physics/0403137 �

THE R ATIONSHIP OF TIME SP E

S. B. M. Be a B. M. Di Interdisciplinary Quantum Gr , Department of Computer Scien The Univers y of Liver ol, Chadwick Buildi , Peach Street Liverpool, L6 ZF, Un ed Kingdom

Ema Ma @SarahBe .org.uk and B.M.Diaz@csc. v. .uk

ABST T We s w that, in addi on to radiation travelling a he spee f t, QED theory predicts a second type o adiation with an infin e veloc y. W lso show that charge, as it app rs in the Dira quation, may hav triune nature.

1. PR IMI IES

1.1 Note on Nomenclature

Matrices consisti f more tha e row or column, quaterni s, maps, and lifts are give oldf type. * si ifies complex conjuga . T signifies trans siti .^� si ifies Herm an conj ation.^�si ifies quaternion c jugation [Altma ]. A lowercase Latin subscript stands for 1, r 3 a i icates the sp axes. A lowercase Greek s script stands for 0, 1, 2, or 3 and indicates the spacetim xes. i is the s are

Sar Be 2^{th} March root .1- .1_0 =i ,_1 ii = ,_2 ji = ki =_3 stand for the quaternion matri s, where 1 2 -=_ri a ,_{321} iii =_{312} iii -= w h cyc c varia ons [Altma ]. We

use_ris- as the basis, where_rs are the Pauli matri s [Dir 1 8], . 1 0 0 1 , 0 0 , 0 1 1 0_3 2 1 � ł � � Ł � - = � ł � � Ł � - = � ł � � Ł � = s s s i i

Sin ,^� � i ii i -=„= this m ns that ,*_{11} ii -= ,*_{22} ii = ,*_{33} ii -= ,_{11} ii =^T

,_2 2 i i -=^T ,_{33} ii =^T .^� � r r r ii i =-= We define the derline sym l and the

ver cal bar as indicating a re ector or a rotator matrix, resp vely [Bell

et al. 2 0],

( ) ( ) � ł � � Ł � = = � ł � � Ł � = = U Q U Q U U U Q U Q U U 0 0 , | | , 0 0 , where Q a U are quaternions.^T signifies re ector transposi ,

( ) ( ).,

, QUQ U Q U = T We use units in which 12 == phc where c is the

spee f ght a h is Planck�s c stant and may also stand for a

gravitational version [Be and Di 2 4], [Be 2 4]. Repeti f a

s script does no mply summa which is alway ignalle y the

explic use of � .

1.2 Contraction t Vector

We follow our previous discussi [Bell et al. ]. Let^`� be the

complexified algebra of quaternions ( )`˛_{mmm} qq ,i where` is the complex

field. We define the` -lin r map,

Sar Be 3^{th} March

� ł � � Ł � fi fì �^` 0 1 , :^2 Q Q F where Q is a comple uaternion, a ,

,_r r is-=i (1.2.A)

Then,

( ) ( )U

F = (1.2.B)

where U is omplex quaternion, and the fo owi further properties may

be derived, ( ) ( ) ( ) ( )

( ) ( ),2 1 ,_3 3 QFiQF QF i QF =+ = - i i (1.2.C)

W lso define the lift G, m m i i G fi� ł � � Ł � �fi `^` 0 1 , :^2

Then, 2` = �GF (1.2.D)

Note that G is -´ linear but not -` n r where´ is the fiel f r ls.

The following further properties may be derived for the ft G, ( ) ( ) ( )

( ) ( )_3

, iQi

QFiG Qi QFiG -=

=_m m m m i (1.2.E)

1.3 Contraction t Scalar

Let,

3 3 2 2 1 1 0 3 3 2 2 1 1 0 , q q q q u u u u i i i Q i i i U + + + = + + + = (1.3.A)

Sar Be 4^{th} March where_mq a_mu may b omplex. W ll ,_0u ,_1u_2u and_3u th omponents of U. We define the dot product o w uaternions, 3 3 2 2 1 1 0 0 quququ qu + + + = �U Q (1.3.B) As may b sily s y e lic enumera on, ( ) 2^‡

‡ QU U Q U Q + = � (1.3.C) where^‡signifies quaterni conjugati so that, V U -= S^‡ (1.3.D) where,

2 ‡ 1 ‡ 2 3 3 2 2 1 1 0 || , || , , U U U U U U i i i V = = + + = = - u u u u S (1.3.E)

W S the temporal part of U a V the spa al part.

We the ave for a further contraction operation, ( ) [ ] ( )

{ } ( )UiQ UFi QF_r r �=

† (1.3.F) om e a ons (1.2.B) and (1.3.B). Hence om e ation (1.3.C), ( ) [ ] ( )

{ } ( ) 2^{‡‡} ‡ † QiUUiQ UFi QF_r r r + = (1.3.G) We w consider a seco contracti operation using a Pauli matrix, ,_rs ( ) [ ] ( )

{ } ( )

{ }_3 † iUiQ UF QF -�=_r rs (1.3.H) om e a ons (1.2.A), (1.2.B), (1.2.E) and (1.3.B). Therefore, ( ) [ ] ( ) { } ( ) ( )

{ } 2^{‡‡‡}_3 3 ‡ † QiU i i UiQ UF QF r r r -+ - = s (1.3.

om e a (1.3.C).

Sar Be 5^{th} March

2. DERI TION OF TH RIM DI EQ TION

2.1 The Dirac Equation

We vary r previous discussion [Be et al. 2 0] of the Dir

equa , which gives the behaviour of a particle in an el tromagnetic or

gravitational [Bell a Di ], [Bell 2004] field, by c osing the

version give y Dir [1 8] as the original Dirac equation,

( ) ( )

( ) Y Y � � � � � � +- + ¶¶ = ¶ ¶ �_r rrrr^{mAAxi} x i b a a_0 0 (2.1.A)

whereY is the wave f ction a olumn matrix,_0x the tem ral co-

ordinate,Athe potential fou vector,

( )_{3210} ,,, AAAA A= (2.1.B)

a mthe rest ma of the particle. We define the bispinors by,

( )^T_2 = yy

Y ,_1 (2.1.C)

and the matri s by,

� ł � � Ł � - = � ł � � Ł � = 1 0 0 1 , 0 0 b s s a r r r (2.1.D)

We make the following changes of variable,

� ł � � Ł � � ł � � Ł � - =� ł � � Ł � = = =

2 1 2 1 0 ~ 0 ~

1 1 , , y y f f F i i iA A im m (2.1.E)

We define the bij tion H betw ectors in^4` and quaternions,

( ) ( )_{3322110} 3 2 1 0 ,,, vvvv vvvv iii + + + «

Sar Be 6^{th} March

W the left-hand-side th ctor a ociated with the aternion the ri t-hand side. Let, ( ) { } ( ) { }_{321}^~_0 ~ 3 2 1 0 ~ , ,, , , , , A A A A x x x x i H A H D = ¶¶ ¶¶ ¶¶ ¶¶ = (2.1.F)

Then equa (2.1.A) becomes ( ) ( )_1^~_2^{~~}_2^~_1^{‡~} ~ , ff f f m i m i -= - = - AD A D (2.1.G)

We use the lift G of secti .2, ( ) { } ( ) { } 0_1^~_2^~ ~ 2 ~ 1 ‡ ~ ~ = + - = - - f f f f m i m i A D G A D G (2.1.H)

From the lift G and equations (1.2.E), (2.1.E) a (2.1.F) we obtain for the first of equations (2.1.H),

( )( ) ( )

( ) ( ) ( )( )

( ) ( )( ) 0_{32} 3 1

1 0 1 3 0 1 = - - - + + ¶ ¶ - + - ¶ ¶ � � i G i G i G Gi i G f f f f f m A A x x r r r r r r (2.1.

and a sim ar equati for the seco f e ati s (2.1.H). We stmu iply both the e ati s s erive y (1+ii_3). We tain, again using e ati s (2.1.E) a (2.1.F), ( ) ( )^§_1^§_2^{~~~§}_2^§_1^{‡~}

~ , M A D M A D ff f f -= - = - i i (2.1.J)

where, ~ ~ m= = M M (2.1.K) and w hoose to wr e^~M i eferen t roperties we w l discu in sectio .3, and,

Sar Be 7^{th} March

( ) ( ) ( ) ( )_{32}^§_{23} 1 § 1 2 2 1 1 1 , 1 , , i i G G i i + = + = = = f f f f f f f f (2.1.L)

E ations (2.1.L) defin new form of the bispi rs. We may map equa ons (2.1.J) with F, ( ) { } ( ) { } 0 ,0 § 1 § 2 ~ ~ § 2 ~ § 1 ‡ ~ ~ = + - = - - f f f f M A D F M A D F i i (2.1.M)

and om the definition of map F a equa s (1.2.B) and (1.2.C) or (1.2.D) we tain e ati s (2.1.G). Thus, while^~M remains a s lar equal to^~m , the Dir equa , (2.1.J), is simply a the orm of the original equa .

The Dir equati in the bispinors becomes the sam ation in the spi r reflector, ( ),^§_2^§_1^§ f,fF

( ) ( ) ( ) ( ) ( ) ( ) ~ ~ § 2 § 1 § § 2 § 1 § ~ ~ ~ ~ , , , , , M M M A A A D D D - = - ff F ff F i

or, ( )^{~§§~} ~ M A D F F = - i (2.1.N)

2.2 The Trim Dirac Equation

We may wr e the Dir equa as, ( ) { }( ) 0 1 |_3 ~ ~ ~ =+ - - i M A D i i F (2.2.A)

where,

Sar Be 8^{th} March

( ) � ł � � Ł � = - = 2 1 ~ ~ ~ ,, | | f f F M M M M (2.2.B)

om e a ons (2.1.K), (2.1.L) and (2.1.N). The right-ha side will be ro if one of two co itions are met, (1) (2) ( ) ( ) ( )_3 ~ ~ ~ ~ ~ ~ 1 | ,0 | i M A D M A D i i i - = - - = - - X F F (2.2.C)

whereX is a column matrix w h quaternion elements, since, if ( ) ,0 1_3 = + i Y i where Y is a quaternion, Y must b ither0or ( ),1_3iY i-¢ whereY¢may b ny aternion. Since, ( ) { } 0

1_3 = - i F i X (2.2.D) om the definitio f map F a equa ons (1.2.B) and (1.2.C), we obtain the sam y of the original Dir equa whatever the value ofX a we may se to any convenient value. W ose 0=X so tha he second equa is included in the first. This abolishes the special positi that_3i has held hitherto. The resu s ( )^~ ~ ~ M A D FF =

- i (2.2.E) Let the tem ral part of a reflector, c sistin f the tem ral parts of the const uent quaternions, be indi te y the subscript( )t¢, while the co esp ding spatial par s i icate y( ).s Resolvi th quation into r l and imaginary parts,

( ) ( )

( ) ( )

( ) ( )

( ) ( )t s t s t s i i ¢ ¢ ¢ = - = - ~ ~ ~ ~ ~ ~ , M A D M A D F F F F (2.2.F)

Sar Be 9^{th} March om the definitions of the variables in s tio .1, where we have allowed^~M the spatial part discussed in sectio .3. Se i_{( ) ( )},^{~~}_{tt} i_¢= XX the equa ons b ome,

( ) ( )

( ) ( )

( ) ( )

( ) ( )t s t s t s ~ ~ ~ ~ ~ ~ , M A D M A D F F F F = + = - (2.2.G)

where a he variables are real. These two equations are yet anothe orm of the original Dir e a , in that using the map G we may map the origina nto this form a , using the map F we may map thes quations into the original Dir equation. w llow every individual part to transform relativistica y w oul se this form in what we say ab t the Dir e ation in the rest of the paper. However, we may also produ single equa , which is the generalisatio f th an ertly relativistic. Let, ( ) { } ( ) ( ) { } ( )

( ) ( ) ( )^‡ ~ 3 2 1 3 2 1 0 0

‡ 3 2 1 0

‡ 3 2 1 0

, , , , , , , , , ,

M M M M M A A A A A A A A A A A A H A D D D D H D

- = -= -= = = = = ¶¶ ¶¶ ¶¶ ¶¶ =

i A,A,A , , A , ,, x ,x ,x x (2.2.H)

then we may rewr qua (2.2.G) as,

( ) ( )

( )_{( )}

( ) ( )

( )_{( )t} s t s t s M A D M A D F F F F = - = - , (2.2.

Set ng_{( )} ,0=_sM the first equa shows that_{( ) ( )} .FF_{ts} AD = This is surprisi . We w allow the quaternion in_{)(t}A t av ero tem ral part but spatial parts depe in the ,_ri while co ersely, the quaternion in_{)(s}A is a scalar. With this in mi , we have made th omponents of A themselves quaterni s. We dem strate the e ect in the next section. Adding the two equati s, ( ) M A D F F = - (2.2.J) This is the trim Dir quation. However, if we wan e sure that a solution of the trim Dir quation is a solution of the original Dirac equa , we must insis hat it also obeys equations (2.2.G).

We remark tha he difficulty w h A which emerges in the deriva of the fiel ersi [Greiner and Reinhardt ] leading to the app ran of � osts�[Ka 3] may b onnected to some of the properties of the Dir equa found in thi ection.

2.3 A Simple Solution of the Trim Dirac E ation

We w fi the soluti we used throu out our previous work [Bell et al. 2 4a&b], [Be and Di 2 4], [Be 2 4] in which the potential is constant. Let, ( ) ( ) ( ) ( )_{rr} r r r r r r x x x x x x x x m n m n m n m n + + + = + + + = 0 0 1 0 0 2 C B Y X f f (2.3.A)

Wr ng equa (2.2.J) in terms of the bispinors, ( ) ( ) M A D M A D_{21}^‡ ‡ 1 2 , ff f f = - -= - (2.3.B) and applying the first of e ati s (2.3.A) to the first of (2.3.B) and the same for the seco ,

{ } ( ) { } ( )

{ } ( ) { } ( )_2^‡ 0 ‡ 2 ‡ 0 ‡ 2

2 0

2 0 1

m x x m x x m x x m x x

r r r r r r r r r r r r r r r r

M B A C i C M CA B i B M XA Y i Y M X i X

m n m n m n m n m n m n m n m n

+ + - - + - - = + + + + + - + -=

f f (2.3.C)

Th xpressions for_1f and_2f in equations (2.3.A) a (2.3.C) must b al for a values of_mx if both are to represent a solu , which m ns that, ( ) ( ) ( ) ( )_2^{‡‡} 2 ‡ ‡ 2

2

m m m m

r r r r r r r r

M B A C i C X M C A B i B Y M XA Y i Y B M X i X C

+ - -= - - = + + = - + -=

m n m n m n m n (2.3.D)

Substituting for C a B from the firs wo equations into the las wo, ( ) ( ) ( ) { } ( ) ( ) ( )

{ }Yi A A i X A A X i A A i Y A A r r r r r r r r r r m m m n m n m n m n m n m n + + - -= + - - + + - = + - - ‡ ‡ 2 2 2 ‡ ‡ 2 2 2 (2.3.E)

W ow for this rela y setting, Xi Y_r-= (2.3.F)

Then, pr ided the subscript r denotes a single term, 0 2 2_0 ‡ 2 2 2 = - - + - -_{rrrr} r m iAiA A A m n m n (2.3.G) or, ( ) ( ) 0^2 2 0 2 = - + - +_{rrr} r m A i A i m n (2.3.H)

We use the defin ions in equations (2.2.H), a set,

r r r r A A i A i A -=

= ,_0 0 (2.3.

at which point, maki the tem ral or spatial variables imaginary, we retrieve the same solu on as we di reviously for the Dir equa [Bell et al. 2 4a], that is, with the conventions use ere, ( ) ( )^2 2 0 2 r r A A m -+ + = m n (2.3.J) Usi equa ons (2.3.F) and (2.3.D), we may m ify e ations (2.3.A) to r d, ( ) { } { } ( )

{ }_{rr} r r r r r r x x m x x m n m n m n + + + - = + = 0 2 1 0 2 i M A i Y i Y f f (2.3.K)

We may disc er the more general representati for multiple values of r by spatial rotation, which we discuss in sectio .

2.4 S ies Solution o he Trim Dirac E ation

We derive the propagator for the trim Dir qua following Greiner and Rei ardt [ 96a]. We may choose any reference am transform e ati (2.2.J) usi equa ons (2.2.B) a (2.2.H) to fi , ( ) ( )F

F MM M A D , |^‡ - = - (2.4.A) We w change the name of the pr agator, ,_FS to_DB i r of B r a Dir sin ours di ers [Greiner & Reinhardt a], [Bell et al. 2 a&b]. It is give y, [ ] [ ]

( ) [ ] [ ]xx x x x x -¢d=-¢ -¢ -¢^4A B M A D_D ; | (2.4.B) where the brackets,[ ], indicat dependen Cartesian co-ordinates.

The propagator is give y,

[ ] ( ) [ ] [ ]xx x x x -¢d=-¢

-¢^4 DB M D | (2.4.C)

We transform to momentum sp , [ ] ( ) ( ) { } [ ]

�^{-¢�-} = -¢ pxx p x x_D D B B 2 d_4^4 p (2.4.D)

where p is th nergy-momentum f vector and [ ]p_DB is the

propagator in momentum sp . Inserting equation (2.4.D) into e ation

(2.4.C), expanding the d function elements on the ri t hand side by, [ ] ( ) ( ) { } �^{-¢�-} = -¢ d xx p x x 2 d_4^4 p (2.4.E)

an erformi the di erentia ,

( ) [ ] 1 | = - p_DB M P (2.4.F)

where,

( ) �^=

=_{m mm}i P PPP P p , ,^‡ (2.4.G)

E ation (2.4.F) is satisfie y,

[ ]_{22} | m p p - + = M P B_D

(2.4.H)

We may wr e, [ ] ( ) [ ] [ ]x x x ¢=¢

-¢ $ M D F| (2.4.

where,

[ ] [ ] [ ] [ ]A B A $_D ;xxx x x x -¢¢ + -¢ d=¢^4 (2.4.J)

and we interpret$as a s r term. The solution is give y,

[ ] [ ] [ ]

�^{-¢}

=¢ yyx y x $ B_D 4d F (2.4.K)

Replaci [ ]x¢F by [ ]A

B_D ;xx -¢ and subs uting for [ ]y$ om e ation (2.4.J) l ds to, [ ] [ ] [ ] [ ] [ ]A B A B B A B D D D D ; d ; 4 xy y y x y x x x x - -¢ + -¢ = -¢ � (2.4.L)

which is the Lippma -Schwi er equation [Greiner and Reinhardt 1996a]. The Dir equati w h a sour term is t explici y covariant fo ou vector behaviour of the ma term t we may fi the wave func on om the propagator, which doe atisfy the Dir quation with joint four-vector behavi r of the wave function a ma term.

3. SPATIAL MPO L ROTATIONS

3.1 Lo ntz Transformations

Let Q be the fou v tor, ( )_{3210} ,,, qqqq Q = (3.1.A) with_mq r l, in Min wski spacetime w h signature .+++- Any Lorentz transforma o f Q may be represente y a Lorentz transformati confined to the( )_{10},qq plan ombined w h spa al rotations. With t loss of genera ty w sider only the former. Such a Lorentz transforma on om the undashed to the dashed ame, travel at a veloc y v- alo the_1q -axis, may be describe y,

2 2

1 0 1 0

1 1 , 1

,

v v v q q q q

- = - = � ł � � Ł � � ł � � Ł � =� ł � � Ł � ¢ ¢

q q q q q q (3.1.B)

whereq is real [E io a Dawber 1979a&b]. We sha call this the

Minkowski transformation. Set , q q q, ii i� = = (3.1.C)

equa (3.1.B) becomes,

� ł � � Ł � � ł � � Ł � - =� ł � � Ł � ¢ ¢ 1 0 1 0 q i i i i q qi q q q q (3.1.D)

which is the basis for r previ s tr tment of Lorentz transforma ons

[Bell et al. ]. We may inst d represent equation (3.1.B) using a

different parameterisation, q f q f , =

= (3.1.E)

in which the Minkowsk ransformati omes,

2 1 0 1 0 1 , v v q q q q

- = = � ł � � Ł � � ł � � Ł � =� ł � � Ł � ¢ ¢

f f f f f f (3.1.F)

wheref is real. As for e ation (3.1.B), the nes 4pf –= a 43pf –=

represent the li t cone, where the value of elements o ou v tors in the

dashed am ro h infinity [E ott and Dawber 19 b]. The regi s 4p f < are physica y ssible, while the regions 4pf > describe

tachy s. Th qua on leads to,

� ł � � Ł � ¢ � ł � � Ł � - =� ł � � Ł � ¢_1 0 1 0 q q q q f f f f (3.1.G)

where we have made the exchange, f q fi ¢ fi fi¢ iq q qi ,

,_0 0 0 0 (3.1.H) i oi from e ati (3.1.D) to (3.1.G). The sta ary a the m i ames are w represente y the vectors( )^Tqq_{10},¢ a ( )^Tqq_{10}, ¢ rather than( )^Tqq_{10}, a ( ) .,_{10}^Tqq ¢¢ We w ca his the Euclidean tr sformation. It applies to a Euclid n spa time, where the signature is .++++ By c trast with the Mi owsk ransforma on in equa (3.1.F), the light cone has opened into a semi-hypersphere, represente ere by the line ,2pf –= and there is no discontinuity. Th lements of the fou v tor in the m ing ame remain fin e while the directio f travel along the observer�s tem ral axis reverses. The tachy ic porti s of the graph have been excised, a radiati travels infinitely fast. Sin the Galilean transforma s [Einstei 8] assume the tem ral co-ordinates in the two ames are identical, it is no easier to c ose the route Einstein chose to Special Relativity than to regard equa (3.1.G) as defining Lorentz transforma s. However, as is we - own, the Maxwell e ati s em y the usual transforma on, equation (3.1.B) o 3.1.F), and so s Maxwe not Einstein w made the decision. We w te to regard the tem ral co-ordinate as �owned�by the server and the spatial co-ordinate as �shared�between observers and it is also po ible to arrive at a sim ar formulatio sing the map, f q fi ¢ fi fi¢ iq q qi ,

,_1 1 1 1 (3.1.

in which a spatial co-ordinate is exchanged.

Transformati f a Lorentz invariant equa from Minkowski spa time to Euclid n spacetime, as define ere, requires the k wledge of the equa in tw ifferent frames. We may wever redu this to one ame by c sidering the lim ,0fiq implying ,0fif which leaves the matrices in e ati s (3.1.D) and (3.1.G) equal. We may then freely exchange_0q and ._0q¢ This m ns we may c sider the behaviour of the Dir equa nder a Lorentz transformati as give y either equation (3.1.B) and (3.1.D) or (3.1.G). The sam lies to the radiation equa , which describes the electroma etic or gravitational [Be and Di 2004a&b] fiel enerate y harge article. We may also, with mor omy represent both forms of transforma on as,

� ł � � Ł � � ł � � Ł � - =� ł � � Ł � ¢ ¢ 1 0 1 0 ~ ~ ~ ~ ~ ~ ~ ~ q q q q f f f f (3.1.J)

where w ow all the variables t e r l or a real except for an imaginary anglef ~ and imaginary tem ral co-ordinates.

Su ose that an equatio etw n fou vectors holds whether the first element of the four-vector of interest, here represente y ,_0q is given a real or an imaginary value. Sup se further that the equa ca e shown t e invariant under the operation given in equation (3.1.J) by a proof that does not depend on whetherf~has a real or imaginary value. Then the pr f of invarian for the Euclidean transforma on is su icient to ensure invarian for the Mi owski and vi versa. This is true for both the Dir and the radiation e ation as we will show. Sin we may make the transi etw n the two types of invariance, Min wski and Euclid n, radia travelling at the spee f li t and a ray which travels infin ely fast may be represented w hin the one sp etime by two copies of the Dir a radiati e ations, transformi i ifferent ways. We w ll the forme adiation terrestrial, and represen the light cone at an angle of 4p to the axes. We w ca he latter, les al, and represen the les al plane alo the spa al axes. The di eren is a li le ke that between covariant a contravariant v tors, when curvature is used to describe gravity [Einstei 7]. It was found that a dis n ishin ota was needed for these, and i racti we shall need one here, if this prediction of the e a s proves t ave ysical explanatory value. We shall discu uch a notation at th n f the next s . We remark that most of the theoreti l predic ons of QED theory have been fo d t ave ysical counterparts in the past.

3.2 atial and Temporal Rotations of Reflectors a Rotators We introdu practical met ds o epresen ng the fundamental rotati s just discussed. Associa fou v tors with a quaternio si the map H, we may describe their spatial rotation and Lorentz transforma on in two ways. In the first we transform the com ents of the quaterni s, identica y the elements of the Euclidean fou v tors, using a suitable spatial rotatio r ost matrix and leave the quaterni matrices, i_m, constant. This is th pproach we used in the last s . In the second we l ve the com ents of the quaternion c stant and transform the quaternion matrices, i_m, using quaterni mul plication. Dir [Dir 1 8] chose the former course, while from w we will ch se the latter.

We have st ied the geometry of aterni and hence reflector and rotator mu ipli s before [Be and Mason ], [Bell et al. ]. We r pitulate a augment. Let R b quaternion with complex com ents and unit m ulus with, 33 22 11 0 rr r r i i i R + + + = (3.2.A) and, ( ) ( ) ( ) ( )_{321} 33 22 11 R 0 0 1 r,,,0

,0,0,0, rr r r r V r r S_R = + + = = = - - i i i H H 1 (3.2.B)

W the plane c taini S_Ra V_R the temporal plane a the plane everywhere at right a les to it the spa al plane. We define, ( ) ( )_0^2_3^2_2^2_1 2 rrrr ++ = f (3.2.C) Let Q b quaterni w h complex com nents. Table I gives th ular behavi r of ( )QH^{1-} under quaterni multiplicati y R. The first column defines the type of mu ip ca and the sec d two columns define the angle, x, through which Q turns t ecome .Q¢The first colum ives the angle, ,_sx in the spa al plane and the sec d the angle, ,_tx in the tem ral plane.

Table I. The Rotations Eff te y Quaterni Multiplicati E ression, =¢Q Spa al plane_sx Tem ral plane_tx 2x+ 2x+ 2x- 2x+ Q R^‡ 2x- 2x- ‡ 2x+ 2x- 0 x+ ‡ x+ 0 R^‡ x- 0 ‡ ‡R 0 x-

W a rotati in the spatial plane a spatial rotation and a rotation in the tem ral plane a temporal rota . The latte epresents a boost or Lorentz transforma on.

So, for example, the Euclid n transforma o escribed in equation (3.1.G) woul e represente y,

2 2^1 f f i R + = (3.2.D)

and, Q =¢ (3.2.E) withf a the com nents ofQa Q¢r l, while the Minkowski transforma on in equa (3.1.D) w l e represente y the same t with,

2 2^1 q q i i i R + = (3.2.F)

and the spatial part ofQa Q¢r l t the tem ral par maginary. Heref a q have the same relationship as in the last sec .

We develop the properties of the reflector matri s u e otation. We consider the aternion e ation, ‡ ‡ = (3.2.G) We may provide the fou vectors ( ),^1 QH^- ( )PH^{1-} a ( )WH^{1-} with a spatial rotatio y pre- an ost-multiplicatio f the quaternions by a su able R a .^‡R This transforma on is a sim arity transforma tha eaves equa (3.2.G) invariant. However, if we wish to give the variables a tem ral rota , we must pre- an ost-mu iply Q a P by R wh e^‡P a^‡W must be pre- and post-multiplie y^‡R t reserve the rela f quaternion c jugation. Neither of these is a sim arity transformati altho h equation (3.2.G emains invariant. However, if we take the quaternion c jugate of equation (3.2.G) a re-a ange we obtain a s d form of the equa , W P P Q^‡

‡ = (3.2.H) We may wr quati s (3.2.G) and (3.2.H) as, ( ) ( ) ( ) ( )^‡ ‡ ‡ ‡ , , , , WWWPPP PPP Q Q Q = (3.2.

E ation (3.2. implies more than equation (3.2.G) but we may w pr id tem ral rotation which leaves equation (3.2. invariant and is a sim ar y transforma on, as fo ows. Let, ( ) ( )^‡,||,,| | RRR R R R R R_{TT} S S = = (3.2.J)

Then we may e t a rota f ( ),^1 QH^- ( )PH^{1-} and ( )WH^{1-} by, b‡ b‡ a‡ || ,| | ,| | RQRW RQ R P RQ R Q^b a a =¢ =¢ =¢ (3.2.K) where 1==ba pr ides fou vector behaviou or all th ociated fou vectors with ||_SRR = for a spatial rotation a ||_TRR = for a tem ral rotation. Alt ugh other values may als e interpreted using the first a fourth entries in table I as ombinatio otations through a les of 2xa– or 2xb– [Bell and Maso 90], we shall c fine our discussion to fou v tors for the rest of thi ection.

We may broade r remarks and include, ( )UQQ Q , = (3.2.L)

where Q a Uare distinct, providing that U rotates in the same sense as^‡Q under a tem ral rota . Rota ons are describe y, ( ) ( )^‡|,|

, RUQQR U Q Q =¢¢¢ (3.2.M) where |

|_SR R = for a spatial rota a ||_TRR = for a tem ral rotation.

Further, all the reflectors in equa (3.2.I) may be distinct. Thus e ati s consistin f refl tor multiplications are invariant under any rotation in 4` to a sim ar y transforma on.

Su ose we have an equation in which the product of an eve mber o eflector matri s, for example, ( ),,SPP i et equal to a rotator matrix,

( ).,| UQ

Q For a rotation of the fou vectors associated with the quaternions in the ( ),,SPP we have for the rotator, ‡|||

| RQR

Q =¢ (3.2.N) which provides a spatial rotatio f Q a U whether |R is |_SR or .|_TR T s the tem ral parts of the quaternions associated with the rotator are constant under any type o ota .

We have now s wn that all spa al rotations and Lorentz transforma s of any Euclidean fou v tors a ociated w hQ or |Q n b ecte y suitably chosen |_SR a .|_TR We may further. We may use the Dir equa , (2.2.J), to represent th the terrestrial and th elestial se. Both M and A have only a tem ral par n the rest ame, om equa ons (2.2.H), where we wi su ose the terrestrial and celes al coincide. Pr ided we ch se the local ame in which ,_{21} ff = which we discuss in s and th ppendix, an ave the liberty to se he phase ordi ly,_1f a_2f c form. Tem ral rotati s are represente y a complex angle, q f g i+

= (3.2.O) Subsequently, after a series of Lorentz transforma s, performed separately for the Euclidean and Mi owski cases and added, and in the general case, the te estrial quan es wi be represente y the m lus of imaginary variables and the celes al by r l variables, provided_1f behaves lik fou v tor, from e ati s (3.2.D) thr (3.2.F). We l ve en whether were then ssible to rotate the real and imaginary plane by differing angles, whether in the spatial or the tem ral planes, and the significan of the hal angle rotatio erm ed_1f below.

3.3 Invariances o he Trim Dirac E ation

We discuss the behaviour of the trim Dir quation under spa al a tem ral rota in Euc dean sp etime. Usi equation (3.2.M) for the fou v tors, ‡ ‡ || ,| | RAR A RD R D =¢

=¢ (3.3.A) where |R is |_SR for a spatial rota a |_TR for a tem ral rotation. Next we consider the transforma on formul , n n n ‡ ‡ || ,| | RR RM R M F F =¢

=¢ (3.3.B) W h the derstandi that a matrix to the power ro is the matrix, 0=n gives the transforma onal proper es suggeste y Dir [Dir 1 8]. However, 1=n w also leave the Dir quation invariant a here M and_1f transform ke fou vectors. In section 4 we show that the Dirac cu ent will transform k fou v tor for this form of behaviour too. Sin the transforma onal properties of D and A have t been altered, the eigenvalues associated with the trim Dir quation for 1=n con e the sam s those of the original Dir equation where .0=n

As for the original, the trim Dir quation is invariant der a parity change or me reversal. We have, T‡BDB

D =¢¢ (3.3.C) and sim arly for ,A and,

T‡ T‡ , EME M E B =¢¢ =¢¢ F

F (3.3.D)

where, ( ) ( )1,1 ,1,1 - = =_-

+ CE C B (3.3.E)

for a parity change, and, ( ) ( )1,1 ,1,1_+ - = - = CE C B (3.3.F)

for time reversal. Either c i l ves equa (2.2.J) invariant. We l ve open which circumstances perm complex conjuga , a reflection of the imaginary axes and t s te estrial spa time.

4. THE IATION EQ TION

4.1 The Dirac Cu nt

Th served current for the original Dir quation is Y Y Y Y_r rJ J a^† † 0 , =

= (4.1.A)

Translating this into r new variables usi equations (2.1.C) and (2.1.E), ( ) ( ) 2 ,2_1^†_{12}^†_2 2 † 2 1 † 1 0 ffff ff ff_r r rJ J ss - = + = (4.1.B)

Changi ariables using equati s (1.3.C) a (2.1.L) for the first a (1.3. and (2.1.L or the sec d, ( ) ( ) ( )

{ } 4 2 2 ‡‡ 2 1 ‡ 1 3 3 2 ‡‡ 2 1 ‡ 1 2 ‡ 2 1 ‡ 1 0 f f f f f f f f ff ff r r r r rJ J i i i i i i + + + = + = (4.1.C)

We shall discu a Minkowski version firs n which,

r r J J J = =^~ 0 ~ 0 , (4.1.D)

Pre- and st-multiplyin y_31 ii+ ,

( )( )( ) { } ( )( )( )

{ } 4 1 1 : 4 1 1: 3 2 ‡ 2 1 ‡‡ 1 3 ~ 3 2 ‡ 2 1 ‡ 1 3 ~ 0 i i i i i i i i it J i i it J r r r + + + = + + + = f f f f ff ff (4.1.E)

where :t instructs us to take the tem ral part. Set ,

2 1 , , 3 2 ‡ 0 ‡ 2 2 1 ‡ 0 ‡ 1 1 i T T T ii T J T ii T J i i i + = = = = + -

+ - - + ff f f_m m m m (4.1.F)

we find that,

( )^2 1 ~ :_{mm} m J J + =t J (4.1.G)

Let,

( ) ( ) ( )^‡ 2 1 ~ ~ , , , , , | |_{mmmm} m m m m iiIITTTT J J J J = = =^{-+} (4.1.H)

and we s from e a ons (4.1.F) that, T II T J F F_m m 0 T‡ ~| i= (4.1.

giving, ( ) { }| :^~ ~ m m J t J = (4.1.J)

om e a (4.1.G).

4.2 Invariances o he Dirac Cu nt

We s w that th u ent behaves lik Euclidean fou v tor. We

define the proper es of T and_mI under spatial rotation a Lorentz

transforma on,

‡ n‡ || ,| | RIR I RT R T_m m =¢

=¢^n (4.2.A) where |R is |_SR for a spatial rota a |_TR for a tem ral rotation. Equa (4.1. becomes T II T J ¢¢¢¢¢¢

=¢ F

F_m m 0 T‡ ~ | i (4.2.B) an en from e ations (3.3.B) and (4.2.A) we have fo otations, n n ‡ ~ |||

| RJR

J_m m =¢ (4.2.C) where |R is |_SR for a spatial rota and |_TR for a tem ral rotation. Neither transforma on alters the tem ral part of the aternion elements of .|^~_mJ Hen , ( ) { }| :^~ ~ ¢ =_m m J t J (4.2.D) om e a (4.1.J) a so^~_mJ is invariant der spatial rotation a Lorentz transforma on for th 0=n a .1=n We may then let,

�^=_m mm^i

J^~ ~ J (4.2.E)

and we s i ediately that ( )^{~1} JH^- is a fou v tor.

We may also show tha h urrent is conserved in a frames. Premu iplying equation (2.2.J) by ,_0^{T‡} IF M I DI F F F F_0^{T‡} 0 T‡ = (4.2.F) where th rrow indi tes the directio f differentiation. Pre-multiplyi equa (2.2.J) by ,_0I taki the quaternion conjugate a reflector transpose, and post-multiplyi the resu by ,F

F F F F_0^{T‡T‡} 0 T‡ I M DI = (4.2.G) sin , ( ) DI DI_0 T‡ 0 = (4.2.H) Adding equati s (4.2.F) a (4.2G), multiplyi y i, pre- an ostmu plyi yT a equa the tra s, ( ) { } [ ] ( )TI MT TM I T T II T F F F F F F 0 T‡ T‡ 0 T‡ 0 T‡ : : i i t i t x + = ¶¶�_m m

m (4.2.

Spa al or tem ral rotations of the expressi s in r rackets on both sides of equa (4.2.I) indu sim ar y transforma on, for both 1=n a 0=n transforma onal behaviour. The expression in ro rackets on the right hand side of th quation is ro when ,m=M sin ,^{T‡}M

M -= (4.2.J) and remains so in a frames. Th xpre ion in curly brackets the left ha side of the equati s equals the Min wski cu ent, ,^~_mJ om e ations (4.1. and (4.1.J) and is constant from e ation (4.2.D). Hen^~_mJ is conserved in a frames for all values of n.

In the above_mD does not vary. we wish to vary_mD as a fou v tor, we must in c sim ar variation for^~_mJ by replacing it with ( ).^1 JH^- Then the left-ha side of equation (4.2.J) is equal to the dot product o ou vectors if M is repl e y^~M a_mD is repl e y ,_miD a is hen constant and thus always ro.

4.3 A Simpl V sion o he Dirac Current

This definitio f^~J is not w h t problems. In the first place it w ld lead to a scalar tem ral part for the potential, while we w ld ke the possib y of maki this triune as we suggested in sections 2.3 an .4. S dly, appears to wor nly if we use the Min wski cu ent defined in equa (4.1.D). Thirdly, the definition of |^~_mJ in equation (4.1. is very comp cated. We w l refer to choose an alternative. Sin ( )_rJJ ,_0 is a fou v tor, there is a ame in which has only e n -zero component, ._0J We s om e ations (4.1.C) that in this ame ,_{21} ff = so that, the quaternion associated with the Dir cu ent, 1 ‡ 1ff=J (4.3.A) Then, in the same ame, let, ( )^{T‡},|| JJJ J = (4.3.B) giving, F F^{T‡} |=J (4.3.C) We make ( )JH^{1-} a four-vector by ame i th quation to read, ( ) ( )^‡ T‡ ‡ , , kkK JJJ FF= (4.3.D) where 1=k in the ame where_{21} ff = and we define the behavi r ofK under a spatial or tem ral rota as, ‡| | RKR K =¢ (4.3.E) We then indu spa al or tem ral transforma on to the dashed ame by,

‡ T‡ |

| RK R J FF

=¢ (4.3.F)

where |R is |_SR for a spatial rota and |_TR for a tem ral rotation. This is

suc ssful because FF^{T‡} is invariant; it is a rotator whose quaterni

const uents have only a tem ral part. Since ( )JH^{1-} is e al to the Dir cu ent in one ame, a ehaves as a fou v tor, it must be equal to the Dir cu en n all ames. Following our argument in the latter part of sectio .2, we find that e ation (4.2. may be repl e y, ( ) { } [ ] ( ) 2 2 0 T‡ T‡ 0 T‡ 0 T‡ F F F F F F I M M I II + = ¶¶�_m m

mx (4.3.G)

wheremhas only e value, zero. By explicit enumerati ,

( ) 2 0 T‡ F

F_mII

J = (4.3.H)

when ,0=m om e ation (4.3.D) with .1=k Then, by a sim ar ar men o that already given in sectio .2, the Dir current is conserved.

4.4 The Trim Radiation Equation

The radiation equation is [Greiner and Reinhardt 1996a], , 0 0 m m m J x A x A x A_r r r = � � � � � � � ł � � Ł � ¶ ¶ + ¶ ¶ - ¶ ¶ - � F (4.4.A)

In the Lorentz ga e this ca e written, ( ) 0 ~ 0 ~ r

‡~ ~ ~ ~ ~ T‡ ~ ~ ~ , , , , k k k k k k K K K A D D i r = = = -= F

F (4.4.B) om the definitio f the d�Alember an, ,F o rom Be et al. [2000] a equa ons (4.3.D). This is invariant under a Minkowsk ransforma from the definitio f^~D in equation (2.1.N) and e ations (3.3.A), (3.3.B) and (4.3.E).

T rove that equati (4.4.A) is invariant under a Euclidean transforma on, we will consider the ame in whichAhas ly a tem ral part. Equation (4.4.A) b omes

,_0 0 J x A x r r r = ¶ ¶ ¶ ¶�^{(4.4.C)}

Then we use the Euclidean transforma on, taining in the general case, , 2 2 m m m m m m m m J x A x x A = � � � � � � � � ¶ ¶ ¶ ¶ - ¶ ¶ � �^{(4.4.D)}

om which, or, by a sim ar argument om e ation (4.4.B), the trim r iation e a in the Lorentz gauge is K ADD F

F^{T‡}

= (4.4.E) usi equa (4.3.D).

The left-ha side of e ation (4.4.E) is i ariant der spatial or tem ral rota from e a (3.3.A). We may dem strate i arian under par y cha nd time reversal by transforming ,D Aa K as in equa (3.3.C), whileF transforms as in equation (3.3.D).

So far in this account of the radiation equa on we have t a owed 0A the triune nature we previously su osed it might have. T so, we mus m s triune nature ,_0J the first com nent of J. We write the trim radiation equation as,

J ADD = (4.4.F) and insist on, ( ) { } ( ) ( ) ( ), , , , , 3 2 1 3 2 1 0 0

‡ 3 2 1 0 J,J,J ,, J ,,, -= = = = J JJ J JJJ J J JJJH

J (4.4.G)

where w ign values to_mJ in conform y w h those assigned to the potential. A triune nature for charge as has b reviously suggeste y Rowlands and Cullerne [ ].

We may use the radia on equation, (4.4.F), to represent both the te estrial a th elestial case. In the rest frame the terrestrial and celestial coincide a the r previous discussion a he e f s .2 follows .

KNOW DGEMENTS One of us (Bell) w ld like to ack wle e th istan of E. A. E. Be . She would like t edi te this paper to Russell Be , who is spinning with the iverse.

A E IX

In the ame in which ,_{21} ff = discussed in sectio .3, the trim Dir equa ecomes ( ) ( ) 0 , ~_‡ = - + - FM M M A D (A.1) pr ided ,m=M om e ations (2.2.H) a (2.2.J). W his the special frame a the equati the special Dira q . It is eviden hat this equa is relativis c t in both the te estrial a celes al case, for the transforma onal behaviour give y equation (3.3.A) a , n‡ ‡ || ,| ~| ~ RR RM R M F F =¢

=¢ (A.2) where |

|_SR R = for a spatial rota a ||_TRR = for a tem ral rotati .

The special Dir equa , (1.A), has the sam igenvalues as the trim Dir e ation sinceDa Aare unaltered.

We may use the special inst f the trim Dir quation in sec on 2.4. Following thro ur argument there, we find that the Dira quation with a sour term, (2.4.B), is now c ariant for fou v tor behaviour of the bispinor, ._1f

REFERE ES

A ma , S. L. Rota s, Q terni s a Double Groups Oxford University Pre , Oxford ( )

Bell, S.B.M. and Mason, D.C. Te eral quaterni s for the octtr , The Comput. J. Vol N (1 0) 386- 7

Bell, S. B. M Cullerne, J. P. and Diaz, B. M. Classical behaviour of the Dir bispinor Fou a ons ofPhysics Vol 30 N (2000) 35- ; arXiv: ant-ph/ 6

Bell, S. B. M Cullerne, J. P. and Diaz, B. M. QED derived from the twobody interaction F ti s ofPhysics Vol 34 N ( 04a) 297- 3; arXiv: ant-ph/ 7 & quant- /0 18

Bell, S. B. M Cullerne, J. P. and Diaz, B. M. The two-body interac with ircle in me F a ons ofPhysics Vol No 2 (2 4b) 3 - 8; arXiv: ant-ph/ 2

Bell, S. B. M. a Diaz, B. M. Quantisi general rela vity usi QED theory, T e blished ( 04); arXiv: ysics/02 108

Bell, S. B. M. Quan sin eneral relativ y using QED theory, a verview and extensi , T e b shed (2 4); arXiv:physics/ 0

Dir , P. A. M. The Principles ofQ ntumM nics F rth Ed i , Oxford University Pre , Oxford (1958)

Einstein, A. The Meaning ofRelativitySixth Edi , Chapman a Ha Ltd Lon n (1967)

E io , J.P. and Dawber, P.G. Sy etryin Physics - Volume 1: Principles and Simple A lica s The M m an Press Ltd. (1979a)

E io , J.P. and Dawber, P.G. Sy etryin Physics - Volume 2: Further App cations The M m an Pre Ltd. ( )

Greiner, W. a Reinhardt, J. QuantumElectrody mics Second Edi , Springe Verlag, Berlin (1 6a)

Greiner, W. a Reinhardt, J. Field Quantiza Springer-Verlag, Berlin (1 6b)

Ka , M. Q ntumField Theory, a Modern Introduction Oxford Univers y Press, Oxford (1993)

Rowlands, P. a Cu erne, J. P. “Th onnection between the Han-Nam quark theory, the Dir equation a fundamental sy etries,”Nuclear Physics ol. 4 ( ) 7 - 5