arXiv:physics/0307131 v2 1 Mar 2004

Information metric on instanton moduli spaces in nonlinear σ models

Shigeaki Yahikozawa^1 Department of Physics, Rikkyo University Tokyo 171-8501, Japan

Abstract We study the information metric on instanton moduli spaces in two-dimensional nonlinear σ models. In the CP^1 model, the information metric on the moduli space of one instanton with the topological charge Q = k (k ≥ 1) is a three-dimensional hyperbolic metric, which corresponds to Euclidean anti–de Sitter space-time metric in three dimensions, and the overall scale factor of the information metric is 4k^2/3; this means that the sectional curvature is −3/4k^2. We also calculate the information metric in the CP^2 model.

1e-mail: yahiko@rikkyo.ac.jp

1. Introduction

A parametrized family of probability distributions is often treated as a statistical model, which is deeply related to nonlinear σ (NLσ) models. The NLσ models have arisen in various contents [1]–[3]: the Heisenberg ferromagnet model, the quantum Hall effect, and other statistical mechanics problems; and the conformal field theory, string theory, and Yang- Mills (YM) theories in four dimensions. In such models, instantons play an important role in nonperturbative analyses [4]–[6]. From the geometrical point of view, the information metric arises as a metric on the moduli space of the instantons, and in more general as a metric on a manifold of probability distributions. It is generally defined by G_{AB} = ∫ d^Dx p(x; θ) ∂_Aln p(x; θ) ∂_Bln p(x; θ) , (1)

where p(x; θ) is the probability density function of x, parametrized by θ [7][8]. Here, x is assumed to belong to a flat D-dimensional space R^D, θ is a real N-dimensional parameter (θ_1, θ_2, ..., θ_N ), and ∂_A is the derivative with respect to the parameters θ_A (A = 1, 2, ..., N). The space of the parameters corresponds to the instanton moduli space in this paper. If we treat the normalized topological charge density of the instantons, which is the same as the normalized energy density, as the probability density function, the information metric on the moduli space of the instantons naturally appears from the definition (1).

Geometrical approaches have many advantages in statistical physics [9]–[11], for example, it has recently been shown that the scalar curvature of the information metric plays a central role in studying the characterization of the phase structure in statistical mechanics models [12]–[15]. In this paper, we concentrate upon the geometrical perspective from which instantons in nonlinear σ models are combined with the information metric. The information metric on the moduli space of the instantons has been studied in YM theories in four dimensions and in NLσ models in two dimensions. It has been shown so far that the information metric is isometric to hyperbolic space when one instanton with topological charge 1 exists in a SU(2) YM theory [16]–[18] or in a rational map [19] which is correspondent to a NLσ model in two dimensions, and also that the information metric is nondegenerate for the moduli space of the multiinstantons in rational maps [19]. What has not been done so far is to study the concrete dependence of the information metric on the topological charge of the instantons. That is what we shall do in this paper. We shall, in particular, compute the overall scale factor, which corresponds to the square of “radius,” of the information metric in the moduli space of one instanton with the topological charge which is greater than or equal to 1. The negative reciprocal of the overall scale factor of the information metric is directly correspondent to the curvature, which is the sectional curvature to be exact. In the geometrical analyses about the NLσ models and statistical models in general, it is important to investigate the curvature of the moduli spaces where the instantons live.

The paper is organized as follows. In Sec. 2, we briefly review the CP^n NLσ model. In Sec. 3, we compute the information metric on the moduli space of one instanton with the topological charge which is greater than or equal to 1 in the CP^1 model. And, furthermore, we compute the information metric in the CP^2 model. In Sec. 4, we draw conclusions and indicate some interesting possibilities to extend our work.

2. Definition of the CP^n NLσ model

To define the two-dimensional CP^n model, we take an (n+1)-dimensional complex vector field Φ [20][21]:

Φ = (ϕ_1, ϕ_2, ..., ϕ_{n+1}) . (2)

The CP^n model is defined by the Lagrangian density L in two-dimensional Euclidean spacetime: L = 1 2g^2

[(D_μΦ)(D_μΦ)^† + α(ΦΦ^† − 1)] , (3)

where D_μ (μ = 1, 2) is the covariant derivative defined by

D_μ = ∂_μ + iA_μ , (4) A_μ = i 2 [Φ(∂_μΦ)^† − (∂_μΦ)Φ^†] , (5)

α is the multiplier field imposing the constraint ΦΦ^† = 1, and g is the coupling constant. This model has the global SU(n + 1) symmetry and the U(1) local symmetry.

The CP^n model defined above has a topological charge Q, which is also called a winding number: Q = ∫ d^2x q , (6) q = − 1 2π ϵ_{μν} ∂_μA_ν = − i 2π ϵ_{μν} (D_μΦ)(D_ν Φ)^† , (7) where q is the topological charge density.

The equation of motion is obtained from the Lagrangian density (3), D_μD_μΦ + (D_μΦ)(D_μΦ)^†Φ = 0 . (8) If the self-dual equation D_μΦ = −iϵ_{μν} D_ν Φ (9) is satisfied, then the equation of motion is automatically satisfied. Using this self-dual equation, we get the topological charge density q as follows: q = 1 2π (D_μΦ)(D_μΦ)^† , (10) which is proportional to the Lagrangian density under the constraint Φ^†Φ = 1, namely, the relation between the Lagrangian density and the topological charge density is L = π g^2 q . (11)

3. Information metrics on moduli spaces of instantons

To find the self-dual solution, let us parametrize the field Φ as follows Φ = W √ W W^† , (12) where W is an (n + 1)-dimensional vector, W = (w_1, w_2, ..., w_{n+1}) . (13) Substituting this Φ into the self-dual equation (9), we find that if ∂_{z̄}W = 0, then the selfdual equation is satisfied, where z = x^1 + ix^2. Moreover, by making use of the U(1) local symmetry, we can take W as W = (η, u_2, u_3, ..., u_{n+1}), where η is a real number (η ≥ 0) and u_i’s (i = 2, 3, ..., n + 1) are rational functions.

3-1. Information metric in the CP^1 model

Let us consider the instanton solution in the CP^1 model, which is the most simple NLσ model. Since the purpose of this paper is to investigate the information metric on the moduli space of the instanton with the topological charge which is greater than or equal to 1, we adopt the following self-dual solution:

W = [λ^k, (z − a)^k] , (14)

where a = a^1 + ia^2 and k is any positive integer. Here, λ and a correspond to instanton moduli parameters. The topological charge density of this instanton solution is given by q = k^2 π λ^{2k}|z − a|^{2k−2} (λ^{2k} + |z − a|^{2k})^2

, (15)

which has a maximum value where |z − a| = [(k − 1)/(k + 1)]^{1/2k}λ (k ≥ 1). The topological charge of the instanton solution (14) is k: Q = k. We take the normalized topological charge density, which corresponds to the normalized energy density or the normalized Lagrangian density in the Euclidean space-time, as the probability density function p(z; λ, a) of the instanton in the CP^1 model: p(z; λ, a) = 1 k q = k π λ^{2k} |z − a|^{2k−2} (λ^{2k} + |z − a|^{2k})^2

. (16)

By substituting this probability density function into the definition of the information metric (1), we obtain

ds^2 = G_{AB} dθ^Adθ^B , (17)

where

G_{11} = 4 3 k^2 1 λ^2

, (18) G_{ij} = 2π 3 k^2 − 1 k sin(π/k) 1 λ^2 δ_{ij} , (19) G_{1i} = G_{i1} = 0 , (20)

where θ^1 = λ, θ^2 = a^1, θ^3 = a^2 and i, j = 2, 3. If we change the instanton moduli parameter a into b as follows a = √ 2 π k^3 sin(π/k) k^2 − 1 b , (21)

where b = b^1 + ib^2, it is established that the information metric on the moduli space (λ,⃗b) of the instanton is

ds^2 =

4k^2 3 dλ^2 + d⃗b^2 λ^2

, (22) where⃗b = (b^1, b^2). The overall scale factor of the information metric is 4k^2/3. This hyperbolic three-space corresponds to the Euclidean anti–de Sitter space-time in three dimensions with the “radius” R = √ 4/3 k, which means that the sectional curvature is −3/4k^2. If k becomes very large, the spacetime becomes flatter. It is clear that the information metric on the moduli space of one anti-instanton with the topological charge which is any negative integer is also the three-dimensional hyperbolic metric with the same curvature.

3-2. Information metric in the CP^2 model

In the CP^2 model, we consider the information metric on the moduli space of instantons which have Q = 1 and moduli parameters (λ, a, b). The instanton solution is W = (λ, z − a, z − b) , (23) where λ is real, a and b are complex numbers. In this case, the probability density function p(z; λ, a, b) is given by p(z; λ, a, b) = 4 π 2λ^2 + |a − b|^2 (2λ^2 + |a − b|^2 + |2z − a − b|^2)^2

. (24)

If we change the coordinate z and the moduli parameters (λ, a, b) into v and (Λ, c, δ) as follows z = 1 √ 2 v , (25) a = 1 √ 2 (c + δ) , (26) b = 1 √ 2 (c − δ) , (27) λ = √ Λ^2 − δ^2 , (28)

the probability density function becomes p̃(v; Λ, c, δ) = 1 π Λ^2 (Λ^2 + |v − c|^2)^2

. (29)

This is indeed the same as the probability density function for one instanton with Q = 1 in the CP^1 model [see Eq. (16)]. Therefore, the information metric of the moduli space (Λ, c, δ) is easily obtained, ds^2 = 4 3 dΛ^2 + d⃗c^2 Λ^2

, (30) where ⃗c = (c^1, c^2). This information metric represents the hyperbolic three-space, which corresponds to the Euclidean anti–de Sitter space-time in three dimensions, in the same way as the case of the CP^1 model mentioned in Sec. 3-1. Notice that there is no dependence on the parameters δ and d⃗δ in this information metric, where ⃗δ = (δ^1, δ^2). The substitution of Eqs. (25)–(28) into Eq. (30) leads to the information metric for the moduli parameters (λ, a, b): ds^2 = G_{AB} dθ^Aθ^B , (31) G_{11} = 16 3 λ^2 (2λ^2 + |a − b|^2)^2

, (32) G_{1i} = G_{i1} = −G_{1 i+2} = −G_{i+2 1} = 8 3 λδ̃_i (2λ^2 + |a − b|^2)^2

, (33) G_{ij} = G_{ji} = G_{i+2 j+2} = G_{j+2 i+2} = 4 3 δ̃_iδ̃_j (2λ^2 + |a − b|^2)^2 + 4 3 δ_{ij} 2λ^2 + |a − b|^2

, (34) G_{i j+2} = G_{j+2 i} = − 4 3 δ̃_iδ̃_j (2λ^2 + |a − b|^2)^2 + 4 3 δ_{ij} 2λ^2 + |a − b|^2

(35)

where θ^1 = λ, θ^2 = a^1, θ^3 = a^2, θ^4 = b^1, θ^5 = b^2, i, j = 2, 3, A, B = 1, 2, . . . , 5, and δ̃_i = ai − bi. Although this information metric looks complicated, a simple structure is hidden as explained above.

4. Conclusions and Discussions

We have shown that in the CP^1 model the information metric on the moduli space of one instanton with the topological charge Q = k (k ≥ 1) is the Euclidean anti–de Sitter spacetime metric in three dimensions. The overall scale factor of the information metric is 4k^2/3, and this means that the “radius” R = √ 4/3 k and the sectional curvature is −3/4k^2. If k becomes very large, the space-time becomes flatter. Furthermore, we have also computed the information metric of the moduli space of the instanton in the CP^2 model.

The NLσ model often arises in string theory as well as in various statistical mechanics problems. Since the topological charge of the instanton may be related to the Ramond- Ramond charge or the D-instanton charge in string theory, it is worthwhile to attempt to apply the above results to the correspondence between conformal field theories and string theories in the anti–de Sitter space-time, which is called the AdS/CFT correspondence [22].

It is particularly interesting to investigate the relation between three-dimensional anti–de Sitter space-time and a kind of two-dimensional NLσ model from the point of view of string theory. Furthermore, we should study the information metric on the moduli space of multiinstantons in the NLσ models, the YM theories, and supergravity theory in more detail.

Acknowledgments

The present work was supported in part by Grant for the Promotion of Research and Special Fund for Research from Rikkyo University, and Grant-in-Aid for Scientific Research (Grant No. 13127104) from the Japan Ministry of Education, Culture, Sports, Science and Technology.

References

[1] J. L. Jacobson, N. Read, and H. Saleur, “Dense loops, supersymmetry, and Goldstone phases in two dimensions”, Phys. Rev. Lett. 90 (2003) 090601.

[2] A. G. Abanov and P. B. Wiegmann, “Chiral nonlinear σ models as models for topological superconductivity”, Phys. Rev. Lett. 86 (2001) 1319.

[3] J. Cardy, “Linking numbers for self-avoiding loops and percolation: application to the spin quantum Hall transition”, Phys. Rev. Lett. 84 (2000) 3507.

[4] A. Kamenev, “Weak charge quantization as an instanton of the interacting σ model”, Phys. Rev. Lett. 85 (2000) 4160.

[5] V. Gurarie and A. Migdal, “Instantons in Burgers equation”, Phys. Rev. E 54 (1996) 4908.

[6] A. Patrascioiu and E. Seiler, “Superinstantons and the reliability of perturbation theory in non-abelian models”, Phys. Rev. Lett. 74 (1995) 1920.

[7] S. Amari, “Differential-geometrical methods in statistics”, Lecture Notes in Statistics Vol. 28 (Springer-Verlag, Berlin,1985), p. 1.

[8] S. Amari amd H. Nagaoka, “Methods of Information Geometry”, (AMS/Oxford University Press, New York, 2000).

[9] G. Ruppeiner, “Riemannian geometry in thermodynamic fluctuation theory”, Rev. Mod.

Phys. 67 (1995) 605.

[10] R. Balian, Y. Alhassid, and H. Reinhardt, “Dissipation in many-body systems: a geometric approach based on information theory”, Phys. Rep. 131 (1986) 1.

[11] G. Ruppeiner, “Application of Riemannian geometriy to the thermodynamics of a simple fluctuating magnetic system”, Phys. Rev. A 24 (1981) 488.

[12] W. Janke, D. A. Johnston, and R. Kenna, “Information geometry of the spherical model”, Phys. Rev. E 67 (2003) 046106.

[13] W. Janke, D. A. Johnston, and Ranasinghe P. K. C. Malmini, “Information geometry of the Ising model on planar random graphs”, Phys. Rev. E 66 (2002) 056119.

[14] D. Brody and N. Rivier, “Geometrical aspects of statistical mechanics”, Phys. Rev. E 51 (1995) 1006.

[15] H. Janyszek and R. Mrugała, “Riemannian geometry and the thermodynamics of model magnetic systems”, Phys. Rev. A 39 (1989) 6515.

[16] N. J. Hitchin, “The geometry and topology of moduli spaces, in global geometry and mathematical physics”, Lect. Notes Math. 1451(1988)1.

[17] D. Groisser and M. K. Murray, “Instantons and the information metric”, Ann. Global Anal. Geom.15(1997)519.

[18] M. Blau, K. S. Narain, and G. Thompson, “Instantons, the information metric, and the AdS/CFT correspondence”, e-print arXiv:hep-th/0108122.

[19] M. K. Murray, “The information metric on rational maps”, Exp. Math. 2 (1993) 271. [20] A. D’Adda, M. Lüsher, and P. Di Vecchia, “A 1/n expandable series of non-linear σ models with instantons”, Nucl. Phys. B146 (1978) 63.

[21] K. Furuta, T. Inami, and M. Yamamoto, “Topics in nonlinear sigma models in D=3” e-print arXiv:hep-th/0211129.

[22] J. Maldacena, “The large N limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys. 2 (1998) 231.