arXiv:nucl-th/9912064 27 Dec 1999

Nonextensive statistics in stellar plasma and solar neutrinos

A. Lavagno and P. Quarati Dipartimento di Fisica, Politecnico di Torino, C.so Duca degli Abruzzi 24, I-10129 Torino, Italy Istituto Nazionale di Fisica Nucleare, Sezioni di Cagliari e di Torino

Nonextensive and quantum uncertainty effects (related to the quasiparticles composing the stellar core) have strong influence on the nuclear rates and, of course, affect solar neutrino fluxes. Both effects do coexist and are due to the frequent collisions among the ions. The weakly nonextensive nature of the solar core is confirmed. The range of predictions for the neutrino fluxes is enlarged and the solar neutrino problem becomes less dramatic.

The stellar (like the solar) core is a weakly-nonideal plasma where: 1) mean Coulomb energy potential is not much smaller of the thermal kinetic energy; 2) Debye screening length R_D ≈ a (interparticle distance) and Debye-Hückel conditions are only approximately verified; 3) it is not possible to separate individual and collective degrees of freedom; 4) inverse solar plasma frequency: t_{pl} = ω^{−1}_{pl} = √ m/4πne^2 ≈ 10^{−17} is of the same order of magnitude of the collision time t_{coll} = ν^{−1} = ⟨nσv⟩; 5) particles of plasma loose memory of the initial state only after many collisions, scattering process cannot be considered Markovian; 6) time needed to build up again the screening, after hard collisions, is not at all negligible [1,2].

The relation between energy and momentum implied by δ(ϵ − p^2/2m) for free particles is no more valid. In dense media like stellar core plasma, for quasi-particles, we must use [3,4]

δ_g (ϵ) = 1 π g(ϵ, p) [(ϵ − ϵ_p − Δ(ϵ, ϵ_p))^2 + g(ϵ, ϵ_p)^2]

, (1)

where ϵ_p = p^2/2m, Δ(ϵ, ϵ_p) and g(ϵ, p) are the real and imaginary parts of the one-particle retarded Green’s function self-energy.

For weakly non ideal plasmas one can show that approximately Δ ≈ kT Γ/2, where Γ is the plasma parameter (Γ = e^2/R_DkT ) and g ∝ h̄ν. At non zero value of g, a nonexponential tail appears in the distribution function f_Q(p).

In fact, for large momenta, we have [4–6]

f_Q(p) = ∫_∞ −∞ f(ϵ, p) δ_g (ϵ) dϵ = f_M (p) + 1 π ∫_{[min(μ,β}−1_] −∞ dϵ g(ϵ, p) (ϵ − ϵ_p)^2

= f_M (p) + hν 2π kT ϵ^2_p e^{μ/kT} , (2) μ being the chemical potential and f_M (p) the Maxwellian distribution.

The value of the collision frequency ν is responsible of two different effects producing at high momenta important (although small) deviations of the Maxwellian distribution f_M (p):

Q) Quantum uncertainty effect: because of the frequent collisions, f_M (p) can acquire a non-Maxwellian tail;

q) Weak nonextensivity effect described by Tsallis statistics with entropic parameter q [8] due to long-range interactions and non-Markovian memory effects; when deviation is small (q ≈ 1) the distribution can acquire an enhanced or a depleted tail, the correction of f_M (p) being given by the factor exp [ −^{1−q}_2 (_{ϵp} kT )_2] [1,2].

Nuclear rates can be evaluated averaging the quasi-classical cross section σ(ϵ) over the momentum distribution, rather than the energy distribution, once we have substituted ϵ with ϵ_p [6]. A rigorous derivation of reaction rates within the Q effect can be found in [7].

Deviations from the Maxwellian tail due to Q and q effects may lead to a strong increase or decrease of the nuclear rates in the solar core (solar models and solar neutrino problem are described in Ref.s [9–11]). Q correction depends on the distribution f(ϵ, p) (Maxwell, Fermi, Tsallis,· · ·), on the collision cross section σ(ϵ) and collision frequency ν. Nuclear tunnelling rates are

k^Q_{ij} = k^M_{ij} (1 + r_{ij}) , (3) where r_{ij} is the ratio of the average Q power law part respect to the Maxwellian part. The results are [6]

(pp) : r_{11}(0.0759R_⊙) = 3.5 · 10^{−3} ;

(^3He,^3 He) : r_{33} = 4.5 · 10^8 ;

(^3He,^4 He) : r_{34} = 3 · 10^9 ;

n_3 n^M_3

≈ 10^8; n_{Be}7 n^M_{Be7} = Φ(Be^7) Φ^M (Be^7) = 1 50 ; n_8 n^M_8

≈ 10^4

L_⊙ is conserved; neutrino pp flux Φ(pp) is unchanged.

When long-range interactions are present and detailed correlations in space and time exist it is no longer true that the probability of a particle being in a state and the probability of a transition are statistically independent thus the two probabilities cannot be multiplied. The natural generalization of the Boltzmann-Gibbs statistics is the Tsallis nonextensive thermostatistics that we have already applied elsewhere [1,2].

Based on the generalized entropy form

S_q = k 1 − ∑ i p^q_i q − 1 ( ∑ i p_i = 1 , q real ) , (4)

Tsallis statistics uses conditional probabilities that, when q < 1 and q > 1, will respectively privilegiate the rare and the frequent events.

Among many applications, let us mention that from COBE data we have derived the distribution of peculiar velocities of clusters of spiral galaxies obtaining a remarkable fit (the function used was the q-generalized Maxwellian distribution essentially corresponding to an ideal classical gas) [12].

In the solar core the random electric total microfield can be decomposed in three main components: 1) slow varying, due to collective plasma oscillations, the particles see it as an almost constant external mean field over several collisions; 2) fast random, described by elastic diffusive cross section (σ ≈ 1/v), the distribution remains Maxwellian; 3) short range two-body strong Coulomb effective interaction described by the ion sphere model with strict enforcement. The last is the component of our interest whose energy density can be expressed as ⟨E^2⟩ = (F e/a^2)^2. We have found that the following two relations hold: F ≃ α^{−2}_1 and F^2 ≃ 3/Γ = 40.

The strong Coulomb cross section is σ_0 = 2πα^2_1 a^2 [13]. The quantity α_1 depends on the ion-ion correlation function. We have found the analytical relation |1 − q| = 2 3 σ^2_0 σ^2_1

= 12α^4_1Γ^2 ≪ 1 . (5)

The quantity α_1 may be defined as

α_1a = ∫_∞ 0 P_{NN} (R) R dR = ∫_∞ 0 dR ∫_τ 0 dt R^34πn_ig(R, t) × exp ( −4πn_i ∫_R 0 dR^′ ∫_τ 0 dt R^{′2}g(R^′ , t) ) , (6)

where P_{NN} (R) is the probability that nearest neighbor of ion i is at a distance R and g(R, t) is the correlation function (eventually time dependent). The value of α_1 is within the range 0.4 < α_1 < 0.89.

The nuclear rates can be written

k^q_{ij} = k^M_{ij} exp(−(1 − q)/2 γ) , (7) with γ = (E_{Gamow}/4kT )^{2/3}.

Using q = 0.99 (for all particles) we obtain:

Φ(pp) = 62.2 · 10^9 cm^{−2} s^{−1},

Φ(^7Be) = 2.87 · 10^9 cm^{−2} s^{−1},

Φ(N, O) = 0.21 · 10^9 cm^{−2} s^{−1},

Φ(B) = 1.65 · 10^6 cm^{−2} s^{−1} (SSM: 5.15 · 10^6, exper.: 2.45 ± 0.08 · 10^6),

Gallium= 100 SNU (SSM: 129 ± 7, exper. (Gallex): 77.5 ± 7.7),

Chlorine= 2.84 SNU (SSM: 7.7 ± 1.1, exper.: 2.65 ± 0.23).

The quantum uncertainty Q and nonextensive q effects produce corrections to the standard nuclear rates that can be expressed as k_{ij} = k^M_{ij} [ exp ( − 1 − q 2 γ_{ij} )

+r_{ij} exp ( − 1 − q 2 γ^∗_{ij} ) ] , (8)

both effects cannot be neglected due to the value of the collision frequency ν.

The Q effect is effective at higher momenta than q-effect γ^∗ ≃ 3γ. Defining A = Φ(Be^7)/Φ^M (Be^7) Φ(B)/Φ^M (B) , B = Φ(B) Φ^M (B) , C = Φ(Be^7) Φ^M (Be^7)

; δ_{ij} = 1 − q_{ij} 2 (the index M means that the flux is calculated using the Maxwellian distribution) and k_{e7} = x k^M_{17} , k_{e7} = y k_{17}, we have derived the following constraints for the solar neutrino fluxes

1) A = C B = e^{δ17γ∗17} r_{17} e^{−δ17γ17} ≪ r_{17}e^{−δ17γ∗17} , 2) y x 1 A = 1 , 3) n_{Be}7 n^M_{Be7} = n_3 n^M_3 ( e^{−δ34 γ34} + r_{34}e^{−δ34 γ∗34} ) [ 1 + 1 2x ( e^{−δ17 γ17} + r_{17}e^{−δ17 γ∗17} )]−1 . A reasonable evaluation of α_1 gives α_1 = 0.55; with Γ = 0.072 (solar core) we have q = 0.989 (δ_{ij} = 0.005) for all components.

Assuming n_3/n^M_3 ≃ 3 · 10^{−3}, we obtain

Φ(Be^7) Φ^M (Be^7) = 1 50 , Φ(B) Φ^M (B) ≈ 1/2 , Gallium = 81 SNU , Chlorine = 2.8 SNU ;

Φ(pp) and luminosity are practically unchanged respect to SSM value. The CNO reactions are strongly enhanced by the Q effect but the e^{−δγ∗} factor strongly reduces it.

The assumption concerning the value of n_3 is within the constraints actually imposed by helioseismology because in the region r/R_⊙ < 0.2 the value of n_3 can be assumed within a large range of variability [9,10].

We thank S. Turck-Chièze and V. Savchenko for comments and advices.

[1] G. Kaniadakis, A. Lavagno, M. Lissia, and P. Quarati, Physica A 261 (1998) 359. [2] M. Coraddu, G. Kaniadakis, A. Lavagno, M. Lissia, G. Mezzorani, P. Quarati, Braz. J. Phys. 29 (1999) 153. [3] L.P. Kadanoff, G. Baym, Quantum Statistical Mechanics, W. Benyamin, New York 1962. [4] V.M. Galitskii and V.V. Yakimets, JEPT 24 (1967) 637 [5] A.N. Starostin, N.L. Aleksandrov, Phys. Plasma 5 (1998) 2127. [6] A.N. Starostin, V.I. Savchenko, N.J. Fisch, preprint Princeton 1999. [7] V.I. Savchenko, astro-ph/9904289.

[8] C. Tsallis, J. Stat. Phys. 52 (1998) 479. See also http://tsallis.cat.cbpf.br/biblio.htm [9] A.S. Brun, S. Turck-Chièze, P. Morel, ApJ 506 (1998) 913. [10] A.S. Brun, S. Turck-Chièze, J.P. Sahn, ApJ 526 (1999) in press. [11] V. Castellani et al., Phys. Rep. 281 (1997) 309.

[12] A. Lavagno, G. Kaniadakis, M. Rego-Monteiro, P. Quarati, C. Tsallis, Astrophys. Lett. and Comm. 35 (1998) 449. [13] S. Ichimaru, Statistical Plasma Physics, Vol. I, Addison-Wesley, 1992, pag. 18.