arXiv:physics/0210057 v1 13 Oct 2002

Non-Commutative Geometry, Spin and Quarks

B.G. Sidharth^∗ B.M. Birla Science Centre, Hyderabad 500 063 (India)

Abstract

In this paper we use considerations of non-commutative geometry to deduce a model for QCD interactions. The model also explains within the same theoretical framework hitherto purely phenomenological characteristics of the quarks like their fractional charge, mass,handedness and confinement.

1 Introduction

In recent years it is being realized that an important assumption that has been uncritically taken for granted in much of twentieth century Physics is that space time forms a differentiable manifold. This is the case, for example in the Riemannian General Relativity, and the Minkowski Space Time of relativistic Quantum Mechanics and Quantum Field Theory. It is only in recent years that space time manifolds where we cannot go down to arbitrarily small intervals have been considered in the context of, for example noncommutative space time models, SuperString Theory and Quantum Gravity and similar areas [1, 2, 3, 4].

Indeed it has been suggested by the author that once we discard the conventional space time geometries and consider a non- commutative space time then it is possible to reconcile the hitherto irreconcible pillars of the twentieth century, namely General Relativity and Quantum Theory [5, 6, 7, 8].

0∗E-mail:birlasc@hd1.vsnl.net.in

We will now argue that from the same non- commutativity, it is possible to also understand strong interactions and the quark picture.

2 Strong Interactions

Let us introduce the effect of a non-commutative space time into the usual metric, at some scale (l, τ )

ds^2 = g_{μν} dx^μdx^ν (1)

If we split up the product dx^μdx^ν into symmetric and non symmetric parts, (1) will become g_{μν} = η_{μν} + h_{μν} (2) In (2), the first term on the right side represents the usual metric, while the second term represents the effect of non- commutativity of the space time coordinates viz.,

[x, y] = 0(l^2), [x, p_x] = ıh̄[1 + l/h̄)^2p^2_x]etc. (3)

Equation (3) can be deduced from relations that were worked out by Snyder [9, 10], and subsequently by several other scholars over the past five decades and more. Incidentally if in (3), we specialize to the Compton scale, i.e. l denotes the Compton wavelength (and similarly, τ , the Compton time), then, we can infact deduce the Dirac equation of the electron [11, 12]. In other words the non- commutativity is an ∼ 0(l^2) effect. Starting from (2), it has been shown in detail that we can deduce the gravitational field equations □ϕ^{μν} = −kT^{μν} (4) where ϕ^{μν} = h^{μν} − 1 2 η^{μν} h (5)

(Cf.[5, 6]for details).

Equations (4) and (5) represent the linearized equations of General Relativity [13].

Starting from equation (4), we have, as is well known, in suitable units, g_{μν} = η_{μν} + h_{μν} , h_{μν} = ∫ 4T_{μν} (t − |⃗x − ⃗x|, ⃗x^′) |⃗x − ⃗x^′| d^3x^′ (6)

It may be mentioned that in (6), velocities comparable to that of light are allowed, and at the same time the stresses T^{ıj} and momentum densities T^{0j} can be comparable to the energy momentum density T^{00}. It is well known that when |⃗x^′| << |⃗x|, we have the equations m = ∫ T^{00}d^3x (7)

S_k = ∫ ϵ_{klm}x^lT^{m0}d^3x (8)

where m is the mass and S_k is the angular momentum. In any case, as is well known, (6) leads to the gravitational potential [13]. It may be mentioned that integrals and derivatives within the non-commutative geometry are approximate, because, in any case, the effects are, as pointed out, ∼ 0(l^2). We consider the integrals in (7) and (8) in a region bounded by the Compton wavelength, because in any case, the density of the particle vanishes outside this region, and hence, so also the energy momentum density T^{μν} . Remembering that the velocity at the Compton wavelength equals c, the velocity of light, we can easily deduce from (8) that the angular momentum S_k is given by, S_k = h 2 , that is the Quantum Mechanical spin half. (Cf.[12] for details]). Indeed from an alternative viewpoint it has been shown that the non-commutative relations (3) imply spin and conversely [14]. Let us now consider the case when |⃗x^′| ∼ |⃗x| Then we have from (6), expanding in a Taylor series about t,

h_{μν} = 4 ∫ T_{μν} (t, ⃗x) |⃗x − ⃗x^′| d^3x^′ + (terms independent of⃗x) + 2 ∫ d^2 dt^2 T_{μν} (t, ⃗x), |⃗x − ⃗x^′|d^3x^′ + 0(|⃗x − ⃗x^′|^2) (9)

To proceed further, we will need the relation, | du_ν dt | = |u_ν |ω (10)

where ω the frequency is given by, ω = |u_ν R = 2mc^2 h̄ Equation (10) can be derived in a simple way as follows: The non-commutative relations (3) imply y ≡ h̃p_x ( h̃ = H h , H = 0(l^2) )

(Cf. ref. [7, 8]). Whence we have

u̇_μ = 1 m (ṗ_μ) = 1 m h H (ẋ_ν ) = 1 m h H u_ν , which leads to (10). Interestingly, this is also true in the theory of the Dirac equation itself.

Using (10), we have, d dt T^{μν} = ρu^v du^μ dt + ρu^μ du^ν dt = 2ρu^μu^ν ω, so that, d^2 dt^2 T^{μν} = 4ρu^μu^ν ω^2 = 4ω^2T^{μν}

where ω is given in (10). Substitution in (9) now gives, h_{μν} ≈ βM r + 8βM( Mc^2 h̄ )^2 · r (11)

β being a constant.

This resembles the QCD quark potential [15]. In any case these considerations suggest that we can get different interactions at different distances or scales in a unified picture, which can approximately atleast represent quarks also.

We can further refine this argument. For this we will use the following relation already deduced (Cf.[12] and references therein for details):

A_σ = 1 2 (η^{μν} h_{μν} ) ,_σ , It was then shown that the electromagnetic potential is given by,

e^2 r = A_0 ≈ 2ch̄ r ∫ η^{μν} d dτ T_{μν} d^3x^′ = 2ch̄ r ∫ η^{ıj} d dτ T_{ıj} d^3x^′,

= 2ch̄( mc^2 h̄ ) ∫ η^{ıj} T_{ıj} r d^3x^′, (12)

outside the Compton wavelength.

As we approach the Compton wavelength however, we have to use equation (9), which after a division by m, the mass of the particle to be identified with the quark, and taking h̄ = 1 = c to correspond to the usual theory, goes over to, − α r + βm_e l^2 r (13)

which is essentially (11).

In (13) α ∼ 1andβ ∼^1_m and m_e is the electron mass. This is the QCD potential with both the Coulumbic and confining parts (Cf.ref.[15]). We now observe that the usual three dimensionality of space, as pointed out by Wheeler [13] arises due to the double connectivity or spinorial behaviour of Fermions, which takes place outside the Compton wavelength due to the fact that as has been seen elsewhere, while it is the negative energy components of the Dirac four-spinor which dominate inside, it is the positive energy components which predominate outside (cf.ref.[5, 12] for details). Such a three dimensionality can also be deduced using Penrose’s spin network theory [16]. Interestingly, if we consider the Dirac equation in two (or one dimension) [17, 18], we encounter handedness and the absence of an invariant mass - features which in the light of our considerations arise at the Compton wavelength. As we approach the Compton wavelength, we encounter mostly the negative energy component and the above double connectivity and therefore three dimensionality disappear: We have two or less dimensions. Indeed even in the purely classical case of a collection of relativistic particles, the various centres of mass form a two dimensional disk[19]. Such a conclusion has been drawn alternatively at very small scales (cf.[20, 21]).

This leads to the following circumstance: We have to consider two and one spatial dimensions. We now use the fact that as is well known [22] for each dimension the T_{ıj} in (9) or (12) is given by (1/3)ϵ, where ϵ is the energy density. In this case it follows from (12) that the particle would have the charge (2/3)e or (1/3)e, in two or one dimensions. Incidentally, this provides an explanation for the remarkable and well known fact that one third of charge appears to be concentrated in a core of the size of the order of the proton Compton wavelength as was experimentally well established [23]. Using the fact that at the Compton wavelength the charge becomes e/3, and d^3r → l^2dr owing to the single dimensionality in equation (12), and also using equation (10) in (9) we get 1 9 × 137r ∼ m_e · l^2 ∫ T r dr or ∫ T r ∼ 1 r × 10^3m_e

· m^2 ∼ m r where the last step follows from a comparison with the Coloumb part of (11) or (13). Whence m ∼ 10^3m_e (14)

where m is the quark mass, remembering that in the above natural units, l =^1_m .

Equation (14) is ofcourse correct. Infact using the quark mass given in (14) in (11) or (13), it is easy to see that the ratio of the coefficients of the confining and Coulumbic parts is ∼ (Gev)^2 which is also true [15].

Thus the quark and QCD identification is complete, and also at the same time a theoretical rationale for the mass, fractional charges and handedness of the quark has now been obtained. As noted by Salam, these were hitherto not explained theoretically [24].

This would also automatically imply that these fractionally charged particles cannot be observed individually, as they by their very nature appear when confined to dimensions of the order of their Compton wavelength. This is expressed by the confining part of the QCD potential (11) or (13).

3 Remarks

We would like to reemphasize that our model gives the mass (order of magnitude), the fractional charge, the handedness and the confinement feature of quarks correctly. Experimentally, a charge e/3 has been observed within the quark Compton wavelength, as pointed out. The correct phenomenological QCD potential also is obtained.

A final remark: In the above considerations, we had specialized to the Compton wavelength. We can see from an alternative and simple point of view, how the compton scale emerges. For this we use the fact that in the Dirac theory of the electron, we have (Cf.ref.[14, 25]) p̂(≈ h̄ x̂ ) = E^2 h̄c^2 x̂ whence x̂ ≈ h̄ mc , where x̂, p̂ arise due to well known non-Hermitian effects. That is we recover the Compton scale, within which non-commutative and non-Hermitian effects come into play.

References

[1] A. Connes, ”Noncommutative Geometry”, Academic Press, New York, 1994.

[2] A. Kempf, in ”From the Planck Length to the Hubble Radius”, Ed. A.

Zichichi, World Scientific, Singapore, 2000, pp.613ff.

[3] J. Madore, ”An Introduction to Noncommutative Differential Geometry and its Physical Applications”,Cambridge University Press, Cambridge, 1995.

[4] B.G. Sidharth, in ”Concise Encylopaedia of Supersymmetry and Noncommutative Structures”, Eds., J. Bagger, S. Duplij and W. Siegel, Kluwer, Dordrecht, 2001.

[5] B.G. Sidharth, Nuovo Cimento, 116B (6), 2001, p.4ff.

[6] B.G. Sidharth, Annales de la Foundation Louis de Broglie, 27(2), 2002, pp.333ff.

[7] B.G. Sidharth, ”Fuzzy Space, Non-Commutative Geometry and Fermionic Spacetime”, to appear in Nuovo Cimento (B).

[8] B.G. Sidharth, Proceedings of Fourth International Symposium on Frontiers of Fundamental Physics, Hyderabad, Kluwer Academic, 2001.

[9] H.S. Snyder, Physical Review, Vol.71, No.1, January 1 1947, p.38-41. [10] V.G. Kadyshevskii, J.Exptl.Theoret.Phys., USSR, 41, December 1961, p.1885-1894.

[11] B.G. Sidharth, Chaos, Solitons and Fractals, 11, 2000, 1269-1278. [12] B.G. Sidharth,”The Chaotic Universe: From the Planck to the Hubble Scale, Nova Science, New York, 2001.

[13] C.W. Misner, K.S. Thorne and J.A. Wheeler, ”Gravitation”, W.H. Freeman, San Francisco, 1973, p.448ff.

[14] B.G. Sidharth, ”Extension, Spin and Non-Commutativity”, to appear in Foundation of Physics Letters, October 2002.

[15] T.D. Lee, ”Particle Physics and Introduction to Field Theory”, Harwood Academic, 1981, pp.391ff.

[16] R. Penrose, ”Angular Momentum: An approach to combinational spacetime” in ”Quantum Theory and Beyond”, Ed., Bastin, T., Cambridge University Press, Cambridge, 1971, pp.151ff.

[17] A. Zee, ”Unity of Forces in the Universe”, Vol,II, world Scientific, Singapore, 1982, p.40ff.

[18] B.G. Sidharth, Journal of Statistical Physics, 95(3/4), May 1999, p.775- 784.

[19] C. Moller, ”The Theory of Relativity”, Clarenden Press, Oxford, 1952, pp.170.

[20] M.V. Altaisky, V.Z. Bednyakov and S.G. Kovalenko, Int.J.Th.Phys., 35, 253, 1996.

[21] L. Crane and L. Smolin, Nucl.Phys., B267, 1986, p.714. [22] J.V. Narlikar ”Introduction to Cosmology”, Cambridge University Press, Cambridge, 1993, p.57.

[23] S.V. Vonsovsky, ”Magnetism of Elementary Particles”, Mir Publisher, Moscow, 1975, p.28.

[24] A. Salam, ”Unification of Fundamental Forces”, Cambridge University Press, Cambridge, 1990, p.60.

[25] S.S. Schweber, ”Relativistic Quantum Field Theory”, Harper and Row, New York, 1964, p.47.