arXiv:physics/0106003 1 Jun 2001

HAMILTONIAN FORMALISM FOR SOLVING THE VLASOV-POISSON EQUATIONS AND ITS APPLICATION TO THE COHERENT BEAM-BEAM INTERACTION

Stephan I. Tzenov and Ronald C. Davidson Plasma Physics Laboratory, Princeton University, Princeton, New Jersey 08543, USA Abstract

A Hamiltonian approach to the solution of the Vlasov- Poisson equations has been developed. Based on a nonlinear canonical transformation, the rapidly oscillating terms in the original Hamiltonian are transformed away, yielding a new Hamiltonian that contains slowly varying terms only. The formalism has been applied to the coherent beam-beam interaction, and a stationary solution to the transformed Vlasov equation has been obtained.

1 INTRODUCTION

The evolution of charged particle beams in accelerators and storage rings can often be described by the Vlasov- Maxwell equations. At high energies the discrete-particle collision term [1] comprises a small correction to the dynamics and can be neglected. Radiation effects at suf^- ciently high energies for leptons can be a signi^cant feature of the dynamics, and should be included in the model under consideration.

The Vlasov-Maxwell equations constitute a considerable simpli^cation in the description of charged particle beam propagation. Nonetheless there are only a few cases that are tractable analytically. Therefore, it is of utmost the importance to develop a systematic perturbation approach, able to provide satisfactory results in a wide variety of cases of physical interest.

Particle beams are subject to external forces that are often rapidly oscillating, such as quadrupolar focusing forces, RF ^elds, etc. In addition, the collective self-^eld excitations can be rapidly oscillating as well. A typical example is a colliding-beam storage ring device, where the evolution of each beam is strongly affected by the electromagnetic force produced by the counter-propagating beam. The beam-beam kick each beam experiences is localized only in a small region around the interaction point, and is periodic with a period of one turn.

In this and other important cases one is primarily interested in the long-time behavior of the beam, thus discarding the fast processes on time scales of order the period of the rapid oscillations. To extract the relevant information, an ef^cient method of averaging is developed in the next section. Unlike the standard canonical perturbation technique [2, 3], the approach used here is carried out in a ŞmixedŤ phase space (old coordinates and new canonical momenta), which is simpler and more ef^cient in a computational sense. The canonical perturbation method developed here is further applied to the coherent beam-beam interaction, and a coupled set of nonlinear integral equations for the equilibrium beam densities has been derived.

2 THE HAMILTONIAN FORMALISM

We consider a N -dimensional dynamical system, described by the canonical conjugate pair of vector variables (q, p) with components

q = (q_1, q_2, . . . , q_N ), p = (p_1, p_2, . . . , p_N ). (2.1)

The Vlasov equation for the distributionfunction f(q, p; t) can be expressed as ∂f ∂t + [f, H] = 0, (2.2)

where [F, G] = ∂F ∂q_i ∂G ∂p_i − ∂F ∂p_i ∂G ∂q_i (2.3)

is the Poisson bracket, H(q, p; t) is the Hamiltonian of the system, and summation over repeated indices is implied. Next we de^ne a canonical transformation via the generating function of the second type according to

S = S(q, P; t), (2.4)

and assume that the Jacobian matrix

J_{ij}(q, P; t) =

∂^2S ∂q_i∂P_j (2.5)

is non-degenerate with

det (J_{ij} ) ≠ 0, (2.6)

so that the inverse J^{−1}_{ij} exists. Let us also de^ne the distribution function in terms of the new coordinates (Q, P) and the mixed pair (q, P) as

f(q, p; t) = f_0(Q, P; t) = F_0(q, P; t). (2.7)

The new canonical variables (Q, P) are de^ned by the canonical transformation as

p_i = ∂S ∂q_i , Q_i = ∂S ∂P_i . (2.8)

Because ∂p_i ∂P_j = ∂^2S ∂q_i∂P_j = J_{ij} =⇒ ∂P_i ∂p_j = J^{−1}_{ij} ,

(2.9) we can express the Poisson bracket in terms of the mixed variables in the form [F, G] = J^{−1}_{ji} ( ∂F ∂q_i ∂G ∂P_j − ∂F ∂P_j ∂G ∂q_i ) . (2.10)

Differentiation of Eq. (2.8) with respect to time t, keeping the old variables (q, p) ^xed, yields

∂^2S ∂q_i∂t + ∂^2S ∂q_i∂P_j ( ∂P_j ∂t ) qp = 0, (2.11) ( ∂Q_i ∂t ) qp = ∂^2S ∂P_i∂t + ∂^2S ∂P_i∂P_j ( ∂P_j ∂t ) qp , (2.12)

or ( ∂P_j ∂t ) qp = −J^{−1}_{ji} ∂^2S ∂q_i∂t . (2.13)

Our goal is to express the Vlasov equation (2.2) in terms of the mixed variables (q, P). Taking into account the identities ∂Q_i ∂q_j = ∂^2S ∂q_j∂P_i = J_{ji} =⇒ ∂q_i ∂Q_j = J^{−1}_{ji} , (2.14) ∂f_0 ∂Q_i = J^{−1}_{ij} ∂F_0 ∂q_j , (2.15) ∂f_0 ∂P_i = ∂F_0 ∂P_i − ∂f_0 ∂Q_j ∂^2S ∂P_i∂P_j , (2.16)

we obtain ( ∂f ∂t ) qp = ∂f_0 ∂t + ∂f_0 ∂Q_i ( ∂Q_i ∂t ) qp + ∂f_0 ∂P_i ( ∂P_i ∂t ) qp

= ∂F_0 ∂t + J^{−1}_{ji} ( ∂F_0 ∂q_i ∂^2S ∂t∂P_j − ∂F_0 ∂P_j ∂^2S ∂t∂q_i )

= ∂F_0 ∂t + [ F_0, ∂S ∂t ] . (2.17)

Furthermore, using the relation

[f, H] = [F_0, H], (2.18)

where H(q, P; t) = H(q, ∇_qS; t), (2.19) we express the Vlasov equation in terms of the mixed variables according to ∂F_0 ∂t + [F_0, K] = 0, (2.20)

where

K(q, P; t) = ∂S ∂t + H(q, ∇_qS; t) (2.21)

is the new Hamiltonian. For the distribution function f_0(Q, P; t) depending on the new canonical variables, we clearly obtain ∂f_0 ∂t + [f_0, K] = 0, (2.22) where the new Hamiltonian K is a function of the new canonical pair (Q, P), such that

K(∇_P S, P; t) = ∂S ∂t + H(q, ∇_qS; t), (2.23)

and the Poisson bracket entering Eq. (2.22) has the same form as Eq. (2.3), expressed in the new canonical variables.

3 COHERENT BEAM-BEAM INTERACTION

As an application of the formalism developed in the previous section we study here the evolution of two counterpropagating beams, nonlinearly coupled by the electromagnetic interaction between the beams at collision. For simplicity, we consider one-dimensional motion in the vertical (q) direction, described by the nonlinear Vlasov-Poisson equations ∂f_k ∂θ + [f_k, H_k] = 0, (3.1)

∂^2V_k ∂q^2 = 4π ∫ dpf_{3−k}(q, p; θ), (3.2) where

H_k = ν_k 2 ( p^2 + q^2 ) + λ_kδ_p(θ)V_k (q; θ) (3.3)

is the Hamiltonian. The notation in Eqs. (3.1) - (3.3) is the same as in Ref. [4]. Our goal is to determine a canonical transformation such that the new Hamiltonian is timeindependent. As a consequence, the stationary solution of the Vlasov equation (2.20) is expressed as a function of the new Hamiltonian. Following the procedure outlined in the preceding section we transform Eqs. (3.1) - (3.3) according to [ F^{(k)}_0 , K_k ] ≡ 0, (3.4) ∂S_k ∂θ + ϵH_k ( q, ∂S_k ∂q ; θ ) = K_k(q, P ), (3.5)

∂^2V_k ∂q^2 = 4π ∫ dP ∂^2S_k ∂q∂P F^{(3−k)} 0 (q, P ), (3.6)

where ϵ is formally a small parameter, which will be set equal to unity at the end of the calculation. The next step is to expand the quantities S_k, K_k and V_k in a power series in ϵ as

S_k = qP + ϵG^{(1)}_k + ϵ^2G^{(2)}_k + ϵ^3G^{(3)}_k + . . . , (3.7)

K_k = ϵK^{(1)}_k + ϵ^2K^{(2)}_k + ϵ^3K^{(3)}_k + . . . , (3.8)

V_k = ~V_k + ϵV^{(1)}_k + ϵ^2V^{(2)}_k + ϵ^3V^{(3)}_k + . . . , (3.9) where ∂^2 ~V_k ∂q^2 = 4π ∫ dP F^{(3−k)} 0 (q, P ). (3.10)

Substitution of the above expansions (3.7) - (3.9) into Eqs. (3.5) and (3.6) yields perturbation equations that can be solved successively order by order. The results are:

First Order: O(ϵ)

K^{(1)}_k (q, P ) = ν_k 2 ( P^2 + q^2 ) + λ_k 2π ~V_k(q), (3.11)

G^{(1)}_k (q, P ; θ) = iλ_k 2π ~V_k(q) ∑ n≠0 e^{inθ} n , (3.12)

V^{(1)}_k (q; θ) ≡ 0. (3.13) Second Order: O(ϵ^2)

K^{(2)}_k (q, P ) ≡ 0, (3.14)

G^{(2)}_k (q, P ; θ) = − λ_kν_k 2π P ~V^′_k(q) ∑ n≠0 e^{inθ} n^2

, (3.15)

V^{(2)}_k (q; θ) = − λ_kν_k 2π ~V^{(2)}_k (q) ∑ n≠0 e^{inθ} n^2

, (3.16)

where

∂^2 ~V^{(2)}_k ∂q^2 = 4π ~V^{′′}_k (q) ∫ dP F^{(3−k)} 0 (q, P ). (3.17)

Third Order: O(ϵ^3) In third order we are interested in the new Hamiltonian, which is of the form

K^{(3)}_k (q, P ) = λ^2_kν_k 4π^2 ζ(2) [ ~V^{′2}_k (q) − 2 ~V^{(2)}_k (q) ] , (3.18)

where ζ(z) is Riemann’s zeta-function ζ(z) = ∞∑ n=1 1 n^z . (3.19)

4 THE EQUILIBRIUM DISTRIBUTION FUNCTION

Since the new Hamiltonian K_k is time-independent (by construction), the equilibrium distribution function F^{(k)}_0 [see Eq. (3.4 )] is a function of the new Hamiltonian

F^{(k)}_0 (q, P ) = G_k(K_k), (4.1)

where K_k(q, P ) = ν_k 2 ( P^2 + q^2 ) + λ_k 2π ~V_k(q)

+ λ^2_kν_k 4π^2 ζ(2) [ ~V^{′2}_k (q) − 2 ~V^{(2)}_k (q) ] . (4.2)

Integrating Eq. (4.1) over P we obtain a nonlinear integral equation of Haissinski type [5] for the equilibrium beam density pro^le ϱ^{(k)}_0

ϱ^{(k)}_0 (q) = ∫ dP G_k(K_k), (4.3)

where K_k(q, P ) = ν_k 2 ( P^2 + q^2 )

+ λ_k ∫ dq^′|q − q^′|ϱ^{(3−k)}_0 (q^′) + 2λ^2_kν_kζ(2)F_k(q), (4.4)

F_k(q) = ∫ dq^′dq^{′′}Z(q − q^′, q^′ − q^{′′}) × ϱ^{(3−k)}_0 (q^′)ϱ^{(3−k)}_0 (q^{′′}), (4.5) Z(u, v) = sgn(u)sgn(v) − 2|u|δ(v). (4.6)

5 CONCLUDING REMARKS

We have developed a systematic canonical perturbation approach that removes rapidly oscillating terms in Hamiltonians of quite general form. The essential feature of this approach is the use of mixed canonical variables. For this purpose the Vlasov-Poisson equations are transformed to mixed canonical variables, and an appropriate perturbation scheme is chosen to obtain the equilibrium phase space density. It is worthwhile to note that the perturbation expansion outlined in the preceding section can be carried out to arbitrary order, although higher-order calculations become very tedious.

The canonical perturbation technique has been applied to study the one-dimensional beam-beam interaction. In particular, rapidly oscillating terms due to the periodic beambeam kicks have been averaged away, yielding a timeindependent new Hamiltonian. Furthermore, the equilibrium distribution functions have been obtained as a general function of the new Hamiltonian, and a coupled set of integral equations for the beam densities has been derived.

6 ACKNOWLEDGMENTS

This research was supported by the U.S. Department of Energy.

7 REFERENCES

[1] S.I. Tzenov, ŞCollision Integrals and the Generalized Kinetic Equation for Charged Particle BeamsŤ, FERMILAB-Pub- 98/287, Batavia (1998).

[2] P.J. Channell, Physics of Plasmas 6, 982, (1999). [3] R.C. Davidson, H. Qin and P.J. Channell, Physical Review Special Topics on Accelerators and Beams 2, 074401, (1999); 3, 029901, (2000).

[4] S.I. Tzenov and R.C. Davidson, ŞMacroscopic Fluid Approach to the Coherent Beam-Beam InteractionŤ, These Proceedings (2001).

[5] J. Haissinski, Nuovo Cimento 18B, 72, (1973).