i , a_i (i = 1, 2) satisfy the usual q-boson commutation relations.

The second order Casimir operator of su_q(1,1) is C_2[su_q(1, 1)] = [K_0][K_0 − 1] − K_+K_− = [K_0][K_0 + 1] − K_−K_+. (16.9) Its eigenvalues are^{114,115} C_2[su_q(1, 1)]|κμ >= [κ][κ − 1]|κμ >, (16.10) where κ = 1 + |n_1 − n_2| 2 , μ = 1 + n_1 + n_2 2 , (16.11) since the basis has the form |κμ >= |n_1 > |n_2 >, with |n_i >= 1 √ [n_i]!

(a^†_i )^{ni} |0 > . (16.12)

In this basis the possible values of μ are given by μ = κ, κ + 1, κ + 2, . . . , (16.13) up to infinity, while κ may be any positive real number. The action of the generators on this basis is given by K_0|κμ⟩ = μ|κμ⟩, (16.14) K_±|κμ⟩ = √ [μ ± κ][μ ∓ κ ± 1]|κμ ± 1⟩. (16.15) Clebsch-Gordan and Racah coefficients for su_q(1,1) can be found in^{91,94,96,98,118,119}. Furthemore, a two-parameter deformed version of su_q(1,1), labelled as su_{p,q}(1,1), has been introduced^{53,106,120,121,122}. 17. Generalized deformed su(2) and su(1,1) algebras

In the same way that in addition to the q-deformed oscillators one can have generalized deformed oscillators, it turns out that generalized deformed su(2) algebras, containing su_q(2) as a special case and having representation theory similar to that of the usual su(2), can be constructed^{123,124}. It has been proved that it is possible to construct an algebra [J_0, J_±] = ±J_±, [J_+, J_−] = Φ(J_0(J_0 + 1)) − Φ(J_0(J_0 − 1)), (17.1) where J_0, J_+, J_− are the generators of the algebra and Φ(x) is any increasing entire function defined for x ≥ −1/4. Since this algebra is characterized by the function Φ, we use for it the symbol su_Φ(2). The appropriate basis |l, m > has the properties J_0|L, M >= M|L, M >, (17.2) J_+|L, M >= √ Φ(L(L + 1)) − Φ(M(M + 1))|L, M + 1 >, (17.3)

J_−|L, M >= √ Φ(L(L + 1)) − Φ(M(M − 1))|L, M − 1 >, (17.4) where L = 0, 1 2 , 1, 3 2 , 2, 5 2 , 3, . . . , (17.5) and M = −L, −L + 1, −L + 2, . . . , L − 2, L − 1, L. (17.6) The Casimir operator is

C = J_−J_+ + Φ(J_0(J_0 + 1)) = J_+J_− + Φ(J_0(J_0 − 1)), (17.7)

its eigenvalues indicated by C|L, M >= Φ(L(L + 1))|L, M > . (17.8) The usual su(2) algebra is recovered for

Φ(x(x + 1)) = x(x + 1), (17.9)

while the quantum algebra su_q(2)

[J_0, J_±] = ±J_±, [J_+, J_−] = [2J_0]_q, (17.10)

occurs for Φ(x(x + 1)) = [x][x + 1]. (17.11) The su_Φ(2) algebra occurs in several cases, in which the rhs of the last equation in (17.1) is an odd function of J_0^{125}. It can be seen that other algebraic structures, like the quadratic Hahn algebra QH(3) 126 and the finite W algebra W̄_0^{127} can be brought into the su_Φ(2) form, the advantage being that the representation theory of su_Φ(2) is already known. It can also be proved that several physical systems, like the isotropic oscillator in a 2-dim curved space with constant curvature^{128,129}, the Kepler system in a 2-dim curved space with constant curvature^{128,129}, and the system of two identical particles in two dimensions^{130} can also be put into an su_Φ(2) form. More details can be found in^{125}.

A unified description of several deformed su(2), su(1,1) and osp(1,2) algebras has been given in^{131}, using Verma modules techniques. Nonlinear deformed su(2) algebras involving two deforming functions have been constructed in^{132} and have been endowed with a double Hopf algebraic structure, referred to as a two-colour quasitriangular Hopf algebra, in^{133}.

Nonlinear sl(2) algebras subtending generalized angular momentum theories have been introduced in^{134} and their representation theory has been developed. In particular the quadratic sl(2) and cubic sl(2) algebras have been studied in detail^{134}.

A general method for developing nonlinear deformations of the su(2) and su(1,1) algebras has been developed in^{135,136,137}. Using this method nonlinear deformations of the su(1,1) algebra related to the Pöschl–Teller potential have been obtained in^{138,139}.

18. Generalized deformed parafermionic oscillators

It turns out that the generalized deformed su_Φ(2) algebras mentioned in the last section are related to generalized deformed parafermionic oscillators, which we will therefore describe here.

It has been proved^{140} that any generalized deformed parafermionic algebra of order p can be written as a generalized oscillator (sec. 12) with structure function

F (x) = x(p + 1 − x)(λ + μx + νx^2 + ρx^3 + σx^4 + . . .), (18.1)

where λ, μ, ν, ρ, σ, . . . are real constants satisfying the conditions λ + μx + νx^2 + ρx^3 + σx^4 + . . . > 0, x ∈ {1, 2, . . . , p}. (18.2) Considering an su_Φ(2) algebra^{123} with structure function

Φ(J_0(J_0 + 1)) = AJ_0(J_0 + 1) + B(J_0(J_0 + 1))^2 + C(J_0(J_0 + 1))^3, (18.3) and making the correspondence

J_+ → A^†, J_− → A, J_0 → N, (18.4)

one finds that the su_Φ(2) algebra is equivalent to a generalized deformed parafermionic oscillator of the form F (N) = N(p + 1 − N) [−(p^2(p + 1)C + pB) + (p^3C + (p − 1)B)N + ((p^2 − p + 1)C + B)N^2 + (p − 2)CN^3 + CN^4], (18.5) if the condition A + p(p + 1)B + p^2(p + 1)^2C = 0 (18.6) holds. The condition of eq. (18.2) is always satisfied for B > 0 and C > 0.

In the special case of C = 0 one finds that the su_Φ(2) algebra with structure function

Φ(J_0(J_0 + 1)) = AJ_0(J_0 + 1) + B(J_0(J_0 + 1))^2 (18.7)

is equivalent to a generalized deformed parafermionic oscillator characterized by

F (N) = BN(p + 1 − N)(−p + (p − 1)N + N^2), (18.8)

if the condition A + p(p + 1)B = 0 (18.9) is satisfied. The condition of eq. (18.2) is satisfied for B > 0.

Including higher powers of J_0(J_0 + 1) in eq. (18.3) results in higher powers of N in eq. (18.5) and higher powers of p(p+1) in eq. (18.6). If, however, one sets B = 0 in eq. (18.7), then eq. (18.8) vanishes, indicating that no parafermionic oscillator equivalent to the usual su(2) rotator can be constructed.

It turns out that several other mathematical structures, like the finite W algebras W̄_0^{127} and W^{(2)}_3 (see subsec. 36.5) can be put into the generalized deformed parafermionic oscillator form. The same is true for several physical systems, such as the isotropic oscillator and the Kepler problem in a 2-dim curved space with constant curvature^{128,129}, and the Fokas–Lagerstrom^{141}, Smorodinsky–Winternitz 142, and Holt^{143} potentials. Further details can be found in^{125}.

A detailed discussion of the representation theory of several deformed oscillator algebras can be found in^{144,145}.

19. The su_q(2) rotator model

It has been suggested by Raychev, Roussev and Smirnov^{146} and independently by Iwao^{147,148} that rotational spectra of deformed nuclei can be described by the q-deformed rotator, which corresponds to the 2nd order Casimir operator of the quantum algebra su_q(2), already studied in sec. 14. We shall show here that this assumption works and discuss the reasons behind this success, as well as the relation 149 between the su_q(2) model and the Variable Moment of Inertia (VMI) model (see sec. 20).

The q-deformed rotator corresponds to the Hamiltonian H = 1 2I C_2(su_q(2)) + E_0, (19.1)

where I is the moment of inertia and E_0 is the bandhead energy (for ground state bands E_0 = 0). For q real, i.e. with q = e^τ with τ real, the energy levels of the q-rotator are E(J) = 1 2I [J][J + 1] + E_0 = 1 2I sinh(τ J) sinh(τ (J + 1)) sinh^2(τ )

+ E_0. (19.2)

For q being a phase, i.e. q = e^{iτ} with τ real, one obtains E(J) = 1 2I [J][J + 1] + E_0 = 1 2I sin(τ J) sin(τ (J + 1)) sin^2(τ )

+ E_0. (19.3)

Raychev et al.^{146} have found that good fits of rotational spectra of even–even rare earths and actinides are obtained with eq. (19.3). It is easy to check that eq. (19.2) fails in describing such spectra. In order to understand this difference, it is useful to make Taylor expansions of the quantities in the numerator of eq. (19.2) (eq. (19.3)) and collect together the terms containing the same powers of J(J + 1) (all other terms cancel out), finally summing up the coefficients of each power. In the first case the final result is

E(J) = E_0 + 1 2I 1 ( √ π 2τ I_{1/2}(τ ))^2 ( √ π 2τ I_{1/2}(τ )J(J + 1) + τ √ π 2τ I_{3/2}(τ )(J(J + 1))^2

+ 2τ^2 3 √ π 2τ I_{5/2}(τ )(J(J + 1))^3 + τ^3 3 √ π 2τ I_{7/2}(τ )(J(J + 1))^4 + . . . (19.4)

where √ π 2τ I_{n+} 1_2 (τ ) are the modified spherical Bessel functions of the first kind^{150}.

In the second case (eq. (19.3)) following the same procedure one obtains

E(J) = E_0 + 1 2I 1 (j_0(τ ))^2

(j_0(τ )J(J + 1) − τ j_1(τ )(J(J + 1))^2

+ 2 3 τ^2j_2(τ )(J(J + 1))^3 − 1 3 τ^3j_3(τ )(J(J + 1))^4 + 2 15 τ^4j_4(τ )(j(j + 1))^5 − . . .), (19.5)

where j_n(τ ) are the spherical Bessel functions of the first kind^{150}.

Both results are of the form

E(J) = AJ(J + 1) + B(J(J + 1))^2 + C(J(J + 1))^3 + D(J(J + 1))^4 + . . . . (19.6)

Empirically it is known that nuclear rotational spectra do show such a behaviour, the coefficients A, B, C, D, . . . having alternating signs (starting with A positive) and magnitudes dropping by about 3 orders of magnitude each time one moves to the next higher power of J(J + 1)^{151,152}.

It is interesting to check if the empirical characteristics of the coefficients A, B, C, D are present in the case of the expansions of eqs. (19.2), (19.3), especially for small values of τ . (Since we deal with rotational spectra, which are in first order approximation described by the usual algebra su(2), we expect τ to be relatively small, i.e. the deviation of su_q(2) from su(2) to be small. This is in agreement to the findings of^{146}, where τ is found to be around 0.03.)

One can easily see that in eq. (19.2) it is impossible to get alternating signs, while in eq. (19.3) the condition of alternating signs is readily fulfilled. This fact has as a result that the energy levels given by eq. (19.2) increase more rapidly than the levels given by the J(J + 1) rule, while the levels given by eq. (19.3) increase less rapidly than J(J + 1). In order to check the order of magnitude of the coefficients for small values of τ , it is useful to expand the spherical Bessel functions appearing in eq. (19.3) and keep only the lowest order term in each expansion. The result is

E(J) = E_0 + 1 2I (J(J + 1) − τ^2 3 (J(J + 1))^2 +

2τ^4 45 (J(J + 1))^3 − τ^6 315 (J(J + 1))^4 +

2τ^8 14175

(J(J + 1))^5 − . . .). (19.7)

We remark that each term contains a factor τ^2 more than the previous one. For τ in the area of 0.03, τ^2 is of the order of 10^{−3}, as it should. We conclude therefore that eq. (19.6) is suitable for fitting rotational spectra, since its coefficients have the same characteristics as the empirical coefficients of eq. (19.6).

Extended comparisons of the su_q(2) predictions to experimental data for ground state bands of rare earth and actinide nuclei can be found in^{146,149,153,154}. More recently, the su_q(2) formalism has been used for the description of β- and γ-bands of deformed rare earths and actinides, with satisfactory results^{155}.

It is necessary for E(J) to be an increasing function of J. In order to guarantee this in eq. (19.3) one must have τ (J + 1) ≤ π 2 . (19.8)

In the case of τ = 0.036 (as in^{232}U in^{149}), one finds J ≤ 42, this limiting value being larger than the highest observed J in ground state bands in the actinide region^{156}. Similarly, for τ = 0.046 (as in^{178}Hf in^{149}), one finds J ≤ 32, this limiting value being again higher than the highest observed J in ground state bands in the rare earth region^{156}.

It should be mentioned that a method of fixing the deformation parameter by demanding that the relevant Hilbert space be large enough to contain all the irreps of the system has been suggested^{157} in the framework of Barnett–Pegg theory, with good results.

20. Comparison of the su_q(2) model to other models

20.1. The Variable Moment of Inertia (VMI) model

In lowest order approximation rotational nuclear spectra can be described by the formula E(J) = J(J + 1) 2Θ , (20.1)

where Θ is the moment of inertia of the nucleus, which is assumed to be constant. However, in order to get closer agreement to experimental data, one finds that he has to include higher order terms in this formula, as shown in eq. (19.6).

Another way to improve agreement with experiment is to let the moment of inertia Θ to vary as a function of the angular momentum J. One thus obtains the Variable Moment of Inertia (VMI) model 158. In this model the levels of the ground state band are given by E(J) = J(J + 1) 2Θ(J) + 1 2 C(Θ(J) − Θ_0)^2, (20.2)

where Θ(J) is the moment of inertia of the nucleus at the state with angular momentum J, while C and Θ_0 are the two free parameters of the model, fitted to the data. The parameter Θ_0 corresponds to the ground state moment of inertia, while instead of the parameter C it has been found meaningful to use the parameter combination σ = 1 2CΘ^3_0

, (20.3)

which is related to the softness of the nucleus. The moment of inertia at given J is determined through the variational condition ∂E(J) ∂Θ(J) |_J = 0, (20.4)

which is equivalent to the cubic equation

Θ(J)^3 − Θ(J)^2Θ_0 −

J(J + 1) 2C = 0. (20.5)

This equation has only one real root, which can be written as

Θ(J) =^3 J(J + 1) 4C + Θ^3_0 27 + √ (J(J + 1))^2

16C^2 + Θ^3_0J(J + 1) 54C

+^3 J(J + 1) 4C + Θ^3_0 27 − √ (J(J + 1))^2 16C^2 + Θ^3_0J(J + 1) 54C + Θ_0 3 . (20.6)

Expanding the roots in this expression one obtains

Θ(J) = Θ_0(1 + σJ(J + 1) − 2σ^2(J(J + 1))^2 + 7σ^3(J(J + 1))^3 − 30σ^4(J(J + 1))^4 + . . .). (20.7)

Using eq. (20.7) in eq. (20.2) one obtains the following expansion for the energy E(J) = 1 2Θ_0

(J(J + 1) − 1 2 σ(J(J + 1))^2 + σ^2(J(J + 1))^3 − 3σ^3(J(J + 1))^4 + . . .). (20.8)

Empirically it is known^{158} that for rotational nuclei the softness parameter σ is of the order of 10^{−3}. Therefore the expansion of eq. (20.8) has the same characteristics as the expansion of eq. (19.6) (alternating signs, successive coefficients falling by about 3 orders of magnitude).

20.2. Comparison of the su_q(2) model to the VMI and related models

We now turn to the comparison of the expansion of eq. (19.5) to the Variable Moment of Inertia (VMI) model, discussed in the previous subsection. Comparing eqs (19.5) and (20.8) we see that both expansions have the same form. The moment of inertia parameter I of (19.5) corresponds to the ground state moment of inertia Θ_0 of (20.8). The small parameter of the expansion is τ^2 in the first case, while it is the softness parameter 1/(2CΘ^3_0) in the second. However, the numerical coefficients in front of each power of J(J + 1) are not the same.

In^{149} a comparison is made between the parameters obtained by fitting the same spectra by the su_q(2) and VMI formulae. The agreement between 1/(2I) and 1/(2Θ_0) is very good, as it is the agreement between τ^2 and σ as well. Therefore the known^{158} smooth variation of Θ_0 and σ with the ratio R_4 = E(4)/E(2) is expected to hold for the parameters I and τ^2 as well. This is indeed seen in 149.

The difference between the expansions of eqs (19.5) (or (19.7)) and (20.8) is also demonstrated by forming the dimensionless ratios AC/(4B^2) and A^2D/(24B^3) in eq. (19.6). In the case of eq. (20.8) both quantities are equal to 1, as expected, since it is known that the VMI is equivalent^{159,160} to the Harris expansion^{161}, in which both quantities are known to be equal to 1. In the case of eq. (19.7) the corresponding values are AC/(4B^2) = 1/10 and A^2D/(24B^3) = 1/280. According to the empirical values of these ratios given in^{152,162}, the ratios given from eq. (19.7) are better than the ratios given by eq. (20.8), especially the second one.

20.3. The hybrid model

The hybrid model of nuclear collective motion^{163,164,165,166} has been introduced in order to provide a link between the two successful ways of describing low-lying nuclear excitations: the extended form of the Bohr-Mottelson model (BMM)^{167,168} and the Interacting Boson Model (IBM)^{169,170,171} (see secs 27, 31 for more details). The hybrid model combines the advantages of both models, i.e. the geometrical significance of the collective coordinates inherent in the extended BMM, and the use of group theoretical concepts characterizing IBM. In the framework of the rotational limit of the hybrid model, associated with the chain u(6)⊃su(3), Partensky and Quesne^{172,173}, starting from the fact that in the geometrical description the square of the deformation is proportional to the moment of inertia of the ground state band, proved that the energy levels of the ground state band are given by E(J) = A J(J + 1) + B

J(J + 1), (20.9)

with A being a free parameter and B given by

B = 8N^2 + 22N − 15, (20.10)

where N is the sum of the number of valence proton pairs (or proton-hole pairs, when more than half of the proton valence shell is filled) N_π and the number of the valence neutron pairs (or neutron-hole pairs, when more than half of the neutron valence shell is filled) N_ν . We remark that in the framework of this model the moment of inertia Θ(J, N) = J(J + 1) + B 2A (20.11)

depends on both the angular momentum J and the valence pair number N.

It is instructive to expand E(J) in powers of J(J+1)^{174} E(J) = A ∞∑ k=0 (−1)^k ( J(J + 1) B )k_{+1}

= A B (J(J + 1) − 1 B (J(J + 1))^2 + 1 B^2

(J(J + 1))^3 − 1 B^3

(J(J + 1))^4 + . . .). (20.12)

Comparing the present expansion to the one of eq. (19.7) for the su_q(2) model one has τ = √ 3 B = √ 3 8N^2 + 22N − 15

, (20.13)

obtaining thus a connection between the τ parameter of the su_q(2) model and a microscopic quantity, the valence nucleon pair number. ¿From this equation it is clear that τ decreases for increasing N. Thus the minimum values of τ are expected near the midshell regions, where the best rotators are known to be located. This is a reasonable result, since τ describes the deviations from the su(2) (rigid rotator) limit. It is clear that the minimum deviations should occur in the case of the best rigid rotators.

From eq. (20.13) one can obtain for each nucleus the value of τ from the number of valence nucleon pairs present in it. These predictions for τ have been compared in^{174} to the values of τ found empirically by fitting the corresponding spectra, with good results in both the rare earth and the actinide regions. In addition eq. (20.13) indicates that in a given shell nuclei characterized by the same valence nucleon pair number N will correspond to the same value of τ . Such multiplets have been studied in the framework of the hybrid model by^{175}.

It is worth noticing that fits of γ_1-bands in the rare earth region (Er, Yb isotopes)^{155} give τ parameters very similar to the ones coming from fitting the corresponding ground state bands, in addition exhibiting the same as the one mentioned above behaviour of τ as a function of N.

Taking further advantage of the above connection between the su_q(2) model and the hybrid model, the parameter τ has been connected^{176} to the nuclear deformation parameter β, as well as to the electromagnetic transition probabilities B(E2:2^+_1 → 0^+_1 ). Since both β and B(E2:2^+_1 → 0^+_1 ) are known to increase with increasing collectivity, τ is expected to decrease with increasing β or increasing B(E2:2^+_1 → 0^+_1 ). This expectation is corroborated by the results reported in^{176}.

20.4. Other models

It should be noticed that an empirical formula very similar to that of eq. (19.3) has been recently proposed by Amal’skiĭ^{177} on completely different physical grounds. The formula reads

E(J) = A sin^2 (πJ B ) , (20.14)

where A and B are free parameters. This formula should be compared to eq. (19.3), with which it is almost identical.

A different formula, also giving very good fits of rotational spectra, has been introduced by Celeghini, Giachetti, Sorace and Tarlini^{153}, based on the q-Poincaré rotator.

21. Electromagnetic transitions in the su_q(2) model

We have already seen that the su_q(2) formalism provides an alternative to the VMI model, the deformation parameter q being connected to the softness parameter of the VMI model.

The stretching effect present in rotational energy levels, which can equally well be described in terms of the VMI model and the su_q(2) symmetry, should also manifest itself in the B(E2) transition probabilities among these levels. If deviations from the su(2) symmetry are observed in the energy levels of a band, relevant deviations should also appear in the B(E2) transitions connecting them. In the case of the VMI model no way has been found for making predictions for the B(E2) transition probabilities connecting the levels of a collective band. The su_q(2) symmetry naturally provides such a link. Before studying the su_q(2) case, though, it is useful to recall the predictions of other models on this matter.

21.1. The collective model of Bohr and Mottelson

In rotational bands one has^{178}

B(E2 : J + 2 → J) = 5 16π Q^2_0|C^{J+2,2,J} K,0,−K | 2, (21.1)

i.e. the B(E2) transition probability depends on the relevant Clebsch-Gordan coefficient of su(2), while Q^2_0 is the intrinsic electric quadrupole moment and K is the projection of the angular momentum J on the symmetry axis of the nucleus in the body-fixed frame. For K = 0 bands, as the ground state bands, one then has^{178} B(E2 : J + 2 → J) = 5 16π Q^2_0 3 2 (J + 1)(J + 2) (2J + 3)(2J + 5)

. (21.2)

It is clear that the B(E2) values should saturate with increasing J.

21.2. The Interacting Boson Model (IBM)

It is also instructive to mention what happens in the case of the Interacting Boson Model (IBM) 169, the successful algebraic model of nuclear structure with which we are going to deal in more detail later (see sections 27, 31). In the case of the su(3) limit of the IBM, which is the limit applicable to deformed nuclei, the corresponding expression is^{179}

B(E2 : J + 2 → J) = 5 16π Q^2_0 3 2 (J + 1)(J + 2) (2J + 3)(2J + 5)

(2N − J)(2N + J + 3) (2N + 3/2)^2

, (21.3)

where N is the total number of bosons. Instead of saturation one then gets a decrease of the B(E2) values at high J, which finally reach zero at J = 2N. This is a well known disadvantage of the simplest version of the model (IBM-1) due to the small number of collective bosons (s (J = 0) and d (J = 2)) taken into account. It can be corrected by the inclusion of higher bosons (g (J = 4), i (J = 6), etc), which approximately restore saturation (see^{169,180} for full list of references).

Another way to avoid the problem of decreasing B(E2)s in the su(3) limit of IBM at high J is the recently proposed^{181} transition from the compact su(3) algebra to the noncompact sl(3,R) algebra. The angular momentum at which this transition takes place is fitted to experiment. In this way an increase of the B(E2) values at high J is predicted, which agrees well with the experimental data for^{236}U.

21.3. The su_q(2) model

In order to derive a formula similar to (21.2) in the su_q(2) case, one needs to develop an su_q(2) angular momentum theory. As mentioned in sec. 15, this has already been achieved. It turns out that an equation similar to (21.1) holds in the q-deformed case, the only difference being that the Clebsch-Gordan coefficient of the su_q(2) algebra must be used instead. These coefficients have the form 91 qC^{J+2,2,J} K,0,−K = q 2K [3][4][J − K + 2][J − K + 1][J + K + 1][J + K + 2] [2][2J + 2][2J + 3][2J + 4][2J + 5]

. (21.4)

For K = 0 bands one then has

B_q(E2; J + 2 → J) = 5 16π Q^2_0

[3][4][J + 1]^2[J + 2]^2 [2][2J + 2][2J + 3][2J + 4][2J + 5]

. (21.5)

For q = e^{iτ} this equation takes the form

B_q(E2; J + 2 → J) = 5 16π Q^2_0 sin(3τ ) sin(4τ ) sin(2τ ) sin(τ )

(sin(τ (J + 1)))^2(sin(τ (J + 2)))^2 sin(τ (2J + 2)) sin(τ (2J + 3)) sin(τ (2J + 4)) sin(τ (2J + 5))

. (21.6)

It is useful to get an idea of the behaviour of this expression as a function of J, especially for the small values of τ found appropriate for the description of ground state spectra. Expanding all functions and keeping corrections of the leading order in τ only, one has

B_q(E2, J + 2 → J) = 5 16π Q^2_0 3 2 (J + 1)(J + 2) (2J + 3)(2J + 5)

(1 + τ^2 3 (6J^2 + 22J + 12)). (21.7)

We see that the extra factor, which depends on τ^2, contributes an extra increase with J, while the usual su(2) expression reaches saturation at high J and IBM even predicts a decrease.

21.4. Comparison to experiment

Is there any experimental evidence for such an increase? In order to answer this question one should discover cases in which the data will be consistent with the su_q(2) expression but inconsistent with the classical su(2) expression. (The opposite cannot happen, since the classical expression is obtained from the quantum expression for the special parameter value τ = 0.) Since error bars of B(E2) values are usually large, in most cases both symmetries are consistent with the data. One should expect the differences to show up more clearly in two cases:

i) In rare earth nuclei not very much deformed (i.e. with an R_4 = E(4)/E(2) ratio around 3.0). These should be deformed enough so that the su_q(2) symmetry will be able to describe them, having, however, at the same time values of τ not very small. Since in several of these nuclei backbending (or upbending) occurs at J = 14 or 16, one can expect only 5 or 6 experimental points to compare the theoretical predictions with.

ii) In the actinide region no backbending occurs up to around J = 30, so that this is a better test ground for the two symmetries. However, most nuclei in this region are well deformed, so that small values of τ should be expected, making the distinction between the two theoretical predictions difficult.

A few characteristic examples (4 rare earths and an actinide) are given in^{182}. In all cases it is clear that the su_q(2) curve follows the experimental points, while the su(2) curve has a different shape which cannot be forced to go through all the error bars. Several comments are now in place:

i) For a given nucleus the value of the parameter τ obtained from fitting the B(E2) values among the levels of the ground state band should be equal to the value obtained from fitting the energy levels of the ground state band. In^{182} it is clear that both values are similar, although in most cases the value obtained from the B(E2)s is smaller than the value obtained from the spectra. It should be taken into account, however, that in most cases the number n^′ of levels fitted is different (larger) than the number n of the B(E2) values fitted. In the single case (^{184}W) in which n = n^′, the two τ values are almost identical, as they should.

ii) One can certainly try different fitting procedures. Using the value of τ obtained from the B(E2) values for fitting the spectrum one gets a reasonably good description of it, although the squeezing of the spectrum is not as much as it should have been (with the exception of^{184}W). Using the value of τ obtained from the spectrum for fitting the B(E2) values one obtains an increase more rapid than the one shown by the data (again with the exception of^{184}W). One can also try to make an overall fit of spectra and B(E2)s using a common value of τ . Then both the squeezing of the spectrum and the rise of the B(E2)s can be accounted for reasonably well although not exactly. One should notice, however, that the experimental uncertainties of the B(E2)s are much higher than the uncertainties of the energy levels.

iii) Concerning energy levels, the rigid rotator model and the su(3) limit of the IBM predict a J(J +1) increase, while the su_q(2) model and the VMI model predict squeezing, which is seen experimentally.

iv) Concerning the B(E2) values, the VMI makes no prediction, the rigid rotator predicts saturation at high J, the su(3) limit of the IBM predicts decrease, while the su_q(2) model predicts an increase. The evidence presented in^{182} supports the su_q(2) prediction, but clearly much more work, both experimental and analytical, is needed before final conclusions can be drawn. The modified su(3) limit of IBM described in^{181}, as well as the su(3) limit of the sdg-IBM^{183} also support the increase of the B(E2) values at high J. Increasing BE(2) values are also predicted in the framework of the Fermion Dynamical Symmetry Model^{184}, as well as by a binary cluster model^{185}. There is also empirical evidence for increasing B(E2) values in the recent systematics by Zamfir and Casten^{186}.

v) It is clear that much further work is needed as far as comparisons of the su_q(2) predictions to experimental BE(2) values are concerned for safe conclusions to be reached.

vi) Since the quadrupole operator is not a member of the symmetry algebra su_q(2) under consideration, it is clear that the B(E2) values studied here do not contain any dynamical deformation effects, but only the kinematical ones (through the use of the q-deformed Clebsch-Gordan coefficients). A more complete approach to the problem will be the construction of a larger algebra, of which the quadrupole operator will be a member and it will also be an irreducible tensor under su_q(2) or so_q(3). This task will be undertaken in sec. 29.

22. Superdeformed bands

One of the most impressive experimental discoveries in nuclear physics during the last decade was that of superdeformation^{187} (see^{188,189,190} for relevant reviews). The energy levels of superdeformed bands follow the J(J + 1) rule much more closely than the usual rotational bands. Levels with J larger than 60 have been observed. A compilation of superdeformed bands has been given in^{191}. The best examples have been found in the A≈150 mass region, while additional examples have been found in the A≈80, A≈130 and A≈190 regions. It is understood that the superdeformed bands in the A≈150 region correspond to elongated ellipsoidal shapes with an axis ratio close to 2:1, while in the A≈130 and A≈190 regions the ratios 3:2 and 1.65:1 respectively appear closer to reality.

Since the su_q(2) model has been found suitable for describing normal deformed bands, it is plausible that it will also be successful in describing superdeformed bands as well. A test has been performed in 192. The su_q(2) model has been found to give good results in all mass regions, the deformation parameter τ being smaller than in the case of normal deformed bands, thus indicating smaller deviations from the su_q(2) symmetry. In particular, τ has been found to obtain values about 0.01 in the A≈130 and A≈190 regions, while it obtains even smaller values, around 0.004, in the A≈150 region, which contains the best examples of superdeformed bands observed so far. These results should be compared to the values of τ around 0.03 obtained in the case of normal deformations.

Concerning the corresponding B(E2) values, the experimental information is still quite poor for allowing a meaningful comparison of the su_q(2) predictions to experiment.

A new effect, called ΔI = 2 staggering, has been recently observed in a few superdeformed bands

193,194,195,196,197. If ΔI = 2 staggering is present, then, for example, the levels with I = 2, 6, 10, 14,

. . . are displaced relatively to the levels with I = 0, 4, 8, 12, . . . , i.e. the level with angular momentum I is displaced relatively to its neighbours with angular momentum I ± 2. In most cases, though, the effect is smaller than the experimental error. ΔI = 2 staggering has also been seen in some normal deformed bands^{198,199,200}. Although many theoretical attempts for the explanation of the effect have been made (see^{201} for a relevant list), it seems plausible that what is seen in most cases is simply a series of backbendings^{198,202,203}. The same effect has been observed in rotational bands of diatomic molecules^{204}. In this case the effect is clearly larger than the experimental error and it is also clear that it is due to interband interactions^{201}. Furthermore in diatomic molecules a ΔI = 1 staggering effect has been observed^{205,206}, i.e. a relative displacement of the levels with even I with respect to the levels with odd I. This effect is clearly larger than the experimental error. A description of the ΔI = 1 staggering effect in terms of two q-deformed rotators with slightly different parameter values has been attempted^{205}.

23. The physical content of the su_q(2) model

From the above it is clear that the su_q(2) model offers a way of describing nuclear stretching, i.e. the departure of deformed nuclei from the su(2) symmetry of the rigid rotator, similar to the one of the VMI model. The parameter τ describes this departure quantitatively, vanishing in the rigid rotator limit. Therefore the deformation parameter τ should not be confused with nuclear deformation; it is in fact related to nuclear softness, as already discussed in sec. 20.

On the other hand, the increase of the moment of inertia with increasing J in the framework of the VMI model means that collectivity gets increased^{178}. The su_q(2) model is an alternative way for describing this increase in collectivity. But increased collectivity implies increased B(E2) transitions.

Therefore it is not surprising that the su_q(2) model predicts B(E2) values increasing with J.

Given the su_q(2) generators J_+, J_−, J_0, it is instructive to define as usual the operators J_x, J_y, J_z by J_+ = J_x + iJ_y, J_− = J_x − iJ_y, J_0 = J_z. (23.1)

The su_q(2) commutation relations can then be rewritten in the form

[J_x, J_y] = i 2 [2J_z], [J_y, J_z] = iJ_x, [J_z, J_x] = iJ_y, (23.2)

which is a generalization of the so(3) commutation relations, obtained in the limit q → 1. We remark that while in the classical so(3) case the three commutation relations have exactly the same form, in the quantum case the first commutation relation differs (in the right hand side) from the other two, thus indicating that in the framework of the problem under study the z-direction is not any more equivalent to the x- and y- directions. This is of course a phenomenological way to describe the softness of deformed nuclei by adding the appropriate perturbations to the pure su(2) Hamiltonian and has nothing to do with the isotropy of space, as implied in^{207}.

It is worth remarking at this point that the Casimir operator of su_q(2) is also invariant under the usual su(2)^{208}. Therefore the quantum number J characterizing the irreps of su_q(2), and as a result the nuclear levels, is exactly the same as the quantum number J used in the case of the usual su(2). Therefore there is no reason for a “total reformulation of quantum mechanics”, as implied in 207, the su_q(2) generators being connected to their su(2) counterparts by the q-deforming functionals of sec. 14. In other words, one continues to believe in usual angular momentum theory and usual quantum mechanics. All what is done in the framework of the su_q(2) model is to add to the usual su(2) Hamiltonian several perturbations which have a special form making them suitable to be summed up, including the original su(2) term, into the form of the su_q(2) Hamiltonian.

24. The u_{p,q}(2) rotator model

An extension of the su_q(2) model is the u_{p,q}(2) model^{209,210,211,212}, which is based on a two-parameter deformed algebra (see sec. 15 for a list of references). For p = q (using the definition of (p, q)-numbers of eq. (2.11)) this model reduces to the su_q(2) one. This model has been successfully applied to superdeformed nuclear bands^{210,211}. When Taylor expanded, it becomes clear that the eigenvalues of the Hamiltonian of this model (which is the second order Casimir operator of u_{p,q}(2)) contain terms of the form J(J(J + 1))^n, in addition to the (J(J + 1))^n ones. It is therefore closer to the modification of su_q(2) which will be discussed in subsec. 26.3.

25. Generalized deformed su(2) models

Another formula giving very good results for rotational spectra has been introduced by Holmberg and Lipas^{213}, and rediscovered in^{214}. In this case the energy levels are given by E(J) = a [√ 1 + bJ(J + 1) − 1 ] . (25.1)

Taylor expansion of the square root immediately shows that the present formula is a special case of eq. (19.6). This formula can be derived from the collective model of Bohr and Mottelson^{178}.

It has been argued in^{162} that the Hamiltonian of eq. (25.1) gives better agreement to rotational nuclear spectra than the one coming from the su_q(2) symmetry. Using the techniques described in detail in sec. 17 one can construct a generalized deformed algebra su_Φ(2), characterized by a function Φ(J(J +1), giving the spectrum of eq. (25.1) exactly. In this particular case the algebra is characterized by the structure function Φ(J(J + 1)) = a [√ 1 + bJ(J + 1) − 1 ] . (25.2)

It is of interest to check if this choice of structure function also improves the agreement between theory and experiment in the case of the electromagnetic transition probabilities connecting these energy levels.

In order to study this problem, one has to construct the relevant generalized Clebsch-Gordan coefficients. This problem is still open.

26. Quantum algebraic description of vibrational and transitional nuclear spectra

We have already seen that the su_q(2) model describes successfully deformed and superdeformed bands. It is not surprising that the applicability of the su_q(2) formalism is limited to the rotational region (where the ratio R_4 = E(4)/E(2) obtains values between 3.0 and 3.33), since it is based on a deformation of the rotation algebra. For describing nuclear spectra in the vibrational (2.0 ≤ R_4 ≤ 2.4) and transitional (2.4 ≤ R_4 ≤ 3.0) regions it is clear that an extension of the model is needed. In order to be guided towards such an extension, we briefly review the existing experience of other successful models.

26.1. The Interacting Boson Model

In the rotational (su(3)) limit^{179} of the Interacting Boson Model (IBM) (see secs 27, 31 for more details) the spectrum is described by a J(J + 1) expression, while in the vibrational (u(5))^{215} and transitional (o(6))^{216} limits expressions of the form J(J + c) with c > 1 appear. In the u(5) limit, in particular, the energy levels are given by

E(N, n_d, v, n_Δ, J, M_J ) = E_0 + ϵn_d + αn_d(n_d + 4) + β2v(v + 3) + γ2J(J + 1), (26.1)

where N is the total number of bosons, n_d is the number of d-bosons, v is the seniority, n_Δ is the “missing” quantum number in the reduction from o(5) to o(3), M_J is the third component of the angular momentum J, while E_0, ϵ, α, β, γ are free parameters. The ground state band, in particular, is characterized by quantum numbers n_d = 0, 1, 2, . . . , v = n_d, n_Δ = 0, J = 2n_d, so that the energy expression for it reads

E(J) = E_0 + ϵ 2 J + α 4 J(J + 8) + β 2 J(J + 6) + 2γJ(J + 1). (26.2)

In the o(6) limit the energy is given by

E(N, σ, τ, ν_Δ, J, M_J ) = E_0 + β2τ (τ + 3) + γ2J(J + 1) + η2σ(σ + 4), (26.3)

where σ is the quantum number characterizing the irreducible representations (irreps) of o(6), τ is the quantum number characterizing the irreps of o(5), ν_Δ is the missing quantum number in the reduction from o(5) to o(3), while E_0, β, γ, η are free parameters. The ground state band is characterized by the quantum numbers σ = N, τ = 0, 1, 2, . . . , ν_Δ = 0, J = 2τ , so that the relevant energy expression takes the form E(J) = E_0 + β 2 J(J + 6) + γ2J(J + 1) + η2N(N + 4). (26.4)

The message from eqs (26.2) and (26.4) is that nuclear anharmonicities are described by expressions in which J and J^2 appear with different coefficients, and not with the same coefficient as in J(J + 1). The earliest introduction of this idea is in fact the Ejiri formula^{217}

E(J) = kJ(J + 1) + aJ, (26.5)

which has been subsequently justified microscopically in^{218}.

26.2. Generalized VMI

The two-parameter VMI model is known to continue giving good fits in the transitional and even in the vibrational region. In these regions, however, the accuracy of the model is substantially improved by adding a third parameter, which essentially allows for treating J and J^2 with a different coefficient

219,220,221.

The usual VMI model has been briefly reviewed in subsec. 20.1. One of the (essentially equivalent) three-parameter extensions of the model, which give improved fits of vibrational and transitional spectra, is the generalized VMI (GVMI) model^{219,220} in which the energy levels are described by E(J) = J + xJ(J − 2) Φ(J) + 1 2 k(Φ(J) − Φ_0)^2, (26.6)

which can be easily rewritten in the form E(J) = J(J + x^′) 2Φ^′(J) + 1 2 k^′(Φ^′(J) − Φ^′_0)^2, (26.7)

where x^′ = x^{−1} − 2. It is clear that for x = 1/3 the GVMI reduces to the usual VMI, while for transitional and vibrational nuclei x obtains lower values, so that x^′ becomes greater than 1. The variational condition determining the moment of inertia still has the form of eq. (20.4), while the expansion of the energy turns out to be E(J) = 1 2Φ^′_0

(J(J + x^′) − σ^′ 2 (J(J + x^′))^2 + (σ^′)^2(J(J + x^′))^3 − 3(σ^′)^3(J(J + x^′))^4 + . . .), (26.8)

where σ^′ = 1 2k^′(Φ^′_0)^3

. (26.9)

We remark that an expansion in terms of J(J + x^′) is obtained, as compared to an expansion in terms of J(J + 1) in the case of the usual VMI. The physical content of the parameters is clear: the centrifugal stretching effect is accounted for by the softness parameter σ^′, as in the case of the usual VMI, while anharmonicities, important in the vibrational region, are introduced by x^′ > 1. Since centrifugal stretching and anharmonicities are two effects of different origins, it is reasonable to describe them by two different parameters.

26.3. Modification of the su_q(2) model

The evidence coming from the IBM and the generalized VMI model described above, suggests a model in which the spectrum is given by E(J) = 1 2I [J]_q[J + c]_q, (26.10)

which contains 3 parameters: the moment of inertia I, the deformation parameter q and the new parameter c, which is expected to be 1 in the rotational limit and larger than 1 in the vibrational and transitional regions. This energy expression can be expanded as E(J) = 1 2I 1 (j_0(τ ))^2

(j_0(τ )J(J + c) − τ j_1(τ )(J(J + c))^2

+ 2 3 τ^2j_2(τ )(J(J + c))^3 − 1 3 τ^3j_3(τ )(J(J + c))^4 + 2 15 τ^4j_4(τ )(J(J + c))^5 − . . .), (26.11)

which is similar to eq. (19.5) with J(J + 1) replaced by J(J + c).

It is expected that the deformation parameter τ , which plays the role of the small parameter in the expansion, as the softness parameter does in the case of the VMI, will describe the centrifugal stretching effect, while the parameter c will correspond to the anharmonicity effects. These expectations are corroborated from fits of the experimental data reported in^{222}. The following comments can be made:

i) The anharmonicity parameter c is clearly decreasing with increasing R_4, i.e. with increasing collectivity. It obtains high values (8-18) in the vibrational region, while in the rotational region it stays close to 1. (It should be noted that by fixing c = 1 in the rotational region the fits are only very slightly changed, as expected.) In the transitional region its values are close to 3.

ii) The deformation parameter τ , which corresponds to the centrifugal stretching, is known from the su_q(2) model to obtain values close to 0.3-0.4 in the rotational region, a fact also seen here. The same range of values appears in the vibrational region as well, while in the transitional region τ reaches values as high as 0.6. It is not unreasonable for this parameter, which is connected to the softness of the nucleus, to obtain its highest values in the region of γ-soft nuclei.

iii) It is worth remarking that eq. (26.10) coincides for q = 1 and c=integer=N with the eigenvalues of the Casimir operator of the algebra o(N+2) in completely symmetric states^{223,224}. In the rotational region the fits gave N=1, which corresponds to o(3), as expected, while in the transitional region the fits gave approximately N=3, which corresponds to o(5), which is a subalgebra contained in both the u(5) and o(6) limits of the IBM. A unified description of 927 low lying states of 271 nuclei from five major shells along these lines has been given in^{225}.

iv) It is also worth remarking that a special case of the expression of eq. (26.10) occurs in the q-deformed version of the o(6) limit of the Interacting Boson Model, which will be reported below (see eq. (31.7)).

v) The su_q(2) symmetry is known to make specific predictions for the deviation of the behaviour of the B(E2) values from the rigid rotator model (subsec. 21.3). It will be interesting to connect the spectrum of eq. (26.10) to some deformed symmetry, at least for special values of c, and examine the implications of such a symmetry for the B(E2) values. Such a study in the framework of the q-deformed version of the o(6) limit of IBM, mentioned in iv), is also of interest.

vi) It is worth noticing that an expansion in terms of J(J +c) can also be obtained from a generalized oscillator (sec. 12) with a structure function

F (J) = [J(J + c)]_Q, (26.12)

where [x]_Q stands for the Q-numbers introduced in sec. 6 and Q = e^T , with T real. This is similar to an oscillator successfully used for the description of vibrational spectra of diatomic molecules (see sec. 37). It can also be considered as a deformation of the oscillator corresponding to the Morse potential (see sec. 37).

We have therefore introduced an extension of the su_q(2) model of rotational nuclear spectra, which is applicable in the vibrational and transitional regions as well. This extension is in agreement with the Interacting Boson Model and the Generalized Variable Moment of Inertia model. In addition to the overall scale parameter, the model contains two parameters, one related to the centrifugal stretching and another related to nuclear anharmonicities. In the rotational region the model coincides with the usual su_q(2) model, while in the transitional region an approximate o(5) symmetry is seen. These results give additional motivation in pursueing the construction of a deformed version of the Interacting Boson Model. This problem will be discussed in the next section as well as in sec. 31.

27. A toy Interacting Boson Model with su_q(3) symmetry

The Interacting Boson Model (IBM)^{169} is a very popular algebraic model of nuclear structure. In the simplest version of IBM low lying collective nuclear spectra are described in terms of s (J = 0) and d (J = 2) bosons, which are supposed to be correlated fermion pairs. The symmetry of the simplest version of the model is u(6), which contains u(5) (vibrational), su(3) (rotational) and o(6) (γ-unstable) chains of subalgebras (see also sec. 31). A simplified version of the model, having the su(3) symmetry with su(2) and so(3) chains of subalgebras also exists^{226}. It can be considered as a toy model for two-dimensional nuclei, but it is very useful in demonstrating the basic techniques used in the full IBM.

In the present section we will construct the q-deformed version of this toy model. Since this project requires the construction of a realization of su_q(3) in terms of q-deformed bosons, we will also use this opportunity to study su_q(3) in some detail.

27.1. The su_q(3) algebra

In the classical version of the toy IBM^{226} one introduces bosons with angular momentum m = 0, ±2, represented by the creation (annihilation) operators a^†_0, a^†_+, a^†_− (a_0, a_+, a_−). They satisfy usual boson commutation relations [a_i, a^†_j] = δ_{ij}, [a_i, a_j] = [a^†_i , a^†_j] = 0. (27.1)

The 9 bilinear operators Λ_{ij} = a^†_i a_j (27.2)

satisfy then the commutation relations

[Λ_{ij}, Λ_{kl}] = δ_{jk}Λ_{il} − δ_{il}Λ_{kj}, (27.3)

which are the standard u(3) commutation relations. The total number of bosons

N = Σ_iΛ_{ii} = a^†_0a_0 + a^†_+a_+ + a^†_−a_− (27.4)

is kept constant. Since we are dealing with a system of bosons, only the totally symmetric irreps {N, 0, 0} of u(3) occur.

In the quantum case one has the u_q(3) commutation relations given in Table 2^{227}, where A_{ij} are the generators of u_q(3) and the q-commutator is defined as [A, B]_q = AB − qBA. (27.5)

Table 2: u_q(3) commutation relations^{210}, given in the form [A, B]_a = C. A is given in the first column, B in the first row. C is given at the intersection of the row containing A with the column containing B. a, when different from 1, follows C, enclosed in parentheses.

A_{11} A_{22} A_{33} A_{12} A_{23} A_{13} A_{11} 0 0 0 A_{12} 0 A_{13} A_{22} 0 0 0 −A_{12} A_{23} 0 A_{33} 0 0 0 0 −A_{23} −A_{13} A_{12} −A_{12} A_{12} 0 0 A_{13} (q) 0 (q^{−1}) A_{23} 0 −A_{23} A_{23} −q^{−1}A_{13}(q^{−1}) 0 0 (q) A_{13} −A_{13} 0 A_{13} 0(q) 0 (q^{−1}) 0 A_{21} A_{21} −A_{21} 0 −[A_{11} − A_{22}] 0 A_{23}q^{A11−A22} A_{32} 0 A_{32} −A_{32} 0 −[A_{22} − A_{33}] −q^{−A22+A33} A_{12} A_{31} A_{31} 0 −A_{31} −q^{−A11+A22} A_{32} −A_{21}q^{A22−A33} −[A_{11} − A_{33}]

A_{21} A_{32} A_{31} A_{11} −A_{21} 0 −A_{31} A_{22} A_{21} −A_{32} 0 A_{33} 0 A_{32} A_{31} A_{12} [A_{11} − A_{22}] 0 −q^{−A11+A22} A_{32} A_{23} 0 [A_{22} − A_{33}] A_{21}q^{A22−A33} A_{13} −A_{23}q^{A11−A22} q^{−A22+A33} A_{12} [A_{11} − A_{33}] A_{21} 0 −qA_{31}(q) 0 (q^{−1}) A_{32} A_{31}(q^{−1}) 0 0 (q) A_{31} 0 (q) 0 (q^{−1}) 0

In order to obtain a realization of u_q(3) in terms of the q-bosons described in sec. 10, one starts with^{228} A_{12} = a^†_1a_2, A_{21} = a^†_2a_1, A_{23} = a^†_2a_3, A_{32} = a^†_3a_2. (27.6)

One can easily verify that the u_q(3) commutation relations involving these generators are satisfied. For example, one has [A_{12}, A_{21}] = [N_1 − N_2], [A_{23}, A_{32}] = [N_2 − N_3], (27.7)

using the identity of eq. (2.6) and the identifications

N_1 = A_{11}, N_2 = A_{22}, N_3 = A_{33}. (27.8)

One can now determine the boson realizations of A_{13} and A_{31} from other commutation relations, as follows A_{13} = [A_{12}, A_{23}]_q = a^†_1a_3q^{−N2} , (27.9) A_{31} = [A_{32}, A_{21}]_q�1 = a^†_3a_1q^{N2}. (27.10) Using eq. (2.6) once more one can verify that the relation

[A_{13}, A_{31}] = [N_1 − N_3] (27.11)

is fulfilled by the boson images of (27.9), (27.10). It is by now a straightforward task to verify that all commutation relations of Table 2 are fulfilled by the boson images obtained above.

Before turning to the study of the two limits of the model, we give for completeness some additional information on su_q(3):

i) The irreps of su_q(3) have been studied in^{227,229,230,231,232,233,234,235,236,237}. ii) Clebsch-Gordan coefficients for su_q(3) have been given in^{227,236,238,239}.

iii) The Casimir operators of su_q(3) and their eigenvalues have been given explicitly in^{240}. Using the Elliott quantum numbers^{241,242,243}

λ = f_1 − f_2, μ = f_2, (27.12)

where f_i represents the number of boxes in the i-th line of the corresponding Young diagram, the irreps of su_q(3) are labelled as (λ, μ). The eigenvalues of the second order Casimir operator then read

C_2 = [ λ 3 − μ 3 ]_2 + [ 2λ 3 + μ 3 + 1 ]_2 + [ λ 3 + 2μ 3 + 1 ]_2

− 2, (27.13)

while the eigenvalues of the third order Casimir operator are

C_3 = 2 [ λ 3 − μ 3 ] [ 2λ 3 + μ 3 + 1 ] [ λ 3 + 2μ 3 + 1 ] . (27.14)

In the limit q → 1 these reproduce the ordinary results for su(3):

C_2 = 2 3 (λ^2 + μ^2 + λμ + 3λ + 3μ), (27.15)

C_3 = 2 27 (λ − μ)(2λ + μ + 3)(λ + 2μ + 3). (27.16)

iv) Irrducible tensor operators under u_q(3) have been considered in^{244}. v) A different deformation of sl(3) has been studied in^{245}.

vi) Coupling (Wigner–Clebsch–Gordan) coefficients for the algebras u_q(n) have been considered in 246.

27.2. The su_q(2) limit

We shall study the su_q(2) limit of the model first, since it is technically less demanding. So far we have managed to write a boson realization of u_q(3) in terms of 3 q-bosons, namely a_1, a_2, a_3. Omitting the generators involving one of the bosons, one is left with an su_q(2) subalgebra. Omitting the generators involving a_3, for example, one is left with A_{12}, A_{21}, N_1, N_2, which satisfy usual su_q(2) commutation relations if the identifications

J_+ = A_{12}, J_− = A_{21}, J_0 = 1 2 (N_1 − N_2) (27.17)

are made. J_0 alone forms an so_q(2) subalgebra. Therefore the relevant chain of subalgebras is

su_q(3) ⊃ su_q(2) ⊃ so_q(2). (27.18)

The second order Casimir operator of su_q(2) has been given in eq. (14.9). Substituting the above expressions for the generators one finds

C_2(su_q(2)) =

[ N_1 + N_2 2 ] [ N_1 + N_2 2 + 1 ] . (27.19)

All of the above equations go to their classical counterparts by allowing q → 1, for which [x] → x, i.e. q-numbers become usual numbers. In the classical case^{226} out of the three bosons (a_0, a_+, a_−) forming su(3), one chooses to leave out a_0, the boson with zero angular momentum, in order to be left with the su(2) subalgebra formed by a_+ and a_−, the two bosons of angular momentum two. The choice of the su_q(2) subalgebra made above is then consistent with the following correspondence between classical bosons and q-bosons a_+ → a_1, a_− → a_2, a_0 → a_3. (27.20) (We have opted in using different indices for usual bosons and q-bosons in order to avoid confusion.)

In the classical case the states of the system are characterized by the quantum numbers characterizing the irreducible representations (irreps) of the algebras appearing in the classical counterpart of the chain of eq. (27.18). For su(3) the total number of bosons N is used. For su(2) and so(2) one can use the eigenvalues of J^2 and J_0, or, equivalently, the eigenvalues of a^†_+a_+ + a^†_−a_− and L_3 = 4J_0, for which we use the symbols n_d (the number of bosons with angular momentum 2) and M. Then the basis in the classical case can be written as^{226} |N, n_d, M >= (a^†_0)^{N −nd} (N − n_d)!

(a^†_+)^{nd /2+M/4} (n_d/2 + M/4)! (a^†_−)^{nd/2−M/4} (n_d/2 − M/4)! |0 > . (27.21)

In the quantum case for each oscillator one defines the basis as in sec. 10. Then the full basis in the q-deformed case is |N, n_d, M >_q= (a^†_3)^{N −nd} [N − n_d]! (a^†_1)^{nd/2+M/4} [n_d/2 + M/4]! (a^†_2)^{nd/2−M/4} [n_d/2 − M/4]! |0 >, (27.22)

where N = N_1 + N_2 + N_3 is the total number of bosons, n_d = N_1 + N_2 is the number of bosons with angular momentum 2, and M is the eigenvalue of L = 4J_0. n_d takes values from 0 up to N, while for a given value of n_d, M takes the values ±2n_d, ±2(n_d − 2), . . . , ±2 or 0, depending on whether n_d is odd or even. In this basis the eigenvalues of the second order Casimir operator of su_q(2) are then

C_2(su_q(2))|N, n_d, M >_q= [ n_d 2 ] [ n_d 2 + 1 ] |N, n_d, M >_q . (27.23) In the case of N = 5 one can easily see that the spectrum will be composed by the ground state band, consisting of states with M = 0, 2, 4, 6, 8, 10 and n_d = M/2, the first excited band with states characterized by M = 0, 2, 4, 6 and n_d = M/2 + 2, and the second excited band, containing states with M = 0, 2 and n_d = M/2 + 4.

In the case that the Hamiltonian has the su_q(2) dynamical symmetry, it can be written in terms of the Casimir operators of the chain (27.18). Then one has

H = E_0 + AC_2(su_q(2)) + BC_2(so_q(2)), (27.24)

where E_0, A, B are constants. Its eigenvalues are

E = E_0 + A [ n_d 2 ] [ n_d 2 + 1 ] + BM^2. (27.25)

Realistic nuclear spectra are characterized by strong electric quadrupole transitions among the levels of the same band, as well as by interband transitions. In the framework of the present toy model one can define, by analogy to the classical case^{226}, quadrupole transition operators

Q_+ = a^†_1a_3 + a^†_3a_2, Q_− = a^†_2a_3 + a^†_3a_1. (27.26)

In order to calculate transition matrix elements of these operators one only needs eqs. (10.7), (10.8), i.e. the action of the q-boson operators on the q-deformed basis. The selection rules, as in the classical case, are ΔM = ±2, Δn_d = ±1, while the corresponding matrix elements are q < N, n_d + 1, M ± 2|Q_±|N, n_d, M >_q= √ [N − n_d][ n_d 2 ± M 4 + 1], (27.27)

q < N, n_d − 1, M ± 2|Q_±|N, n_d, M >_q= √ [N − n_d + 1][ n_d 2 ∓ M 4 ]. (27.28)

From these equations it is clear that both intraband and interband transitions are possible.

In order to get a feeling of the qualitative changes in the spectrum and the transition matrix elements resulting from the q-deformation of the model, a simple calculation for a system of 20 bosons (N = 20) has been performed in^{247}. Two cases are distinguished: i) q real (q = e^τ , with τ real), ii) q a phase factor (q = e^{iτ} , with τ real). The main conclusions are:

i) When q is real the spectrum is increasing more rapidly than in the classical case, while when q is a phase the spectrum increases more slowly than in the classical case, in agreement with the findings of the q-rotator model.

ii) The transition matrix elements in the case that q is real increase more rapidly than in the classical case, while they increase less rapidly than in the classical case when q is a phase.

iii) Transition matrix elements are much more sensitive to q-deformation than energy spectra. This is an interesting feature, showing that q-deformed algebraic models can be much more flexible in the description of transition probabilities than their classical counterparts.

27.3. The so_q(3) limit

The classical su(3) toy model has, in addition to the above mentioned su(2) chain of subalgebras, an so(3) chain. However, the problem of constructing the su_q(3)⊃so_q(3) decomposition is a very difficult one. Since this decomposition is needed in constructing the q-deformed versions of several collective models, including the Elliott model^{241,242,243,248}, the su(3) limit of the IBM^{169,179,180}, the Fermion Dynamical Symmetry Model (FDSM)^{249,250}, the Interacting Vector Boson Model (IVBM)^{251,252,253,254}, the nuclear vibron model for clustering^{255}, as well as the su(3) limit of the vibron model^{256} for diatomic molecules, we report here the state of the art in this problem:

i) As far as the completely symmetric irreps of su_q(3) are concerned, the problem has been solved by Van der Jeugt^{257,258,259,260,261}. This suffices for our needs in the framework of the toy IBM, since only completely symmetric su_q(3) irreps occur in it.

ii) Sciarrino^{262} started from so_q(3) and obtained a deformed gl(3) containing so_q(3) as a subalgebra. However, it was not clear how to impose the Hopf structure on this larger algebra. Trying the other way around, he found that by starting from a gl_q(3) algebra, which already possesses the Hopf structure, one loses the Hopf structure of the principal 3-dim subalgebra, which should have been so_q(3).

iii) Pan^{263} and Del Sol Mesa et al.^{264} attacked the problem through the use of q-deforming functionals of secs 10, 14.

iv) Quesne^{265} started with q-bosonic operators transforming as vectors under so_q(3) and constructed a q-deformed u(3) by tensor coupling.

v) q-deformed subalgebras of several q-deformed algebras have recently been studied by Sciarrino 266.

vi) A simplified version of the so_q(3) subalgebra of u_q(3) has been constructed in^{267}. Furthermore, explicit expressions for the irreducible vector and quadrupole tensor operators under so_q(3) have been given and the matrix elements of the latter have been calculated. Further details on these developments will be given in sections 28 and 29.

In what follows, it suffices to use the solution given in^{257}, since in the model under study only completely symmetric irreps of u_q(3) enter. Using the notation

a_+ → a_1, a_− → a_2, a_0 → a_3, (27.29) the basis states are of the form

|n_+n_0n_− >=

(a^†_+)^{n+} (a^†_0)^{n0} (a^†_−)^n� √ [n_+]![n_0]![n_−]!

|0 >, (27.30)

with a_i|0 >= 0 and N_i|n_+n_0n_− >= n_i|n_+n_0n_− >, where i = +, 0, −. The principal subalgebra so_q(3) is then generated by L_0 = N_+ − N_−, (27.31) L_+ = q^N�^{− 12 N0} √ q^{N+} + q^{−N+} a^†_+a_0 + a^†_0a_− q^{N+− 12 N0} √ q^N� + q^{−N}�, (27.32) L_− = a^†_0a_+q^N�^{− 12 N0} √ q^{N+} + q^{−N+} + q^{N+− 12 N0} √ q^N� + q^{−N}�a^†_−a_0, (27.33) satisfying the commutation relations [L_0, L_±] = ±L_±, [L_+, L_−] = [2L_0]. (27.34) L_0 alone generates then the so_q(2) subalgebra. Therefore the relevant chain of subalgebras is su_q(3) ⊃ so_q(3) ⊃ so_q(2). (27.35) The so_q(3) basis vectors can be written in terms of the vectors of eq. (27.30) as |v(N, L, M) >= q^{−[(L+M )(L+M −1)]/4} [N + L]!![2L + 1][L + M]![L − M]!

[N − L]!![N + L + 1]! ∑ x q^{(2L−1)x/2} s^{(N −L)/2} |x, L + M − 2x, x − M > √ [2x]!![L + M − 2x]![2x − 2M]!!

, (27.36)

where s = (a^†_0)^2q^{N++N}�^{+1} −

[2N_+][2N_−] [N_+][N_−] a^†_+a^†_−q^{−N0− 12} , (27.37)

x takes values from max(0,M) to [(L + M)/2] in steps of 1, L = N, N − 2, . . . , 1 or 0, M = −L, −L + 1, . . . , +L, and [2x]!! = [2x][2x − 2] . . . [2]. The action of the generators of so_q(3) on these states is given by L_0|v(N, L, M) >= M |v(N, L, M) >, (27.38) L_± |v(N, L, M) >= √ [L ∓ M][L ± M + 1] |v(N, L, M ± 1) > . (27.39) The second order Casimir operator of so_q(3) has the form C_2(so_q(3)) = L^2 = L_−L_+ + [L_0][L_0 + 1]. (27.40) Its eigenvalues in the above basis are given by C_2(so_q(3)) |v(N, L, M) >= [L][L + 1] |v(N, L, M) > . (27.41) All of the above equations go to their classical counterparts by allowing q → 1, for which [x] → x, i.e.

q-numbers become usual numbers. In the classical case^{226} the states of the system are characterized by the quantum numbers characterizing the irreducible representations (irreps) of the algebras appearing in the classical counterpart of the chain of eq. (27.35). For su(3) the total number of bosons N is used. For so(3) and so(2) one can use L and M, respectively. In^{226}, however, the eigenvalue of L^′_0 = 2L_0 is used, which is M^′ = 2M.

Since the rules for the decomposition of the totally symmetric u_q(3) irreps into so_q(3) irreps are the same as in the classical case, it is easy to verify that for a system with N = 6 the spectrum will be composed by the ground state band, consisting of states with M^′ = 0, 2, 4, 6, 8, 10, 12 and L = N, the first excited band with states characterized by M^′ = 0, 2, 4, 6, 8 and L = N − 2, the second excited band, containing states with M = 0, 2, 4 and L = N − 4, and the third excited band, containing a state with M^′ = 0 and L = N − 6.

In the case that the Hamiltonian has the so_q(3) dynamical symmetry, it can be written in terms of the Casimir operators of the chain (27.35). Then one has

H = E_0 + AC_2(so_q(3)) + BC_2(so_q(2)), (27.42)

where E_0, A, B are constants. Its eigenvalues are

E = E_0 + A[L][L + 1] + BM^2. (27.43)

It is then clear that in this simple model the internal structure of the rotational bands is not influenced by q-deformation. What is changed is the position of the bandheads.

We turn now to the study of electromagnetic transitions. In the present limit one can define, by analogy to the classical case, quadrupole transition operators Q_± proportional to the so_q(3) generators L_± Q_± = L_±. (27.44)

In order to calculate transition matrix elements of these operators one only needs eq. (27.39). The selection rules, as in the classical case, are ΔM^′ = ±2, ΔL = 0, i.e. only intraband transitions are allowed. The relevant matrix elements are < v(N, L, M^′ + 2)|Q_+|v(N, L, M^′) >= √[ L − M^′ 2 ] [ L + M^′ 2 + 1 ] , (27.45)

< v(N, L, M^′ − 2)|Q_−|v(N, L, M^′) >= √[ L + M^′ 2 ] [ L − M^′ 2 + 1 ] . (27.46)

In order to get a feeling of the qualitative changes in the spectrum and the transition matrix elements resulting from the q-deformation of this limit of the model, a simple calculation has been done in^{268}. Again the cases of q being real or q being a phase factor have been considered. The main conclusions are:

i) q-deformation influences only the position of bandheads, while it leaves the internal structure of the bands intact.

ii) When q is real the bandheads are increasing more rapidly than in the classical case, while when q is a phase the bandheads increase more slowly than in the classical case. This result is in qualitative agreement with the findings of the su_q(2) model.

iii) Transition matrix elements in the case that q is real have values higher than in the classical case, while they have values lower than in the classical case when q is a phase.

28. The 3-dimensional q-deformed harmonic oscillator and the nuclear shell model

Having developed in the previous section several techniques related to the u_q(3) algebra and its so_q(3) subalgebra, it is instructive to see how a q-deformed version of the 3-dimensional harmonic oscillator possessing this symmetry can be built and how this oscillator can be used for reproducing the predictions of the Modified Harmonic Oscillator, first suggested by Nilsson^{269} and studied in detail in

270,271,272. The construction of the Hamiltonian of the 3-dimensional q-deformed harmonic oscillator is

a non-trivial problem, since one has to construct first the square of the q-deformed angular momentum operator.

28.1. Simplified so_q(3) subalgebra and so_q(3) basis states

The so_q(3) subalgebra of u_q(3) has already been mentioned in subsec. 27.3. Here we shall derive a simplified form of it.

We shall use three independent q-deformed boson operators b_i and b^†_i (i = +, 0, −), which satisfy the commutation relations

[N_i, b^†_i ] = b^†_i , [N_i, b_i] = −b_i, b_ib^†_i − q^{±1}b^†_i b_i = q^{∓Ni} , (28.1) where N_i are the corresponding number operators. (These bosons are the same as the bosons a and a^†, with i = +, 0, −, used in the previous section.)

The elements of the so_q(3) algebra (i.e. the angular momentum operators) acting in the Fock space of the totally symmetric representations [N,0,0] of u_q(3) (which is in fact the space of the 3-dimensional q-deformed harmonic oscillator) have been derived by Van der Jeugt^{257,258,259,260,261}. As it has already been mentioned in the previous section, a simplified form of the subalgebra so_q(3) ⊂ u_q(3), can be obtained by introducing the operators^{267}

B_0 = q^{− 12 N0} b_0, B^†_0 = b^†_0q^{− 12 N0} , B_i = q^{Ni+ 12} b_i [2N_i] [N_i]

, B^†_i = [2N_i] [N_i] b^†_i q^{Ni+ 12} , i = +, −, (28.2) where the q-numbers [x] are defined as in eq. (2.1). We shall consider only real values for the deformation parameter q (i.e. q = e^τ with τ being real). These new operators satisfy the usual commutation relations

[N_i, B^†_i ] = B^†_i , [N_i, B_i] = −B_i, (28.3)

while in the Fock space, spanned on the normalized eigenvectors of the excitation number operators N_+, N_0, N_−, they satisfy the relations

B^†_0B_0 = q^{−N0+1}[N_0], B_0B^†_0 = q^{−N0} [N_0 + 1], (28.4)

B^†_i B_i = q^{2Ni−1}[2N_i], B_iB^†_i = q^{2Ni+1}[2N_i + 2], i = +, −, (28.5) and hence, the commutation relations

[B_0, B^†_0] = q^{−2N0} , [B_i, B^†_i ] = [2]q^{4Ni+1}, i = +, −. (28.6)

It was shown in^{267} that the angular momentum operators defined in^{257} and reported in eqs (27.31)- (27.33), when expressed in terms of the modified operators of eq. (28.2) , take the simplified form

L_0 = N_+ − N_−, L_+ = q^{−L0+ 12} B^†_+B_0 + q^{L0− 12} B^†_0B_−, L_− = q^{−L0− 12} B^†_0B_+ + q^{L0+ 12} B^†_−B_0, (28.7)

and satisfy the standard so_q(3) commutation relations

[L_0, L_±] = ±L_±, [L_+, L_−] = [2L_0]. (28.8)

As it has been discussed in detail in^{257} the algebra of eq. (28.7) is not a subalgebra of u_q(3) when these algebras are considered as Hopf algebras, but it is a subalgebra when these algebras are considered as q-deformed enveloping algebras. However, in our context, working in the Fock space (constructed from three independent q-bosons), we restrict ourselves to the symmetric representation of u_q(3), where the embedding so_q(3) ⊂ u_q(3) is valid. It should also be noted that the operators L_+, L_−, L_0 given by eq. (28.7) are not invariant with respect to the replacement q ↔ q^{−1}, a fact that restricts us to real q.

The Casimir operator of so_q(3) can be written in the form^{91,96,99,103}

C^{(q)}_2 = 1 2 { L_+L_− + L_−L_+ + [2][L_0]^2 } = L_−L_+ + [L_0][L_0 + 1] = L_+L_− + [L_0][L_0 − 1]. (28.9)

One can also define q-deformed states |nℓm⟩_q satisfying the eigenvalue equations qL^2|nℓm⟩_q = [ℓ][ℓ + 1]|nℓm⟩_q, L_0|nℓm⟩_q = m|nℓm⟩_q, N|nℓm⟩_q = n|nℓm⟩_q. (28.10) Here^qL^{2 def}= C^{(q)}_2 is the “square” of the q-deformed angular momentum and N = N_+ + N_0 + N_− is the total number operator for the q-deformed bosons. These states have the form (see^{267} for a derivation) |nℓm⟩_q = q^{14 (n−ℓ)(n+ℓ+1)− 12 m2} [n − ℓ]!![ℓ + m]![ℓ − m]![2ℓ + 1] [n + ℓ + 1]!! ×

× (n−ℓ)/2 ∑ t=0 ⌊(ℓ+m)/2⌋ ∑ p=max(0,m) (−1)^tq^{−(n+ℓ+1)t} [2t]!![n − ℓ − 2t]!!

(B^†_+)^{p+t} [2p]!! (B^†_0)^{n+m−2p−2t} [n + m − 2p]! (B^†_−)^{p+t−m} [2p − 2m]!! |0⟩, (28.11) where |0⟩ is the vacum state, [n]! = [n][n − 1] . . . [1], [n]!! = [n][n − 2] . . . [2] or [1], and, as shown in^{257,259}, form a basis for the most symmetric representation [n, 0, 0] of u_q(3), corrresponding to the u_q(3) ⊃ so_q(3) chain.

28.2. Definitions of so_q(3) irreducible tensor operators, tensor and scalar products

We shall recall now some definitions about q-deformed tensor operators within the framework of the algebra so_q(3).

An irreducible tensor operator of rank j with parameter q according to the algebra so_q(3) is a set of 2j + 1 operators T^{(q)}_{jm} , satisfying the relations

[L_0, T^{(q)}_{jm} ] = m T^{(q)}_{jm} , [L_±, T^{(q)}_{jm} ]_qm q^{L0} = √ [j ∓ m][j ± m + 1] T^{(q)}_{jm±1}, (28.12)

where, in order to express the adjoint action of the generators L_0, L_± of so_q(3) on the components of the tensor operator T^{(q)}_{jm} , we use the usual notation of the q-commutator [A, B]_qα = AB − q^αBA. (28.13) By ~T^{(q)}_{jm} we denote the conjugate irreducible q-tensor operator ~T^{(q)}_{jm} = (−1)^{j−m}q^{−m}T^{(q)}_{j,−m} , (28.14) which satisfies the relations

[ ~T^{(q)}_{jm} , L_0] = m ~T^{(q)}_{jm} , q^{L0} [ ~T^{(q)}_{jm} , L_±]_qm = √ [j ± m][j ∓ m + 1] ~T^{(q)}_{j,m∓1} . (28.15)

Then the operator P^{(q)}_{jm} = ( ~T^{(q)}_{jm} )^† = (−1)^{j−m}q^{−m}(T^{(q)}_{j,−m})^†, (28.16) where^† denotes hermitian conjugation, transforms in the same way (given in eq. (28.12)) as the tensor T^{(q)}_{jm} , i.e. P^{(q)}_{jm} also is an irreducible so_q(3) tensor operator of rank j.

Let A^{(q1)}_{j1m1} and B^{(q2)}_{j2m2} be two irreducible tensor operators. We shall define the tensor and scalar product of these tensor operators following some of the prescriptions, summarized, for example, in

91,96,99,103.

For the tensor product one can introduce the following operator [ A^{(q1)}_{j1} × B^{(q2)}_{j2}

]_(q_{3)} jm = ∑ m_1,m_2 q_3 Cjm j_1m_1,j_2m_2 A

(q1) j_1m_1 B

(q2) j_2m_2 , (28.17)

where^{q3} C^{jm}_{j1m1,j2m2} are the Clebsch-Gordan coefficients corresponding to the deformation parameter q_3. In general the deformation parameters q_1, q_2 and q_3 can be arbitrary. It turns out, however, if one imposes the condition that the left hand side of eq. (28.17) transforms as an irreducible q-tensor of rank j in a way that the Wigner-Eckart theorem can be applied to eq. (28.17) as a whole, not all of the combinations of q_1, q_2 and q_3 are allowed.

If the tensors A^{(q1)}_{j1} and B^{(q2)}_{j2} depend on one and the same variable and act on a single vector, which depends on the same variable, the mentioned requirement will be satisfied only if q_1 = q_2 = q and q_3 = 1/q, i.e. the operator [ A^{(q)}_{j1} × B^{(q}_{j2}

]_{(1}/q_) jm = ∑ m_1,m_2

1/qC^{jm}_{j1m1,j2m2} A^{(q)}_{j1m1} B^{(q)}_{j2m2} (28.18)

transforms as an irreducible q-tensor of rank j according to the algebra so_q(3) . Then, the definition of eq. (28.18) is in agreement with the property

⟨α^′, ℓ^′‖[A^{(q)}_{j1} × B^{(q)}_{j2} ]^{(1/q)}_j ‖α, ℓ⟩ =

= √ [2j + 1] ∑ α00_{,ℓ}00 (−1)^{ℓ+j+ℓ} 0 { ℓ j ℓ^′ j_1 ℓ^{′′} j_2 } q ⟨α^′, ℓ^′‖A^{(q)}_{j1} ‖α^{′′}, ℓ^{′′}⟩⟨α^{′′}, ℓ^{′′}‖B^{(q)}_{j2} ‖α, ℓ⟩, (28.19) which is a q-analogue of the well known classical identity for the matrix elements of the tensor product of two tensor operators^{273,274}.

In what follows we shall consider also the scalar product of two tensor operators depending on two different variables (1) and (2) and acting on different vectors, depending on these different variables. In this particular case the scalar product of irreducible q and q^{−1} – tensor operators A^{(q)}_j (1), B^{(1/q)}_j (2) with the same rank, acting on different vectors (1) and (2), is given by means of the following definition

(A^{(q)}_j (1) · B^{(1/q)}_j (2))^q = (−1)^j √ [2j + 1] [ A^{(q)}_j (1) × B^{(1/q)}_j (2)

]_(q_)

00 = ∑ m (−q)^mA^{(q)}_{jm}(1) B^{(1/q)}_{j−m} (2) . (28.20)

28.3. Construction of so_q(3) vector operators and spherical vector operators

It should be noticed that the simlified angular momentum operators of eq. (28.7) satisfy the commutation relations of eq. (28.8), but are not tensor operators in the sense of definition of eq. (28.12). One can form, however, the angular momentum operators

L^{(q)}_{±1} = ∓ 1 √ [2] q^{−L0} L_±,

L^{(q)}_0 = 1 [2] { q[2L_0] + (q − q^{−1})L_−L_+ } = 1 [2] { q[2L_0] + (q − q^{−1}) ( C^{(q)}_2 − [L_0][L_0 + 1] )} , (28.21)

which are tensors of first rank, i.e. so_q(3) vectors.

One can easily check that the operators B^†_0, B^†_± and B_0, B_± do not form a spherical vector (see for example^{91,96,99,103}). The situation is the same as in the “standard” theory of angular momentum. Indeed, in the “standard” theory, the operators L_0 = L_3, L_± = L_1 ± iL_2, do not form a spherical tensor. However, in the “standard” theory one constructs the operators J_± = ∓^{1√}_2 (L_1 ± iL_2), J_0 = L_0, which are indeed the components of a spherical tensor of first rank according the standard so(3) algebra.

Here we proceed in an analogous way. As shown in^{267}, one can define a vector operator T^†_m of the form T^†_{+1} = 1 √ [2] B^†_+q^{−2N++N − 12} , T^†_0 = B^†_0q^{−2N++N} ,

T^†_{−1} = 1 √ [2] { B^†_−q^{2N+−N − 12} − (q − q^{−1})B_+(B^†_0)^2q^{−2N++N + 32} } . (28.22)

The corresponding expressions for the conjugate operators ~T_m = (−1)^mq^{−m}(T^†_{−m})^† are

~T_{+1} = − 1 √ [2] { q^{2N+−N − 32} B_− − (q − q^{−1})q^{−2N++N + 12} B^†_+(B_0)^2 } ,

~T_0 = q^{−2N++N} B_0, ~T_{−1} = − 1 √ [2] q^{−2N++N + 12} B_+. (28.23)

One can easily check, that the vector operators T^† and ~T satisfy the commutation relation

[ ~T_{−1}, T^†_{+1}]_q�2 = −q^{2N +1}, [ ~T_0, T^†_0 ] = q^{2N} + q^{−1}(q^2 − q^{−2})T^†_{+1} ~T_{−1},

[ ~T_{+1}, T^†_{−1}]_q�2 = −q^{2N −1} + q^{−1}(q^2 − q^{−2}) { T^†_0 ~T_0 + (q − q^{−1})T^†_{+1} ~T_{−1} } , (28.24) and [ ~T_0, T^†_{+1}] = 0, [ ~T_{+1}, T^†_{+1}]_q2 = 0, [ ~T_{+1}, T^†_0 ] = (q^2 − q^{−2})T^†_{+1} ~T_0,

[ ~T_{−1}, T^†_0 ] = 0, [ ~T_{−1}, T^†_{−1}]_q2 = 0, [ ~T_0, T^†_{−1}] = (q^2 − q^{−2})T^†_0 ~T_{−1}. (28.25)

Unlike the operators of eq. (28.2), the commutators [ ~T_m, ~T_n] and [T^†_m, T^†_n] do not vanish, but are equal to [T^†_{+1}, T^†_0 ]_q2 = 0, [T^†_0 , T^†_{−1}]_q2 = 0, [T^†_{+1}, T^†_{−1}] = (q − q^{−1})(T^†_0 )^2, [ ~T_0, ~T_{−1}]_q2 = 0, [ ~T_{+1}, ~T_0]_q2 = 0, [ ~T_{+1}, ~T_{−1}] = (q − q^{−1})( ~T_0)^2, (28.26) which is in agreement with the results obtained in^{265}.

28.4. A choice for the physical angular momentum

It should be noted that the angular momentum operator L^{(q)}_M (considered as a vector according so_q(3)) can be represented in the form

L^{(q)}_M = − [4] [2] [ T^† × ~T ]_{(1}/q_) 1M = − [4] [2] ∑ m,n 1/qC^{1M}_{1m,1n} T^†_m ~T_n. (28.27)

Its “square” differs from C^{(q)}_2 and equals to^{91,96,99,103}

(L^{(q)})^2 ≡ L^{(q)} · L^{(q)} = ∑ (−q)^{−M} L^{(q)}_M L^{(q)}_{−M} = 2 [2] C^{(q)}_2 + ( q − q^{−1} [2] )_2

(C^{(q)}_2 )^2. (28.28)

This difference, however, is not essential. Let us consider, for instance, the expectation values of the scalar operator of eq. (28.28). It has the form q⟨ℓm|L^{(q)} · L^{(q)}|ℓm⟩_q = [2ℓ][2ℓ + 2] [2]^2

= [ℓ]_q2 [ℓ + 1]_q2 . (28.29)

In this sense the replacement of^qL^2 ≡ C^{(q)}_2 with L^{(q)} · L^{(q)} is equivalent to the replacement q → q^2 and leads to the renormalization of some constant. For this reason we shall accept as the square of the physical angular momentum the quantity^qL^2 ≡ C^{(q)}_2 , whose eigenvalues are [ℓ][ℓ + 1].

28.5. A choice for the Hamiltonian

Now let us consider the scalar operator, constructed in terms of T^†_M and ~T_M . We have

X^{(q)}_0 = − √ [3][T^† × ~T ]^{(1/q)}_{00} = −q^{−1}T^†_{+1} ~T_{−1} + T^†_0 ~T_0 − qT^†_{−1} ~T_1. (28.30)

We define the Hamiltonian of the three dimensional q-deformed oscillator (3-dim q-HO) as

qH_{3dim} = h̄ω_0X_0 = h̄ω_0 ( −q^{−1}T^†_{+1} ~T_{−1} + T^†_0 ~T_0 − qT^†_{−1} ~T_1 ) . (28.31)

The motivations for such an ansatz are:

a) The operator so defined is an so_q(3) scalar, i.e. it is simultaneously measurable with the physical q-deformed angular momentum square^qL^2 and the z-projection L_0.

b) Only this so_q(3) scalar has the property of being the sum of terms conserving the number of bosons. (Each term contains an equal number of creation and annihilation operators.)

c) In the limit q → 1 the Hamiltonian of eq. (28.31) goes into

lim_{q→1}^qH_{3dim} = h̄ω_0 ( a^†_{+1}a_{+1} + a^†_0a_0 + a^†_{−1}a_{−1} ) , (28.32)

where [a_m, a^†_n] = δ_{mn}, i.e. in this limit the Hamiltonian of eq. (28.31) coincides with the Hamiltonian of the 3-dimensional (spherically symmetric) harmonic oscillator up to an additive constant.

What we have done so far can be summarized in the following way. We have shown that in the enveloping algebra of so_q(3) there exists an so_q(3) scalar operator, built out of irreducible vector operators according to the reduction u_q(3)⊃so_q(3), for the case of the most symmetric irreducible representations of u_q(3), which are the space of the 3-dim q-HO. In the limit q → 1 this operator coincides with the

Hamiltonian of the 3-dim harmonic oscillator. It is therefore reasonable to consider this operator as the Hamiltonian of the 3-dim q-HO. (In the next subsections it will be shown that this Hamiltonian is related to the Hamiltonian of the Modified Harmonic Oscillator of Nilsson^{269,270,271,272}.)

It should be underlined that the Hamiltonian of eq. (28.31) does not commute with the square of the “classical” (or “standard”) angular momentum L^2. This is due to the fact that the q-deformed oscillator is really space deformed and the “standard” quantum number l is not a good quantum number for this system. On the other hand^qL^2 commutes with^qH_{3dim} and the “quantum angular momentum” ℓ can be used for the classification of the states of the q-oscillator. The projection of the standard angular momentum on the z axis, l_z, coincides however with the quantum projection, ℓ_z, i.e. it is a good quantum number.

Eq. (28.31) can be cast in a simpler and physically more transparent form. Indeed, making use of the third component of the q-deformed angular momentum (considered as an so_q(3) vector)

L^{(q)}_0 = − √ [4]/[2] [ T^† × ~T ]_{(1}/q_)

10 = −T^†_{+1} ~T_{−1} + (q − q^{−1})T^†_0 ~T_0 + T^†_{−1} ~T_0, (28.33)

we obtain X^{(q)}_0 + qL^{(q)}_0 = −[2]T^†_{+1} ~T_{−1} + q^2T^†_0 ~T_0. (28.34) Since T^†_{+1} ~T_{−1} =

[2N_+] [2] q^{−2N++2N +1}, T^†_0 ~T_0 = [N_0]q^{−4N+−N0+2N −1}, (28.35)

we get upon summation X^{(q)}_0 = −qL^{(q)}_{10} + [N + L_0]q^{N −L0+1}, (28.36) and, after some calculations,

qH_{3dim} = h̄ω_0X^{(q)}_0 = h̄ω_0 { [N]q^{N +1} − q(q − q^{−1}) [2] C^{(q)}_2 } . (28.37)

The eigenvalues of such a q-deformed Hamiltonian are qE_{3dim} = h̄ω_0 { [n]q^{n+1} − q(q − q^{−1}) [2] [ℓ][ℓ + 1] } , ℓ = n, n − 2, . . . , 0 or 1. (28.38) In the q → 1 limit we have lim_{q→1}^qE_{3dim} = h̄ω_0n, which coincides with the classical result.

One should note that the expression of eq. (28.38) can also be put in the form qE_{3dim} = h̄ω_0 q^{n+1} [2] { q^{ℓ+1}[n − ℓ] + q^{−ℓ−1}[n + ℓ] } , (28.39)

which perhaps looks more elegant. However, the form of eq. (28.38) has the advantage that the vibrational ([n]) and the rotational ([ℓ][ℓ + 1]) degrees of freedom are clearly separated.

For small values of the deformation parameter τ , where q = e^τ , one can expand the rhs of eq. (28.38) in powers of τ obtaining

qE_{3dim} = h̄ω_0 n − h̄ω_0τ (ℓ(ℓ + 1) − n(n + 1)) − h̄ω_0τ^2 ( ℓ(ℓ + 1) − 1 3 n(n + 1)(2n + 1) ) + O(τ^3). (28.40)

To leading order in τ the expression of eq. (28.40) closely resembles the one giving the energy eigenvalues of the Modified Harmonic Oscillator, as we shall see in the next subsections.

28.6. The Modified Harmonic Oscillator of Nilsson

Before examining the connection between the Hamiltonian of the last subsection and the Modified Harmonic Oscillator (MHO) of Nilsson^{269,270,271,272}, a few words about the MHO are in place.

The basis of the shell model in finite nuclei is the assumption of an independent particle motion within a mean field. The average field in which the particles move is correctly described by the Woods– Saxon (WS) potential V_{W S} (r). However, the corresponding eigenvalue equation can be solved only numerically. It is therefore desirable for many purposes to have an exactly soluble model producing approximately the same spectrum as the Woods–Saxon potential. The Modified Harmonic Oscillator (MHO) Hamiltonian, first suggested by Nilsson^{269} and studied in detail in^{270,271,272}, indeed reproduces approximately the energy spectrum of the WS potential and at the same time has a simple analytical solution. The Hamiltonian has the form V_{MHO} = 1 2 h̄ωρ^2 − h̄ωk { μ ( L^2 − ⟨ L^2 ⟩ N ) + 2L · S } , ρ = √ Mω h̄ r, (28.41)

where L^2 is the square of the angular momentum and L · S is the spin-orbit interaction. The subtraction of the average value of ⟨L2⟩, taken over each N-shell, ⟨ L^2 ⟩ N = N(N + 3) 2 , (28.42)

results in avoiding the shell compression induced by the L^2 term, leaving the “center of gravity” of each N-shell unchanged. The V_{MHO} (without the spin-orbit term L · S) indeed reproduces effectively the Woods–Saxon radial potential. A better agreement with the experimental data can be achieved if the parameters of the potential are let to vary smoothly from shell to shell.

It should be noted, however, that from a mathematical point of view the introduction of an L2- dependent term (and of the corresponding correction ⟨L^2⟩_N ) in the MHO potential is not so innocent, as it may look at first sight, because this term depends on the state in which the particle occurs, and it this sense the potential of eq. (28.41) is “non-local” and “deformable” (with variable deformation). This effect is amplified by the fact that the constant μ^′ = kμ is allowed to vary from shell to shell, i.e. depends on N.

The eigenvalues of the MHO (if one neglects the spin–orbit term) are E_{nl} = h̄ωn − h̄ωμ^′ ( l(l + 1) − 1 2 n(n + 3) ) , (28.43)

where μ^′ is allowed to vary from shell to shell.

28.7. Connection between the 3-dimensional q-deformed harmonic oscillator and the Modified Harmonic Oscillator of Nilsson

Comparing eqs (28.40) and (28.43) we see that eq. (28.40) closely resembles, to leading order in τ , eq. (28.43), thus establishing a connection between the 3-dimensional q-deformed harmonic oscillator and the Modified Harmonic Oscillator of Nilsson, with the parameter τ of the 3-dim q-HO playing the role of the parameter μ^′ = kμ of the MHO. (Remember that the spin–orbit term has been omitted in both cases.)

Quantitatively, one obtains a good fit of the energy spectrum produced by the MHO potential of eq. (28.41) by choosing for h̄ω_0 and τ of the 3-dimensional q-deformed harmonic oscillator the values h̄ω_0 = 0.94109 and τ = 0.021948^{275}. (It has been assumed that h̄ω = 1 for the MHO and the spin–orbit term has been neglected.) The value of τ is close to the values usually adopted for μ^′ = kμ. Indeed the MHO fit in the^{208}_{82} Pb region yields^{271,272} μ^′ = 0 for N = 2, μ^′ = 0.0263 for N = 3, and μ^′ = 0.024 for N ≥ 4, while for k, fixed by the condition that the observed order of sub-shells be reproduced, the relevant values are k = 0.08 for N = 2, k = 0.075 for N = 3 and k = 0.07 for N ≥ 4.

It appears surprising at first that h̄ω_0 differs slightly from 1. Indeed the correction term n(n + 1) in the 3-dim q-HO spectrum is slightly different from the corresponding piece n(n + 3)/2 in the MHO. Some compression of the 3-dim q-HO spectrum is therefore inevitable. From a physical point of view, one may say that the mean radius of the deformed oscillator is slightly larger than the radius of the classical isotropic HO.

When comparing the MHO and 3-dim q-HO spectra it should be remembered that the constant μ^′ in the MHO potential takes different values for shells with different values of N, while in the 3-dim q-HO model the parameters τ and h̄ω_0 have the same values for all shells. The comparison shows that the q-deformation of the 3-dimensional harmonic oscillator effectively reproduces the non-locality and the “deformations” induced in the MHO model through the terms L^2, ⟨L^2⟩_N and the variability of μ^′ with the shell number N.

28.8. 3-dimensional q-deformed harmonic oscillator with q-deformed spin–orbit term

For a full comparison with the MHO and a more realistic description of the single-particle spectrum, one needs to include a q-deformed spin–orbit term L^{(q)} · S^{(1/q)} in the q-deformed harmonic oscillator Hamiltonian^qH_{3dim}. To this purpose one introduces the spin operators S_+, S_0, S_−, which are elements of another (independent) su_q(2) algebra. These operators satisfy the commutation relations of eq. (28.8), i.e.

[S_0, S_±] = ±S_±, [S_+, S_−] = [2S_0], (28.44) and act in the two-dimensional representation space of this algebra. The orthonormalized basis vectors of this space will be denoted by |^1_2 m_s⟩_q, in analogy with the usual (non-deformed) case.

One can now define the q-deformed total angular momentum as^{91,96,99,103}

J_0 = L_0 + S_0, J_± = L_±q^{S0} + S_±q^{−L0} , (28.45)

where the q-deformed orbital angular momentum is given by eq. (28.7). The operators of eq. (28.45) satisfy the same commutation relations as the operators of the q-deformed orbital angular momentum (eq. (28.8)) and spin (eq. (28.44)), and the corresponding expression for the Casimir operator of the algebra of eq. (28.45) can be written in the form

C^{(q)}_{2,J} = J_−J_+ + [J_0][J_0 + 1]. (28.46)

As in the case of the q-deformed orbital momentum we shall consider^qJ^2 ≡ C^{(q)}_{2,J} as the total angular momentum “square”.

The common eigenvectors of C^{(q)}_{2,J} , C^{(q)}_{2,L} and C^{(q)}_{2,S} can be written in the usual form

|n(ℓ^1_2 )jm⟩_q = ∑ m_ℓ,ms qC^{jm}_{ℓmℓ , 12 ms} |nℓm_ℓ⟩_q|^1_2 m_s⟩_q, (28.47) where^qC^{jm}_{ℓmℓ,sms} are the q-deformed Clebsch-Gordan coefficients^{91,96,99,103}.

One can define the spin–orbit term as a scalar product, according to the definition of eq. (28.20)

L^{(q)} · S^{(1/q)} = ∑ M =0,±1 (−q)^M L^{(q)}_M S^{(1/q)}_{−M} = 1 [2] { C^{(q)}_{2,J} − C^{(q)}_{2,L} − C^{(q)}_{2,S} −

(q − q^{−1})^2 [2] C^{(q)}_{2,L}C^{(q)}_{2,S} } , (28.48)

where S^{(1/q)} is a vector operator according to the algebra of eq. (28.44), constructed from the q-deformed spin operators taking into account the rule of eq. (28.21), but for deformation parameter 1/q. One can then suggest the following Hamiltonian for the 3-dim q-deformed harmonic oscillator with spin–orbit interaction_q H = h̄ω_0 { X^{(q)}_0 − κ[2]L^{(q)} · S^{(1/q)} } = = h̄ω_0 { [N]q^{N +1} − q(q − q^{−1}) [2] C^{(q)}_{2,L} − κ ( C^{(q)}_{2,J} − C^{(q)}_{2,L} − C^{(q)}_{2,S} −

(q − q^{−1})^2 [2] C^{(q)}_{2,L}C^{(q)}_{2,S} )} . (28.49)

In eq. (28.49) the various factors have been chosen in accordance with the usual convention used in the classical (spherically symmetric) shell model with spin–orbit coupling. The eigenvectors of this Hamiltonian are given by eq. (28.47), while the corresponding eigenvalues are qE_{nℓj} = h̄ω_0 { [n]q^{n+1} − q(q − q^{−1}) [2] [ℓ][ℓ + 1]

−κ ( [j][j + 1] − [ℓ][ℓ + 1] − [^1_2 ][^3_2 ] −

(q − q^{−1})^2 [2] [ℓ][ℓ + 1][^1_2 ][^3_2 ] )} . (28.50)

In order to compare the expression for the q-deformed L–S interaction (the term proportional to κ) with the classical results one needs the expansion of the expectation value of the term given in eq.

(28.48) in powers of τ (q = e^τ , with τ real)

q⟨n(ℓ^1_2 )jm|L^{(q)} · S^{(1/q)}|n(ℓ^1_2 )jm⟩_q = 1 2 ℓ ( 1 + τ^2 6 (4ℓ^2 − 7) + . . . ) if j = ℓ + 1/2 − 1 2 (ℓ + 1) ( 1 + τ^2 6 (4ℓ^2 + 8ℓ − 3) + . . . ) if j = ℓ − 1/2

(28.51) It can be easily seen that the expression of eq. (28.48) introduces some corrections to the classical expressions for the spin–orbit interaction, which are proportional to τ^2. These corrections are small for light nuclei, where the values of ℓ are small, but they are non-negligible for heavier nuclei, where shells with higher values of ℓ are important.

One can easily see that the level scheme produced by the 3-dim q-HO with spin–orbit interaction reproduces very well the level scheme of the MHO with spin–orbit interaction^{275}.

29. Further development of u_q(3)⊃so_q(3) models

The u_q(3)⊃so_q(3) mathematical framework developed in the last section for the case of the 3- dimensional q-deformed harmonic oscillator is of more general interest, since one can use it for studying q-deformed versions of various models having the u(3)⊃so(3) symmetry, such as the Elliott model

241,242,243,248 and the su(3) limit of the Interacting Boson Model. Since the quadrupole degree of freedom

plays a central role in nuclear collectivity, one needs to be able to calculate matrix elements of the quadrupole operator in the u_q(3)⊃so_q(3) basis. For the quadrupole operator itself two choices appear:

a) The quadrupole operator can be a q-deformed second rank tensor operator, with its matrix elements being calculated in the q-deformed basis. In this case one assumes that observables are described by q-deformed operators and physical states are described by q-deformed wavefunctions.

b) The quadrupole operator can be the usual (non-deformed) operator, with its matrix elements being calculated in the q-deformed basis. In this (less extreme) case one assumes that observables are described by the usual physical operators, while the states are described by q-deformed wavefunctions, corresponding to highly correlated eigenfunctions of the undeformed Hamiltonian.

In what follows both cases will be examined.

29.1. Matrix elements of a q-deformed quadrupole operator in the u_q(3)⊃so_q(3) basis

We are going to compute the reduced matrix elements of an so_q(3) quadrupole operator (second rank tensor operator under so_q(3) ) in the u_q(3)⊃so_q(3) basis (for the most symmetric u_q(3) representation and for q being real).

The generalization of the Wigner–Eckart theorem in the case of the algebra so_q(3) is^{101,102} ⟨α^′, L^′M^′|T^j_m|α, LM⟩ = (−1)^{2j q} C^L 0_M0_{LM,jm} √ [2L^′ + 1] ⟨α^′, L^′‖T^j‖α, L⟩, (29.1)

where |α, LM⟩ are orthonormalized basis vectors of the irreducible representation_qD^L of the algebra so_q(3) and_qC^{LM}_{L1M1,L2M2} are the Clebsch–Gordan coefficients of the same algebra.

Our purpose is to calculate the reduced matrix elements of the q-deformed quadrupole operator Q^2, namely the quantities ⟨λ, L + 2‖Q^2‖λ, L⟩ and ⟨λ, L‖Q^2‖λ, L⟩, where the operator Q^2 is

Q^2_M =

[3][4] [2] A^2_M , A^2_M = [T^† ⊗ ~T ]^2_M = ∑ m,n q�1 C^{2M}_{1m,1n}T^†_m ~T_n. (29.2)

It is clear that this operator is a second rank tensor under so_q(3), according to the definitions given in the previous section, while in eq. (29.2) the overall constant factor guarantees the agreement between the present expression and the usual classical operator in the limit q → 1. Other reduced matrix elements do not occur, since in the most symmetric representation of u_q(3) only states with equal parity of λ and L occur.

Using the Wigner-Eckart theorem (eq. (29.1)) one obtains for the reduced matrix elements of the quadrupole operator Q^2 of eq. (29.2) the following results (see^{267} for a proof) ⟨λ, L + 2‖Q^2‖λ, L⟩ = q^{λ− 1}2 [2] [3][4] [2] [λ − L][λ + L + 3][2L + 4][2L + 2] [2L + 3]

, (29.3)

⟨λ, L‖Q^2‖λ, L⟩ = − q^{λ− 1}2 [2] [2L][2L + 1][2L + 2] [2L − 1][2L + 3] { q^{L− 12} [λ − L] + q^{−L+ 12} [λ + L + 3] } , (29.4)

which are in agreement with the classical case in the limit q → 1. Taking into account the Wigner– Eckart theorem and the symmetry properties of the q-deformed Clebsch–Gordan coefficients it can also be shown that the reduced matrix element given in eq. (29.3) has the following symmetry property ⟨λ, L + 2‖Q^2‖λ, L⟩ = ⟨λ, L‖Q^2‖λ, L + 2⟩. (29.5) For small values of the deformation parameter τ (q = e^τ , with τ being real) the following Taylor expansions for the reduced matrix elements of eqs (29.3) and (29.4) are obtained ⟨λ, L + 2‖Q^2‖λ, L⟩ = √ 6(λ − L)(λ + L + 3)(L + 2)(L + 1) 2L + 3 × { 1 + ( λ − 1 2 ) τ + (2 3 λ^2 + 1 2 L^2 + 3 2 L + 65 24 ) τ^2 + O(τ^3) } , (29.6)

⟨λ, L‖Q^2‖λ, L⟩ = −(2λ + 3) L(L + 1)(2L + 1) (2L − 1)(2L + 3) { 1 + 2 2λ + 3 {λ(λ + 1) − L(L + 1)}τ + 1 3(2λ + 3)

{(2λ + 15)L(L + 1) + (2λ + 1)(2λ^2 + 2λ + 3)}τ^2 + O(τ^3) } . (29.7)

In the limit τ = 0 one obtains the classical expressions for the corresponding reduced matrix elements.

From a physical point of view of great interest are the E2 transition probabilities (B(E2) factors), which in the classical case are expressed by means of the reduced matrix elements of the u(3) quadrupole operator. By analogy the B(E2) factors corresponding to the chain u_q(3)⊃so_q(3) can be assumed to be of the form B(E2; (λ, L + 2) → (λ, L))_q = 1 [2L + 5] |⟨λ, L + 2‖Q^2‖λ, L⟩|^2, (29.8) where Q^2 is the q-deformed quadrupole operator of eq. (29.2). Again in analogy with the classical case, the reduced matrix element of eq. (29.4) is related to the deformation of the physical system in the state with angular momentum L.

It should be remembered that the results obtained here are valid only for real values of the deformation parameter q. On the other hand the comparison of the predictions of various models based on the su_q(2) algebra with the experimental data (sections 19–23) shows that one can achieve good agreement between theory and experiment in the case of q being a phase factor (q = e^{iτ} , with τ real). It is therefore desirable to repeat the steps followed in this section for the case of q being a phase factor.

29.2. Matrix elements of the usual quadrupole operator in the u_q(3) ⊃ so_q(3) basis

In order to be able to calculate matrix elements of the usual quadrupole operator in the q-deformed basis of eq. (28.11) we should first express the basis vectors in terms of usual (undeformed) bosons a^†_i , a_i, which are connected to the q-deformed bosons b^†_i , b_i through^{35,36,43}

b^†_i = √ [N_i] N_i a^†_i , b_i = a_i √ [N_i] N_i , i = +, 0, −, (29.9) where N_i is the number operator of the undeformed bosons. In this way the operators B^†_i , B_i of eq. (28.2) can be written in the form

B_0 = q^{− 12 N0} a_0 √ [N_0] N_0

, B^†_0 = √ [N_0] N_0 a^†_0q^{− 12 N0} , (29.10)

B_i = q^{Ni+ 12} a_i √ [2N_i] N_i , B^†_i = √ [2N_i] N_i a^†_i q^{Ni+ 12} , i = +, −. (29.11)

As a next step we can replace B^†_i in eq. (28.11) with their expressions from eq. (29.11). Then, using the following identity, which holds in the Fock space,

(B^†_+)^x √ [2x]!!

(B^†_0)^y √ [y]!

(B^†_−)^z √ [2z]!!

|0⟩ = q^{12 (x2+z2 )− 14 y(y−1)}

(a^†_+)^x √ x! (a^†_0)^y √ y! (a^†_−)^z √ z! |0⟩, (29.12)

we obtain (in a slightly different notation)^{259,261} | | | | λ L, M ⟩ q = q^{− 14 {(2λ+M )(M −1)+L(L+1)}}N^{(q)}_{λLM} (λ−L)/2 ∑ t=0 ⌊(L+M )/2⌋ ∑ x=max(0,M )

(−1)^tq^{(λ− 12 )x−(L+ 32 )t} [2t]!![λ − L − 2t]!!

× √ [2x + 2t]!![λ + M − 2x − 2t]![2x + 2t − 2M]!!

[2x]!![L + M − 2x]![2x − 2M]!!

(a^†_+)^{x+t} √ (x + t)! (a^†_0)^{λ+M −2x−2t} √ (λ + M − 2x − 2t)! (a^†_−)^{x+t−M} √ (x + t − M)! |0⟩, (29.13) where the normalization factor N^{(q)}_{λLM} is

N^{(q)}_{λLM} =

[λ − L]!![L + M]![L − M]![2L + 1] [λ + L + 1]!!

. (29.14)

The expression of eq. (29.13) can be used for the calculation of the matrix elements of “standard” (or classical) tensor operators (which are built up from standard boson operators) between the states with given q-deformed angular momentum.

Let us consider now the classical quadrupole operator Q^{(c)}_m . Its zero component is of the form

Q^{(c)}_0 = √ 6[a^† ⊗ ~a]_{20} = a^†_+~a_− + 2a^†_0~a_0 + a^†_− ~a_+ = −a^†_+a_+ + 2a^†_0a_0 − a^†_−a_− = 3N_0 − N, (29.15)

where a^†_m, a_m(m = +, 0, −) are classical boson operators and ~a_m = (−1)^ma_{−m}.

The explicit expression for the matrix elements of Q^{(c)}_0 between the q-deformed states of eq. (29.13) then becomes q ⟨ λ J, M^′ | | | | | Q^{(c)}_0 | | | | | λ L, M ⟩ q = δ_{M,M}0 q ⟨ λ J, M | | | | | Q^{(c)}_0 | | | | | λ L, M ⟩ q , (29.16) and

q ⟨ λ J, M | | | | Q^{(c)}_0 | | | | λ L, M ⟩ q = (2λ + 3M)δ_{L,J} − 6 q^{− 12 (2λ+M )(M −1)− 14 {L(L+1)+J(J+1)}}N^{(q)}_{λLM} N^{(q)}_{λJM}

× (λ−L)/2 ∑ t=0 (λ−J)/2 ∑ r=0 (−1)^{t+r}q^{−(λ+L+1)t−(λ+J+1)r} [2t]!![λ − L − 2t]!![2r]!![λ − J − 2r]!! ∑ x [2x]!![λ + M − 2x]![2x − 2M]!!

[2x − 2t]!![L + M − 2x + 2t]![2x − 2t − 2M]!! × x q^{(2λ−1)x} [2x − 2r]!![J + M − 2x + 2r]![2x − 2r − 2M]!!

, (29.17)

where: max{t, r, M + t, M + r} ≤ x ≤ min{⌊(L + M)/2⌋ + t, ⌊(J + M)/2⌋ + r}. (29.18)

Clearly the recipe described above can be applied for the calculation of matrix elements between the q-deformed angular momentum states of any classical operator. The disadvanage of this method is that one must perform special calculations for any specific operator. This can be avoided by the use of the transformation matrix between the “standard” and q-deformed states, which will be described in the next subsection.

29.3. Transformation between so_q(3) and so(3) basis states

For fixed λ one can expand the q-deformed basis states of eq. (29.13) in terms of classical ones (with q = 1), since both sets form orthonormal bases in the eigenspace H_λ of the number operator N = N_+ + N_0 + N_−, corresponding to the eigenvalue λ. In particular, dim H_λ =^1_2 (λ + 1)(λ + 2) and the operator L_0 has the same form L_0 = N_+ − N_− in both classical and q-deformed cases. In this way | | | | | λ L, M ⟩ q = ∑ J,M_J | | | | | λ J, M_J ⟩ c c ⟨ λ J, M_J | | | | | λ L, M ⟩ q = ∑ J | | | | | λ J, M ⟩ c c ⟨ λ J, M | | | | | λ L, M ⟩ q , (29.19)

where J = λ, λ − 2, . . . , |M| or |M| + 1 and the subscript c denotes the classical (undeformed) basis states. Taking the scalar product between q-deformed basis states of eq. (29.13) and classical basis states, for the transformation matrix in eq. (29.19) one obtains

c ⟨ λ J, M^′ | | | | | λ L, M ⟩ q = δ_{M,M}0 q^{− 14 {(2λ+M )(M −1)+L(L+1)}} N^{(c)}_{λJM} N^{(q)}_{λLM}

× (λ−L)/2 ∑ t=0 (λ−J)/2 ∑ r=0 (−1)^{t+r} q^{−(λ+L+1)t} [2t]!![λ − L − 2t]!!(2r)!!(λ − J − 2r)!! ∑ x q^{(λ− 12 )x} √ [2x]!![λ + M − 2x]![2x − 2M]!!

[2x − 2t]!![L + M − 2x + 2t]![2x − 2t − 2M]!! × √ (2x)!!(λ + M − 2x)!(2x − 2M)!!

(2x − 2r)!!(J + M − 2x + 2r)!(2x − 2r − 2M)!!

, (29.20)

where max{t, r, M + t, M + r} ≤ x ≤ min{⌊(L + M)/2⌋ + t, ⌊(J + M)/2⌋ + r}. (29.21) It should be noted that the scalar product given in eq. (29.20) is real and has the properties

c ⟨ λ J, M^′ | | | | λ L, M ⟩ q = δ_{M,M}0 c ⟨ λ J, M | | | | λ L, M ⟩ q = q ⟨ λ L, M | | | | λ J, M^′ ⟩ c , (29.22)

which have been used in eq. (29.19). Though looking very involved, eq. (29.20) is quite handy for computational purposes. Indeed, only few terms are contained in the sum. The same equation shows that the transformation matrix is diagonal in the third projections of J and L, and is nonvanishing even for high values of the difference Δ(J) = |L − J|. However, the values are peaked around the classical value Δ(J) = 0, if the parameter of deformation q tends to unity.

Let us consider now a classical tensor operator A^{(c)}_{jm} of rank j according to the algebra so(3), which conserves the number of particles. Using the Wigner-Eckart theorem in the classical case we can express the matrix elements of A^{(c)}_{jm} between the classical so(3) basis states in the form

c ⟨ λ J, M^′ | | | | | A^{(c)}_{jm} | | | | | λ L, M ⟩ c = (−1)^{2j} C^{JM} 0_{LM,jm} √ 2J + 1 ⟨λJ‖A^{(c)}_j ‖λL⟩, (29.23) where C^{JM} 0_{LM,jm} are the classical Clebsch-Gordan coefficients of the so(3) algebra, and we assume that the classical reduced matrix elements of A^{(c)}_j in eq. (29.23) are known. In this way, from eq. (29.19) follows that A^{(c)}_{jm} | | | | λ L, M ⟩ q = ∑ R A^{(c)}_{jm} | | | | λ R, M ⟩ c c ⟨ λ R, M | | | | λ L, M ⟩ q

= ∑ R ∑ P,M_P | | | | λ P, M_P ⟩ c c ⟨ λ P, M_P | | | | A^{(c)}_{jm} | | | | λ R, M ⟩ c c ⟨ λ R, M | | | | λ L, M ⟩ q , (29.24)

and using eq. (29.23) we have the expansion

q ⟨ λ J, M^′ | | | | | A^{(c)}_{jm} | | | | | λ L, M ⟩ q = ∑ R ∑ P (−1)^{2j} C^{P M} 0_{RM,jm} √ 2P + 1 × q ⟨ λ J, M^′ | | | | λ P, M^′ ⟩ c ⟨λP ‖A^{(c)}_j ‖λR⟩ c ⟨ λ R, M | | | | λ L, M ⟩ q . (29.25)

In particular, eq. (29.25) shows that the matrix elements of the classical tensor operator A^{(c)}_{jm} between q-deformed so_q(3) states are nonvanishing if M^′ = M + m, as in the classical basis. It is also worth to remark that the summation expression of eq. (29.25) gives an universal way for (numerical) computation of matrix elements of different types of classical operators between the deformed basis states of eq. (29.13). For instance, it is straightforward to show that the numerical values of the quadrupole operator calculated by eq. (29.17) of the previous subsection and the method used in this subsection (involving transformation matrices) coincide. However, the method descibed in this subsection is universal and can be applied to any classical operator.

Examples of transformation brackets can be found in^{276}.

30. The question of complete breaking of symmetries and some applications

In the cases examined so far the q-deformed symmetries considered were close to their classical counterparts, to which they reduce for τ = 0 (q = 1), since the values of τ were relatively small. One can then argue that results similar to the ones provided by the quantum symmetries can also be obtained from the usual Lie symmetries through the addition of suitable perturbations. What can be very useful is to start with one limiting symmetry and, through large deformations, reach another limiting symmetry. We shall refer to this as the complete breaking of the symmetry. In this way one could hope to “bridge” different Lie symmetries through the use of q-deformations, providing in addition new symmetries in the regions intermediate between the existing Lie ones.

The question of complete breaking of the symmetry in the framework of the toy IBM of sec. 27 has been studied by Cseh^{277}, Gupta^{278}, and Del Sol Mesa et al.^{264}.

Cseh^{277} started with the su_q(2) (vibrational) limit (in a form different from the one used in sec. 27) and tried to reach the so_q(3) (rotational) limit. He noted that for q being a phase factor this is not possible, while for real q some rotational features are obtained, but without all of the requirements for rotational behaviour being satisfied simultaneously.

Gupta^{278} started with the su_q(2) limit, in the form given in sec. 27. He noted that for q being a phase factor a recovery of the su(3) symmetry occurs (see also the next paragraph), while for real q, and even better for q complex (q = e^s with s = a + ib), the so_q(3) limit is indeed reached.

Del Sol Mesa et al.^{264} considered the o_q(3) limit of the model of sec. 27, since it corresponds to the symmetry of a q-deformed version of the spherical Nilsson Hamiltonian with spin-orbit coupling term. They found that for q being a phase factor (q = e^{iτ} ) and for τ obtaining values in the region 0.5 ≤ τ ≤ 2 the u(3) symmetry, which is broken in the initial model because of the presence of the spin-orbit term, is recovered. This offers a way of recovering the u(3) symmetry alternative to the one developed for the spherical Nilsson model^{279,280} and the deformed Nilsson model^{281,282} through the use of appropriate unitary operators.

Complex deformations have also been used in^{283} in the framework of a deformed u(2) model, possessing the u(2)⊃u(1) and u(2)⊃o(2) chains. Again it has been found that complex deformations can bridge the two limiting symmetries.

Possible complete breaking of the symmetry has also been studied in the framework of the q-deformed version of the full Interacting Boson Model (see sec. 31).

A problem associated with complex deformations as the ones considered above is that the energy eigenvalues become complex as well. A way to avoid this problem has been introduced recently by Jannussis and collaborators^{284,285}.

Finally, the o_q(3) limit of the model of sec. 27 has been used for describing the^{16}O + α cluster states in^{20}Ne^{286}. It turns out that an improved description of the energy spectrum and the α-particle spectroscopic factors occurs for q = e^{0.124}.

31. q-deformation of the Interacting Boson Model (IBM)

The Interacting Boson Model^{179,215,216} (see^{169,180} for recent overviews) is the most popular algebraic model of nuclear structure. It describes the collective properties of medium-mass and heavy nuclei away from closed shells in terms of bosons, which correspond to correlated valence fermion pairs. In its simplest form, called IBM-1, only s (J = 0) and d (J = 2) bosons are used. The overall symmetry of the model is u(6), possessing three limiting symmetries: the u(5) (vibrational) limit, corresponding to the chain of subalgebras u(6) ⊃ u(5) ⊃ o(5) ⊃ o(3), (31.1)

the su(3) (rotational) limit, characterized by the chain

u(6) ⊃ su(3) ⊃ o(3), (31.2)

and the o(6) (γ-unstable) limit, for which the relevant chain is

u(6) ⊃ o(6) ⊃ o(5) ⊃ o(3). (31.3)

If one of these dynamical symmetries is present, the Hamiltonian can be written in terms of the Casimir operators of the algebras appearing in the relevant chain. Thus the Hamiltonian can be analytically diagonalized in the corresponding basis. This is a great advantage of IBM and its numerous generalizations: they provide us with a large number of exactly soluble models, the predictions of which can be directly compared to experiment, without any need for lengthy numerical calculations.

From what we have already seen in sec. 27, it is worth examining if a q-deformed version of the IBM has any advantages in comparison to the standard version. In order to accomplish this, one has to construct the q-analogues of the three chains mentioned above. The difficulties associated with the su(3) chain have already been discussed in subsec. 27.3. In what follows we are going to focus attention on the o(6) chain, for which the relevant construction has been carried out^{287}. The technique used is based on the notion of complementary subalgebras, which is explained in detail in^{288}, while here only final results will be reported. We only mention here that the notion of complementary subalgebras was introduced by Moshinsky and Quesne^{289,290,291}. Two subalgebras A_1 and A_2 of a larger algebra A are complementary within a definite irrep of A, if there is an one-to-one correspondence between all the irreps of A_1 and A_2 contained in this irrep of A.

In the o(6) limit of IBM the Hamiltonian is

H = E_0 + βC_2(o(5)) + γC_2(o(3)) + ηC_2(o(6)). (31.4)

The eigenvalues of the energy in the relevant basis have already been given in subsec. 26.1.

Using the notion of complementarity it turns out that, instead of using the o(6) chain mentioned above, it suffices to study the chain

su^{sd}(1, 1) ⊗ so(6) ⊃ su^d(1, 1) ⊗ so(5) ⊃ so(3), (31.5)

where su^{sd}(1,1) is the algebra closed by the pair operators formed out of the s and d bosons, while su^d(1,1) is the algebra closed by the pair operators formed out of d bosons alone. (Details on the basis for symmetric irreps of su(1,1)⊗o(5) can be found in^{292}.) The irreps of su^{sd}(1,1) are characterized by the same quantum numbers as the irreps of o(6) in the o(6) chain of the IBM, while the irreps of su^d(1,1) are characterized by the same quantum numbers as the irreps of o(5) in the o(6) limit of IBM. Therefore in the Hamiltonian one can use the Casimir operators of the su^{sd}(1,1), su^d(1,1) and su(2) subalgebras (the deformed versions of which are well known, as seen in secs 14–16) instead of the Casimir operators of o(6), o(5), o(3) respectively. Keeping the same notation as in eq. (26.3) the final result reads E(N, σ, τ, ν_Δ, J, M_J ) = E_0 + β8 [ τ 2 ] q [ τ + 3 2 ] q + γ2[J]_q[J + 1]_q + η8 [ σ 2 ] q [ σ + 4 2 ] q , (31.6) where the free parameters have been chosen so that the present equation reduces to its classical counterpart for q → 1. For the ground state band then the analog of eq. (26.4) is

E(J) = E_0 + β^′8[J]_q1/4[J + 6]_q1/4 + γ2[J]_q[J + 1]_q + η^′8[N]_q1/2 [N + 4]_q1/2 , (31.7)

where the identities [ x 2 ] q = [x]_q1/2(q^{1/2} + q^{−1/2})^{−1}, (31.8) [ x 4 ] q = [x]_q1/4(q^{1/2} + q^{−1/2})^{−1}(q^{1/4} + q^{−1/4})^{−1}, (31.9)

have been used and β^′, η^′ are related to β, η and q in an obvious way. We remark that the Casimir operator of su^d_q (1,1), which is complementary to o(5) in the undeformed case, leads to a term of the form [J]_q0[J + 6]_q0 with q^′ = q^{1/4}.

In refs^{293,294} the question has been studied if large values of the deformation parameter can lead us from the o(6) limit to the su(3) (rotational) or u(5) (vibrational) limits, so that complete breaking of the symmetry, in the sense of sec. 30, could be obtained. It turns out that for q real the spectrum of the ground state band goes towards the rotational limit, while q being a phase factor leads towards the vibrational limit. Many more detailed studies, of both spectra and electromagnetic transition probabilities, are required before such a claim can be made.

A different method for constructing the q-deformed versions of the u(5) and o(6) limits of the IBM has been used by Pan^{295}. The method is based on the use of q-deforming functionals (see secs 10, 14). The same method has been used in^{263} for studying the q-deformed version of the su(3)⊃so(3) decomposition. The final result for the energy eigenvalues in the o(6) case is similar to the one reported in eq. (31.6), the main difference being that different deformation parameters are allowed in each of the three deformed terms in the rhs. Some comparisons of the model predictions for spectra and B(E2) values to the experimental data have been performed^{295}.

It is clear that several deformed versions of the IBM can be constructed, providing us with a large number of exactly soluble models. In order to demonstrate their usefulness, one has to show that by deforming the model one gets some advantages over the classical (non-deformed) version. One way to achieve this is the use of parameter-independent tests based on systematics of the data, like the ones used in^{296,297,298} for the usual IBM. It is also desirable for the deformation parameter to be associated with some physical quantity, as in the case of the su_q(2) model. Much work is still required in these directions. Some mathematical results which can be useful in these efforts are reported below:

i) Casimir operators for su_q(n) have been given in^{299}, while the quadratic Casimir of so_q(5) can be found in^{300}.

ii) Raising and lowering operators for u_q(n) have been given by Quesne^{301}. iii) Irreps of u_q(m+n) in the u_q(m)⊕u_q(n) basis have been constructed in^{302}, while generalized q-bosonic operators acting in a tensor product of m Fock spaces have been constructed as double irreducible tensors with respect to u_q(m)⊕u_q(n) in^{303,304}.

32. Deformed versions of other collective models

The Moszkowski model^{305} is a schematic two-level model which provides a description of the phase transition from the vibrational regime to the rotational one. A q-deformed version of the model has been developed^{306} and the RPA modes in it have been discussed^{307}. In addition the validity of the coherent states variational method has been checked in the framework of this model and the time evolution of the system has been studied by means of a time dependent variational principle^{308}. Furthermore, the q-deformed Moszkowski model with cranking has been studied in the mean field approximation and the relation between q-deformation and temperature has been discussed^{309}. It should be noticed here that quantum algebraic techniques have also been found useful in describing thermal effects in the framework of the q-deformed Thouless model for superconductivity^{310}.

The Lipkin–Meshkov–Glick (LMG) model^{311} is an exactly soluble schematic shell model. q-deformed versions of the 2-level LMG model (in terms of an su_q(2) algebra)^{312,313,314,315,316} and of the 3-level LMG model (in terms of an su_q(3) algebra)^{317} have been developed.

33. Fermion pairs as deformed bosons: approximate mapping

We have seen so far that several quantum algebraic phenomenological models have been proposed for the description of nuclear collective properties. These models make use of q-deformed bosons, which satisfy commutation relations differing from the standard boson commutation relations, to which they reduce in the limit q → 1.

On the other hand, it is known that vibrational nuclear spectra, which are described in the simplest way by a pairing Hamiltonian, show anharmonicities (see also sec. 26), described, for example, by the Anharmonic Vibrator Model (AVM)^{218} E(J) = aJ + bJ(J − 2). (33.1) In the framework of the single-j shell model^{318,319,320,321,322}, which can be extended to several nondegenerate j-shells^{323,324,325} these anharmonicities are related to the fact that correlated fermion pairs satisfy commutation relations which resemble boson commutation relations but in addition include corrections due to the presence of the Pauli principle. This fact has been the cause for the development of boson mapping techniques (see the recent reviews by Klein and Marshalek^{85} and Hecht^{326} and references therein), by which the description of systems of fermions in terms of bosons is achieved. In recent years boson mappings have attracted additional attention in nuclear physics as a necessary tool in providing a theoretical justification for the success of the phenomenological Interacting Boson Model 169 and its various extentions, in which low lying collective states of medium and heavy mass nuclei are described in terms of bosons.

From the above observations it is clear that both q-bosons and correlated fermion pairs satisfy commutation relations which resemble the standard boson commutation relations but they deviate from them, due to the q-deformation in the former case and to the Pauli principle in the latter. A question is thus created: Are q-bosons suitable for the approximate description of correlated fermion pairs? In particular, is it possible to construct a boson mapping in which correlated fermion pairs are mapped onto q-bosons, in a way that the q-boson operators approximately satisfy the same commutation relations as the correlated fermion pair operators? In this section we show for the simple case of su(2) that such a mapping is indeed possible.

33.1. The single-j shell model

Let us consider the single-j shell model^{318,319,320,321,322}. One can define fermion pair and multipole operators as A^†_{JM} = 1 √ 2 ∑ mm0 (jmjm^′|JM)a^†_{jm}a^†_{jm}0, (33.2) B_{JM} = 1 √ 2J + 1 ∑ mm0 (jmj − m^′|JM)(−1)^{j−m} 0 a^†_{jm}a_{jm}0, (33.3) with the following definitions A_{JM} = [A^†_{JM} ]^†, B^†_{JM} = [B_{JM} ]^†. (33.4)

In the above a^†_{jm} (a_{jm}) are fermion creation (annihilation) operators and (jmjm^′|JM) are the usual Clebsch–Gordan coefficients.

The pair and multipole operators given above satisfy the following commutation relations:

[A^†_{JM} , A^†_J0_M0] = 0, (33.5)

[A_{JM} , A^†_J0_M0] = δ_{JJ}0δ_{MM}0 − 2 ∑ J00 (−1)^{2j+M} √ (2J + 1)(2J^′ + 1)(2J^{′′} + 1) (J − MJ^′M^′|J^{′′}M^′ − M) { J J^′ J^{′′} j j j } B_J00_{,M}0_{−M} , (33.6)

[B^†_{JM} , A^†_J0_M0] = ∑ J00 2 √ 2J^′ + 1(−1)^{2j−M} (J − MJ^′M^′|J^{′′}M^′ − M)

{ J J^′ J^{′′} j j j } A^†_J00_{,M}0_{−M}

1 + (−1)^J 00 2 , (33.7)

[B_{JM} , B_J0_M0] = ∑ J00 (−1)^{2j−J} 00 [1 − (−1)^{J+J}

0_{+J}00 ] √ 2J^{′′} + 1 (JMJ^′M^′|J^{′′}M + M^′) { J J^′ J^{′′} j j j } B_J00_{,M +M}0, (33.8)

in which the curly brackets are the usual 6-j symbols. These are the commutation relations of the so(2(2j+1)) algebra.

33.2. Fermion pairs of zero angular momentum

In the present subsection we will restrict ourselves to fermion pairs coupled to angular momentum zero. The relevant commutation relations take the form

[A_0, A^†_0] = 1 − N_F Ω , [ N_F 2 , A^†_0] = A^†_0, [ N_F 2 , A_0] = −A_0, (33.9)

where N_F is the number of fermions, 2Ω = 2j + 1 is the size of the shell, and

B_0 = N_F / √ 2Ω. (33.10)

With the identifications J_+ = √ ΩA^†_0, J_− = √ ΩA_0, J_0 =

N_F − Ω 2 , (33.11)

eqs (33.9) take the form of the usual su(2) commutation relations

[J_+, J_−] = 2J_0, [J_0, J_+] = J_+, [J_0, J_−] = −J_−. (33.12)

An exact boson mapping of the su(2) algebra is given in^{85,322}

A^†_0 = a^†_0 √ 1 − n_0 Ω , A_0 = √ 1 − n_0 Ω a_0, N_F = 2n_0, (33.13)

where a^†_0 (a_0) are boson creation (annihilation) operators carrying angular momentum zero and n_0 is the number of these bosons.

The simplest pairing Hamiltonian one can consider has the form

H = −GΩA^†_0A_0. (33.14)

The Casimir operator of su(2) can be written as

{A^†_0, A_0} + Ω 2 ( 1 − N_F Ω )_2 = Ω 2 + 1, (33.15)

while the pairing energy takes the form E (−GΩ) = N_F 2 − N^2_F 4Ω + N_F 2Ω . (33.16)

Our aim is to check if there is a boson mapping for the operators A^†_0, A_0 and N_F in terms of q-deformed bosons, having the following properties:

i) The mapping is simpler than the one of eq. (33.13), i.e. to each fermion pair operator A^†_0, A_0 corresponds a bare q-boson operator and not a boson operator accompanied by a square root (the Pauli reduction factor).

ii) The commutation relations (33.9) are satisfied up to a certain order. ii) The pairing energies of eq. (33.16) are reproduced up to the same order.

33.3. Mapping using the q-deformed oscillator

In the case of the q-deformed harmonic oscillator (sec. 10), the commutation relation [a, a^†] = [N + 1] − [N] (33.17) for q being a phase can be written as

[a, a^†] = cos^{(2N +1)τ}_2 cos^τ_2

. (33.18)

In physical situations τ is expected to be small (i.e. of the order of 0.01). Therefore in eq. (33.18) one can take Taylor expansions of the functions appearing there and thus find an expansion of the form [a, a^†] = 1 − τ^2 2 (N^2 + N) + τ^4 24 (N^4 + 2N^3 − N) − . . . . (33.19) We remark that the first order corrections contain not only a term proportional to N, but in addition a term proportional to N^2, which is larger than N. Thus one cannot make the simple mapping A_0 → a, A^†_0 → a^†, N_F → 2N, (33.20) because then one cannot get the first of the commutation relations (33.9) correctly up to the first order of the corrections. The same problem appears in the case that q is real as well. In addition, by making the simple mapping of eq. (33.20) the pairing Hamiltonian can be written as H −GΩ = a^†a = [N]. (33.21) In the case of small τ , one can take Taylor expansions of the functions appearing in the definition of the q-numbers (eq. (2.2) or (2.3)) and thus obtain the following expansion [N] = N ± τ^2 6 (N − N^3) + τ^4 360 (7N − 10N^3 + 3N^5) ± τ^6 15120

(31N − 49N^3 + 21N^5 − 3N^7) + . . . , (33.22) where the upper (lower) sign corresponds to q being a phase factor (real). We remark that while the first order corrections in eq. (33.16) are proportional to N^2_F and N_F , here the first order corrections are proportional to N and N^3. Thus neither the pairing energies can be reproduced correctly by this mapping.

33.4. Mapping using the Q-deformed oscillator

In the case of the Q-oscillator of sec. 11, however, the commutation relation among the bosons is [b, b^†] = Q^N . (33.23) Defining Q = e^T this can be written as [b, b^†] = 1 + T N +

T^2N^2 2 + T^3N^3 6 + . . . . (33.24) We remark that the first order correction is proportional to N. Thus, by making the boson mapping A^†_0 → b^†, A_0 → b, N_F → 2N, (33.25) one can satisfy the first commutation relation of eq. (33.9) up to the first order of the corrections by determining T = −2/Ω.

We should now check if the pairing energies (eq. (33.16)) can be found correctly up to the same order of approximation when this mapping is employed. The pairing Hamiltonian in this case takes the form H −GΩ = b^†b = [N]_Q. (33.26)

Defining Q = e^T it is instructive to construct the expansion of the Q-number of eq. (6.1) in powers of T . Assuming that T is small and taking Taylor expansions in eq. (6.1) one finally has

[N]_Q = N + T 2 (N^2 − N) +

T^2 12 (2N^3 − 3N^2 + 1) +

T^3 24 (N^4 − 2N^3 + N^2) + . . . (33.27)

Using the value of the deformation parameter T = −2/Ω, determined above from the requirement that the commutation relations are satisfied up to first order corrections, the pairing energies become E −GΩ = N − N^2 − N Ω + 2N^3 − 3N^2 + 1 3Ω^2 − N^4 − 2N^3 + N^2 3Ω^3

+ . . . . (33.28)

The first two terms in the rhs of eq. (33.28), which correspond to the leading term plus the first order corrections, are exactly equal to the pairing energies of eq. (33.16), since N_F → 2N. We therefore conclude that through the boson mapping of eq. (33.25) one can both satisfy the fermion pair commutation relations of eq. (33.9) and reproduce the pairing energies of eq. (33.16) up to the first order corrections.

The following comments are also in place:

i) By studying the spectra of the two versions of the q-deformed harmonic oscillator, given in eqs. (10.10) and (11.10), one can easily draw the following conclusions: when compared to the usual oscillator spectrum, which is equidistant, the spectrum of the q-oscillator is getting shrunk for q being a phase, while the spectrum of the Q-oscillator gets shrunk when T < 0. In a similar way, the spectrum of the q-oscillator gets expanded for q real, while the spectrum of the Q-oscillator gets expanded for T > 0. In physical situations (secs 19–23) it has been found that the physically interesting results are gotten with q being a phase. Thus in the case of the Q-oscillator it is the case T < 0 the one which corresponds to the physically interesting case. As we have already seen, it is exactly for T = −2/Ω < 0 that the present mapping gives the fermion pair results.

ii) It should be recalled that the pairing model under discussion is studied under the assumptions that the degeneracy of the shell is large (Ω >> 1), that the number of particles is large (N >> 1), and that one stays away from the center of the shell (Ω − N = O(N)). The accuracy of the present mapping in reproducing the pairing energies has been checked in^{327}, where results for Ω = 11 (the size of the nuclear fp major shell), Ω = 16 (the size of the nuclear sdg major shell) and Ω = 22 (the size of the nuclear pfh major shell) are reported, along with results for the case Ω = 50 (as an example of a large shell). In all cases good agreement between the classical pairing model results and the Q-Hamiltonian of eq. (33.26) is obtained up to the point at which about 1/4 of the shell is filled. The deviations observed near the middle of the shell are expected, since there the expansion used breaks down.

We have thus shown that an approximate mapping of the fermion pairs coupled to angular momentum zero in a single-j shell onto suitably defined q-bosons (the Q-bosons) is possible. The su(2) commutation relations are satisfied up to the first order corrections, while at the same time the eigenvalues of a simple pairing Hamiltonian are correctly reproduced up to the same order. The small parameter of the expansion, which is T (where Q = e^T ), turns out to be negative and inversely proportional to the size of the shell.

The present results are an indication that suitably defined q-bosons could be used for approximately describing systems of correlated fermions under certain conditions in a simplified way. The construction of q-bosons which would exactly satisfy the fermion pair su(2) commutation relations will be undertaken in the following section.

34. Fermion pairs as deformed bosons: exact mapping

From the contents of the previous section, the following question is created: Is it possible to construct a generalized deformed oscillator (as in sec. 12) using deformed bosons in such a way that the spectrum of the oscillator will exactly correspond to the pairing energy in the single-j shell model, while the commutation relations of the deformed bosons will exactly correspond to the commutation relations of the correlated fermion pairs in the single-j shell under discussion? In this section we show that such an oscillator can indeed be constructed^{328} by using the method of sec. 12.

34.1. An appropriate generalized deformed oscillator

We apply the procedure of sec. 12 in the case of the pairing in a single-j shell mentioned before. The boson number is half the fermion number, i.e. N = N_F /2. Then eq. (33.16) can be written as E −GΩ = N − N^2 Ω + N Ω . (34.1)

One can then use a generalized deformed oscillator with structure function F (N) = a^†a = N − N^2 Ω + N Ω . (34.2)

In addition one has F (N + 1) = aa^† = N + 1 −

(N + 1)^2 Ω + N + 1 Ω . (34.3)

What we have constructed is a boson mapping for the operators A_0, A^†_0, N_F :

A_0 → a, A^†_0 → a^†, N_F → 2N. (34.4)

From eq. (34.2) it is clear that this mapping gives the correct pairing energy. In addition one has

[a, a^†] = F (N + 1) − F (N) = 1 − 2N Ω , (34.5)

in agreement to the first commutation relation of eq. (33.9). Thus the correct commutation relations are also obeyed. (The last two commutation relations of eq. (33.9) are satisfied because of (12.1).)

As we have already seen in the previous section, an exact hermitian boson mapping for the su(2) algebra is known to have the form of eq. (33.13). In this mapping the Pauli principle effects are carried by the square roots accompanying the ordinary boson operators, while in the mapping of eq. (34.4) the Pauli principle effects are “built in” the deformed bosons.

The generalized oscillator obtained here has energy spectrum

E_N = 1 2 (F (N) + F (N + 1)) = N + 1 2 − N^2 Ω , (34.6)

which is the spectrum of an anharmonic oscillator.

34.2. Related potentials

The classical potential giving the same spectrum, up to first order perturbation theory, can be easily determined (see also subsecs 13.1, 13.2). The potential

V (x) = κx^2 + λx^4, (34.7)

is known to give in first order perturbation theory the spectrum

E_n = κ(2n + 1) + λ(6n^2 + 6n + 3) = (2κ + 6λ)(n + 1 2 ) + 6λn^2. (34.8)

Comparing eqs. (34.6) and (34.8) one finds κ = 1 2 (1 + 1 Ω ), λ = − 1 6Ω . (34.9)

Then the classical potential giving the same spectrum, up to first order perturbation theory, as the generalized oscillator determined here, is

V (x) = 1 2 (1 + 1 Ω )x^2 − 1 6Ω x^4. (34.10)

It is therefore demonstrated that the Pauli principle effects in a single-j shell with pairing interaction are equivalent to an x^4 anharmonicity.

The generalization of the results obtained in this section for the pairing hamiltonian to any anharmonic oscillator is straightforward. For example, the potential

V (x) = κx^2 + λx^4 + μx^6 + ξx^8, (34.11)

is known to give up to first order perturbation theory the spectrum

E_n = κ(2n+1)+λ(6n^2 +6n+3)+μ(20n^3 +30n^2+40n+15)+ξ(70n^4 +140n^3+350n^2 +280n+105), (34.12)

which can be rewritten in the form

E_n = (n+(n+1))(κ+5μ)+(n^2+(n+1)^2)(3λ+70ξ)+(n^3 +(n+1)^3)(10μ)+(n^4 +(n+1)^4)(35ξ). (34.13)

Taking into account eq. (12.11), from eq. (34.13) one gets F (N) 2 = (κ + 5μ)n + (3λ + 70ξ)n^2 + (10μ)n^3 + (35ξ)n^4. (34.14)

For μ = ξ = 0 and κ, λ given from eq. (34.9), the results for the pairing problem are regained.

It is worth mentioning at this point that the energy spectrum of the generalized oscillator corresponding to the pairing correlations (eq. (34.6)) can be rewritten as

E_N = 2 Ω ( − 1 8 + Ω + 1 2 ( N + 1 2 ) − 1 2 ( N + 1 2 )_2)

. (34.15)

On the other hand, it is known that for the modified Pöschl–Teller potential (see also subsec. 13.2)

V (x) = D tanh^2(x/R), (34.16)

the energy spectrum is given by^{329}

E_N = h̄^2 mR^2 ( − 1 8 + 1 2 √ 8mDR^2/h̄^2 + 1 ( N + 1 2 ) − 1 2 ( N + 1 2 )_2)

. (34.17)

It is thus clear that the energy spectrum of the generalized oscillator studied here can be obtained from the modified Pöschl–Teller potential for special values of the potential depth D.

It is also worth remarking that the “structure function” F (N) of the generalized oscillator obtained here (eq. (34.2)) can be written as

F (N) = N Ω (Ω + 1 − N), (34.18)

which is similar to the one of the para-fermionic oscillator of Ohnuki and Kamefuchi^{54} (see also secs 12, 18).

In summary, we have constructed a generalized deformed oscillator which satisfies the same commutation relations as fermion pair and multipole operators of zero angular momentum in a single-j shell, and, in addition, reproduces the pairing energy of this shell exactly. We have thus demonstrated that an exact hermitian boson mapping of a system of angular-momentum-zero fermion pairs in terms of bare deformed bosons can be constructed, while in the usual case the ordinary bosons are accompanied by square roots due to the Pauli principle effects. The oscillator corresponding to the pairing problem has a spectrum which can be reproduced up to first order perturbation theory by a harmonic oscillator with an x^4 anharmonicity. The construction of a generalized deformed oscillator corresponding to any anharmonic oscillator has also been achieved.

The results obtained in this section indicate that deformed bosons might be a convenient tool for describing systems of fermion pairs under certain conditions. The generalisation of the results obtained here to fermion pairs of nonzero angular momentum, which will allow for a fuller treatment of the single-j shell in terms of deformed bosons, is a very interesting problem.

35. The seniority scheme

In the previous two sections we have seen how correlated fermion pairs of zero angular momentum can be mapped onto deformed bosons. It is however known that pairs of non-zero angular momentum play an important role in the formation of nuclear properties. In the present section a first step in the direction of describing the J ≠ 0 pairs in terms of deformed bosons is taken.

35.1. Uncovering a dynamical symmetry

In the usual formulation of the theory of pairing in a single-j shell^{330}, fermion pairs of angular momentum J = 0 are created by the pair creation operators

S^† = 1 √ Ω ∑ m>0 (−1)^{j+m}a^†_{jm}a^†_{j−m}, (35.1) where a^†_{jm} are fermion creation operators and 2Ω = 2j + 1 is the degeneracy of the shell. In addition, pairs of nonzero angular momentum are created by the Ω − 1 operators

B^†_J = ∑ m>0 (−1)^{j+m}(jmj − m|J0)a^†_{jm}a^†_{j−m}, (35.2) where (jmj − m|J0) are the usual Clebsch Gordan coefficients. The fermion number operator is defined as N_F = ∑ m a^†_{jm}a_{jm} = ∑ m>0 (a^†_{jm}a_{jm} + a^†_{j−m}a_{j−m}). (35.3) As we have already seen, the J = 0 pair creation and annihilation operators satisfy the commutation relation [S, S^†] = 1 − N_F Ω , (35.4)

while the pairing Hamiltonian is H = −GΩS^†S. (35.5) The seniority V_F is defined as the number of fermions not coupled to J = 0. If only pairs of J = 0 are present (i.e. V_F = 0), the eigenvalues of the Hamiltonian are (as already seen in eq. (33.16))

E(N_F , V_F = 0) = −GΩ ( N_F 2 + N_F 2Ω − N^2_F 4Ω ) . (35.6)

For non-zero seniority the eigenvalues of the Hamiltonian are

E(N_F , V_F ) = − G 4 (N_F − V_F )(2Ω − N_F − V_F + 2). (35.7)

We denote the operators N_F , V_F and their eigenvalues by the same symbol for simplicity.

In subsec. 33.4 it has been proved that the behaviour of the J = 0 pairs can be described, up to first order corrections, in terms of Q-bosons. In particular, making the mapping S^† → b^†, S → b, N_F → 2N, (35.8) the relevant pairing Hamiltonian of eq. (35.5) becomes

H(N, V = 0) = −GΩb^†b = −GΩ[N]_Q, (35.9)

which coincides with eq. (35.6) up to first order corrections in the small parameter, which is identified as T = −2/Ω. Furthermore, the Q-bosons satisfy the commutation relation of eq. (33.24), which coincides with eq. (35.4) up to first order corrections in the small parameter, which is, consistently with the above finding, identified as T = −2/Ω. Therefore the fermion pairs of J = 0 can be approximately described as Q-bosons, which correctly reproduce both the pairing energies and the commutation relations up to first order corrections in the small parameter.

For the case of nonzero seniority, one observes that eq. (35.7) can be written as

E(N_F , V_F ) = GΩ ( V_F 2 + V_F 2Ω − V^2_F 4Ω ) − GΩ ( N_F 2 + N_F 2Ω − N^2_F 4Ω ) , (35.10)

i.e. it can be separated into two parts, formally identical to each other. Since the second part (which corresponds to the J = 0 pairs) can be adequately described by the Q-bosons b, b^†, and their number operator N, as we have already seen, it is reasonable to assume that the first part can also be described in terms of some Q-bosons d, d^†, and their number operator V (with V_F → 2V ), satisfying commutation relations similar to eqs (11.2) and (11.3): [V, d^†] = d^†, [V, d] = −d, dd^† − Qd^†d = 1. (35.11) From the physical point of view this description means that a set of Q-bosons is used for the J = 0 pairs and another set for the J ≠ 0 pairs. The latter is reasonable, since in the context of this theory the angular momentum value of the J ≠ 0 pairs is not used explicitly. The J ≠ 0 pairs are just counted separately from the J = 0 pairs. A Hamiltonian giving the same spectrum as in eq. (35.10), up to first order corrections in the small parameter, can then be written as

H(N, V ) = GΩ([V ]_Q − [N]_Q). (35.12)

Using eq. (33.27) it is easy to see that this expression agrees to eq. (35.10) up to first order corrections in the small parameter T = −2/Ω.

Two comments concerning eq. (35.12) are in place:

i) In the classical theory states of maximum seniority (i.e. states with N = V ) have zero energy. This is also holding for the Hamiltonian of eq. (35.12) to all orders in the deformation parameter.

ii) A landmark of the classical theory is that E(N, V ) − E(N, V = 0) is independent of N. This also holds for eq. (35.12) to all orders in the deformation parameter.

Knowing the Schwinger realization of the su_q(2) algebra in terms of q-bosons (sec. 15), one may wonder if the operators used here close an algebra. It is easy to see that the operators b^+d, d^+b and N − V do not close an algebra. Considering, however, the operators (see^{53} with p = 1)

J_+ = b^†Q^{−V/2}d, J_− = d^†Q^{−V/2}b, J_0 = 1 2 (N − V ), (35.13)

one can easily see that they satisfy the commutation relations^{53,47}

[J_0, J_±] = ±J_±, J_+J_− − Q^{−1}J_−J_+ = [2J_0]_Q. (35.14)

Using the transformation

J_0 = J̃_0, J_+ = Q^{(1/2)(J0−1/2)}J̃_+, J_− = J̃_−Q^{(1/2)(J0−1/2)}, (35.15)

one goes to the usual su_q(2) commutation relations

[J̃_0, J̃_±] = ±J̃_±, [J̃_+, J̃_−] = [2J̃_0], (35.16)

where q^2 = Q. One can thus consider eq. (35.14) as a rewriting of the algebra su_q(2), suitable for boson realization in terms of Q-bosons.

It is clear that N + V is the first order Casimir operator of the u_Q(2) algebra formed above (since it commutes with all the generators given in eq. (35.13)), while N − V is the first order Casimir operator of its u_Q(1) subalgebra, which is generated by J_0 alone. Therefore the Hamiltonian of eq. (35.12) can be expressed in terms of the Casimir operators of the algebras appearing in the chain u_Q(2) ⊃ u_Q(1) as E(N, V ) = GΩ( [ C_1(u_Q(2)) − C_1(u_Q(1)) 2 ] Q − [ C_1(u_Q(2)) + C_1(u_Q(1)) 2 ] Q ), (35.17) i.e. the Hamiltonian has a u_Q(2) ⊃ u_Q(1) dynamical symmetry.

35.2. Comparison to experiment

In the construction given above we have shown that Q-bosons can be used for the approximate description of correlated fermion pairs in a single-j shell. The results obtained in the Q-formalism agree to the classical (non-deformed) results up to first order corrections in the small parameter. However, the Q-formalism contains in addition higher order terms. The question is then born if these additional terms are useful or not. For answering this question, the simplest comparison with experimental data which can be made concerns the classic example of the neutron pair separation energies of the Sn isotopes, used by Talmi^{331,332}.

In Talmi’s formulation of the pairing theory, the energy of the states with zero seniority is given by

E(N)_{cl} = NV_0 + N(N − 1) 2 Δ, (35.18)

where N is the number of fermion pairs and V_0, Δ are constants. We remark that this expression is the same as the one in eq. (35.6), with the identifications

Δ/(2V_0) = −1/Ω, Δ = 2G, N_F = 2N. (35.19)

The neutron pair separation energies are given by

ΔE(N + 1)_{cl} = E(N + 1)_{cl} − E(N)_{cl} = V_0 ( 1 + Δ V_0 N ) . (35.20)

Thus the neutron pair separation energies are expected to decrease linearly with increasing N. (Notice from eq. (35.19) that Δ/V_0 < 0, since Ω > 0.) A similar linear decrease is predicted also by the Interacting Boson Model^{169}.

In our formalism the neutron pair separation energies are given by

ΔE(N + 1)_Q = −GΩ([N + 1]_Q − [N]_Q) = −GΩQ^N = −GΩe^{T N} . (35.21)

Since, as we have seen, T is expected to be −2/Ω, i.e. negative and small, the neutron pair separation energies are expected to fall exponentially with increasing N, but the small value of T can bring this exponential fall very close to a linear one.

The neutron pair separation energies of the even Sn isotopes from^{104}Sn to^{130}Sn (i.e. across the whole sdg neutron shell) have been fitted in^{333} using both theories. Furthermore, in^{333} a fit of the logarithms of the energies has been performed, since eq. (35.21) predicts a linear decrease of the logarithm of the energies with increasing N. Both fits give almost identical results. Eq. (35.21) (in which the free parameters are GΩ and T ), gives a better result than eq. (35.20) (in which the free parameters are V_0 and Δ/V_0) for every single isotope, without introducing any additional parameter, indicating that the higher order terms can be useful.

One should, however, remark that^{116}Sn lies in the middle of the sdg neutron shell. Fitting the isotopes in the lower half of the shell (^{104}Sn to^{116}Sn) and the isotopes in the upper half of the shell (^{118}Sn to^{130}Sn) separately, one finds that both theories give indistinguishably good results in both regions. Therefore Q-deformation can be understood as expressing higher order correlations which manifest themselves in the form of particle-hole asymmetry. It is also known that a strong subshell closure exists at N=64 (which corresponds to^{114}Sn). The presence of this subshell closure can also affect the neutron pair separation energies in a way similar to the one shown by the data.

In^{333} a fit of the neutron pair separation energies of the Pb isotopes from^{186}Pb to^{202}Pb has also been attempted. In this case both theories give indistinguishably good fits. This result is in agreement with the Sn findings, since all of these Pb isotopes lie in the upper half of the pfh neutron shell. Unfortunately, no neutron pair separation energy data exist for Pb isotopes in the lower part of the pfh neutron shell.

Concerning the values of T obtained in the case of the Sn isotopes (T = −0.0454, T = −0.0447), one observes that they are slightly smaller than the value (T = −0.0488) which would have been obtained by considering the neutrons up to the end of the sdg shell as lying in a single-j shell. This is, of course, a very gross approximation which should not be taken too seriously, since it ignores the fact that most properties of nuclei can be well accounted for by the valence nucleons alone, without being affected by the closed core. In the case of the Pb isotopes mentioned above, however, the best fit was obtained with T = −0.0276, which is again slightly smaller than the value of T = −0.0317 which corresponds to considering all the neutrons up to the end of the pfh shell as lying in a single-j shell.

In summary, we have shown that pairing in a single-j shell can be described, up to first order corrections, by two Q-oscillators, one describing the J = 0 pairs and the other corresponding to the J ≠ 0 pairs, the deformation parameter T = ln Q being related to the inverse of the size of the shell. These two oscillators can be used for forming an su_Q(2) algebra. A Hamiltonian giving the correct pairing energies up to first order corrections in the small parameter can be written in terms of the Casimir operators of the algebras appearing in the u_Q(2) ⊃ u_Q(1) chain, thus exhibiting a quantum algebraic dynamical symmetry. The additional terms introduced by the Q-oscillators serve in improving the description of the neutron pair separation energies of the Sn isotopes, with no extra parameter introduced.

In the previous section a generalized deformed oscillator describing the correlated fermion pairs of J = 0 exactly has been introduced. This generalized deformed oscillator is the same as the one giving the same spectrum as the Morse potential (sec. 37), up to a shift in the energy spectrum. The use of two generalized deformed oscillators for the description of J = 0 pairs and J ≠ 0 pairs in a way similar to the one of the present section is a straightforward task, while the construction out of them of a closed algebra analogous to the su_Q(2) obtained here is an open problem. The extension of the ideas presented here to the case of the BCS theory is an interesting open problem.

35.3. Other approaches

A q-deformed version of the pairing theory was assumed by Petrova^{334} and Shelly Sharma^{335}, with satisfactory results when compared to experimental data. The present construction offers some justification for this assumption, since in both cases the basic ingredient is the modification of eq. (35.4). It should be noticed, however, that the deformed version of eq. (35.4) considered in^{334,335} is different from the one obtained here (eq. (33.24)). A basic difference is that the deformed theory of

334,335 reduces to the classical theory for q → 1, so that q-deformation is introduced in order to describe

additional correlations, while in the present formalism the Q-oscillators involved for Q → 1 reduce to usual harmonic oscillators, so that Q-deformation is introduced in order to attach to the oscillators the anharmonicity needed by the energy expression (eq. (35.6)).

Continuing along the same line Shelly Sharma and Sharma^{336} derived Random Phase Approximation (RPA) equations for the pairing vibrations of nuclei differing by two nucleons in comparison to the initial one and applied their method to the study of the 0^+ states of the Pb isotopes, which offer a good example of pairing vibrations in nonsuperconducting nuclei. Furthermore, using deformed quasiparticle pairs coupled to zero angular momentum they developed a deformed version of the quasi-boson approximation for 0^+ states in superconducting nuclei and tested it against a schematic two-level shell model^{336}. Another deformed two-level shell model has been developed by Avancini and Menezes^{337}. q-deformed boson mappings have been developed in^{338,339}.

In addition a q-deformed version of the many-body BCS approximation for a pure pairing force has been developed^{340}, using q-deformed fermions satisfying su_q(n) anticommutation relations. A set of quantum BCS equations and a q-analog of the gap equation have been derived^{340}.

36. Anisotropic quantum harmonic oscillators with rational ratios of frequencies

3-dim anisotropic harmonic oscillators^{341} with rational ratios of frequencies (RHOs) are of current interest because of their relevance as possible underlying symmetries of superdeformed and hyperdeformed nuclei^{342,343}. In particular, it is thought^{189,190} that superdeformed nuclei correspond to a ratio of frequencies of 2:1, while hyperdeformed nuclei correspond to a 3:1 ratio. In addition they have been recently connected^{344,345} to the underlying geometrical structure in the Bloch–Brink α-cluster model 346, and possibly to the interpretation of the observed shell structure in atomic clusters (see sec. 38), especially after the realization that large deformations can occur in such systems^{347}. The 2-dim RHO is also of interest, since its single particle level spectrum characterizes the underlying symmetry of “pancake” nuclei^{343}.

RHOs are examples of maximally superintegrable systems^{348,349} in N dimensions. Superintegrable systems in N dimensions have more than N independent integrals (constants of motion). Maximally superintegrable systems in N dimensions have 2N−1 independent integrals.

The two-dim^{350,351,352,353,354,355,356} and three-dim^{357,358,359,360,361,362,363} anisotropic harmonic oscillators have been the subject of several investigations, both at the classical and the quantum mechanical level. The special cases with frequency ratios 1:2^{143,364} and 1:3^{141} have also been considered. While at the classical level it is clear that the su(N) or sp(2N,R) algebras can be used for the description of the N-dimensional anisotropic oscillator, the situation at the quantum level, even in the two-dimensional case, is not as simple.

In this section we are going to prove that a generalized deformed u(2) algebra is the symmetry algebra of the two-dimensional anisotropic quantum harmonic oscillator, which is the oscillator describing the single-particle level spectrum of “pancake” nuclei, i.e. of triaxially deformed nuclei with ω_x >> ω_y, ω_z 343. The method can be extended to the 3-dim RHO in a rather straightforward way.

36.1. A deformed u(2) algebra

Let us consider the system described by the Hamiltonian: H = 1 2 ( p_x^2 + p_y^2 + x^2 m^2 + y^2 n^2 ) , (36.1)

where m and n are two natural numbers mutually prime ones, i.e. their great common divisor is gcd(m, n) = 1.

We define the creation and annihilation operators^{350}

a^† = x/m − ip_x √ 2 , a = x/m + ip_x √ 2 , (36.2)

b^† = y/n − ip_y √ 2 , b = y/n + ip_y √ 2 . (36.3)

These operators satisfy the commutation relations: [ a, a^† ] = 1 m , [ b, b^† ] = 1 n , other commutators = 0. (36.4)

Further defining U = 1 2 { a, a^† } , W = 1 2 { b, b^† } , (36.5)

one can consider the enveloping algebra generated by the operators:

S_+ = ( a^† )m (b)^n , S_− = (a)^m ( b^† )n , (36.6)

S_0 = 1 2 (U − W ) , H = U + W. (36.7)

These genarators satisfy the following relations:

[S_0, S_±] = ±S_±, [H, S_i] = 0, for i = 0, ±, (36.8) and S_+S_− = m∏ k=1 ( U − 2k − 1 2m ) n ∏ ℓ=1 ( W + 2ℓ − 1 2n ) , (36.9)

S_−S_+ = m∏ k=1 ( U + 2k − 1 2m ) n ∏ ℓ=1 ( W − 2ℓ − 1 2n ) . (36.10)

The fact that the operators S_i, i = 0, ± are integrals of motion has been already realized in^{350}.

The above relations mean that the harmonic oscillator of eq. (36.1) is described by the enveloping algebra of the generalization of the u(2) algebra formed by the generators S_0, S_+, S_− and H, satisfying the commutation relations of eq. (36.8) and [S_−, S_+] = F_{m,n}(H, S_0 + 1) − F_{m,n}(H, S_0), (36.11) where F_{m,n}(H, S_0) = m∏ k=1 ( H/2 + S_0 − 2k − 1 2m ) n ∏ ℓ=1 ( H/2 − S_0 + 2ℓ − 1 2n ) . (36.12) In the case of m = 1, n = 1 this algebra is the usual u(2) algebra, and the operators S_0, S_± satisfy the commutation relations of the ordinary u(2) algebra, since in this case one easily finds that [S_−, S_+] = −2S_0. (36.13) In the rest of the cases, the algebra is a deformed version of u(2), in which the commutator [S_−, S_+] is a polynomial of S_0 of order m + n − 1. In the case with m = 1, n = 2 one has [S_−, S_+] = 3S^2_0 − HS_0 −

H^2 4 + 3 16 , (36.14) i.e. a polynomial quadratic in S_0 occurs, while in the case of m = 1, n = 3 one finds [S_−, S_+] = −4S^3_0 + 3HS^2_0 − 7 9 S_0 −

H^3 4 + H 4 , (36.15) i.e. a polynomial cubic in S_0 is obtained. 36.2. The representations

The finite dimensional representation modules of this algebra can be found using the concept of the generalized deformed oscillator (sec. 12), in a method similar to the one used in^{365,366} for the study of quantum superintegrable systems. The operators:

A^† = S_+, A = S_−, N = S_0 − u, u = constant, (36.16) where u is a constant to be determined, are the generators of a deformed oscillator algebra: [ N , A^† ] = A^†, [N , A] = −A, A^†A = Φ(H, N ), AA^† = Φ(H, N + 1). (36.17) The structure function Φ of this algebra is determined by the function F_{m,n} in eq. (36.12): Φ(H, N ) = F_{m,n}(H, N + u) = m∏ k=1 ( H/2 + N + u − 2k − 1 2m ) n ∏ ℓ=1 ( H/2 − N − u + 2ℓ − 1 2n ) . (36.18

The deformed oscillator corresponding to the structure function of eq. (36.18) has an energy dependent Fock space of dimension N + 1 if Φ(E, 0) = 0, Φ(E, N + 1) = 0, Φ(E, k) > 0, for k = 1, 2, . . . , N. (36.19) The Fock space is defined by: H|E, k >= E|E, k >, N |E, k >= k|E, k >, a|E, 0 >= 0, (36.20) A^†|E, k >= √ Φ(E, k + 1)|E, k + 1 >, A|E, k >= √ Φ(E, k)|E, k − 1 > . (36.21) The basis of the Fock space is given by: |E, k >= 1 √ [k]! ( A^† )k |E, 0 >, k = 0, 1, . . . N, (36.22) where the “factorial” [k]! is defined by the recurrence relation:

[0]! = 1, [k]! = Φ(E, k)[k − 1]! . (36.23)

Using the Fock basis we can find the matrix representation of the deformed oscillator and then the matrix representation of the algebra of eqs (36.8), (36.12). The solution of eqs (36.19) implies the following pairs of permitted values for the energy eigenvalue E and the constant u:

E = N + 2p − 1 2m + 2q − 1 2n , (36.24)

where p = 1, 2, . . . , m, q = 1, 2, . . . , n, and u = 1 2 ( 2p − 1 2m − 2q − 1 2n − N ) , (36.25)

the corresponding structure function being given by:

Φ(E, x) = Φ^N_{(p,q)}(x) = m∏ k=1 ( x + 2p − 1 2m − 2k − 1 2m ) n ∏ ℓ=1 ( N − x + 2q − 1 2n + 2ℓ − 1 2n )

= 1 m^mn^n Γ (mx + p) Γ (mx + p − m) Γ ((N − x)n + q + n) Γ ((N − x)n + q)

, (36.26)

where Γ(x) denotes the usual Gamma-function. In all these equations one has N = 0, 1, 2, . . ., while the dimensionality of the representation is given by N + 1. Eq. (36.24) means that there are m · n energy eigenvalues corresponding to each N value, each eigenvalue having degeneracy N + 1. (Later we shall see that the degenerate states corresponding to the same eigenvalue can be labelled by an “angular momentum”.)

It is useful to show at this point that a few special cases are in agreement with results already existing in the literature.

i) In the case m = 1, n = 1 eq. (36.26) gives

Φ(E, x) = x(N + 1 − x), (36.27)

while eq. (36.24) gives E = N + 1, (36.28) in agreement with Sec. IV.A of^{366}.

ii) In the case m = 1, n = 2 one obtains for q = 2

Φ(E, x) = x(N + 1 − x) ( N + 3 2 − x ) , E = N + 5 4 , (36.29)

while for q = 1 one has

Φ(E, x) = x(N + 1 − x) ( N + 1 2 − x ) , E = N + 3 4 . (36.30)

These are in agreement with the results obtained in Sec. IV.F of^{366} for the Holt potential (for δ = 0).

iii) In the case m = 1, n = 3 one has for q = 1

Φ(E, x) = x(N + 1 − x) ( N + 1 3 − x ) ( N + 2 3 − x ) , E = N + 2 3 , (36.31)

while for q = 2 one obtains

Φ(E, x) = x(N + 1 − x) ( N + 2 3 − x ) ( N + 4 3 − x ) , E = N + 1, (36.32) and for q = 3 one gets

Φ(E, x) = x(N + 1 − x) ( N + 4 3 − x ) ( N + 5 3 − x ) , E = N + 4 3 . (36.33)

These are in agreement with the results obtained in Sec. IV.D of^{366} for the Fokas–Lagerstrom potential.

In all of the above cases we remark that the structure function has forms corresponding to various versions of the generalized deformed parafermionic algebra of eq. (18.1), the relevant conditions of eq. (18.2) being satisfied in all cases. It is easy to see that the obtained algebra corresponds to this of the generalized parafermionic oscillator in all cases with frequency ratios 1 : n.

The energy formula can be corroborated by using the corresponding Schrödinger equation. For the Hamiltonian of eq. (36.1) the eigenvalues of the Schrödinger equation are given by: E = 1 m ( n_x + 1 2 ) + 1 n ( n_y + 1 2 ) , (36.34)

where n_x = 0, 1, . . . and n_y = 0, 1, . . .. Comparing eqs (36.24) and (36.34) one concludes that:

N = [n_x/m] + [n_y/n] , (36.35)

where [x] is the integer part of the number x, and

p = mod(n_x, m) + 1, q = mod(n_y, n) + 1. (36.36)

The eigenvectors of the Hamiltonian can be parametrized by the dimensionality of the representation N, the numbers p, q, and the number k = 0, 1, . . . , N. k can be identified as [n_x/m]. One then has: H | | | | N (p, q) , k ⟩ = ( N + 2p − 1 2m + 2q − 1 2n ) | | | | N (p, q) , k ⟩ , (36.37)

S_0 | | | | | N (p, q) , k ⟩ = ( k + 1 2 (2p − 1 2m − 2q − 1 2n − N )) | | | | N (p, q) , k ⟩ , (36.38)

S_+ | | | | N (p, q) , k ⟩ = √ Φ^N_{(p,q)}(k + 1) | | | | N (p, q) , k + 1 ⟩ , (36.39)

S_− | | | | | N (p, q) , k ⟩ = √ Φ^N_{(p,q)}(k) | | | | | N (p, q) , k − 1 ⟩ . (36.40)

36.3. The “angular momentum” quantum number

It is worth noticing that the operators S_0, S_± do not correspond to a generalization of the angular momentum, S_0 being the operator corresponding to the Fradkin operator S_{xx} − S_{yy}^{128,129}. The corresponding “angular momentum” is defined by:

L_0 = −i (S_+ − S_−) . (36.41)

The “angular momentum” operator commutes with the Hamiltonian:

[H, L_0] = 0. (36.42)

Let |ℓ > be the eigenvector of the operator L_0 corresponding to the eigenvalue ℓ. The general form of this eigenvector can be given by: |ℓ >= N∑ k=0 i^kc_k √ [k]! | | | | N (p, q) , k ⟩ . (36.43)

In order to find the eigenvalues of L_0 and the coefficients c_k we use the Lanczos algorithm^{367}, as formulated in^{368}. From eqs (36.39) and (36.40) we find L_0|ℓ >= ℓ|ℓ >= ℓ N∑ k=0 i^kc_k √ [k]! | | | | | N (p, q) , k ⟩ =

= 1 i N −1∑ k=0 i^kc_k √ Φ^N_{(p,q)}(k + 1) √ [k]! | | | | | N (p, q) , k + 1 ⟩ − 1 i N∑ k=1 i^kc_k √ Φ^N_{(p,q)}(k) √ [k]! | | | | | N (p, q) , k − 1 ⟩ (36.44)

From this equation we find that:

c_k = (−1)^k2^{−k/2}H_k(ℓ/ √ 2)/N , N^2 = N∑ n=0 2^{−n}H^2_n(ℓ/ √ 2)/n! (36.45)

where the function H_k(x) is a generalization of the “Hermite” polynomials (see also^{82,369}), satisfying the recurrence relations:

H_{−1}(x) = 0, H_0(x) = 1, (36.46)

H_{k+1}(x) = 2xH_k(x) − 2Φ^N_{(p,q)}(k)H_{k−1}(x), (36.47)

and the “angular momentum” eigenvalues ℓ are the roots of the polynomial equation: H_{N +1}(ℓ/ √ 2) = 0. (36.48)

Therefore for a given value of N there are N + 1 “angular momentum” eigenvalues ℓ, symmetric around zero (i.e. if ℓ is an “angular momentum” eigenvalue, then −ℓ is also an “angular momentum” eigenvalue). In the case of the symmetric harmonic oscillator (m/n = 1/1) these eigenvalues are uniformly distributed and differ by 2. In the general case the “angular momentum” eigenvalues are non-uniformly distributed. For small values of N analytical formulae for the “angular momentum” eigenvalues can be found^{82}. Remember that to each value of N correspond m · n energy levels, each with degeneracy N + 1.

In order to have a formalism corresponding to the one of the isotropic oscillator, let us introduce for every N and (m, n, p, q) an ordering of the “angular momentum” eigenvalues ℓ^{L,m,n,p,q} μ , where L = N and μ = −L, −L + 2, . . . , L − 2, L, (36.49) by assuming that: ℓ^{L,m,n,p,q} μ ≤ ℓ^{L,m,n,p,q} ν if μ < ν, (36.50)

the corresponding eigenstates being given by: |L, μ; m, n, p, q⟩ = L∑ k=0 (−i)^kH_k(ℓ^{L,m,n,p,q)} μ / √ 2) N √ 2^{k/2}[k]! | | | | N (p, q) , k ⟩ = L∑ k=0 d_{k+1} | | | | N (p, q) , k ⟩ (36.51)

The above vector elements constitute the analogue corresponding to the basis of “spherical harmonic” functions of the usual oscillator. The calculation of the “angular momentum” eigenvalues of eq. (36.49) and the coefficients d_1, d_2, . . . , d_{L+1} in the expansion of eq. (36.51) is a quite difficult task. The existence of general analytic expressions for these quantities is not obvious. The first few “angular momentum” eigenvalues are given by: ℓ^{1,m,n,p,q} ±1 = ± 1 m^mn^n Γ(m + p)

Γ(p)

Γ(n + q) Γ(q)

, (36.52) and ℓ^{2,m,n,p,q} 0 = 0, (36.53) ℓ^{2,m,n,p,q} ±2 = ± 1 m^mn^n ( Γ(m + p) Γ(p)

Γ(2n + q) Γ(n + q) + Γ(2m + p) Γ(m + p)

Γ(n + q)

Γ(q) ) (36.54)

For L > 2 the analytic expressions of the angular momentum eigenvalues and the coefficients d_k are longer, but their calculation is a straightforward task. Numerical results for these quantities in the cases of frequency ratios 1:2 and 1:3 are given in^{370,371}.

After working out a few examples (see^{370,371,372} for details) one finds out the following points: i) In the basis described by eqs. (36.16)-(36.19) it is a trivial matter to distinguish the states belonging to the same irrep for any m : n ratio, while in the Cartesian basis this is true only in the 1:1 case.

ii) In the 1:2 case the irreps have degeneracies 1, 1, 2, 2, 3, 3, 4, 4, . . . , i.e. “two copies” of the u(2) degeneracies 1, 2, 3, 4, . . . are obtained.

iii) In the 1:3 cases the degeneracies are 1, 1, 1, 2, 2, 2, 3, 3, 3, . . . , i.e. “three copies” of the u(2) degeneracies are obtained.

iv) It can be easily seen that the 1:n case corresponds to “n copies” of the u(2) degeneracies. v) Cases with both m, n different from unity show more complicated degeneracy patterns, also correctly reproduced by the above formalism. In the 2:3 case, for example, the degeneracy pattern is 1, 1, 1, 1, 1, 2, 1, 2, 2, 2, 2, 3, 2, 3, 3, . . . .

vi) The only requirement for each energy eigenvalue to correspond to one irrep of the algebra is that m and n have to be mutually prime numbers. If m and n possess a common divisor other than 1, then some energy eigenvalues will correspond to sums of irreps, i.e. to reducible representations.

vii) The difference between the formalism used in^{357,359,360,363} and the one used here is that in the former case for given m and n appropriate operators have to be introduced separately for each set of (p, q) values, while in the present case only one set of operators is introduced.

36.4. Multisections of the isotropic oscillator

In^{373} the concept of bisection of an isotropic harmonic oscillator has been introduced. One can easily see that multisections (trisections, tetrasections, . . . ) can be introduced in a similar way^{374}. The degeneracies of the various anisotropic oscillators can then be obtained from these of the isotropic oscillator by using appropriate multisections.

Using the Cartesian notation (n_x, n_y) for the states of the isotropic harmonic oscillator we have the following list:

N=0: (00) N=1: (10) (01) N=2: (20) (02) (11) N=3: (30) (03) (21) (12) N=4: (40) (04) (31) (13) (22) N=5: (50) (05) (41) (14) (32) (23), where N = n_x + n_y. The corresponding degeneracies are 1, 2, 3, 4, 5, 6, . . . , i.e. these of u(2).

A bisection can be made by choosing only the states with n_y=even. Then the following list is obtained:

N=0: (00) N=1: (10) N=2: (20) (02) N=3: (30) (12) N=4: (40) (04) (22) N=5: (50) (14) (32).

The degeneracies are 1, 1, 2, 2, 3, 3, . . . , i.e. these of the anisotropic oscillator with ratio of frequencies 1:2. The same degeneracies are obtained by choosing the states with n_y=odd. Therefore a bisection of the isotropic oscillator, distinguishing states with mod(n_y, 2) = 0 and states with mod(n_y, 2) = 1, results in two interleaving sets of levels of the 1:2 oscillator.

By analogy, a trisection can be made by distinguishing states with mod(n_y, 3) = 0, or mod(n_y, 3) = 1, or mod(n_y, 3) = 2. One can easily see that in this case three interleaving sets of states of the 1:3 oscillator, having degeneracies 1, 1, 1, 2, 2, 2, 3, 3, 3, . . . , occur.

Similarly a tetrasection can be made by distinguishing states with mod(n_y, 4) = 0, or mod(n_y, 4) = 1, or mod(n_y, 4) = 2, or mod(n_y, 4) = 3. The result is four interleaving sets of states of the 1:4 oscillator, having degeneracies 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, . . . .

By bisecting n_x and trisecting n_y one is left with six interleaving sets of states with degeneracies 1, 1, 1, 1, 1, 2, 1, 2, 2, 2, 2, 3, 2, 3, 3, . . . , i.e. degeneracies of the 2:3 oscillator.

By bisecting (or trisecting, tetresecting, etc) both n_x and n_y one is obtaining the original u(2) degeneracies of the isotropic oscillator.

It is therefore clear that the degeneracies of all m : n oscillators can be obtained from these of the isotropic oscillator by appropriate multisections. In particular:

i) The degeneracies of the 1 : n oscillator can be obtained from these of the 1:1 (isotropic) oscillator by n-secting n_y or n_x.

ii) The degeneracies of the m : n oscillator can be obtained from these of the 1:1 oscillator by m-secting n_x and n-secting n_y.

36.5. Connection to W^{(2)}_3

For the special case m = 1, n = 2 it should be noticed that the deformed algebra received here coincides with the finite W algebra W^{(2)}_3^{375,376,377,378}. The commutation relations of the W^{(2)}_3 algebra are [H_W , E_W ] = 2E_W , [H_W , F_W ] = −2F_W , [E_W , F_W ] = H^2_W + C_W , (36.55)

[C_W , E_W ] = [C_W , F_W ] = [C_W , H_W ] = 0, (36.56)

while in the m = 1, n = 2 case one has the relations

[N , A^†] = A^†, [N , A] = −A, [A, A^†] = 3S^2_0 −

H^2 4 − HS_0 + 3 16 , (36.57)

[H, A^†] = [H, A] = [H, S_0] = 0, (36.58)

with S_0 = N + u (where u a constant). It is easy to see that the two sets of commutation relations are equivalent by making the identifications

F_W = σA^†, E_W = ρA, H_W = −2S_0 + kH, C_W = f(H), (36.59)

with ρσ = 4 3 , k = 1 3 , f(H) = − 4 9 H^2 + 1 4 . (36.60)

36.6. Discussion

In conclusion, the two-dimensional anisotropic quantum harmonic oscillator with rational ratio of frequencies equal to m/n, is described dynamically by a deformed version of the u(2) Lie algebra, the order of this algebra being m + n − 1. The representation modules of this algebra can be generated by using the deformed oscillator algebra. The energy eigenvalues are calculated by the requirement of the existence of finite dimensional representation modules. An “angular momentum” operator useful for labelling degenerate states has also been constructed. The algebras obtained in the special cases with 1 : n ratios are shown to correspond to generalized parafermionic oscillators. In the special case of m : n = 1 : 2 the resulting algebra has been identified as the finite W algebra W^{(2)}_3 . Finally, it is demonstrated how the degeneracies of the various m : n oscillators can be obtained from these of the isotropic oscillator by appropriate multisections.

The extension of the present method to the three-dimensional anisotropic quantum harmonic oscillator is already receiving attention^{379,380}, since it is of clear interest in the study of the symmetries underlying the structure of superdeformed and hyperdeformed nuclei^{342,343}.

37. The use of quantum algebras in molecular structure

The techniques developed in this article can be applied in very similar ways in describing properties of diatomic and polytomic molecules. A brief list will be given here.

1) Rotational spectra of diatomic molecules have been described in terms of the su_q(2) model

147,381,382,383,384,385. As in the case of nuclei, q is a phase factor (q = eiτ ). In molecules τ is of the

order of 0.01. The use of the su_q(2) symmetry leads to a partial summation of the Dunham expansion describing the rotational–vibrational spectra of diatomic molecules^{381}. Molecular backbending (bandcrossing) has also been described in this framework^{386}. Rotational spectra of symmetric top molecules have also been considered^{387,388} in the framework of the su_q(2) symmetry. Furthermore, two q-deformed rotators with slightly different parameter values have been used^{205} for the description of ΔI = 1 staggering effects in rotational bands of diatomic molecules (see also^{206}). (For a discussion of ΔI = 2 staggering effects in diatomic molecules see^{201,204}. For a discussion of staggering effects in nuclei see sec. 22.)

2) Vibrational spectra of diatomic molecules have been described in terms of q-deformed anharmonic oscillators having the su_q(1,1)^{389} or the u_q(2) ⊃ o_q(2)^{390,391} symmetry, as well as in terms of generalized deformed oscillators similar to the ones used in sec. 26^{392,393,394}. These results, combined with 1), lead to the full summation of the Dunham expansion^{389,390}. A two-parameter deformed anharmonic oscillator with u_{qp}(2) ⊃ o_{qp}(2) symmetry has also been considered^{395}.

3) The physical content of the anharmonic oscillators mentioned in 2) has been clarified by constructing WKB equivalent potentials (WKB-EPs)^{79,396} and classical equivalent potentials^{68}, similar to the ones of sec. 13. The results have been corroborated by the study of the relation between su_q(1,1) and the anharmonic oscillator with x^4 anharminicities^{397}. The WKB-EP corresponding to the su_q(1,1) anharmonic oscillator has been connected to a class of Quasi-Exactly Soluble Potentials (QESPs)^{398}.

4) Generalized deformed oscillators giving the same spectrum as the Morse potential^{399} and the modified Pöschl–Teller potential^{400}, as well as a deformed oscillator containing them as special cases

401,402 have also been constructed. In addition, q-deformed versions of the Morse potential have been

given, either by using the so_q(2,1) symmetry^{403} or by solving a q-deformed Schrödinger equation for the usual Morse potential^{404}. For the sake of completeness it should be mentioned that a deformed oscillator giving the same spectrum as the Coulomb potential has also been constructed^{50}.

5) A q-deformed version of the vibron model for diatomic molecules^{405,406} has been constructed

288,407,408,409, in a way similar to that described in sec. 31.

6) For vibrational spectra of polyatomic molecules a model of n coupled generalized deformed oscillators has been built^{410}, containg the approach of Iachello and Oss^{411,412} as a special case. Furthermore, a system of two Q-deformed oscillators coupled so that the total Hamiltonian has the su_Q(2) symmetry (in the way described in^{413}) has been proved to be appropriate for the description of vibrational spectra of triatomic molecules^{414}. In addition, a 3-dimensional anisotropic q-deformed harmonic oscillator has been used^{415} for the description of vibrational spectra of triatomic molecules. A description of a tetrahedral molecule (methane) in terms of q-deformed oscillators has been given in^{416}.

7) Quasi-molecular resonances in the systems^{12}C+^{12}C and^{12}C+^{16}O have been described in terms of a q-deformed oscillator plus a rigid rotator^{417}.

A review of several of the above topics, accompanied by a detailed and self-contained introduction to quantum algebras, has been given by Raychev^{418}. A recent review on algebraic methods in molecular spectroscopy has been given by Kellman^{419}, while more extensive presentations of algebraic techniques applied in molecular spectroscopy can be found in the books by Iachello and Levine^{405} and by Frank and Van Isacker^{406}.

38. The use of quantum algebras in the structure of atomic clusters

Metal clusters have been recently the subject of many investigations (see^{420,421,422} for relevant reviews). One of the first fascinating findings in their study was the appearance of magic numbers

423,424,425,426,427,428,429, analogous to but different from the magic numbers appearing in the shell structure

of atomic nuclei^{430}. This analogy led to the early description of metal clusters in terms of the Nilsson– Clemenger model^{431}, which is a simplified version of the Nilsson model^{269,270,271,272} of atomic nuclei, in which no spin-orbit interaction is included. Further theoretical investigations in terms of the jellium model^{432,433} demonstrated that the mean field potential in the case of simple metal clusters bears great similarities to the Woods–Saxon potential of atomic nuclei, with a slight modification of the “wine bottle” type^{434}. The Woods–Saxon potential itself looks like a harmonic oscillator truncated at a certain energy value and flattened at the bottom. It should also be recalled that an early schematic explanation of the magic numbers of metallic clusters has been given in terms of a scheme intermediate between the level scheme of the 3-dimensional harmonic oscillator and the square well^{420}. Again in this case the intermediate potential resembles a harmonic oscillator flattened at the bottom.

On the other hand, as we have seen in sec. 28, a q-deformed version of the 3-dimensional harmonic oscillator has been constructed^{275}, taking advantage of the u_q(3) ⊃ so_q(3) symmetry. The spectrum of this 3-dimensional q-deformed harmonic oscillator has been found^{275} to reproduce very well the spectrum of the modified harmonic oscillator introduced by Nilsson^{269,272}, without the spin-orbit interaction term. Since the Nilsson model without the spin orbit term is essentially the Nilsson–Clemenger model used for the description of metallic clusters^{431}, it is worth examining if the 3-dimensional q-deformed harmonic oscillator can reproduce the magic numbers of simple metallic clusters.

It has indeed been found^{435} that the 3-dimensional q-deformed harmonic oscillator with u_q(3) ⊃ so_q(3) symmetry correctly predicts all experimentally observed magic numbers of alkali metal clusters up to 1500, which is the expected limit of validity for theories based on the filling of electronic shells 423. This indicates that u_q(3), which is a nonlinear deformation of the u(3) symmetry of the spherical (3-dimensional isotropic) harmonic oscillator, is a good candidate for being the symmetry of systems of alkali metal clusters.

39. Outlook

Nobody likes binding himself by statements concerning the future. However, we attempt to give here a partial list of open problems, roughly following the order of the material in this review:

1) The list of physical systems which can be classified under a generalized deformed su(2) symmetry (sec. 17) or under a generalized deformed parafermionic oscillator scheme (sec. 18) can be enlarged. Self-similar potentials and isospectral oscillator Hamiltonian systems could probably be related to these symmetries.

2) The description of B(E2) values in terms of the su_q(2) model attempted in sec. 21 takes into account only the kinematical deformation effects. In order to take into account dynamical deformation effects, one has to build a larger algebra, of which the quadrupole operators will be members. The case of the u_q(3)⊃so_q(3) algebra has been considered in secs 28, 29. A detailed study is needed in order to see if the experimental data support the modifications predicted by these models. In particular the su_q(2) prediction about B(E2) values increasing with increasing angular momentum J, supported by the predictions of other models as well (see sec. 21), requires further testing against detailed experimental data.

3) The construction of Clebsch-Gordan coefficients for the subclass of generalized deformed su(2) algebras for which this could be possible (see secs 17, 25) is an open problem.

4) The su_q(3) ⊃ so_q(3) decomposition for su_q(3) irreps other than the completely symmetric ones (see secs 27–29 for the current state of the art) remains an open problem, the solution of which is necessary for developing a deformed version of the su(3) limit of the Interacting Boson Model.

5) Realizations of multi-level shell models in terms of deformed bosons (see secs 33–35 for some oneand two-level cases) should be further pursued.

6) The symmetry algebras of the various 3-dim anisotropic harmonic oscillators with rational ratios of frequencies should be worked out, since they are of interest in relation to superdeformed and hyperdeformed nuclei, and possibly to deformed atomic clusters (see secs 36, 38 for references). A deformed u(3) algebra should occur in this case, which could serve as the basis for building a deformed analog of the Elliott model^{241,242,243,248} suitable for superdeformed nuclei.

7) In molecular physics (sec. 37) the study of vibrations of highly symmetric polyatomic molecules (including fullerenes) by these techniques is of interest.

8) In the structure of atomic clusters (sec. 38) the 3-dimensional q-deformed harmonic oscillator (sec. 28) appears to be an appropriate basis for further investigations.

In addition the following final comments are also in place:

a) The usefulness of any “new theory” in nuclear structure is usually judged by its ability to predict some novel excitation mode. For example, the prediction of the low-lying (around 3 MeV) 1^+ mode in even nuclei has been a success of the Interacting Boson Model-2^{169}. In the present case, the su_q(2) model prediction that B(E2) values in deformed nuclei increase as a function of angular momentum, and do not reach a saturation value as the su(2) symmetry suggests, is an interesting point which requires further experimental testing, as already mentioned in sec. 21.

b) Any “new theory” in nuclear structure oughts to acquire a microscopic justification, by establishing links to the underlying fermionic degrees of freedom. The mappings of secs 33 and 34 are a first step in this direction, although they deal only with fermion pairs of zero angular momentum in a single-j shell. The generalization of these mappings to pairs of nonzero angular momentum and to multi-j level schemes is a formidable but challenging task.

c) Quantum algebras, being nonlinear extensions of Lie algebras, are specially suited for describing small perturbations in systems characterized by Lie symmetries. Several examples in nuclei, molecules, and atomic clusters have already been mentioned. Future work should clarify if the success of quantum algebras is limited within these bounds or if there is some deeper physical reason behind their success. For the time being, quantum algebras have been proved to be a useful tool for the description of small deviations from the usual Lie symmetries.

d) An interesting question is if quantum algebras are not only suitable for describing small deviations from Lie symmetries, but in addition can bridge different Lie symmetries. Preliminary work in this direction has been reported in sec. 30.

Acknowledgements

The authors are grateful to P. P. Raychev, R. P. Roussev, S. B. Drenska, N. Minkov and P. A. Terziev of the Institute for Nuclear Research and Nuclear Energy of the Bulgarian Academy of Sciences, Sofia, Bulgaria, for several helpful discussions during the development of many of the ideas discussed in the present work.

References

1. V. G. Drinfeld, in Proceedings of the International Congress of Mathematicians (Berkeley 1986), ed. A. M. Gleason (American Mathematical Society, Providence, RI, 1987) p. 798.

2. M. Jimbo, Lett. Math. Phys. 11 (1986) 247.

3. M. Jimbo, Yang Baxter Equation in Integrable Systems, Adv. Series in Math. Phys. 10 (World Scientific, Singapore, 1990).

4. P. P. Kulish and N. Yu. Reshetikhin, Zapiski Semenarov LOMI 101 (1981) 101. 5. E. K. Sklyanin, Funct. Anal. Appl. 16 (1982) 262. 6. E. Abe, Hopf Algebras (Cambridge U. Press, Cambridge, 1977).

7. V. Chari and A. Pressley, A Guide to Quantum Groups (Cambridge University Press, Cambridge, 1994).

8. L. C. Biedenharn and M. A. Lohe, Quantum Group Symmetry and q-Tensor Algebras (World Scientific, Singapore, 1995).

9. C. Gómez, M. Ruiz-Altaba and G. Sierra, Quantum Groups in Two-dimensional Physics (Cambridge University Press, Cambridge, 1996).

10. A. Klimyk and K. Schmüdgen, Quantum Groups and Their Representations (Springer-Verlag, Berlin, 1997).

11. M. Chaichian and A. Demichev, Introduction to Quantum Groups (World Scientific, Singapore, 1996).

12. C. Kassel, Quantum Groups (Springer-Verlag, New York, 1995).

13. A. Joseph, Quantum Groups and their Primitive Ideals (Springer-Verlag, New York, 1995). 14. M. T. Batchelor, L. Mezincescu, R. I. Nepomechie and V. Rittenberg, J. Phys. A 23 (1990) L141.

15. H. Grosse, S. Pallua, P. Prester and E. Raschhofer, J. Phys. A 24 (1994) 4761. 16. A. Lerda and S. Sciuto, Nucl. Phys. B 401 (1993) 613. 17. P. Roy, Mod. Phys. Lett. A 11 (1996) 1489. 18. M. R. Ubriaco, Phys. Rev. E 55 (1997) 291. 19. V. Buzek, J. Mod. Opt. 39 (1992) 949.

20. M. Chaichian, D. Ellinas, and P. Kulish, Phys. Rev. Lett. 65 (1990) 980.

21. L. M. Kuang, J. Mod. Opt. 41 (1994) 517. 22. K. P. Marzlin, Int. J. Theor. Phys. 36 (1997) 841. 23. C. Zhe, Phys. Rev. A 47 (1993) 5017.

24. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, Rom. J. Phys. 41 (1996) 109;

preprint nucl-th/9512017.

25. R. Floreanini and L. Vinet, Lett. Math. Phys. 22 (1991) 45. 26. J. Van der Jeugt, Lett. Math. Phys. 24 (1992) 267. 27. Z. Chang, H. Y. Guo and H. Yan, J. Phys. A 25 (1992) 1517. 28. E. P. Borges, J. Phys. A 31 (1998) 5281.

29. R. W. Gray and C. A. Nelson, J. Phys. A 23 (1990) L945.

30. A. J. Bracken, D. S. McAnally, R. B. Zhang and M. D. Gould, J. Phys. A 24 (1991) 1379. 31. H. Exton, q-Hypergeometric Functions and Applications (Ellis Horwood, Chichester, 1983) 32. G. E. Andrews, Regional Conference Series in Mathematics 66 (American Mathematical Society, Providence, RI, 1986). q-Series: Their Development and Applications in Analysis, Number Theory, Combinatorics, Physics and Computer Algebra.

33. L. J. Slater, Generalized Hypergeometric Functions (Cambridge University Press, Cambridge, 1966).

34. A. Morozov and L. Vinet, Mod. Phys. Lett. A 8 (1993) 2891. 35. L. C. Biedenharn, J. Phys. A 22 (1989) L873. 36. A. J. Macfarlane, J. Phys. A 22 (1989) 4581. 37. C. P. Sun and H. C. Fu, J. Phys. A 22 (1989) L983. 38. M. Arik and D. D. Coon, J. Math. Phys. 17 (1976) 524. 39. V. V. Kuryshkin, Ann. Fond. Louis de Broglie 5 (1980) 111. 40. X. C. Song, J. Phys. A 23 (1990) L821. 41. Y. J. Ng, J. Phys. A 23 (1990) 1023. 42. H. Yan, Phys. Lett. B 262 (1991) 459.

43. P. P. Kulish and E. V. Damaskinsky, J. Phys. A 23 (1990) L415. 44. E. G. Floratos and T. N. Tomaras, Phys. Lett. B 251 (1990) 163. 45. W. S. Chung and A. U. Klimyk, J. Math. Phys. 37 (1996) 917. 46. L. Baulieu and E. G. Floratos, Phys. Lett. B 258 (1991) 171.

47. A. Jannussis, in Hadronic Mechanics and Non-Potential Interactions, ed. H. C. Muyng (Nova Science, Commack, NY, 1991).

48. D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 307 (1993) 100. 49. C. Daskaloyannis, J. Phys. A 24 (1991) L789.

50. C. Daskaloyannis and K. Ypsilantis, J. Phys. A 25 (1992) 4157. 51. G. Brodimas, A. Jannussis and R. Mignani, U. di Roma preprint N. 820 (1991). 52. A. Jannussis, G. Brodimas and R. Mignani, J. Phys. A 24 (1991) L775. 53. R. Chakrabarti and R. Jagannathan, J. Phys. A 24 (1991) L711.

54. Y. Ohnuki and S. Kamefuchi, Quantum Field Theory and Parastatistics (Springer Verlag, Berlin, 1982).

55. S. Jing, J. Phys. A 31 (1991) 6347.

56. R. Floreanini and L. Vinet, J. Phys. A 23 (1990) L1019. 57. K. Odaka, T. Kishi and S. Kamefuchi, J. Phys. A 24 (1991) L591. 58. A. Jannussis, G. Brodimas, D. Sourlas and V. Zisis, Lett. Nuovo Cimento 30 (1981) 123. 59. T. Hayashi, Commun. Math. Phys. 127 (1990) 129. 60. M. Chaichian and P. Kulish, Phys. Lett. B 234 (1990) 72. 61. L. Frappat, P. Sorba and A. Sciarrino, J. Phys. A 24 (1991) L179. 62. D. Gangopadhyay, Acta Physica Polonica B 22 (1991) 819. 63. A. Sciarrino, J. Phys. A 25 (1992) L219.

64. R. Parthasarathy and K. S. Viswanathan, J. Phys. A 24 (1991) 613. 65. K. S. Viswanathan, R. Parthasarathy and R. Janannathan, J. Phys. A 25 (1992) L335. 66. D. Bonatsos and C. Daskaloyannis, J. Phys. A 26 (1993) 1589. 67. S. Jing and J. J. Xu, J. Phys. A 24 (1991) L891.

68. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, Phys. Rev. A 45 (1992) R6153. 69. M. Artoni, J. Zang and J. L. Birman, Phys. Rev. A 47 (1993) 2555.

70. V. I. Man’ko, G. Marmo and F. Zaccaria, Phys. Lett. A 197 (1995) 95. 71. G. Pöschl and E. Teller, Z. Phys. 83 (1933) 143.

72. M. Grypeos, G. Lalazissis and S. Massen, Nucl. Phys. A 450 (1986) 283c. 73. G. A. Lalazissis, M. E. Grypeos and S. E. Massen, Phys. Rev. C 37 (1988) 2098. 74. G. A. Lalazissis, M. E. Grypeos and S. E. Massen, J. Phys. G 15 (1989) 303. 75. M. E. Grypeos, G. A. Lalazissis, S. E. Massen and C. P. Panos, Z. Phys. A 332 (1989) 391. 76. J. A. Wheeler, in Studies in Mathematical Physics: Essays in Honor of Valentine Bargmann (Princeton U. Press, Princeton, 1976).

77. K. Chadan and P. C. Sabatier, Inverse Problems in Quantum Scattering Theory (Springer Verlag, Heidelberg, 1977) chapt. XVI.

78. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, J. Phys. A 24 (1991) L795. 79. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, J. Math. Phys. 33 (1992) 2958. 80. Th. Ioannidou, Diploma thesis, U. of Thessaloniki (1993). 81. A. K. Rajagopal, Phys. Rev. A 47 (1993) R3465.

82. D. Bonatsos, C. Daskaloyannis, D. Ellinas and A. Faessler, Phys. Lett. B 331 (1994) 150. 83. T. L. Curtright and C. K. Zachos, Phys. Lett. B 243 (1990) 237. 84. T. L. Curtright, G. I. Ghandour and C. K. Zachos, J. Math. Phys. 32 (1991) 676. 85. A. Klein and E. R. Marshalek, Rev. Mod. Phys. 63 (1991) 375.

86. H. T. Koelink and T. H. Koornwinder, Proc. Kon. Nederl. Akad. Wetensch. A 92 (1989) 443. 87. V. A. Groza, I. I. Kachurik and A. U. Klimyk, J. Math. Phys. 31 (1990) 2769. 88. H. Ruegg, J. Math. Phys. 31 (1990) 1085.

89. M. Nomura, J. Phys. Soc. Japan 59 (1990) 1954. Addendum: J. Phys. Soc. Japan 60 (1991) 726.

90. I. I. Kachurik and A. U. Klimyk, J. Phys. A 24 (1991) 4009.

91. Yu. F. Smirnov, V. N. Tolstoy and Yu. I. Kharitonov, Yad. Fiz. 53 (1991) 959 [Sov. J. Nucl.

Phys. 53 (1991) 593].

92. S. S. Avancini and D. P. Menezes, J. Phys. A 26 (1993) 1139.

93. N. M. Atakishiev and S. K. Suslov, Teor. Mat. Fiz. 98 (1994) 3 [Theor. Math. Phys. 98 (1994) 1].

94. R. Álvarez-Nodarse and Yu. F. Smirnov, J. Phys. A 29 (1996) 1435. 95. I. I. Kachurik and A. U. Klimyk, J. Phys. A 23 (1990) 2717.

96. Yu. F. Smirnov, V. N. Tolstoy and Yu. I. Kharitonov, Yad. Fiz. 53 (1991) 1746 [Sov. J. Nucl.

Phys. 53 (1991) 1068].

97. V. Rajeswari and K. S. Rao, J. Phys. A 24 (1991) 3761. 98. T. Maekawa, J. Math. Phys. 32 (1991) 2598.

99. Yu. F. Smirnov, V. N. Tolstoy and Yu. I. Kharitonov, Yad. Fiz. 55 (1992) 2863 [Sov. J. Nucl.

Phys. 55 (1992) 1599].

100. M. Nomura, J. Phys. Soc. Japan 59 (1990) 3851. 101. A. U. Klimyk, J. Phys. A 25 (1992) 2919. 102. M. Nomura, J. Phys. Soc. Japan 59 (1990) 2345.

103. Yu. F. Smirnov, V. N. Tolstoy and Yu. I. Kharitonov, Yad. Fiz. 56 (1993) 223 [Phys. At.

Nucl. 56 (1993) 690].

104. C̆. Burdík and L. Hlavatý, J. Phys. A 24 (1991) L165. 105. C̆. Burdík and P. Hellinger, J. Phys. A 25 (1992) L629.

106. M. Kibler, in Symmetry and Structural Properties of Condensed Matter (Poznań 1992), ed. W.

Florek, D. Lipinski and T. Lulek (World Scientific, Singapore, 1993) p. 445. 107. S. Jing, Mod. Phys. Lett. A 8 (1993) 543.

108. R. Jagannathan and J. Van der Jeugt, J. Phys. A 28 (1995) 2819. 109. Yu. F. Smirnov and R. F. Wehrhahn, J. Phys. A 25 (1992) 5563. 110. M. Dores̆ić, S. Meljanac and M. Mileković, Fizika B 2 (1993) 43. 111. S. Meljanac and M. Mileković, J. Phys. A 26 (1993) 5177. 112. C. Quesne, Phys. Lett. A 174 (1993) 19.

113. M. R. Kibler, R. M. Asherova and Yu. F. Smirnov, in Symmetries in Science VIII (Bregenz 1994), ed. B. Gruber (Plenum, New York) in press.

114. H. Ui and N. Aizawa, Mod. Phys. Lett. A 5 (1990) 237. 115. N. Aizawa, J. Phys. A 26 (1993) 1115.

116. D. J. Lee, K. J. Shin and S. K. Kim, Chem. Phys. Lett. 175 (1990) 87. 117. Y. Alhassid, F. Iachello and F. Gürsey, Chem. Phys. Lett. 99 (1983) 27. 118. N. Aizawa, J. Math. Phys. 34 (1993) 1937. 119. R. N. Alvarez, diploma thesis, Moscow State U. (1992).

120. M. Bednár̆, C. Burdík, M. Couture and L. Hlavaty, J. Phys. A 25 (1992) L341. 121. S. C. Jing and F. Cuypers, Commun. Theor. Phys. 19 (1993) 495. 122. A. U. Klimyk, Kiev preprint ITP-93-39E (1993).

123. D. Bonatsos, C. Daskaloyannis and P. Kolokotronis, J. Phys. A 26 (1993) L871. 124. F. Pan, J. Math. Phys. 35 (1994) 5065.

125. D. Bonatsos, C. Daskaloyannis and P. Kolokotronis, Mod. Phys. Lett. A 10 (1995) 2197. 126. Ya. I. Granovskii, I. M. Lutzenko and A. S. Zhedanov, Ann. Phys. 217 (1992) 1. 127. P. Bowcock, U. Durham preprint DTP 94-5 (1994), hep-th/9403157. 128. P. W. Higgs, J. Phys. A 12 (1979) 309. 129. H. I. Leemon, J. Phys. A 12 (1979) 489.

130. J. M. Leinaas and J. Myrheim, Int. J. Mod. Phys. A 8 (1993) 3649.

131. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, Tr. J. Phys. 21 (1997) 311;

preprint q-alg/9601005.

132. D. Bonatsos, P. Kolokotronis, C. Daskaloyannis, A. Ludu and C. Quesne, Czech. J. Phys. 46 (1996) 1189; preprint q-alg/9701030.

133. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis, A. Ludu and C. Quesne, J. Math. Phys. 38 (1997) 369.

134. B. Abdesselam, J. Beckers, A. Chakrabarti and N. Debergh, J. Phys. A 29 (1996) 3075. 135. C. Delbecq and C. Quesne, J. Phys. A 26 (1993) L127. 136. C. Delbecq and C. Quesne, Phys. Lett. B 300 (1993) 227. 137. C. Delbecq and C. Quesne, Mod. Phys. Lett. A 8 (1993) 961. 138. Z. X. Ni, Phys. Lett. A 235 (1997) 313.

139. J. L. Chen, Y. Liu and M. L. Ge, J. Phys. A 31 (1998) 6473. 140. C. Quesne, Phys. Lett. A 193 (1994) 245.

141. A. S. Fokas and P. A. Lagerstrom, J. Math. Anal. Appl. 74 (1980) 325. 142. P. Winternitz, Ya. A. Smorodinsky, M. Uhlir and I. Fris, Yad. Fiz. 4 (1966) 625 [Sov. J. Nucl.

Phys. 4 (1966) 444].

143. C. R. Holt, J. Math. Phys. 23 (1982) 1037.

144. C. Quesne and N. Vansteenkiste, Helv. Phys. Acta 69 (1996) 141. 145. C. Quesne and N. Vansteenkiste, Czech. J. Phys. 47 (1997) 115. 146. P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, J. Phys. G 16 (1990) L137. 147. S. Iwao, Progr. Theor. Phys. 83 (1990) 363. 148. S. Iwao, Progr. Theor. Phys. 83 (1990) 368.

149. D. Bonatsos, E. N. Argyres, S. B. Drenska, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, Phys. Lett. B 251 (1990) 477.

150. M. Abramowicz and I. A. Stegun, Handbook of Mathematical Functions (Dover, New York, 1972).

151. M. J. A. de Voigt, J. Dudek and Z. Szymański, Rev. Mod. Phys. 55 (1983) 949. 152. F. X. Xu, C. S. Wu and J. Y. Zeng, Phys. Rev. C 40 (1989) 2337. 153. E. Celeghini, R. Giachetti, E. Sorace and M. Tarlini, Phys. Lett. B 280 (1992) 180. 154. M. Honusek, M. Vindus̆ka and V. Wagner, Czech. J. Phys. 42 (1992) 1337. 155. N. Minkov, S. B. Drenska, P. P. Raychev, R. P. Roussev and D. Bonatsos, J. Phys. G 22 (1996) 1633.

156. M. Sakai, At. Data Nucl. Data Tables 31 (1984) 399. 157. R. S. Johal, preprint quant-ph/9708051.

158. M. A. J. Mariscotti, G. Scharff-Goldhaber and B. Buck, Phys. Rev. 178 (1969) 1864. 159. T. K. Das, R. M. Dreizler and A. Klein, Phys. Lett. B 34 (1971) 235. 160. A. Klein, R. M. Dreizler and T. K. Das, Phys. Lett. B 31 (1970) 333. 161. S. M. Harris, Phys. Rev. 138 (1965) B509.

162. J. Meng, C. S. Wu and J. Y. Zeng, Phys. Rev. C 44 (1991) 2545. 163. M. Moshinsky, Nucl. Phys. A 338 (1980) 156. 164. M. Moshinsky, Nucl. Phys. A 354 (1981) 257c.

165. E. Chacón, M. Moshinsky and V. Vanagas, J. Math. Phys. 22 (1981) 605. 166. O. Castaños, A. Frank, P. Hess and M. Moshinsky, Phys. Rev. C 24 (1981) 1367. 167. G. Gneuss and W. Greiner, Nucl. Phys. A 171 (1971) 449. 168. P. O. Hess, M. Seiwert, J. Maruhn and W. Greiner, Z. Phys. A 296 (1980) 147. 169. F. Iachello and A. Arima, The Interacting Boson Model (Cambridge U. Press, Cambridge, 1987).

170. F. Iachello and P. Van Isacker, The Interacting Boson–Fermion Model (Cambridge University Press, Cambridge, 1991).

171. I. Talmi, Simple Models of Complex Nuclei: The Shell Model and the Interacting Boson Model (Harwood, Chur, 1993).

172. A. Partensky and C. Quesne, Ann. Phys. 136 (1981) 340. 173. A. Partensky and C. Quesne, Phys. Rev. C 25 (1982) 2837. 174. N. Minkov, R. P. Roussev and P. P. Raychev, J. Phys. G 20 (1994) L67. 175. D. Bonatsos, J. Phys. G 14 (1988) 351.

176. N. Minkov, P. P. Raychev and R. P. Roussev, J. Phys. G 21 (1995) 557. 177. G. M. Amal’skiĭ, Yad. Fiz. 56 (1993) 70 [Phys. At. Nuclei 56 (1993) 1190]. 178. A. Bohr and B. R. Mottelson, Nuclear Structure Vol. II (Benjamin, Reading, 1975). 179. A. Arima and F. Iachello, Ann. Phys. 111 (1978) 201.

180. D. Bonatsos, Interacting Boson Models of Nuclear Structure (Clarendon, Oxford, 1988). 181. M. Mukerjee, Phys. Lett. B 251 (1990) 229.

182. D. Bonatsos, A. Faessler, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, J. Phys. A 25 (1992) 3275.

183. G. L. Long and H. Y. Ji, Phys. Rev. C 57 (1998) 1686.

184. J. L. Pin, J. Q. Chen, C. L. Wu and D. H. Feng, Phys. Rev. C 43 (1991) 2224. 185. B. Buck, A. C. Merchant and S. M. Perez, Phys. Rev. C 57 (1998) R2095. 186. N. V. Zamfir and R. F. Casten, Phys. Rev. Lett. 75 (1995) 1280.

187. P. J. Twin, B. M. Nyakó, A. H. Nelson, J. Simpson, M. A. Bentley, H. W. Cranmer-Gordon, P. D. Forsyth, D. Howe, A. R. Mokhtar, J. D. Morrison and J. F. Sharpey-Schafer, Phys. Rev. Lett. 57 (1986) 811.

188. P. E. Hodgson, Contemp. Phys. 28 (1987) 365.

189. P. J. Nolan and P. J. Twin, Ann. Rev. Nucl. Part. Sci. 38 (1988) 533. 190. R. V. F. Janssens and T. L. Khoo, Ann. Rev. Nucl. Part. Sci. 41 (1991) 321. 191. X. L. Han and C. L. Wu, At. Data Nucl. Data Tables 52 (1992) 43.

192. D. Bonatsos, S. B. Drenska, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, J. Phys. G 17 (1991) L67.

193. S. Flibotte et al., Phys. Rev. Lett. 71 (1993) 4299. 194. S. Flibotte et al., Nucl. Phys. A 584 (1995) 373. 195. B. Cederwall et al., Phys. Rev. Lett. 72 (1994) 3150. 196. A. T. Semple et al., Phys. Rev. Lett. 76 (1996) 3671. 197. R. Krücken et al., Phys. Rev. C 54 (1996) R2109.

198. W. Reviol, H. Q. Jin and L. L. Riedinger, Phys. Lett. B 371 (1996) 19. 199. H. Toki and L. A. Wu, Phys. Rev. Lett. 79 (1997) 2006. 200. L. A. Wu and H. Toki, Phys. Rev. C 56 (1997) 1821.

201. D. Bonatsos, C. Daskaloyannis, S. B. Drenska, N. Karoussos, J. Maruani, N. Minkov, P. P.

Raychev and R. P. Roussev, Phys. Rev. A (1999) in press. 202. K. Hara and Y. Sun, Int. J. Mod. Phys. E 4 (1995) 637. 203. K. Hara and G. A. Lalazissis, Phys. Rev. C 55 (1997) 1789.

204. D. Bonatsos, C. Daskaloyannis, S. B. Drenska, G. A. Lalazissis, N. Minkov, P. P. Raychev and R. P. Roussev, Phys. Rev. A 54 (1996) R2533.

205. P. Raychev, J. Maruani and S. Drenska, Phys. Rev. A 56 (1997) 2759. 206. J. Maruani, S. Drenska, P. Raychev, P. Terziev and D. Bonatsos, N.C.S.R. “Demokritos” preprint (1998).

207. C. Baktash, W. Nazarewicz and R. Wyss, Nucl. Phys. A 555 (1993) 375. 208. D. G. Caldi, A. Chodos, Z. Zhu and A. Barth, Lett. Math. Phys. 22 (1991) 163. 209. M. Kibler, in Generalized Symmetries in Physics (Clausthal 1993), ed. H. D. Doebner, V.

Dobrev and A. Ushveridze (World Scientific, Singapore) in press. 210. R. Barbier, J. Meyer and M. Kibler, J. Phys. G 20 (1994) L13. 211. R. Barbier, J. Meyer and M. Kibler, Int. J. Mod. Phys. E 4 (1995) 385. 212. R. Barbier and M. Kibler, in Modern Group Theoretical Methods in Physics, ed. J. Bertrand et al. (Kluwer, Dordrecht, 1995) p.27; preprint atom-ph/9511001.

213. P. Holmberg and P. O. Lipas, Nucl. Phys. A 117 (1968) 552. 214. H. X. Huang, C. S. Wu and J. Y. Zeng, Phys. Rev. C 39 (1989) 1617. 215. A. Arima and F. Iachello, Ann. Phys. 99 (1976) 253. 216. A. Arima and F. Iachello, Ann. Phys. 123 (1979) 468.

217. H. Ejiri, M. Ishihara, M. Sakai, K. Katori and T. Inamura, J. Phys. Soc. Japan 24 (1968) 1189.

218. T. K. Das, R. M. Dreizler and A. Klein, Phys. Rev. C 2 (1970) 632. 219. D. Bonatsos and A. Klein, At. Data Nucl. Data Tables 30 (1984) 27. 220. D. Bonatsos and A. Klein, Phys. Rev. C 29 (1984) 1879. 221. S. Bhattacharya and S. Sen, Phys. Rev. C 30 (1984) 1014.

222. D. Bonatsos, C. Daskaloyannis, A. Faessler, P. P. Raychev and R. P. Roussev, Phys. Rev. C 50 (1994) 497.

223. S. Drenska, A. Georgieva, M. Ivanov, S. Mavrodiev, R. Roussev and P. Raychev, Int. J. Mod.

Phys. E 2 (1993) 873.

224. S. Drenska, A. Georgieva, M. Ivanov, S. Mavrodiev, R. Roussev and P. Raychev, Int. J. Mod.

Phys. E 4 (1995) 123.

225. S. Drenska, A. Georgieva, V. Gueorguiev, R. Roussev and P. Raychev, Phys. Rev. C 52 (1995) 1853.

226. D. Bhaumik, S. Sen and B. Dutta-Roy, Am. J. Phys. 59 (1991) 719.

227. Yu. F. Smirnov, V. N. Tolstoy and Yu. I. Kharitonov, Yad. Fiz. 54 (1991) 721 [Sov. J. Nucl.

Phys. 54 (1991) 437].

228. P. P. Kulish, in Group Theoretical Methods in Physics, Lecture Notes in Physics 382, ed. V.

V. Dodonov and V. I. Man’ko (Springer Verlag, Heidelberg, 1991) p. 195.

229. Yu. F. Smirnov and V. N. Tolstoy, in Group Theory and Special Symmetries in Nuclear Physics (Ann Arbor, 1991), ed. J. P. Draayer and J. W. Jänecke (World Scientific, Singapore, 1992) p. 375.

230. A. A. Malashin, Yu. F. Smirnov and Yu. I. Kharitonov, Yad. Fiz. 58 (1995) 651 [Phys. At.

Nucl. 58 (1995) 595].

231. A. A. Malashin, Yu. F. Smirnov and Yu. I. Kharitonov, Yad. Fiz. 58 (1995) 1105 [Phys. At.

Nucl. 58 (1995) 1031].

232. F. Pan and J. Q. Chen, J. Phys. A 25 (1992) 4017. 233. C. Quesne, J. Phys. A 25 (1992) 5977. 234. R. H. Capps, J. Math. Phys. 34 (1993) 5942. 235. Z. Yu, J. Phys. A 24 (1991) L399. 236. Z. Yu, J. Phys. A 26 (1993) 5881.

237. Y. Yang and Z. Yu, Mod. Phys. Lett. A 8 (1993) 3025.

238. Yu. F. Smirnov and Yu. I. Kharitonov, Yad. Fiz. 56 (1993) 263 [Phys. At. Nucl. 56 (1993) 1143].

239. Yu. F. Smirnov and Yu. I. Kharitonov, Yad. Fiz. 58 (1995) 749 [Phys. At. Nucl. 58 (1995) 690].

240. M. J. Rodríguez-Plaza, J. Math. Phys. 32 (1991) 2020. 241. J. P. Elliott, Proc. Roy. Soc. London, Ser. A 245 (1958) 128. 242. J. P. Elliott, Proc. Roy. Soc. London, Ser. A 245 (1958) 562. 243. J. P. Elliott and M. Harvey, Proc. Roy. Soc. London, Ser. A 272 (1963) 557. 244. Yu. F. Smirnov and Yu. I. Kharitonov, Yad. Fiz. 59 (1996) 379 [Phys. At. Nucl. 59 (1996) 360].

245. J. Balog, L. Da̧browdski and L. Fehér, Phys. Lett. B 257 (1991) 74.

246. S. Ališauskas and Yu. F. Smirnov, J. Phys. A 27 (1994) 5925.

247. D. Bonatsos, A. Faessler, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, J. Phys. A 25 (1992) L267.

248. M. Harvey, in Advances in Nuclear Physics, ed. M. Baranger and E. Vogt, Vol. 1 (Plenum, New York, 1968) 67.

249. C. L. Wu, D. H. Feng, X. G. Chen, J. Q. Chen and M. W. Guidry, Phys. Lett. B 168 (1986) 313.

250. C. L. Wu, D. H. Feng and M. W. Guidry, in Advances in Nuclear Physics, ed. J. W. Negele and E. W. Vogt (Plenum, New York, 1994) Vol. 21 p. 227.

251. A. Georgieva, P. Raychev and R. Roussev, J. Phys. G 8 (1982) 1377. 252. A. Georgieva, P. Raychev and R. Roussev, J. Phys. G 9 (1983) 521. 253. A. Georgieva, P. Raychev and R. Roussev, Bulg. J. Phys. 12 (1985) 147. 254. P. Raychev, Rev. Roum. Phys. 32 (1987) 471. 255. H. J. Daley and F. Iachello, Ann. Phys. 167 (1986) 73. 256. F. Iachello and R. D. Levine, J. Chem. Phys. 77 3046. 257. J. Van der Jeugt, J. Phys. A 25 (1992) L213.

258. J. Van der Jeugt, in Group Theoretical Methods in Physics (Salamanca 1992), Anales de Física, Monografías, ed. M. A. del Olmo, M. Santander and J. Mateos Guilarte, Vol. 1 (Real Sociedad Española de Física, Madrid, 1993) p. 131.

259. J. Van der Jeugt, J. Math. Phys. 34 (1993) 1799.

260. J. Van der Jeugt, U. Gent preprint TWI-94-7 (1994), to appear in J. Group Theory in Physics. 261. J. Van der Jeugt, Can. J. Phys. 72 (1994) 519.

262. A. Sciarrino, in Symmetries in Science VII: Spectrum Generating Algebras and Dynamic Symmetries in Physics (Niigata 1992), ed. B. Gruber and T. Otsuka (Plenum, New York, 1993) p. 511.

263. F. Pan, J. Phys. A 26 (1993) L257.

264. A. Del Sol Mesa, G. Loyola, M. Moshinsky and J. Velázquez, J. Phys. A 26 (1993) 1147. 265. C. Quesne, Phys. Lett. B 304 (1993) 81. 266. A. Sciarrino, J. Phys. A 27 (1994) 7403.

267. P. P. Raychev, R. P. Roussev, P. A. Terziev, D. Bonatsos and N. Lo Iudice, J. Phys. A 29 (1996) 6939.

268. D. Bonatsos, in Symmetries in Science VII: Spectrum Generating Algebras and Dynamic Symmetries in Physics (Niigata 1992), ed. B. Gruber and T. Otsuka (Plenum, New York, 1993) p. 111.

269. S. G. Nilsson, Mat. Fys. Medd. Dan. Vid. Selsk. 29 (1955) no. 16. 270. C. Gustafsson, I. L. Lamm, B. Nilsson and S. G. Nilsson, Ark. Fys. 36 (1967) 613. 271. T. Bengtsson and I. Ragnarsson, Nucl. Phys. A 436 (1985) 14.

272. S. G. Nilsson and I. Ragnarsson, Shapes and Shells in Nuclear Structure (Cambridge University Press, Cambridge, 1995).

273. A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton University Press, Princeton, 1957).

274. D. A. Varshalovich, A. N. Moskalev and V. K. Khersonskii, Quantum Theory of Angular Momentum (World Scientific, Singapore, 1988).

275. P. P. Raychev, R. P. Roussev, N. Lo Iudice and P. A. Terziev, J. Phys. G 24 (1998) 1. 276. P. P. Raychev, R. P. Roussev, N. Lo Iudice and P. A. Terziev, J. Phys. A 30 (1997) 4383. 277. J. Cseh, J. Phys. A 25 (1992) L1225. 278. R. K. Gupta, J. Phys. G 20 (1994) 1067.

279. A. B. Balantekin, O. Castaños and M. Moshinsky, Phys. Lett. B 284 (1992) 1. 280. O. Castaños, M. Moshinsky and C. Quesne, Phys. Lett. B 277 (1992) 238. 281. M. Moshinsky and A. Del Sol Mesa, Rev. Mex. Fís. 38 Supl. 2 (1992) 146. 282. O. Castaños, V. Velázquez A., P. O. Hess and J. G. Hirsch, Phys. Lett. B 321 (1994) 303. 283. R. K. Gupta, J. Cseh, A. Ludu, W. Greiner and W. Scheid, J. Phys. G 18 (1992) L73. 284. L. De Falco, A. Jannussis, R. Mignani and A. Sotiropoulou, Mod. Phys. Lett. A 9 (1994) 3331. 285. P. Angelopoulou, S. Baskoutas, L. De Falco, A. Jannussis, R. Mignani and A. Sotiropoulou, J.

Phys. A 27 (1994) L605.

286. J. Cseh, J. Phys. G 19 (1993) L63.

287. Y. C. Wang and Z. S. Yang, Commun. Theor. Phys. 17 (1992) 449. 288. R. N. Alvarez, D. Bonatsos and Yu. F. Smirnov, Phys. Rev. A 50 (1994) 1088. 289. M. Moshinsky and C. Quesne, J. Math. Phys. 11 (1970) 1631. 290. G. Couvreur, J. Deenen and C. Quesne, J. Math. Phys. 24 (1983) 779. 291. C. Quesne, J. Phys. A 18 (1985) 2675.

292. S. Szpikowski and A. Góźdź, Nucl. Phys. A 340 (1980) 76. 293. R. K. Gupta and A. Ludu, Phys. Rev. C 48 (1993) 593. 294. R. K. Gupta, Nucl. Phys. A 570 (1994) 117c. 295. F. Pan, Phys. Rev. C 50 (1994) 1876. 296. D. Bonatsos, Phys. Lett. B 200 (1988) 1.

297. D. Bonatsos, L. D. Skouras and J. Rikovska, J. Phys. G 17 (1991) 63. 298. D. Bonatsos, L. D. Skouras and J. Rikovska, J. Phys. G 17 (1991) 865. 299. A. M. Bincer, J. Phys. A 24 (1991) L1133.

300. R. B. Zhang, M. D. Gould and A. J. Bracken, J. Phys. A 24 (1991) 937. 301. C. Quesne, J. Phys. A 26 (1993) 357. 302. F. Pan, Liaoning Normal U. preprint (1992). 303. C. Quesne, Phys. Lett. B 298 (1993) 344. 304. C. Quesne, Phys. Lett. B 322 (1994) 344. 305. S. A. Moszkowski, Phys. Rev. 110 (1958) 403.

306. D. P. Menezes, S. S. Avancini and C. Providência, J. Phys. A 25 (1992) 6317. 307. D. Bonatsos, L. Brito, D. P. Menezes, C. Providência and J. da Providência, J. Phys. A 26 (1993) 895. Corrigenda: J. Phys. A 26 (1993) 5185, J. Phys. A 28 (1995) 1787.

308. F. W. Fávero, L. O. E. Santos and D. P. Menezes, Int. J. Mod. Phys. E 4 (1995) 547. 309. C. Providência, L. Brito, J. da Providência, D. Bonatsos and D. P. Menezes, J. Phys. G 20 (1994) 1209. Erratum: J. Phys. G 21 (1995) 591.

310. D. Bonatsos, S. S. Avancini, D. P. Menezes and C. Providência, Phys. Lett. A 192 (1994) 192. 311. H. J. Lipkin, N. Meshkov and A. J. Glick, Nucl. Phys. 62 (1965) 188. 312. S. S. Avancini and J. C. Brunelli, Phys. Lett. A 174 (1993) 358. 313. J. M. Li and C. P. Sun, Phys. Lett. A 180 (1993) 50.

314. S. S. Avancini, D. P. Menezes, M. M. W. Moraes and F. F. de Souza Cruz, J. Phys. A 27 (1994) 831.

315. S. S. Avancini, F. F. de Souza Cruz, D. P. Menezes and M. M. Watanabe de Moraes, J. Phys.

A 28 (1995) 701.

316. S. S. Avancini, A. Eiras, D. Galetti, B. M. Pimentel and C. L. Lima, J. Phys. A 28 (1995) 4915.

317. L. Brito, C. Providência, J. da Providência, S. S. Avancini, F. F. de Souza Cruz, D. P. Menezes and M. M. Watanabe de Moraes, Phys. Rev. A 52 (1995) 92.

318. R. M. Dreizler and A. Klein, Phys. Lett. B 30 (1969) 236. 319. M. Vallières and R. M. Dreizler, Nucl. Phys. A 175 (1971) 272. 320. M. Vallières, A. Klein and R. M. Dreizler, Phys. Rev. C 7 (1973) 2188. 321. A. Klein, in Progr. Part. Nucl. Phys., ed. D. Wilkinson, Vol. 10 (Pergamon, Oxford, 1983) p. 39. 322. D. Bonatsos, A. Klein and C. T. Li, Nucl. Phys. A 425 (1984) 521. 323. D. Bonatsos and A. Klein, Nucl. Phys. A 469 (1987) 253. 324. D. P. Menezes, D. Bonatsos and A. Klein, Nucl. Phys. A 474 (1987) 381. 325. A. Klein and E. R. Marshalek, Z. Phys. A 329 (1988) 441.

326. K. T. Hecht, The Vector Coherent State Method and its Application to Problems of Higher Symmetries, Lecture Notes in Physics 290 (Springer Verlag, Heidelberg, 1987).

327. D. Bonatsos, J. Phys. A 25 (1992) L101.

328. D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 278 (1991) 1. 329. D. ter Haar, Problems in Quantum Mechanics 3rd edn (Pion, London, 1975). 330. K. L. G. Heyde, The Nuclear Shell Model (Springer Verlag, Berlin, 1990). 331. I. Talmi, Nucl. Phys. A 172 (1971) 1. 332. I. Talmi, Riv. Nuovo Cimento 3 (1973) 85.

333. D. Bonatsos, C. Daskaloyannis and A. Faessler, J. Phys. A 27 (1994) 1299. 334. P. D. Petrova, Diploma Thesis, U. of Sofia (1992). 335. S. Shelly Sharma, Phys. Rev. C 46 (1992) 904.

336. S. Shelly Sharma and N. K. Sharma, Phys. Rev. C 50 (1994) 2323. 337. S. S. Avancini and D. P. Menezes, J. Phys. A 26 (1993) 6261.

338. S. S. Avancini, F. F. de Souza Cruz, J. R. Marinelli, D. P. Menezes and M. M. Watanabe de Moraes, J. Phys. A 29 (1996) 5559.

339. S. S. Avancini, J. R. Marinelli, D. P. Menezes, M. M. Watanabe de Moraes and N. Yoshinaga, preprint nucl-th/9701061.

340. L. Tripodi and C. L. Lima, Phys. Lett. B 412 (1997) 7. 341. A. O. Barut, Phys. Rev. 139 (1965) B1433. 342. B. Mottelson, Nucl. Phys. A 522 (1991) 1c. 343. W. D. M. Rae, Int. J. Mod. Phys. A 3 (1988) 1343. 344. W. D. M. Rae and J. Zhang, Mod. Phys. Lett. A 9 (1994) 599. 345. J. Zhang, W. D. M. Rae and A. C. Merchant, Nucl. Phys. A 575 (1994) 61. 346. D. M. Brink, in Proc. Int. School of Physics, Enrico Fermi Course XXXVI (Varenna 1966), ed. C. Bloch (Academic Press, New York, 1966) p. 247.

347. A. Bulgac and C. Lewenkopf, Phys. Rev. Lett. 71 (1993) 4130. 348. J. Hietarinta, Phys. Rep. 147 (1987) 87. 349. N. W. Evans, Phys. Rev. A 41 (1990) 5666. 350. J. M. Jauch and E. L. Hill, Phys. Rev. 57 (1940) 641.

351. Yu. N. Demkov, J. Exp. Theor. Phys. (USSR) 44 (1963) 2007 [Soviet Physics JETP 17 (1963) 1349].

352. G. Contopoulos, Z. Astrophys. 49 (1960) 273. 353. G. Contopoulos, Astrophys. J. 138 (1960) 1297. 354. A. Cisneros and H. V. McIntosh, J. Math. Phys. 11 (1970) 870. 355. O. Castaños and R. López-Peña, J. Phys. A 25 (1992) 6685.

356. A. Ghosh, A. Kundu and P. Mitra, Saha Institute Preprint SINP/TNP/92-5 (1992). 357. F. Duimio and G. Zambotti, Nuovo Cimento 43 (1966) 1203. 358. G. Maiella, Nuovo Cimento 52 (1967) 1004. 359. I. Vendramin, Nuovo Cimento 54 (1968) 190. 360. G. Maiella and G. Vilasi, Lett. Nuovo Cimento 1 (1969) 57. 361. G. Rosensteel and J. P. Draayer, J. Phys. A 22 (1989) 1323. 362. D. Bhaumik, A. Chatterjee and B. Dutta-Roy, J. Phys. A 27 (1994) 1401. 363. W. Nazarewicz and J. Dobaczewski, Phys. Rev. Lett. 68 (1992) 154. 364. C. P. Boyer and K. B. Wolf, J. Math. Phys. 16 (1975) 2215. 365. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, Phys. Rev. A 48 (1993) R3407. 366. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, Phys. Rev. A 50 (1994) 3700. 367. C. Lanczos, J. Res. Natl. Bur. Stand. 45 (1950) 255.

368. R. Floreanini, J. LeTourneux and L. Vinet, Ann. Phys. 226 (1993) 331. 369. A. A. Kehagias and G. Zoupanos, Z. Phys. C 62 (1994) 121.

370. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, Trento preprint ECT^∗/OCT/95- 07 (1995).

371. D. Bonatsos, P. Kolokotronis, D. Lenis and C. Daskaloyannis, Int. J. Mod. Phys. A 12 (1997) 3335.

372. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, in Collective Motion and Nuclear Dynamics (Predeal 1995), ed. A. A. Raduta, D. S. Delion and I. I. Ursu (World Scientific, Singapore, 1996) p. 541; preprint q-alg/9510022.

373. D. G. Ravenhall, R. T. Sharp and W. J. Pardee, Phys. Rev. 164 (1967) 1950. 374. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, in Advances in Nuclear Physics (Proceedings of the 7th Hellenic Symposium on Nuclear Physics (Athens 1996, ed. A. Aravantinos (Makedonian Publications, Athens, 1997) p. 18.

375. T. Tjin, Phys. Lett. B 292 (1992) 60.

376. J. de Boer and T. Tjin, Commun. Math. Phys. 158 (1993) 485. 377. T. Tjin, Ph.D. thesis, U. Amsterdam (1993), hep-th/9308146.

378. J. de Boer, F. Harmsze and T. Tjin, —it Phys. Reports 272 (1996) 139. 379. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, in Advances in Nuclear Physics (Proceedings of the 5th Hellenic Symposium on Nuclear Physics (Patras 1994) EUR16302, ed. C. Syros and C. Ronchi (European Commission, Luxembourg, 1995) p. 14; preprint hepth/9411218.

380. D. Bonatsos, C. Daskaloyannis, P. Kolokotronis and D. Lenis, in Proceedings of the XIIth International School on Nuclear Physics, Neutron Physics and Nuclear Energy (Varna 1995), ed. W. Andrejtscheff and D. Elenkov (INRNE, Sofia, 1996) p. 103; preprint nucl-th/9510043.

381. D. Bonatsos, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, Chem. Phys. Lett. 175 (1990) 300.

382. B. I. Zhilinskiĭ and Yu. F. Smirnov, Yad. Fiz. 54 (1991) 17 [Sov. J. Nucl. Phys. 54 (1991) 10].

383. Z. Chang and H. Yan, Phys. Lett. A 154 (1991) 254.

384. J. G. Esteve, C. Tejel and B. E. Villarroya, J. Chem. Phys. 96 (1992) 5614. 385. R. H. Capps, Progr. Theor. Phys. 91 (1994) 835.

386. L. P. Marinova, P. P. Raychev and J. Maruani, Molec. Phys. 82 (1994) 1115. 387. Z. Chang, Phys. Rev. A 46 (1992) 1400. 388. A. Kundu and Y. J. Ng, Phys. Lett. A 197 (1995) 221. 389. D. Bonatsos, E. N. Argyres and P. P. Raychev, J. Phys. A 24 (1991) L403. 390. D. Bonatsos, P. P. Raychev and A. Faessler, Chem. Phys. Lett. 178 (1991) 221. 391. R. K. Gupta, R. S. Johal and I. L. Cooper, Mod. Phys. Lett. A 11 (1996) 2715. 392. D. Bonatsos and C. Daskaloyannis, Phys. Rev. A 46 (1992) 75; 50 (1994) 890. 393. Z. Chang, H. Y. Guo and H. Yan, Phys. Lett. A 156 (1991) 192. 394. Z. Chang, H. Y. Guo and H. Yan, Commun. Theor. Phys. 17 (1992) 183. 395. H. Q. Zhou, X. M. Zhang and J. S. He, Mod. Phys. Lett. B 9 (1995) 1053. 396. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, Chem. Phys. Lett. 193 (1992) 191. 397. F. J. Narganes-Quijano, J. Phys. A 24 (1991) 1699.

398. D. Bonatsos, C. Daskaloyannis and H. A. Mavromatis, Phys. Lett. A 199 (1995) 1. 399. D. Bonatsos and C. Daskaloyannis, Chem. Phys. Lett. 203 (1993) 150. 400. C. Daskaloyannis, J Phys. A 25 (1992) 2261. 401. A. Jannussis, J. Phys. A 26 (1993) L233.

402. A. Jannussis, in Symmetry Methods in Physics (Dubna 1993), ed. A. N. Sissakian, G. S.

Pogosyan and S. I. Vinitsky (JINR, Dubna, 1994) p. 180. 403. I. L. Cooper and R. K. Gupta, Phys. Rev. A 52 (1995) 941. 404. Ö. F. Dayi and I. H. Duru, Int. J. Mod. Phys. A 12 (1997) 2373.

405. F. Iachello and R. D. Levine, Algebraic Theory of Molecules (Oxford University Press, Oxford, 1995).

406. A. Frank and P. Van Isacker, Algebraic Methods in Molecular and Nuclear Structure Physics (Wiley, New York, 1994).

407. Y. F. Cao and H. L. Lin, Chem. Phys. Lett. 207 (1993) 317. 408. F. Pan, J. Phys. B 26 (1993) L47.

409. R. K. Gupta and I. L. Cooper, J. Chem. Phys. 102 (1995) 3123. 410. D. Bonatsos and C. Daskaloyannis, Phys. Rev. A 48 (1993) 3611. 411. F. Iachello and S. Oss, Phys. Rev. Lett. 66 (1991) 2976. 412. F. Iachello and S. Oss, Chem. Phys. Lett. 187 (1991) 500. 413. E. G. Floratos, J. Phys. A 24 (1991) 4739.

414. D. Bonatsos, C. Daskaloyannis and P. Kolokotronis, J. Chem. Phys. 106 (1997) 605. 415. A. Ghosh, P. Mitra and A. Kundu, J. Phys. A 29 (1996) 115. 416. M. Xie, X. W. Hou and Z. Q. Ma, Chem. Phys. Lett. 262 (1996) 1. 417. Z. Chang and H. Yan, Commun. Theor. Phys. 19 (1993) 325. 418. P. P. Raychev, Adv. Quant. Chem. 26 (1995) 239. 419. M. E. Kellman, Annu. Rev. Phys. Chem. 46 (1995) 395. 420. W. A. de Heer, Rev. Mod. Phys. 65 (1993) 611. 421. M. Brack, Rev. Mod. Phys. 65 (1993) 677.

422. V. O. Nesterenko, Fiz. Elem. Chastits At. Yadra 23 (1992) 1665 [Sov. J. Part. Nucl. 23

(1992) 726].

423. T. P. Martin, T. Bergmann, H. Göhlich and T. Lange, Chem. Phys. Lett. 172 (1990) 209; Z.

Phys. D 19 (1991) 25.

424. S. Bjørnholm, J. Borggreen, O. Echt, K. Hansen, J. Pedersen and H. D. Rasmussen, Phys. Rev.

Lett. 65 (1990) 1627; Z. Phys. D 19 (1991) 47.

425. W. D. Knight, K. Clemenger, W. A. de Heer, W. A. Saunders, M. Y. Chou and M. L. Cohen, Phys. Rev. Lett. 52 (1984) 2141.

426. W. D. Knight, W. A. de Heer, K. Clemenger and W. A. Saunders, Solid State Commun. 53 (1985) 445.

427. J. Pedersen, S. Bjørnholm, J. Borggreen, K. Hansen, T. P. Martin and H. D. Rasmussen, Nature 353 (1991) 733.

428. C. Bréchignac, Ph. Cahuzac, M. de Frutos, J.-Ph. Roux and K. Bowen, in Physics and Chemistry of Finite Systems: From Clusters to Crystals, ed. P. Jena et al. (Kluwer, Dordrecht, 1992) Vol. 1 p. 369.

429. J. L. Persson, R. L. Whetten, H. P. Cheng and R. S. Berry, Chem. Phys. Lett. 186 (1991) 215. 430. M. G. Mayer and J. H. D. Jensen, Elementary Theory of Nuclear Shell Structure (Wiley, New York, 1955).

431. K. Clemenger, Phys. Rev. B 32 (1985) 1359.

432. W. Ekardt, Ber. Bunsenges. Phys. 88 (1984) 289; Phys. Rev. B 29 (1984) 1558. 433. D. E. Beck, Solid State Commun. 49 (1984) 381; Phys. Rev. B 30 (1984) 6935. 434. B. A. Kotsos and M. E. Grypeos, in Atomic and Nuclear Clusters, ed. G. S. Anagnostatos and W. von Oertzen (Springer, Berlin, 1995) p. 242.

435. D. Bonatsos, N. Karoussos, P. P. Raychev, R. P. Roussev and P. A. Terziev, Chem. Phys. Lett.

(1999) in press.