arXiv:quant-ph/0106081 14 Jun 2001

Nonstationary Casimir Effect and analytical solutions for quantum fields in cavities with moving boundaries

V. V. DODONOV^� Departamento de Física, Universidade Federal de São Carlos, Via Washington Luiz km 235, 13565-905 São Carlos, SP, Brazil Moscow Institute of Physics and Technology Lebedev Physics Institute of Russian Academy of Sciences

1 Introduction

Electrodynamics in vacuum or in media with moving boundaries was the subject of numerous studies in the XXth century. It is sufficient to remember that the famous Einstein’s paper which gave birth to the relativity theory was entitled “Electrodynamics of moving bodies” [1]. The total number of publications in this field is enormous, since it includes, in particular, such important problem as radio-location. In this review we confine ourselves to the problem of cavities with (ideal) reflecting moving boundaries. This means that we consider the fields confined in some limited volume, thus leaving aside the problem of the field propagation in the (semi)infinite space and reflection from single boundaries (having in mind that numerous references to the publications related to this “full space” problem can be found, e.g., in [2–5]).

The plan of the chapter is as follows. In the next section we give a brief historical review of the relevant studies, both in the fields of classical and quantum electrodynamics, supplying it with an extensive list of the known publications. Although we tried to give a more or less complete list, it is clear that some publications have been (undeliberately) missed. To excuse we could mention that for decades different groups of physicists and mathematicians performed the studies in their own fields of interest, not suspecting the existence of analogous results found in other areas. We hope that our review will serve to diminish this gap essentially.

It is clear that all results accumulated for several decades cannot be collected in one chapter. Therefore in the following sections we have decided to make an emphasis mainly on the detailed exposition of our own results concerning the recently obtained analytical solutions for the cavities with resonantly oscillating boundaries, since we hope that these solutions could be important for the further studies on the problem known under the names “Nonstationary Casimir Effect” or “Dynamical Casimir Effect.”

2 Brief history of studies on electrodynamics with moving boundaries

2.1 Classical fields in cavities with moving boundaries

The first exact solution of the wave equation (c = 1)

∂^2A ∂t^2 − ∂^2A ∂x^2 = 0, (1)

in a time-dependent domain 0 < x < L(t) (where L(t) is the given law of motion of the right boundary), satisfying the boundary conditions A(0, t) = A(L(t), t) = 0 (2)

�E-mail:vdodonovdf.ufscar.br

was obtained by Nicolai [6] for L(t) = L_0(1 + αt). (3)

The solution was interpreted in terms of the transverse vibrations of a string with a variable length. A few years later, these results were published in [7], where the extension to the case of electromagnetic field was also made. A similar treatment was given by Havelock [8] in connection with the problem of radiation pressure. Quarter a century later, the one-dimensional wave equation in the time-dependent interval interval 0 < x < a + bt was considered in [9] under the name “Spaghetti problem.”

A new wave of interest to the problem of electromagnetic field in a cavity with moving boundaries has arisen only in the beginning of 60s, being motivated, partially, by the experiments [10] on the “field compression,” accompanied by the frequency multiplication (for 2.3 times) due to multiple reflections of the initial H_{011} wave (λ_{in} = 10 cm) from the opposite sides of a resonator, one of which was a “plasma piston” moving uniformly with the velocity v ∼ 2 · 10^7 cm/s. Kurilko [11] studied linearly polarized electromagnetic field between two ideal infinite plates moving with equal constant velocities towards each other. He considered consecutive reflections of the waves from each boundary, writing explicit expressions for the finite time-space intervals, corresponding to zero, one, two, etc., reflections. Balazs [12] gave a detailed study of the string problem with the aid of the method similar to that used by Nicolai and Havelock. Besides considering the uniformly moving boundary, he has found an exact solution for L(t) = ( t^2 + 1 )_{1/2} , and gave some graphical method of finding the solution for an arbitrary law of motion L(t). Greenspan [13] studied the one-dimensional string with the uniformly moving right boundary, assuming the boundary condition at the left point in the form A(0, t) = sin(ωt). The problem of the “field compression” between two ideal infinite moving walls (the same geometry as in [11]) was studied by Stetsenko [14, 15]. An approximate solution for the electromagnetic field in a rectangular waveguide cavity with a uniformly moving boundary was obtained in [16]. In this case one has to solve the equation (c = 1)

A_{xx} − A_{tt} = κ^2A (4)

with the same boundary condition as in (2). The detailed paper by Baranov and Shirokov [17] can be considered, in a sense, as a concluding study of the one-dimensional problem with a uniformly moving boundary (although many publications on this subject continued to appear up to last years). The experiments on laser cavities with uniformly moving mirrors were described, e.g., in [18–22]. In these experiments, the constant velocity of the mirror varied from 7 cm/s [18] to 400 m/s [22].

In short note [23], Askar’yan has pointed out two possible effects of oscillating surfaces on the electromagnetic field inside the (laser) resonator cavities. The first one is the influence of oscillations on the generation and intensity of the laser radiation. It was extensively studied in many experiments, devoted, in particular, to such problems as the generation of optical pulses [24, 25], phase locking of laser modes (where the frequencies of the mirror oscillations varied from 50 Hz [26] to 500 KHz [27, 28] and 1 MHz [29, 30], see the review in [31]), or modulation of the laser radiation [32, 33] (in [33] the frequencies varied from 17 to 70 KHz). The theory of these phenomena was considered, e.g., in [34–36].

The second effect predicted by Askar’yan was the field amplification inside the cavity under the parametric resonance condition, when the mirror oscillates at twice the field eigenfrequency. It was not observed yet, as far as we know, and the main part of the present review is devoted just to the progress in the theoretical treatment of this phenomenon achieved in recent years.

In 1967, Grinberg [37] has proposed a general method of solving the wave equation in the case of an arbitrary law of motion of the boundary, based on expanding the solution over the complete set of “instantaneous modes.” Krasil’nikov [38] seems to be the first who gave rather detailed study of the electromagnetic vibrations in a spherical cavity with an oscillating boundary. The one-dimensional cavity with a resonantly oscillating boundary was considered with the aid of the method of characteristics in study [39], where it was shown that the energy is ‘pumped’ to the high-frequency modes at the expense of the lower-frequency ones.

A significant contribution was made in a series of papers by Vesnitskii and co-authors. In [40] he gave an exact solution for the problem of a rectangular waveguide with a uniformly moving lateral wall, i.e., for the equation and the boundary conditions

A_{xx} + A_{zz} − A_{tt} = 0, A|_{x=0} = A|_{x=L(t)} = 0 (5) with L(t) = L_0(1 + αt) (in this case, A is the E_y component of the field of the type H_{n0}). A spherical resonator, whose radius linearly changed with time, was considered in [41]. A general (although implicit, in some sense) solution of the one-dimensional problem with an arbitrary law of motion of the boundary was given in [42], where it was shown that a complete set of solutions to the problem (1)-(2) can be expressed through the solution of some simple functional equation (see equation (7) in the next subsection). The solutions of the inhomogeneous one-dimensional wave equation for the law of motion L(t) = L_0(1 + αt)^{±1}, with an arbitrary inhomogeneity and arbitrary initial conditions, were given in [43]. A family of concrete laws of motion admitting simple explicit expressions for the mode functions was found in the framework of the inverse problem in [44]. The two-dimensional rectangular membrane with a single uniformly moving boundary was considered in [45]. A possibility of the frequency modulation in the waveguide with a slowly oscillating boundary was studied in [46]. A review of the results obtained by Vesnitskii and co-authors was made in [47].

Exact solutions for the waveguide with nonuniformly moving boundary (problem (5)) have been found by Barsukov and Grigoryan [48,49]. They considered also the electromagnetic resonator with moving boundary [50]. Similar problems were studied in [51, 52]. Periodic solutions of a one-dimensional wave equation with homogeneous conditions on moving boundaries were considered in [53]. Transition processes in onedimensional systems with moving boundaries were studied in [54]. Oscillations of a round membrane with a uniformly varying radius were considered in [55]. A nonlinear transformation was applied to solve the inhomogeneous problem of the forced resonance oscillations in a one-dimensional cavity with moving boundaries in [56]. The scaling transformation method, which reduces the problem with moving boundaries to that with fixed ones by means of the transformations such as x → x/L(t), was considered in [57, 58].

In the last decade of the century, the problem of vibrating string with moving boundaries was studied in [59] (two supports moving toward each other with constant velocities) and [60–64] (oscillating supports). The electromagnetic (better to say, massless scalar) field in one dimensional ideal cavities with periodically moving boundaries were considered in [65–69]. Analytical solutions for the field in circular waveguides with (linearly) moving boundaries were obtained recently in [70, 71]. The “dynamical” field modes in the onedimensional and spherical cavities with uniformly moving boundaries were found once more time in [72]. The same problem for the expanding/contracting ideal spherical cavity, whose radius varies as R(t) = R_0 √ 1 + αt, was solved recently in [73]. (A family of the laws of motion of the boundary, which includes, in particular, the dependences such as R(t) = R_0 √ 1 + αt + βt^2, R(t) = Dt + E + F (At + B)^{−1}, and their combinations, was considered in the case of the diffusion-type equations in [74, 75], where it was shown that this family admits exact solutions of the problem.)

2.2 Quantum fields in the presence of moving boundaries

Moore’s paper [76] seems to be the first one devoted to the problem of quantum fields in cavities mith moving boundaries. It was motivated by the studies of a more general problem of the particle (in particular, photon) creation in the nonstationary universe [77] and in external intense fields (see, e.g., the books [78, 79] and reviews by Ritus and Nikishov in [80]), which is closely related to the problem of field quantization in the spaces with nontrivial (e.g., time-dependent) geometry. Considering a model of the “scalar electrodynamics” (when the field depends on a single space coordinate), Moore has found a complete set of solutions to the problem (1)-(2) in the form A_n(x, t) = C_n {exp [−iπnR(t − x)] − exp [−iπnR(t + x)]} , (6) where function R(ξ) must satisfy the functional equation

R(t + L(t)) − R(t − L(t)) = 2. (7)

As a matter of fact, quite similar approach was used in [6–8] for a linear function L(t). Independently, equation (7) was obtained by Vesnitskii [42]. Moore’s approach was developed in [78, 81, 82]. However, the most efforts were applied to the case of a single mirror (not necessarily plane) moving with a relativistic velocity or with a great acceleration, when the effect of particle production becomes significant [83–100].

The case of two or more boundaries, one of which moves with a constant relativistic velocity, was analyzed in [101–104] (the case of constant relative acceleration was considered in [105]). For the uniform law of motion of the boundary (3) the solution to Eq. (7), found by many authors cited above, reads (remember that we assume c = 1)

R_α(ξ) =

2 ln |1 + αξ| ln |(1 + v)/(1 − v)|

, v = αL_0. (8)

Evidently, if α → 0, this function goes to R_0(ξ) = ξ/L_0. For an arbitrary nonrelativistic law of motion one can find the solution in the form of the expansion over subsequent time derivatives of the wall displacement. We give it in the form obtained in [106]: R(ξ) = ξλ(ξ) − 1 2 ξ^2λ̇(ξ) + 1 6 ξλ̈(ξ) [ ξ^2 − L^2(ξ) ] + · · · , λ(ξ) ≡ L^{−1}(ξ). (9) In the special case L(t) = L_0/(1 + αt), when λ̈(ξ) ≡ 0, Eq. (9) yields another exact solution, R(ξ) = L^{−1}_0 ( ξ +^1_2 αξ^2 ) . Unfortunately, the expansions such as (9) cannot be used in the long-time limit ξ → ∞, since the terms proportional to the derivatives of λ(ξ) (which are supposed to be small corrections) become bigger than the unperturbed term ξλ(ξ).

Castagnino and Ferraro [93] have found several solutions of the Moore equation (7) with the aid of the inverse method, which was used earlier by Vesnitskii [44]. In this method, one chooses some reasonable function R(ξ) and determines the corresponding law of motion of the boundary L(t) using the consequence of Eq. (7), L̇(t) = R^′[t − L(t)] − R^′[t + L(t)] R^′[t − L(t)] + R^′[t + L(t)]

. (10)

To solve differential equation (10) with some simple functions R(ξ) is more easy (at least this can be done numerically) than to solve the functional equation (7) for the given function L(t). However, not for any simple function R(ξ) the dependence L(t) appears admissible from the point of view of physics (the velocity may occur greater than the speed of light, or some discontinuities may arise). Actually, the cases considered in [93] correspond to some monotonous displacements of the mirror from the initial to final positions. Typical functions R(ξ) used in [93] were some combinations of ξ/L_0 and some trigonometric functions such as sin(mπξ/L_0 ). A large list of simple functions R(ξ) (rational, exponential, logarithmic, hyperbolic, trigonometrical and inverse trigonometrical) and corresponding to them functions L(t) was given in [47]. However, no one of these functions can be used in the parametric resonance case. The asymptotical solution of the Moore equation in the parametric resonance case L(t) = L_0 [1 + ϵ sin(πqt/L_0)], q = 1, 2, . . ., was found in [107–110]. For ϵt ≫ 1 it has the form (here L_0 = 1) R(t) = t − 2 πq Im {ln [1 + ζ + exp(iπqt)(1 − ζ)]} , (11)

ζ = exp [ (−1)^{q+1} πqϵt ] , which clearly demonstrates that the asymptotical mode structure in the resonance case is quite different from the mode structure inside the cavity with unmoving walls. The solution (11) was improved and generalized to the case of two vibrating boundaries in [111, 112]. However, the form of this solution is not very convenient for the calculation of various sums giving the mean numbers of photons, energy, etc., so a lot of rather sophisticated calculations must be done before the final physical results could be obtained.

One of the first estimations of the number of photons which could be created from vacuum in a cavity whose boundary moves with nonrelativistic velocity have been performed by Rivlin [113], who considered the parametric amplification of the initial vacuum field oscillations in the framework of the classical approach. He gave an estimation of the number of created photons N ∼ (ϵω_1t)^2, where ϵ ∼ δL/L is the relative amplitude of the variation of the distance between the walls and ω_1 is the fundamental unperturbed field eigenfrequency (provided the frequency of the wall vibrations ω_w is close to 2ω_1). A similar estimation was given by Sarkar [114], who used an approximate solution to the Moore equation (7) in the form of the asymptotic series with respect to a small parameter ϵ, found in [115] (such solutions were constructed earlier in [17, 42]). However, the tremendous numerical values obtained by Sarkar were quite unrealistic, since he used the value of ϵ which was many orders of magnitude higher than those which can be achieved in the laboratory under real conditions. Moreover, the oversimplified approach of Rivlin and simple perturbative solutions of Sarkar are not valid, as a matter of fact, under the resonance conditions, due to the presence of the secular terms (as it always happens for parametric systems). Actually, the structure of the ‘dynamical’ modes in the resonance case is completely different (in the most interesting long-time limit) from the simple standing waves existing in the cavity with unmoving walls. The same is true for the estimation made by Askar’yan [23] in the classical case. He evaluated the average work done by the moving wall on the field as A ∼ ∫ pv dt, where v = v_0 sin(ω_wt + ϕ) is the wall velocity, and p(t) is the radiation pressure. Taking the monochromatic dependence p(t) = p_0 sin^2(2ω_1t), he obtained the linear dependence on time in the resonance case ω_w = 2ω_1: A ∼ p_0v_0t sin ϕ + const. However, these evaluations can serve only as some indication that in the resonance case the energy of the field can grow at the expense of the mechanical work done by the vibrating wall. The real time dependence can be quite different, because the relation p(t) = p_0 sin^2(2ω_1t) holds, as a matter of fact, only until ϵω_1t ≪ 1, whereas for larger times the effect of the mode reconstruction must be taken into account. One of the goals of this review is to demonstrate what happens in reality in the resonance case.

Approximate solutions to the Moore equation, such as (9), were used in [116] to evaluate corrections to the famous Casimir attractive force between infinite ideal walls [117] (for the reviews on the Casimir effect see, e.g., [118–121]) due to the nonrelativistic motion of the walls. The leading term of these corrections turned out proportional to the square of velocity of the boundary (i.e., of the order of (v/c)^2). The Casimir force in the relativistic case was calculated in [76, 78, 81, 90, 91, 93, 101, 103]; it depends in the generic case not only on the instantaneous velocity, but on the whole time dependence L(t) (through the function R(ξ), i.e., on the acceleration and other time derivatives). The first calculations of the forces acting on the single mirrors moving with nonrelativistic velocities due to the vacuum or thermal fluctuations of the field were performed in the framework of the spectral approach (using the fluctuation-dissipation theorem) in [122] (three-dimensional case, the force proportional to the fifth-order derivative of the coordinate) and in [123] (one-dimensional model, the force proportional to the third-order derivative of the coordinate). It was mentioned that the force could be significantly amplified under the resonance conditions, either in the LCcontour [122] or in the Fabry–Perot cavity [123] (earlier, such a possibility was discussed in [124]). These studies were continued in [125–133], where it was assumed that the velocity of the boundary is perpendicular to the surface. The Casimir force between two parallel plates, when their relative velocity is also parallel to the surfaces, was considered by Levitov [134]. Later, the theory of “Casimir friction” was developped in [135–139]. The reviews of these approaches can be found in [140, 141].

Various quantum effects arising due to the motion of dielectric boundaries, including the modification of the Casimir force and creation of photons, both in one and three dimensions, and for different orientations of the velocity vector with respect to the surface, have been studied in detail in the series of papers by Barton and his collaborators [142–148]. In the paper [142] the term Mirror-Induced Radiation (MIR) has been introduced.

Another name, Nonstationary Casimir Effect (NSCE), was introduced earlier in [116] for the class of phenomena caused by the reconstruction of the quantum state of field due to a time dependence of the geometrical configuration [149–152]. Its synonim is the term Dynamical Casimir Effect, which became popular after the series of articles by Schwinger [153–157], in which he tried to explain the phenomenon of sonoluminescence by the creation of photons in bubbles with time-dependent radii, oscillating under the action of acoustic pressure in the liquids (see a brief discussion of this subject in the last section).

A possibility of generating the “nonclassical” (in particular, squeezed) states of the electromagnetic field in the cavity with moving walls was pointed out in [106,114,124,158–161]. The dynamical Casimir force was interpreted as a mechanical signature of the squeezing effect associated with the mirror’s motion in [123,125] (see also [162]).

It was suggested also in [106, 124, 159, 160] that a significant amount of photons could be created from vacuum even for quite small nonrelativistic velocities of the walls, provided the boundaries of a high-Q cavity perform small oscillations at a frequency proportional to some cavity unperturbed eigenfrequency, due to an accumulation of small changes in the state of the field for a long time. Indeed, using the asymptotical solutions of the Moore equation (11), it was shown in [107–110] that the rate of photon generation in each mode becomes constant in the long-time limit, being linearly proportional to the product ϵω_1, and that the photons are generated in a wide frequency band whose width grows exponentially fast in time [163]. Other approximate or exact solutions of the Moore equation for the specific periodical time dependences of the cavity dimensions were found by different methods in studies [111, 112, 164–168], which confirmed the effect of resonance generation of photons.

Moore’s approach is based on the decomposition (6) of the field over the mode functions satisfying automatically the (one-dimensional) wave equation (1). There exists another approach (proposed in the framework of the classical problem as far back as in [37]), when the mode functions are chosen in such a way that they satisfy automatically the time-dependent boundary conditions (2): see Eq. (17) below. In this case it is possible to describe the behavior of the field with the aid of some effective Hamiltonian, which is an infinite-dimensional quadratic form of the boson creation/annihilation operators with time-dependent coefficients responsible for the coupling between different modes. Such an approach was considered for the first time (in the quantum case) by Razavy and Terning [169–171] (the case of massive field was considered in [172], see also [173]). However, the resulting infinite set of coupled evolution equations for the annihilation and creation operators turned out rather complicated in the generic case. and for this reason they were treated only perturbatively [170]. Later, a similar method was used by Calucci [174], who confined, however, only with the case of adiabatically slow motion of the wall, when no photons could be created (recently, this adiabatic case was studied in detail in [175]). An essential progress in the development of the Hamiltonian approach (we shall call it also the instantaneous basis method or IBM-method) was achieved after the papers by Law [176, 177], who has demonstrated that the effective Hamiltonian can be significantly simplified under the resonance conditions. Nonetheless, even the reduced coupled equations of motion resulting from the simplified Hamiltonians have been treated for some time either perturbatively (i.e., in the form of the Taylor expansion with respect to the time variable) or numerically (actually, also in the short-time limit corresponding to the initial stage of the process); see the studies [176–181] (for the 1D cavity model) and [182] (for a three-dimensional cavity and a waveguide). The general structure of the effective infinitedimensional quadratic Lagrangians and Hamiltonians arising in the canonical approach to the dynamical Casimir effect was analyzed and classified in [183–185]. The methods of diagonalization of such Hamiltonians were considered in [186, 187].

The first analytical solutions describing the field inside the 1D cavity with resonantly oscillating boundaries have been found in the simplest cases in [188–190]. More general solutions have been obtained in [191–193]. They hold for any moment of time (provided the amplitude of the wall vibrations is small enough; this limitation, however, is quite unessential under realistic conditions). Moreover, these solutions enable us not only to calculate the number of photons created from an arbitrary initial state (thus giving, for instance, the temperature corrections), but also to account for the effects of detuning from a strict resonance. Besides, they enable to calculate the degree of squeezing in the field quadrature components, to find the photon distribution function and the energy density distribution inside the cavity, etc.. Therefore, one of the main purposes of this chapter is to give the detailed description of the analytical solutions found in [188–193] and to discuss their physical consequences.

Another goal is to consider the simplest models of the three-dimensional cavity, following the scheme given in [188, 189] (for ideal boundaries) and in [194, 195] (for lossy cavities). A more detailed study of the quantum properties of the electromagnetic field in rectangular 3D cavities, which takes into account the polarization of the field, was performed in [196, 197], but only for the uniform motion of the walls. The periodic motion was considered in [198], also with account of the polarization and the influence of all three dimensions, but in the framework of some approximations equivalent to the short-time limit. The case of a three-dimensional rectangular cavity divided in two parts by an ideal mirror, which suddenly disappears, was considered in [199].

The name Motion Induced Radiation was given to the effect of radiation emission outside the cavity with vibrating walls [200]. Using the spectral approach, the authors of [200] showed that the radiation can be essentially enhanced under the resonance conditions (by the orders of magnitude, comparing with the case of a single mirror). The problem of the photon generation by a single perfectly reflecting mirror performing a bounded nonrelativistic motion was studied in [201,202], where the effects of polarization have been taken into account, and the spectral and angular distributions of the emitted photons have been found. Arbitrary space-time deformations of a single moving mirror have been treated in [203, 204] with the aid of the pathintegral approach. The same approach was used in the case of a cavity with deformable perfectly reflecting boundaries in [205].

The creation of photons or specific (e.g., squeezed) states of the electromagnetic field due to the motion of some effective mirrors made of the free electrons moving with (ultra)relativistic velocities was considered in [206, 207]. Another kind of “effective moving mirrors” consisting of the electron-hole plasma generated in semiconductors under the action of powerful laser pulses was suggested in [208, 209].

The influence of temperature on the dynamical Casimir effect was evaluated in [110,210]; a more detailed analysis was given in [211] (in the framework of the Hamiltonian approach), [212] (using the thermofield dynamics), and especially in [192,193]. The energy density distribution inside the cavity under the resonance conditions is no more uniform, on the contrary, the main part of the energy is concentrated in several sharp peaks which move from one boundary to another, becoming more and more narrow with the course of time. This effect was studied in the framework of numerical calculations in [112, 164–166, 168] (earlier, it was discussed in [44] for the classical field). The analytical form of the pulses, including their “fine structure” in the case of initial states different from the vacuum or thermal ones, was found in [193]. A similar pulse structure of radiation emitted from the high finesse vibrating cavity with partially transparent mirrors was studied in [210, 213].

The evolution of classical fields in the cavities filled in with media whose dielectric properties vary in time was considered, e.g., as far back as in [214]. Yablonovitch [215] proposed to use a medium with a rapidly decreasing in time refractive index (“plasma window”) to simulate the so-called Unruh effect [216], i.e., creation of quanta in an accelerated frame of reference. More rigorous and detailed studies of quantum phenomena in nonstationary (deformed) media have been performed in [159, 160, 217–229]. The case when the dielectric constant changes simultaneously with the distance between mirrors (in one dimension) was considered in [230, 231]. A comparison of the spectra of photons created due to the motion of mirrors and due to the time variations of the dielectric permeability was made in [232]. An analog of the nonstationary Casimir effect in the superfluid^3He, namely, the friction force on the moving interface between two different phases, was discussed in [233].

The problem of the interaction between the electromagnetic field created due to the NSCE and various detectors (harmonic oscillators, two-level systems, Rydberg atoms, etc.,) placed inside the cavity with moving walls was studied by means of different methods in [188, 189, 234–238]. It is also discussed in this chapter.

The first experiments on the interaction between the powerful laser radiation and freely suspended light mirrors have been reported in [239, 240], where the effect of the optical bistability, similar to that observed usually in the so-called Kerr media, was observed. The first theoretical study of this phenomenon in the cavities whose walls can move under the action of the radiation pressure force was given in [241]. This subject received much attention for the last decade in connection with different problems, such as, e.g., the attenuation or elimination of noise in interferometers [242–253]. It is important, in particular, for the gravitational wave detectors and for the general problem of measuring weak forces acting on a quantum system: see, e.g., [254, 255] for more details. Another possible application could be the generation of the so-called “nonclassical states” of the field and the mirror itself (when it is considered as a quantum object, too) [253,256–258]. The stability of such states, in turn, is closely related to the general problem of decoherence in quantum mechanics, and one of the mechanisms which can destroy the coherence of pure quantum superpositions is just the dynamical Casimir effect [259, 260]. The back reaction of the dynamical Casimir effect was recently studied in [261]. The influence of fluctuations of the positions of the walls on the field inside the cavity was considered in [115, 205, 262], whereas the Brownian motion of the walls due to the field fluctuations was studied in [140,263]. The role of the dynamical Casimir effect in the cosmological problems was studied recently in [264, 265].

3 1D cavity with oscillating boundaries

Let us start with the case of a single space dimension. Consider a cavity formed by two infinite ideal plates moving in accordance with the prescribed laws x_{left}(t) = u(t), x_{right}(t) = u(t) + L(t) where L(t) > 0 is the time dependent length of the cavity. Taking into account only the electromagnetic modes whose vector potential is directed along z-axis (“scalar electrodynamics” [76]), one can write down the field operator in the Heisenberg representation Â(x, t) at t ≤ 0 (when both the plates were at rest at the positions x_{left} = 0 and x_{right} = L_0) as (we assume c = h̄ = 1)

Â_{in} = 2^∞ ∑ n=1 1 √ n sin nπx L_0 b̂_n exp (−iω_nt) + h.c. (12) where b̂_n means the usual annihilation photon operator and ω_n = πn/L_0. The choice of coefficients in equation (12) corresponds to the standard form of the field Hamiltonian Ĥ ≡ 1 8π ∫_L0 0 dx [( ∂A ∂t )_2 + ( ∂A ∂x )_2] = ∞∑ n=1 ω_n ( b̂^†_nb̂_n + 1 2 ) . (13)

For t > 0 the field operator can be written as

Â(x, t) = 2^∞ ∑ n=1 1 √ n [ b̂_nψ^{(n)}(x, t) + h.c. ] . (14)

To find the explicit form of functions ψ^{(n)}(x, t), n = 1, 2, . . ., one should take into account that the field operator must satisfy

i) the wave equation (1), ii) the boundary conditions (2) or their generalization

A(u(t), t) = A(u(t) + L(t), t) = 0, (15)

iii) the initial condition (12), which is equivalent to

ψ^{(n)} (x, t < 0) = sin nπx L_0 exp (−iω_nt) . (16)

Following the approach of Refs. [37, 170, 174, 176, 191] we expand the function ψ^{(n)}(x, t) in a series with respect to the instantaneous basis:

ψ^{(n)}(x, t > 0) = ∞∑ k=1 Q^{(n)}_k (t) √ L_0 L(t) sin ( πk[x − u(t)] L(t) ) , n = 1, 2, . . . (17)

with the initial conditions

Q^{(n)}_k (0) = δ_{kn}, Q̇^{(n)}_k (0) = −iω_nδ_{kn}, k, n = 1, 2, . . .

This way we satisfy automatically both the boundary conditions (15) and the initial condition (16). Putting expression (17) into the wave equation (1), one can arrive after some algebra at an infinite set of coupled differential equations [180, 184, 191]

Q̈^{(n)}_k + ω^2_k(t)Q^{(n)}_k = 2^∞ ∑ j=1 g_{kj}(t)Q̇^{(n)}_j + ∞∑ j=1 ġ_{kj}(t)Q^{(n)}_j + O ( g^2_{kj} ) , (18)

where ω_k(t) = kπ/L(t) and the time dependent antisymmetric coefficients g_{kj}(t) read (for j ≠ k)

g_{kj} = −g_{jk} = (−1)^{k−j} 2kj ( L̇ + u̇ϵ_{kj} ) (j^2 − k^2) L(t)

, ϵ_{kj} = 1 − (−1)^{k−j}. (19)

For u = 0 (the left wall at rest) the equations like (18)-(19) were derived in [174, 177].

If the wall comes back to its initial position L_0 after some interval of time T , then the right-hand side of equation (18) disappears, so at t > T one can write Q^{(n)}_k (t) = ξ^{(n)}_k e^{−iωk(t+δT )} + η^{(n)}_k e^{iωk(t+δT )} , k, n = 1, 2, . . . (20) where ξ^{(n)}_k and η^{(n)}_k are some constant complex coefficients. Consequently, at t > T the initial annihilation operators b̂_n cease to be “physical”, due to the contribution of the terms with “incorrect signs” in the exponentials exp(iω_kt). Introducing a new set of “physical” operators â_m and â^†_m, which give the decomposition of the vector potential operator at t > T in the form analogous to (12), Â(x, t) = ∞∑ n=1 2 √ n sin (πnx/L_0) [ â_ne^{−iωn(t+δT )} + h.c. ] (21)

one can easily check that the two sets of operators are related by means of the Bogoliubov transformation

â_m = ∞∑ n=1 ( b̂_nα_{nm} + b̂^†_nβ^∗_{nm} ) , m = 1, 2, . . . (22)

with the coefficients α_{nm} = √ m n ξ^{(n)}_m , β_{nm} = √ m n η^{(n)}_m . (23)

The unitarity of the transformation (22) implies the following constraints: ∞∑ m=1 (α^∗_{nm}α_{km} − β^∗_{nm}β_{km}) = ∞∑ m=1 m n ( ξ^{(n)∗}_m ξ^{(k)}_m − η^{(n)∗}_m η^{(k)}_m ) = δ_{nk} (24) ∞∑ n=1 (α^∗_{nm}α_{nj} − β^∗_{nm}β_{nj}) = ∞∑ n=1 m n ( ξ^{(n)∗}_m ξ^{(n)}_j − η^{(n)∗}_m η^{(n)}_j ) = δ_{mj} (25) ∞∑ n=1 (β^∗_{nm}α_{nk} − β^∗_{nk}α_{nm}) = ∞∑ n=1 1 n ( η^{(n)∗}_m ξ^{(n)}_k − η^{(n)∗}_k ξ^{(n)}_m ) = 0 (26)

The mean number of photons in the mth mode equals the average value of the operator â^†_mâ_m in the initial state |in⟩ (remember that we use the Heisenberg picture), since just this operator has a physical meaning at t > T : N_m ≡ ⟨in|â^†_mâ_m|in⟩ = ∑ n |β_{nm}|^2 + ∑ n,k [ (α^∗_{nm}α_{km} + β^∗_{nm}β_{km}) ⟨b̂^†_nb̂_k⟩ + 2Re ( β_{nm}α_{km}⟨b̂_nb̂_k⟩ )]

= ∞∑ n=1 m n |η^{(n)}_m |^2 + ∞∑ n,k=1 m √ nk ( ξ^{(n)∗}_m ξ^{(k)}_m + η^{(n)∗}_m η^{(k)}_m ) ⟨b̂^†_nb̂_k⟩

+2Re ∞∑ n,k=1 m √ nk η^{(n)}_m ξ^{(k)}_m ⟨b̂_nb̂_k⟩. (27)

The first sum in the right-hand sides of the relations above describes the effect of the photon creation from vacuum due to the NSCE, while the other sums are different from zero only in the case of a nonvacuum initial state of the field.

To find the coefficients ξ^{(n)}_k and η^{(n)}_k one has to solve an infinite set of coupled equations (18) (k = 1, 2, . . .) with time-dependent coefficients, moreover, each equation also contains an infinite number of terms. However, the problem can be essentially simplified, if the walls perform small oscillations at the frequency ω_w close to some unperturbed field eigenfrequency:

L(t) = L_0 (1 + ε_L sin [pω_1(1 + δ)t]) , u(t) = ε_uL_0 sin [pω_1(1 + δ)t + φ] .

Assuming |ε_L|, |ε_u| ∼ ε ≪ 1, it is natural to look for the solutions of equation (18) in the form similar to (20), Q^{(n)}_k (t) = ξ^{(n)}_k e^{−iωk(1+δ)t} + η^{(n)}_k e^{iωk(1+δ)t}, (28) but now we allow the coefficients ξ^{(n)}_k and η^{(n)}_k to be slowly varying functions of time. The further procedure is well known in the theory of parametrically excited systems [266–268]. First we put expression (28) into equation (18) and neglect the terms ξ̈, η̈ (having in mind that ξ̇, η̇ ∼ ε, while ξ̈, η̈ ∼ ε^2), as well as the terms proportional to L̇^2 ∼ u̇^2 ∼ ε^2. Multiplying the resulting equation for Q_k by the factors exp [iω_k(1 + δ)t] and exp [−iω_k(1 + δ)t] and performing averaging over fast oscillations with the frequencies proportional to ω_k (since the functions ξ, η practically do not change their values at the time scale of 2π/ω_k) one can verify that only the terms with the difference j − k = ±p survive in the right-hand side. Consequently, for even values of p the term u̇ in g_{kj}(t) does not make any contribution to the simplified equations of motion, thus only the rate of change of the cavity length L̇/L_0 is important in this case. On the contrary, if p is an odd number, then the field evolution depends on the velocity of the centre of the cavity v_c = u̇ + L̇/2 and does not depend on L̇ alone. These interference effects were discussed in the short time limit εω_1t ≪ 1 in [180] (see also [200]). We assume hereafter that u = 0 (i.e. that the left wall is at rest), since this assumption does not change anything if p is an even number, whereas one should simply replace L̇/L_0 by 2v_c/L_0 if p is an odd number.

The final equations for the coefficients ξ^{(n)}_k and η^{(n)}_k contain only three terms with simple time independent coefficients in the right-hand sides: d dτ ξ^{(n)}_k = (−1)^p [ (k + p)ξ^{(n)}_{k+p} − (k − p)ξ^{(n)}_{k−p} ] + 2iγkξ^{(n)}_k , (29) d dτ η^{(n)}_k = (−1)^p [ (k + p)η^{(n)}_{k+p} − (k − p)η^{(n)}_{k−p} ] − 2iγkη^{(n)}_k . (30) The dimensionless parameters τ (a “slow” time) and γ read (ε ≡ ε_L) τ = 1 2 εω_1t, γ = δ/ε. (31) The initial conditions are ξ^{(n)}_k (0) = δ_{kn}, η^{(n)}_k (0) = 0. (32)

Note, however, that uncoupled equations (29)-(30) hold only for k ≥ p. This means that they describe the evolution of all the Bogoliubov coefficients only if p = 1. Then all the functions η^{(n)}_k (t) are identically equal to zero due to the initial conditions (32), consequently, no photon can be created from vacuum. Moreover, in the next section we show that the total number of photons (but not the total energy) is an integral of motion in this specific case.

4 “Semi-resonance” case (p = 1)

If p = 1, one has to solve the set of equations (k, n = 1, 2, . . .) d dτ ξ^{(n)}_k = (k − 1)ξ^{(n)}_{k−1} − (k + 1)ξ^{(n)}_{k+1} + 2iγkξ^{(n)}_k . (33)

An immediate consequence of these equations and the condition ξ^{(n)}_k (0) = δ_{kn} is the identity ∑ m mξ^{(n)}_m (τ )ξ^{(k)∗}_m (τ ) ≡ nδ_{nk}, (34)

which is nothing but the unitarity condition of the Bogoliubov transformation in this special case. Taking into account this identity, one can easily verify that the total average number of photons in all modes is conserved in time: N = ∑ nkm m √ nk ξ^{(n)∗}_m ξ^{(k)}_m ⟨in|b̂^†_nb̂_k|in⟩ = ∑ n ⟨in|b̂^†_nb̂_n|in⟩. (35)

A similar phenomenon in the classical case was discussed in [44], whereas the quantum case was considered in [176] and especially in [190]. Also, using Eqs. (33) and (34) one can verify that the total energy (normalized by ω_1) E = ∑ nkm m^2 √ nk ξ^{(n)∗}_m ξ^{(k)}_m ⟨in|b̂^†_nb̂_k|in⟩ satisfies the simple equation (hereafter overdots mean the differentiation with respect to the dimensionless time τ ) Ë = 4a^2E + 4γ^2E(0) − 2γIm(G_1), (36)

where a = √ 1 − γ^2 , (37)

G_1 = 2 ∞∑ n=1 √ n(n + 1)⟨b̂^†_nb̂_{n+1}⟩. (38)

The quantum averaging is performed over the initial state of the field (no matter pure or mixed). The initial values of the total energy and its first derivative (with respect to τ ) are given by

E(0) = ∞∑ n=1 n⟨b̂^†_nb̂_n⟩, Ė(0) = Re(G_1). (39)

Consequently, the solution to equation (36) can be expressed as

E(τ ) = E(0) +

2 sinh^2(aτ ) a^2 [ E(0) − γ 2 Im(G_1) ] + Re(G_1) sinh(2aτ ) 2a . (40)

One can easily prove that |Ė(0)| ≤ E(0). Thus the total energy grows exponentially when τ ≫ 1 (provided γ < 1), although it can decrease at τ ≪ 1, if Ė(0) < 0. Since the total number of photons is constant, such a behaviour is explained by the effect of pumping the highest modes at the expense of the lowest ones (in the classical case this effect was noticed in [39]).

We see that the total energy can be found without any knowledge of the Bogoliubov coefficients. However, these coefficients are necessary, if one wants to know the distribution of the energy or the mean photon numbers over the modes. To solve the infinite set of equations (33) we introduce the generating function

X^{(n)}(z, τ ) = ∞∑ k=1 ξ^{(n)}_k (τ )z^k (41)

where z is an auxiliary variable. Using the relation kz^k = z(dz^k/dz) one obtains the first-order partial differential equation ∂X^{(n)} ∂τ = ( z^2 − 1 + 2iγz ) ∂X^{(n)} ∂z + ξ^{(n)}_1 (τ ) (42)

whose solution satisfying the initial condition X^{(n)}(0, z) = z^n reads

X^{(n)} (z, τ ) = [ zg(τ ) − S(τ ) g^∗(τ ) − zS(τ ) ]_n + ∫_τ 0 ξ^{(n)}_1 (x) dx (43)

where S(τ ) = sinh(aτ )/a , g(τ ) = cosh(aτ ) + iγS(τ ) . (44) Differentiating (43) over z we find ξ^{(n)}_1 (τ ) = n[−S(τ )]^{n−1} [g^∗(τ )]^{n+1}

. (45)

Putting this expression into the integral in the right-hand side of equation (43) we arrive at the final form of the generating function X^{(n)}(z, τ ) = [ zg(τ ) − S(τ ) g^∗(τ ) − zS(τ ) ]_n − [ −S(τ ) g^∗(τ ) ]_n (46)

which satisfies automatically the necessary boundary condition X^{(n)}(τ, 0) = 0. The right-hand side of (46) can be expanded into the power series of z with the aid of the formula ( [269], vol. 3, section 19.6, equation (16))

(1 − t)^{b−c}(1 − t + xt)^{−b} = ∞∑ m=0 t^m m! (c)_mF (−m, b; c; x), where F (a, b; c; x) is the Gauss hypergeometric function, and (c)_k ≡ Γ(c + k)/Γ(c). In turn, the function (c)_mF (−m, b; c; x) with an integer m is reduced to the Jacobi polynomial in accordance with the formula ( [269], vol. 2, section 10.8, equation (16)) (c)_mF (−m, b; c; x) = m!(−1)^mP^{(b−m−c, c−1)} m (2x − 1). Consequently,

(1 − t)^{b−c}(1 − t + xt)^{−b} = ∞∑ m=0 (−t)^mP^{(b−m−c, c−1)} m (2x − 1) (47)

and the coefficient ξ^{(n)}_m (τ ) reads ξ^{(n)}_m (τ ) = (−κ)^{n−m}λ^{n+m}P^{(n−m, −1)} m ( 1 − 2κ^2 ) (48)

where

κ(τ ) = S √ gg^∗ ≡ S(τ ) √ 1 + S^2 (τ )

(49)

λ(τ ) = √ g(τ )/g^∗(τ ) ≡ √ 1 − γ^2 κ^2 + iγκ, |λ| = 1. (50)

The form (48) is useful for n ≥ m. To find a convenient formula in the case of n ≤ m we introduce the two-dimensional generating function X(τ, z, y) = ∞∑ m=1 ∞∑ n=1 z^my^nξ^{(n)}_m (τ ) = ∞∑ n=1 X^{(n)} (z, τ )y^n = yz [g^∗(τ ) + yS(τ )][g^∗(τ ) − g(τ )yz + S(τ )(y − z)]

. (51)

The coefficient at z^m in (51) yields another one-dimensional generating function X_m(τ, y) = ∞∑ n=1 y^nξ^{(n)}_m (τ ) = y [g(τ )y + S(τ )]^{m−1} [g^∗(τ ) + yS(τ )]^{m+1}

. (52)

Then equation (47) results in the expression

ξ^{(n)}_m = (1 − κ^2)κ^{m−n}λ^{n+m}P^{(m−n, 1)}_{n−1} ( 1 − 2κ^2 ) . (53)

Note that the functions S(τ ), cosh(aτ ) and κ(τ ) are real for any value of γ. For γ > 1 it is convenient to use instead of (44) the equivalent expressions in terms of the trigonometrical functions: S̃(τ ) = sin(ãτ )/ã , g̃(τ ) = cos(ãτ ) + iγS̃(τ ), ã = √ γ^2 − 1 (54)

In the special case γ = 1 one has S(τ ) = τ and g(τ ) = 1 + iτ . In particular,

ξ^{(n)}_m (τ ; γ = 1) = τ^{m−n}(1 + iτ )^{n−1} (1 − iτ )^{m+1} P^{(m−n, 1)} n−1 ( 1 − τ^2 1 + τ^2 ) . (55)

The knowledge of the two-dimensional generating function enables to verify the unitarity condition (25). Consider the product X^∗(τ, z_1, y_1)X(τ, z_2 , y_2), which is a four–variable generating function for the products ξ^{(n)∗}m ξ^{(k)}_l . Taking y_1 = √ u exp(iφ), y^∗_2 = √ u exp(−iφ) and integrating over φ from 0 to 2π one obtains a three–variable generating function ∑ z^{∗m}_1 z^l_2u^nξ^{(n)∗}m ξ^{(n)}_l . Dividing it by u and integrating the ratio over u from 0 to 1 one arrives finally at the relation ∞∑ n,m,l=1 z^{∗m}_1 z^l_2 1 n ξ^{(n)∗}_m ξ^{(n)}_l = − ln (1 − z^∗_1 z_2) = ∞∑ k=1 1 k (z^∗_1 z_2)^k , (56)

which is equivalent to the special case of (25) for η^{(k)}_m ≡ 0: ∑ n 1 n ξ^{(n)∗}_m (τ )ξ^{(n)}_j (τ ) ≡ 1 m δ_{mj} . (57)

4.1 Examples

Suppose that initially there was a single excited mode labeled with an index n. Due to the linearity of the process one may assume that the mean number of photons in this mode was ν_n = 1. Then the mean occupation number of the m-th mode at τ > 0 equals

N^{(n)}_m = m n [ ξ^{(n)}_m ]_2 = m n [ (1 − κ^2)κ^{m−n}P^{(m−n, 1)} n−1 ( 1 − 2κ^2 )]2 , (58)

where κ is given by (49). For example, in the special case γ = 0 we have

N^{(1)}_m = m(tanh τ )^{2m−2}

(cosh τ )^4 ,

N^{(2)}_m = m(tanh τ )^{2m−4} 2(cosh τ )^4 [ (m − 1) − (m + 1) tanh^2 τ

]_2 . The maximum of function N^{(1)}_m (τ ) is achieved at sinh τ_{max} = √ (m − 1)/2. For m ≫ 1 it equals N^{(1)}_m (τ_{max}) ≈ 4/ ( me^4 ) . For a fixed value of τ ≫ 1, the occupation number distribution N^{(1)}_m reaches its maximum at m^{(1)}_{maxN} = cosh^2 τ , and N^{(1)}max = ( e cosh^2 τ )_{−1} ≪ 1. The maximum of the energy distribution is shifted to the right, m^{(1)}_{maxE} = 2 cosh^2 τ , and its value is not decreased with time: E^{(1)}max = 4/e^2. This explains the exponential growth of the total energy.

Although formula (58) seems asymmetrical with respect to the indices m and n, actually the relation

N^{(n)}_m = N^{(m)}_n (59)

holds. To prove it we calculate the generating function Q(u, v) ≡ ∞∑ m,n=1 v^mu^nN^{(n)}_m . (60)

It is related to the function X(z, y) (51) as follows Q(u, v) = v d dv ∫_u 0 dr ∫_{2π} 0 ∫_{2π} 0 dφdψ (2π)^2 X (√ re^{iφ}, √ ve^{iψ} ) X^∗ (√ re^{iφ}, √ ve^{iψ} ) . Having performed all the calculations we arrive at the expression 2Q(u, v) = 1 + uv − κ^2(u + v) { [1 + uv − κ^2(u + v)]^2 − 4uv(1 − κ^2)^2

}_{1/2} − 1. (61)

Then (59) is a consequence of the relation Q(u, v) = Q(v, u).

The initial stage of the evolution of N^{(n)}m (τ ) does not depend on the detuning parameter γ, since the principal term of the expansion of (58) with respect to τ yields

N^{(n)}_{n±q}(τ → 0) = n ± q n [ n(n ± 1) . . . (n ± q ∓ 1) q! ]_2 τ^{2q}. However, the further evolution is sensitive to the value of γ. If γ ≤ 1, then the function N^{(n)}_m (τ ) has many maxima and minima (especially for large values of m and n), but finally it decreases asymptotically as mna^4/ cosh^4(aτ ). On the contrary, if γ > 1, then the function N^{(n)}_m (τ ) is periodic with the period π/ã, and it turns into zero for τ = kπ/ã, k = 1, 2, . . . (excepting the case m = n). The magnitude of the coefficient N^{(n)}_m (τ ) decreases approximately as γ^{−2|m−n|} for γ ≫ 1.

Now let us assume for simplicity that γ = 0. Then Eq. (53) can be represented in the equivalent form

ξ^{(n)}_m = n

(tanh τ )^{m−n} cosh^2 τ (−1)^{n−1}F ( 1 − n, m + 1; 2; 1 cosh^2 τ ) . (62)

If m ≫ n ∼ O(1), then (m)_k ≈ m^k (k ≤ n), so the Gauss hypergeometric function in Eq. (62) can be replaced by the confluent hypergeometric function with a negative integral first index, which is reduced to the associated Laguerre polynomial [269] L^{(1)}_{n−1}(μ) of the scaled variable μ = m/ cosh^2 τ . Using the approximation (tanh τ )^{2m} ≈ exp ( −m/ cosh^2 τ ) valid for τ ≫ 1, we arrive at a simplified expression

E^{(n)}_m = mN^{(n)}_m = 1 n μ^2e^{−μ} [ L^{(1)}_{n−1}(μ)

]_2 , (63)

describing the energy distribution over the modes with large number m.

The fluctuations of the occupation numbers can be calculated with the aid of the formula (again for γ = 0)

⟨N̂^2⟩_m(τ ) − ⟨N̂ ⟩_m(τ ) = m^2 n^2 [ ξ^{(n)}_m (τ )

]_4 [

⟨N̂^2⟩_n(0) − ⟨N̂ ⟩_n(0) ] , which is an immediate consequence of Eq. (57). Consequently, the type of the photon statistics (sub– or super–Poissonian) is conserved. In particular, if the initial mode was in a coherent state, then all other modes will be excited in the coherent states, too.

The assumption on the equidistant eigenmode spectrum can be justified to certain extent for the longitudinal modes of a Fabry-Perot resonator with perfect mirrors, if the order of interference (the mode number) is high enough. So let us suppose that initially some single mode with n ≫ 1 was excited. Although the lowest modes are not equidistant in this case, for a limited period of time in the beginning of the process (until τ ≪ log(2n)), the evolution of the chosen mode and its neighbours can be described by the solutions obtained above, since the influence of the “remote” modes becomes essential at sufficiently large times. Then the populations of the modes exhibit strong oscillations, since they are proportional to the squares of the Jacobi polynomials of large degrees. The asymptotics of these polynomials ( [269], Eq. (10.14.10)) yields

N^{(n)}_m ≈ 2 nπ sin(2φ) cos^2 { (m + n)φ − [2|m − n| + 1] π 4 } , sin φ = tanh τ.

This formula holds provided that n ≫ |m − n| ∼ O(1) and n sin(2φ) ≫ 1. For τ ≪ 1 we observe fast oscillations, which amplitude is modulated with the period π/τ , whereas for τ ≫ 1 we have more slow periodic variations of N^{(n)}_m as the function of m with the period πe^τ /2.

An interesting problem is the field evolution in a cavity which was initially in the equilibrium state at a finite temperature, when the initial occupation numbers were given by the Planck distribution ν_n = [exp(βn) − 1]^{−1}. Let us consider two limit cases. The first one corresponds to the low–temperature approximation ν_n = exp(−βn). Then the occupation number of the m-th mode is nothing but the coefficient at v^m in the expansion (61) with u = exp(−β). Using the well known generating function of the Legendre polynomials P_m(z) ( [269], Eq. (10.10.39)), one can obtain the following expression (for γ = 0): N^{{β}}_m = 1 2 ( e^{−β} − ρ^2 1 − e^{−β} ρ^2 )_m [P_m(x) + P_{m−1}(x)] , ρ ≡ tanh(τ ),

x = e^{−β} ( 1 − ρ^2

)_2

+ ρ^2 (1 − e^{−β} )^2 (e^{−β} − ρ^2) (1 − e^{−β} ρ^2) . In particular, N^{{β}}_1 = e^{−β} (cosh τ )^{−4} ( 1 − e^{−β} tanh^2 τ )_{−2} . In the special case of a cavity filled in with a high-temperature thermal radiation, the initial distribution over modes reads ν_n(Θ) = Θ/n, constant Θ being proportional to the temperature. Then N^{{Θ}}_m = ∑ n ν_n(Θ)N^{(n)}_m . This sum is nothing but Θ multiplied by the coefficient at v^m in the Taylor expansion of the function Q̃(v) =

∫_1 0 du u Q(u, v) = ln 1 − vκ^2(τ ) 1 − v . Thus we have E^{{Θ}}_m = mN^{{Θ}}_m = Θ ( 1 − [κ(τ )]^{2m} ) . We see that the resonance vibrations of the wall cause an effective cooling of the lowest electromagnetic modes (provided |γ| < 1). The total number of quanta and the total energy in this example are formally infinite, due to the equipartition law of the classical statistical mechanics. In reality both these quantities are finite, since ν_n(Θ) < Θ/n at n → ∞ due to the quantum corrections.

5 Generic resonance case p ˘ 2

If p ≥ 2, we have p − 1 pair of coupled equations for the coefficients with lower indices 1 ≤ k ≤ p − 1 d dτ ξ^{(n)}_k = (−1)^p [ (k + p)ξ^{(n)}_{k+p} − (p − k)η^{(n)}_{p−k} ] + 2iγkξ^{(n)}_k , (64) d dτ η^{(n)}_k = (−1)^p [ (k + p)η^{(n)}_{k+p} − (p − k)ξ^{(n)}_{p−k} ] − 2iγkη^{(n)}_k . (65) In this case some functions η^{(n)}_k (t) are not equal to zero at t > 0, thus we have the effect of photon creation from the vacuum.

It is convenient to introduce a new set of coefficients ρ^{(n)}_k , whose lower indices run over all integers from −∞ to ∞: ρ^{(n)}_k = ξ^{(n)}_k , k > 0 0 , k = 0 −η^{(n)}_{−k} , k < 0 (66)

Then one can verify that equations (29)-(30) and (64)-(65) can be combined in a single set of equation (k = ±1, ±2, . . .) [191] d dτ ρ^{(n)}_k = (−1)^p [ (k + p)ρ^{(n)}_{k+p} − (k − p)ρ^{(n)}_{k−p} ] + 2iγkρ^{(n)}_k (67)

with the initial conditions (n = 1, 2, . . .)

ρ^{(n)}_k (0) = δ_{kn}. (68) A remarkable feature of the set of equations (67) is that its solutions satisfy exactly the unitarity conditions (24)-(26) (although the coefficients ξ^{(n)}_k and η^{(n)}_k introduced via equation (28) have additional phase factors in comparison with the coefficients defined in equation (20), these phases do not affect the identities concerned), which can be rewritten as ∞∑ m=−∞ mρ^{(n)∗}_m ρ^{(k)}_m = nδ_{nk} , n, k = 1, 2, . . . (69) ∞∑ n=1 m n [ ρ^{(n)∗}_m ρ^{(n)}_j − ρ^{(n)∗}_{−m} ρ^{(n)}_{−j} ] = δ_{mj} , m, j = 1, 2, . . . (70) ∞∑ n=1 1 n [ ρ^{(n)∗}_m ρ^{(n)}_{−j} − ρ^{(n)∗}_j ρ^{(n)}_{−m} ] = 0 , m, j = 1, 2, . . . (71)

For example, calculating the derivative I = (d/dτ ) ∑_∞ m=−∞ mρ (n)∗ m ρ^{(k)}_m with the aid of equation (67) and its complex conjugated counterpart one can easily verify that I = 0. Then the value of the right-hand side of (69) is a consequence of the initial conditions (68). The identities (70) and (71) can be verified in a similar way, if one uses instead of (67) the recurrence relations between the coefficients ρ^{(n)}_m with the same lower index m but with different upper indices: see equations (87) and (88).

Due to the initial conditions (68) the solutions to (67) satisfy the relation ρ^{(k+np)} j+mp ≡ 0 ifj ≠ k (72) j, k = 0, 1, . . ., p − 1, m = 0, ±1, ±2, . . . , n = 0, 1, 2, . . . Consequently, the nonzero coefficients ρ^{(n)}_m form p independent subsets y^{(q,j)}_k ≡ ρ^{(j+qp)}_{j+kp} (73) j = 0, 1, . . ., p − 1, q = 0, 1, 2, . . . , k = 0, ±1, ±2, . . .

The subset y^{(q,0)}_k is distinguished, because y^{(q,0)}_k ≡ 0 for k ≤ 0 and the upper index q begins at q = 1. One can verify that the functions y^{(n,0)}_m (τ ) with m ≥ 1 are given by the formulae for ξ^{(n)}_m (τ ) found in the preceding section, provided one replaces τ by (−1)^ppτ and γ by (−1)^pγ, whereas y^{(n,0)}_m (τ ) ≡ 0 for m ≤ 0.

In the generic case j ≠ 0 it is reasonable to introduce a generating function in the form of the Laurent series of an auxiliary variable z R^{(n,j)}(z, τ ) = ∞∑ m=−∞ y^{(n,j)}_m (τ )z^m (74)

since the lower index of the coefficient y^{(n,j)}m runs over all integers from −∞ to ∞. One can verify that the function (74) satisfies the homogeneous equation ∂R^{(n,j)} ∂τ = [ σ ( 1 z − z ) + 2iγ ] ( j + pz ∂ ∂z ) R^{(n,j)}, σ = (−1)^p. (75)

The solution to (75) satisfying the initial condition R^{(n,j)}(z, 0) = z^n reads R^{(n,j)}(z, τ ) = z^{−j/p} [ zg(pτ ) + σS(pτ ) g^∗(pτ ) + zσS(pτ ) ]_{n+j/p} (76)

where the functions S(τ ) and g(τ ) were defined in (44). The coefficients of the Laurent series (74) can be calculated with the aid of the Cauchy formula

y^{(n,j)}_m (τ ) = 1 2πi ∮ C dz z^{m+1} R^{(n,j)}(z, τ ) (77)

where the closed curve C rounds the point z = 0 in the complex plane in the counterclockwise direction. Making a scale transformation one can reduce the integral (77) with the integrand (76) to the integral representation of the Gauss hypergeometric function ( [269], vol 1, section 2.1.3) F (a, b; c; x) = −iΓ(c) exp(−iπb) 2 sin(πb)Γ(c − b)Γ(b)

∮_{(0+)} 1 t^{b−1}(1 − t)^{c−b−1} (1 − tx)^a dt, (78) where Re(c − b) > 0, b ≠ 1, 2, 3, . . ., and the integration contour begins at the point t = 1 and passes around the point t = 0 in the positive direction. After some algebra one can obtain the expression y^{(n,j)}_m = − Γ (−m − j/p) Γ (1 + n + j/p) sin [π (m + j/p)] πΓ (1 + n − m) × (σκ)^{n−m}λ^{m+n+2j/p}F ( n + j/p , −m − j/p ; 1 + n − m ; κ^2 ) . (79)

We assume hereafter κ ≡ κ(pτ ) and λ ≡ λ(pτ ), the functions κ(x) and λ(x) being defined as in (49) and (50). Using the known formula Γ(−z) sin(πz) = −π/Γ(z + 1) (80) one can eliminate the gamma-function of a negative argument: y^{(n,j)}_m = Γ (1 + n + j/p) (σκ)^{n−m}λ^{m+n+2j/p} Γ (1 + m + j/p) Γ (1 + n − m) × F ( n + j/p , −m − j/p ; 1 + n − m ; κ^2 ) . (81)

The form (81) gives an explicit expression for the coefficient ξ^{(j+pn)}_{j+pm} with 0 ≤ m ≤ n. Moreover, it clearly shows the fulfilment of the initial condition y^{(n,j)}_m (τ = 0) = δ_{mn}. Transforming the hypergeometric function with the aid of the formula [269, 270] lim c→−n F (a, b; c; x) Γ(c) = (a)_{n+1}(b)_{n+1}x^{n+1}

(n + 1)!

F (a + n + 1, b + n + 1; n + 2; x)

(n = 0, 1, 2, . . .) and the identity (80) one obtains an equivalent expression y^{(n,j)}_m = Γ (m + j/p) (−σκ)^{m−n}λ^{m+n+2j/p} Γ (n + j/p) Γ (1 + m − n) × F ( m + j/p , −n − j/p ; 1 + m − n ; κ^2 ) (82)

which gives a convenient form of the coefficient ξ^{(j+pn)}_{j+pm} for m ≥ n. Formula (79) with negative values of the lower index gives an explicit expression for the nonzero coefficients η^{(pn+j)}_{pk−j} (k ≥ 1, n ≥ 0): η^{(pn+j)} pk−j = − Γ (k − j/p) Γ (1 + n + j/p) sin [π (k − j/p)] πΓ (1 + n + k) × (σκ)^{n+k}λ^{n−k+2j/p}F ( n + j/p , k − j/p ; 1 + n + k ; κ^2 ) . (83)

Note that the expressions (81)-(83) are valid for j = 0, too. In this case they coincide with the formulae obtained in the preceding section. Formulas (81)-(83) immediately give the short-time behaviour of the Bogoliubov coefficients at τ → 0: it is sufficient to put κ ≈ pτ , λ ≈ 1 and to replace the hypergeometric functions by 1. In this limit the detuning parameter γ drops out of the expressions (in the leading terms of the Taylor expansions).

At τ → ∞ we have the following asymptotics of the functions κ(pτ ) and λ(pτ ) (if γ ≤ 1) κ ≈ 1 − 1 2 S^{−2}(pτ ) → 1, λ → a + iγ, τ → ∞. Then equation (79) together with the known asymptotics of the hypergeometric function F (a, b; a+b+1; 1−x) at x ≪ 1 [269, 270]

F (a, b; a + b + 1; 1 − x) =

Γ(a + b + 1) Γ(a + 1)Γ(b + 1)

[1 + abx ln(x) + O(x)] (84)

lead to the asymptotical expression for the Bogoliubov coefficients

y^{(n,j)}_m (τ ≫ 1) = sin[π(m + j/p)] π(m + j/p) (a + iγ)^{m+n+2j/p}σ^{n−m} × [ 1 + O ( mn S^2 ln S )] (85)

For γ < 1 the correction has an order mnτ exp(−2apτ ), while for γ = 1 it has an order mn ln(τ )/τ^2.

One can verify that the generating function (76) satisfies the recurrence relation ∂R^{(q,j)} ∂τ = (j + qp) { σ [ R^{(q−1,j)} − R^{(q+1,j)} ] + 2iγR^{(q,j)} } (86)

Its immediate consequence is an analogous relation for the Bogoliubov coefficients with the same lower indices: d dτ ρ^{(n)}_m = n { σ [ ρ^{(n−p)} m − ρ^{(n+p)}_m ] + 2iγρ^{(n)}_m } . (87)

Equation (87) is valid for n > p (when q ≥ 1 and j ≥ 1 in (86)), since the coefficients ρ^{(n)}_m are not defined when n < 0. However, using the chain of identities R^{(−1,j)}(z) = z^{−j/p} [ S + gz g^∗ + Sz ]_{j/p−1} = 1 z ( 1 z )_{j/p−1} [ S + g^∗/z g + S/z ]_{1−j/p}

= 1 z [ R^{(0,p−j)}(1/z^∗) ]_∗ = 1 z ∞∑ k=−∞ y^{(0,p−j)∗} k ( 1 z )_k = ∞∑ k=−∞ y^{(0,p−j)∗} −k−1 z k

one can obtain the first p − 1 recurrence relations d dτ ρ^{(n)}_m = n { σ [ ρ^{(p−n)∗} −m − ρ^{(p+n)}_m ] + 2iγρ^{(n)}_m } , n = 1, 2, . . ., p − 1. (88)

To treat the special case n = p (it corresponds to the distinguished subset with j = 0) one should take into account that R^{(0,0)}(z) ≡ 1, which means formally that ρ^{(0)}_m = δ_{m0} . So the last recurrence relation reads d dτ ρ^{(p)}_m = p { −σρ^{(2p)}_m + 2iγρ^{(p)}_m } , m ≥ 1 (remember that ρ^{(p)}_m ≡ 0 for m ≤ 0). Now one can verify that the unitarity conditions (70)-(71) are the consequencies of the equations (87) and (88).

6 Photon statistics

To evaluate the mean number of photons and the statistical properties of the quantum field created in the cavity at t > T we introduce the Hermitian quadrature component operators

q̂_m = ( â_m + â^†_m ) / √ 2, p̂_m = ( â_m − â^†_m ) /(i √ 2). Their variances are defined as

U_m = ⟨q̂^2_m⟩ − ⟨q̂_m⟩^2, V_m = ⟨p̂^2_m⟩ − ⟨p̂_m⟩^2,

whereas the covariance is given by

Y_m = 1 2 ⟨p̂_mq̂_m + q̂_mp̂_m⟩ − ⟨p̂_m⟩⟨q̂_m⟩. The average values must be calculated in the state defined with respect to the initial operators b̂_n (remember that we use here the Heisenberg picture).

6.1 Initial vacuum state

The vacuum state is defined by means of the relations b̂_n|0⟩ = 0. In this case, U_m + V_m = 2N^{(vac)}_m + 1, where N^{(vac)}_m is the mean number of photons created from vacuum in the mth mode. It is given by the single sums over index n in Eq. (27). Initially, U_m(0) = V_m(0) = 1/2, Y_m(0) = 0. Using (22) and assuming for simplicity ω_1 = 1, we obtain the following expressions for τ > 0,

U_m = m 2 ∞∑ n=1 1 n | | |ρ^{(n)}_m − ρ^{(n)}_{−m} | | |^2 , Vm = m 2 ∞∑ n=1 1 n | | |ρ^{(n)}_m + ρ^{(n)}_{−m} | | |^2 (89)

Y_m = ∞∑ n=1 m n Im [ ρ^{(n)∗}_m ρ^{(n)}_{−m} ] (90)

where the coefficients ρ^{(n)}_{±m} should be taken at the moment T , thus their argument is τ_T ≡^1_2 εω_1T . Strictly speaking, the expressions (89)-(90) have physical meanings at those moments of time T when the wall returns to its initial position, i.e. for T = N π/[p(1 + δ)] with an integer N . Consequently, the argument τ_T of the coefficients ρ^{(n)}_{±m} in (89)-(90) assumes discrete values τ^{(N )} = N επ/[2p(1+δ)]. One should remember, however, that something interesting in our problem happens for the values τ ∼ 1 (or larger). Then N ∼ ε^{−1} ≫ 1, and the minimal increment Δτ ∼ ε is so small that τ_T can be considered as a continuous variable (under the realistic conditions, ε ≤ 10^{−8} [189]). For this reason, we omit hereafter the subscript T , writing simply τ instead of τ_T or τ^{(N )}.

Differentiating the right-hand sides of equations (89) and (90) with respect to the ‘slow time’ τ , one can remove the fraction 1/n with the aid of the recurrence relations (87) and (88). After that, changing if necessary the summation index n to n ± p, one can verify that almost all terms in the right-hand sides are cancelled, and the infinite series are reduced to the finite sums: dU_m/dτ dV_m/dτ } = σm p−1∑ n=1 Re ([ ρ^{(p−n)} m ∓ ρ^{(p−n)}_{−m} ] [ ρ^{(n)}_{−m} ∓ ρ^{(n)}_m ]) dY_m/dτ = σm p−1∑ n=1 Im ( ρ^{(n)∗}_m ρ^{(p−n)∗} m + ρ^{(n)}_{−m}ρ^{(p−n)}_{−m} )

Now one should take into account the structure of the coefficients ρ^{(n)}_m : they are different from zero provided the difference between the upper index n and the lower one m is some multiple of the number p. If m = j +pk with j = 1, . . . , p − 1 and k = 0, 1, 2, . . ., then only the terms with n = j or n = p − j survive in the sums above. Depending on whether j = p/2 or j ≠ p/2, we obtain two different sets of explicit expressions for the derivatives of the (co)variances.

1) If m = j + pk but j ≠ p/2 (in particular, for all odd values of p), then dU_m dτ = dV_m dτ = 2σmRe ( ρ^{(j)}_m ρ^{(p−j)}_{−m} ) , dY_m dτ = 0. (91)

In this case Y_m ≡ 0 and U_m = V_m = N^{(vac)}_m + 1/2.

2) A different situation happens in the distinguished modes with the numbers μ = p(k + 1/2), k = 0, 1, 2, . . .: dU_μ dτ = −μRe ([ ρ^{(p/2)}_μ − ρ^{(p/2)}_{−μ} ]_2) , dV_μ dτ = μRe ([ ρ^{(p/2)}_μ + ρ^{(p/2)}_{−μ}

]_2) (92)

dY_μ/dτ = μIm ([ ρ^{(p/2)∗} μ ]_2 + [ ρ^{(p/2)}_{−μ} ]_2) . (93)

We shall call such modes as “principal” ones; they exist only if p is an even number. In the strict resonance case (γ = 0) all the coefficients ρ^{(p/2)}_μ are real, so Y_μ = 0 and dU_μ/dτ ≤ 0 in the whole interval 0 ≤ τ < ∞, resulting in the inequality U_μ(τ ) < 1/2, which tells us that the field occurs in the squeezed quantum state.

6.1.1 Squeezing in the “principal” modes

Note that the coefficients ρ^{(pn+p/2)}_{pm+p/2} depend on the parameter p only through the dependence of the the variable κ on the product pτ : see equations (79) or (81). Thus to study the squeezing properties of the field created due to the NCE, it is sufficient to consider the most important special case of the parametric resonance at the double fundamental frequency 2ω_1 (i.e. p = 2), since the formulae for p > 2 can be obtained by a simple rescaling of the ‘slow time’ (for the ‘principal’ modes). In this case, only the odd modes can be excited from the vacuum, and they do exhibit some squeezing.

Using equations (92) and (93) one can immediately find the Taylor expansions of the (co)variances at τ → 0 (assuming (−1)!! ≡ 1):

U_{2m+1} V_{2m+1} } = 1 2 ∓ τ^{2m+1} [ (2m − 1)!! m! ]_2 [ 1 ∓ 2m + 1 (m + 1)^2 τ + O(τ^2) ] (94)

Y_{2m+1} = −2γ(2m + 1)τ^{2(m+1)} [ (2m − 1)!! m! ]_2

+ · · · (95)

We see that the U -variances are always less than 1/2 at the initial stage, but the degree of their squeezing rapidly decreases with increase of the number m. Note that the dependence on the detuning parameter γ in the short-time limit appears only in terms of the order of τ^{2m+3} (and higher).

In the opposite limit τ → ∞ (or κ → 1), using equations (92), (93) and the asymptotics of the Bogoliubov coefficients (85) we obtain constant time derivatives dU_{2m+1}/dτ |_{τ→∞} = 16a π^2(2m + 1) sin^2 [( m + 1 2 ) ϕ ] (96) dV_{2m+1}/dτ |_{τ→∞} = 16a π^2(2m + 1) cos^2 [( m + 1 2 ) ϕ ] (97) dY_{2m+1}/dτ |_{τ→∞} = − 8a π^2(2m + 1) sin [(2m + 1) ϕ] (98) where ϕ ≡ arcsin γ. Consequently, all the (co)variances increase with time linearly, giving the constant photon generation rate in the ‘principal’ (odd) modes dN_{2m+1}/dτ |_{τ→∞} = 8a π^2(2m + 1)

. (99)

Equation (99) results in a simple estimation of the mean photon number in the μth mode at τ > 1: N_μ(τ ) ≈ aτ /μ. Since the covariance Y_μ is different from zero if γ ≠ 0, the initial vacuum state of the field is transformed to the correlated quantum state [223, 271, 272]. One should remember, however, that the values of U_μ, V_μ and Y_μ yield the (co)variances of the field quadratures only at the moment t = T (when the wall stopped to oscillate). At the subsequent moments of time the quadrature variances exhibit fast oscillations with twice the frequency of the mode. For example (omitting the mode index),

σ_q(t^′) = U cos^2(ωt^′) + V sin^2(ωt^′) + Y sin(2ωt^′), t^′ = t − T.

Therefore the physical meanings have not the values U_μ, V_μ and Y_μ themselves, but rather the minimal σ_{min} ≡ u_μ and maximal σ_{max} ≡ v_μ values of the quadrature variances during the period of fast oscillations [273, 274] u_μ v_μ } = 1 2 ( U_μ + V_μ ∓ √ (U_μ − V_μ)^2 + 4Y^2_μ ) . (100)

Only in the special case of the strict resonane (γ = 0) we have u_μ = U_μ and v_μ = V_μ. In the generic case γ ≠ 0, all three (co)variances, U_μ, V_μ, and Y_μ, linearly increase with the interaction time T if τ_T ≡ τ ≫ 1, due to Eqs. (96)-(98). Nonetheless, the minimal variance u_μ tends to a constant value at τ → ∞. This is shown in the subsection 6.2. The examples of explicit time dependences of the coefficients u_μ and v_μ are given in subsection 6.3.

6.1.2 Mean photon number

Differentiating the “vacuum” part of sum (27) with respect to τ and performing the summation over the upper index n with the aid of (87)-(88) (remembering that the coefficients ρ^{(n)}_m are different from zero provided the difference n − m is a multiple of p) one can obtain the formula for the photon generation rate from vacuum in each mode (0 ≤ j ≤ p − 1, q = 0, 1, 2, . . .) d dτ N^{(vac)}_{j+pq} = −2σ(j + pq)Re [ ξ^{(j)}_{j+pq}η^{(p−j)}_{j+pq} ]

= 2p √ 1 − γ^2 κ^2 sin(πj/p)Γ(q + j/p)Γ(1 + q + j/p)Γ(2 − j/p) πΓ(j/p)Γ(q + 1)Γ(q + 2) κ^{2q+1} ×F ( q + j/p , −j/p ; 1 + q ; κ^2 ) F ( q + j/p , 1 − j/p ; 2 + q ; κ^2 ) (101)

We see that there is no photon creation in the modes with numbers p, 2p, . . .. In the short-time limit, Ṅ^{(vac)} j+pq ∼ τ 2q+1, τ ≪ 1. In the long-time limit the photon generation rate tends to the constant value (if γ < 1) d dτ N^{(vac)}_{j+pq} = 2ap^2 sin^2(πj/p)

π^2(j + pq) [ 1 + O ( pq S^2 ln S )] , apτ ≫ 1 (102) For q ≫ 1 and for a fixed value of κ one can simplify the right-hand side of (101) using Stirling’s formula for the Gamma-functions and the easily verified asymptotical formula F (a, b; c; z) ≈ (1 − az/c)^{−b}, a, c ≫ 1 . In this case d dτ N^{(vac)}_{j+pq} ≈ 2p √ 1 − γ^2κ^2 sin(πj/p)Γ(2 − j/p)κ^{2q+1} πΓ(j/p)q^{2(1−j/p)} (1 − κ^2)^{1−2j/p} , q ≫ 1. (103)

In particular, if q ≫ S^2(pτ )| ≫ 1, then d dτ N^{(vac)}_{j+pq} ≈ 2pa sin(πj/p)Γ(2 − j/p) ( S^2/q )_{2(1−j/p)} πΓ(j/p)S^2 exp ( −q/S^2 ) . (104)

Comparing (102) and (104) one can conclude that the number of the effectively excited modes (i.e. the modes with a time independent photon generation rate) increases in time exponentially, approximately as S^2(τ )/ ln S(τ ).

The total number of photons generated from vacuum in all the modes equals

N^{(vac)} = ∞∑ m,n=1 m n |η^{(n)}_m |^2. (105)

Differentiating (105) with respect to τ and performing the summation over m with the help of equations (29)-(65) or (67) one can obtain the formula dN^{(vac)} dτ = 2σRe ∞∑ n=1 1 n p∑ m=1 m(p − m)ρ^{(n)∗}_{−m} (τ )ρ^{(n)}_{p−m}(τ ). (106) Evidently, the right-hand side of this equation equals zero in the “semi-resonance” case p = 1.

Differentiating equation (106 ) once again over τ one can perform the summation over the upper index n with the aid of equations (87)-(88) to obtain a closed expression for the second derivative of the total number of “vacuum” photons

d^2 dτ^2 N^{(vac)} = 2Re p−1∑ m=1 m(p − m) [ ξ^{(m)}_m ξ^{(p−m)} p−m + η^{(p−m)∗} m η^{(m)∗}_{p−m} ]

= 2 p−1∑ m=1 m(p − m) { m(p − m) [ κ p F ( m p , 1 − m p ; 2 ; κ^2 )]_2

+ ( 1 − 2γ^2 κ^2 ) F ( m p , − m p ; 1 ; κ^2 ) F ( m p − 1 , 1 − m p ; 1 ; κ^2 )} (107)

In the short-time limit one obtains

N̈^{(vac)} = 1 3 p(p^2 − 1), |apτ | ≪ 1 (108)

In the long-time limit the formulae (80), (84) and ∑_{p−1} m=1 sin^2(πm/p) = p/2 lead to another simple expression (provided p ≥ 2) N̈^{(vac)} = 2a^2p^3/π^2, apτ ≫ 1, a > 0 (109)

Consequently, the total number of photons created from vacuum due to NSCE increases in time quadratically both in the short-time and in the long-time limits (although with different coefficients).

6.2 Arbitrary initial conditions

For an arbitrary initial state of the field one can write U_m = U^{(vac)}_m +ΔU_m, where U^{(vac)}_m is given by equation (89); similar expressions can be written for V_m and Y_m. The corrections due to the nonvacuum initial states are given by ΔU_m ΔV_m } = Re ∑ n,j m √ nj ( [ ρ^{(n)}_m ∓ ρ^{(n)}_{−m} ]_∗ [ ρ^{(j)}_m ∓ ρ^{(j)}_{−m} ] [ ⟨b̂^†_nb̂_j ⟩ − ⟨b̂^†_n⟩⟨b̂_j ⟩ ]

± [ ρ^{(n)}_m ∓ ρ^{(n)}_{−m} ] [ ρ^{(j)}_m ∓ ρ^{(j)}_{−m} ] [ ⟨b̂_nb̂_j⟩ − ⟨b̂_n⟩⟨b̂_j⟩ ] ) (110)

ΔY_m = Im ∑ n,j m √ nj ( [ ρ^{(n)∗}_m ρ^{(j)}_{−m} − ρ^{(j)}_m ρ^{(n)∗}_{−m} ] [ ⟨b̂^†_nb̂_j⟩ − ⟨b̂^†_n⟩⟨b̂_j ⟩ ]

+ [ ρ^{(n)}_m ρ^{(j)}_m − ρ^{(n)}_{−m}ρ^{(j)}_{−m} ] [ ⟨b̂_nb̂_j⟩ − ⟨b̂_n⟩⟨b̂_j⟩ ] ) (111)

where the average values like ⟨b̂^†_nb̂_j⟩ are calculated in the initial state. All the corrections disappear in the case of the initial coherent state, b̂_n|α⟩ = α_n|α⟩. If the initial density matrix is diagonal in the Fock basis (as happens e.g. for the Fock or thermal states) then ⟨b̂^†_nb̂_j⟩ = ν_nδ_{nj} (ν_n ≥ 0), all other average values in (110) and (111) being equal to zero. In this case the double sums are reduced to the single ones:

ΔU_m = m ∑ n ν_n n | | |ρ^{(n)}_m − ρ^{(n)}_{−m} | | |^2 , ΔVm = m ∑ n ν_n n | | |ρ^{(n)}_m + ρ^{(n)}_{−m} | | |^2 (112)

ΔY_m = 2m ∑ n ν_n n Im [ ρ^{(n)∗}_m ρ^{(n)}_{−m} ] . (113)

We see that the initial fluctuations always increase both the variances U_m and V_m (for the diagonal density matrix). However, asymptotically at τ → ∞ the corrections are bounded for the physical initial states having

finite total numbers of photons, because the coefficients | | |ρ^{(n)}m ± ρ^{(n)}_{−m} | | |^2 and Im [ ρ^{(n)∗}_m ρ^{(n)}_{−m} ] do not depend on the summation index n in this limit. For example, if p = 2, then

ρ^{(2n+1)}

2m+1 (τ ≫ 1) ≈

2(−1)^m π(2m + 1)

(a + iγ)^{m+n+1} , (114)

ρ^{(2n+1)} −2m−1(τ ≫ 1) ≈ 2(−1)^m π(2m + 1)

(a + iγ)^{n−m}, (115)

and the exponent n disappears in the sums, because |a + iγ| = 1. Thus we have in the ‘principal’ μ-modes (taking p = 2 for the sake of simplicity)

ΔU^{(∞)}_μ ΔV^{(∞)}_μ ΔY^{(∞)}_μ = 8Z π^2μ × 2 sin^2 (μϕ/2) 2 cos^2 (μϕ/2) − sin (μϕ)

, (116)

where

ϕ ≡ arcsin γ, Z = ∞∑ k=0 ν_{2k+1} 2k + 1 . The expressions in (116) are very similar to those in equations (96)-(98). The consequence of Eq. (116) is the important result that in the limit τ → ∞ the minimal variance u_μ does not depend on the initial state of the field inside the cavity, provided the initial density matrix was diagonal in the Fock basis. Indeed, in this case, combining the equations (96)-(98) and (116), we can write the variances at τ ≫ 1 as (we omit the subscript μ) U (τ ) V (τ ) Y (τ ) = 2F sin^2(χ/2) + f 2F cos^2(χ/2) + g −F sin χ + h , F = 8(aτ + Z) π^2μ , χ = μϕ. (117) The corrections f, g and h can be found by integrating equations (92)-(93), therefore they do not depend on the initial state. At τ → ∞ these corrections tend to finite limits, so they are much smaller than F . Evidently, U + V = 2F + f + g, whereas

(U − V )^2 + 4Y^2 = 4F^2 + 4F [(g − f) cos χ − 2h sin χ] + (f − g)^2 + 4h^2.

For F ≫ f, g, h we have √ (U − V )^2 + 4Y^2 = 2F + (g − f) cos χ − 2h sin χ + O(1/F ) so the minimal variance u(τ ) (100) tends to the finite limit

u(∞) = f cos^2(χ/2) + g sin^2(χ/2) + h sin χ, (118)

which does not depend on Z, i.e. on the initial state.

The correction to the mean number of photons in the m-th mode for the “diagonal” initial distributions is given by the sum

ΔN_m = m ∑ n ν_n n (| | |ρ^{(n)}_m | | | |^2 + | | |ρ^{(n)}_{−m} | | |^2 ) . It tends to the limit ΔN^{(∞)}_μ = 8Z/ ( π^2μ ) . The total number of photons in all the modes equals N = N^{(vac)} + N^{(cav)}, where

N^{(cav)} = N (0) + 2 ∞∑ m,n,k=1 m √ nk [ η^{(n)∗}_m η^{(k)}_m ⟨b̂^†_nb̂_k⟩ + Re ( η^{(n)}_m ξ^{(k)}_m ⟨b̂_nb̂_k⟩ )] (119)

(to obtain this formula one should use the identity (24)). Differentiating (119) with respect to τ and performing the summation over m with the help of equations (29), (30), (64), (65), or (67), one can obtain the formula dN^{(cav)} dτ = 2σ ∞∑ n,k=1 ⟨b̂^†_nb̂_k⟩ √ nk p∑ m=1 m(p − m) [ ρ^{(n)∗}_{−m} ρ^{(k)}_{p−m} + ρ^{(k)}_{−m}ρ^{(n)∗}_{p−m} ]

− 2σRe ∞∑ n,k=1 ⟨b̂_nb̂_k⟩ √ nk p∑ m=1 m(p − m) [ ρ^{(n)}_{−m}ρ^{(k)}_{m−p} + ρ^{(n)}_m ρ^{(k)}_{p−m} ] . (120)

Using equation (120) and replacing the coefficients ρ^{(n)}_m by their asymptotical values (85) one can obtain the expression dN^{(cav)} dτ = 4ap^2 π^2 p−1∑ m=1 sin^2(πm/p) ∞∑ n,k=0 σ^{n+k} √ (m + pn)(m + pk) × { ⟨b̂^†_{m+pn}b̂_{m+pk}⟩(a + iγ)^{k−n} − σRe [ ⟨b̂_{m+pn}b̂_{m+pk} ⟩(a + iγ)^{k+n+1} ]} (121)

which holds provided apτ ≫ 1 and a > 0. For the physical initial states the sum in the right-hand side of (121) is finite. This is obvious if a finite number of modes was excited initially. But even if the cavity was initially in a high-temperature thermal state, so that ⟨b̂^†_nb̂_k⟩ = δ_{nk}Θ/n, ⟨b̂_nb̂_k⟩ = 0, the sum over n, k yields a finite value Θ ∑_∞ n=0 (m + pn)^{−2}. Consequently, the total number of “nonvacuum” photons increases in time linearly at apτ ≫ 1, whereas the total number of quanta generated from vacuum increases quadratically in the long time limit.

6.3 The “principal resonance” (p = 2)

Many formulas obtained above can be simplified in the special case p = 2. In this case there are two subsets of nonzero Bogoliubov coefficients. The first one consists of the coefficients with even upper and lower indices ξ^{(2q)}_{2k} which are reduced to the coefficients ξ^{(q)}_k of the “semi-resonance” case. However, since η^{(2q)}_{2k} ≡ 0, this subset does not contribute to the generation of new photons. The second subset is formed by the “odd” coefficients which can be written as [κ ≡ κ(2τ )]

ξ^{(2n+1)}

2m+1 =

Γ (n + 3/2) κ^{n−m}λ^{m+n+1} Γ (m + 3/2) Γ (1 + n − m) × F ( n + 1/2 , −m − 1/2 ; 1 + n − m ; κ^2 ) , n ≥ m (122) ξ^{(2n+1)}

2m+1 = (−1)^{m−n}Γ (m + 1/2) κ^{m−n}λ^{m+n+1} Γ (n + 1/2) Γ (1 + m − n) × F ( m + 1/2 , −n − 1/2 ; 1 + m − n ; κ^2 ) , m ≥ n (123)

η^{(2n+1)}

2k+1 =

(−1)^{k−1}Γ (k + 1/2) Γ (n + 3/2) κ^{n+k+1}λ^{n−k} πΓ (2 + n + k) × F ( n + 1/2 , k + 1/2 ; 2 + n + k ; κ^2 ) . (124)

It is known [275] that the hypergeometric function F (a, b; c; z) with ‘half-integral’ parameters a, b and an integral parameter c can be expressed in terms of the complete elliptic integrals

K(κ) = ∫_{π/2} 0 dα √ 1 − κ^2 sin^2 α = π 2 F ( 1 2 , 1 2 ; 1 ; κ^2 ) (125)

E(κ) = ∫_{π/2} 0 dα √ 1 − κ^2 sin^2 α = π 2 F ( − 1 2 , 1 2 ; 1 ; κ^2 ) . (126)

In particular, ξ^{(1)}_1 = 2 π λ(κ)E(κ), η^{(1)}_1 = 2 πκ [ κ̃^2K(κ) − E(κ) ] , (127)

ρ^{(1)}_3 =

2λ^2(κ) 3πκ [( 1 − 2κ^2 ) E(κ) − κ̃^2K(κ) ] (128)

ρ^{(1)}_{−3} = − 2 3πκ^2λ(κ) [( 2 − κ^2 ) E(κ) − 2κ̃^2K(κ) ] (129)

where κ̃ ≡ √ 1 − κ^2 = [ 1 + S^2(2τ ) ]_{−1/2} , (130)

and λ(κ) was defined in (50).

The general structure of the coefficients ρ^{(1)}_μ (we confine ourselves to the case p = 2) is as follows

ρ^{(1)}_{2m+1} =

2λ^{m+1}(κ) πκ^m [ f_m ( κ^2 ) E(κ) + κ̃^2g_m ( κ^2 ) K(κ) ] (131)

ρ^{(1)}_{−2m−1} = 2 πκ^{m+1} λ^m(κ) [ r_m ( κ^2 ) E(κ) + κ̃^2s_m ( κ^2 ) K(κ) ] (132)

where f_m(x), g_m(x), r_m(x), s_m(x) are the polynomials of the degree m which can be found from the recurrence relations (67).

The photon generation rate from vacuum in the principal cavity mode (m = 1) reads

dN^{(vac)}_1 dτ = −2Re [ η^{(1)}_1 ξ^{(1)}_1 ] = 8 √ 1 − γ^2 κ^2 π^2κ

E(κ) [ E(κ) − κ̃^2K(κ) ] . (133)

The average number of photons in the first mode can be obtained by integrating this equation. It is convenient to integrate with respect to the variable κ, taking into account the relation (for p = 2, for instance)

dκ = 2βκ̃^2dτ, β = Reλ = √ 1 − γ^2 κ^2.

For example, in the case of the quadrature variance U_1 we arrive at the equation

dU_1 dκ = − 2 π^2κ̃^2κ^2β {[ κ^2 ( 1 − 2γ^2κ^2 ) + 1 − 2βκ ] E^2(κ)

−2κ̃^2(1 − βκ)E(κ)K(κ) + κ̃^4K^2(κ) } . (134)

Let us consider first the case γ = 0, when β = 1. Taking into account the differentiation rules [276]

dK(κ) dκ = E(κ) κκ̃^2 − K(κ) κ , dE(κ) dκ = E(κ) − K(κ) κ (135)

we may suppose that the factor κ̃^2 in the denominator of the right-hand side of equation (134) comes from the derivative dK/dκ. Thus it is natural to look for the solution in the form

U_1 = 2 π^2κ [ A(κ)K^2 (κ) + B(κ)K(κ)E(κ) + C(κ)E^2(κ) ] , (136)

where A(κ), B(κ) and C(κ) are some polynomials of κ. Putting the expression (136) into equation (134) we obtain a set of coupled equations for the unknown functions A, B, C. Writing A(κ) = a_0 + A_1(κ), B(κ) = b_0 + B_1(κ), C(κ) = c_0 + C_1(κ) we determine the constant coefficients a_0, b_0 and c_0 by putting κ = 0 in that equations. Then we obtain new equations for the functions A_1(κ), B_1(κ) and C_1(κ) and repeat the procedure. After a few steps we arrive at the equations which have obvious trivial solutions A_n = B_n = C_n = 0. This confirms our hypothesis on the polynomial structure of the functions A(κ), B(κ) and C(κ) and gives the final answer. The equations for the variances U_μ, V_μ, etc. with μ ≥ 3 can be integrated in the same manner, the only difference is that one should write κ^μ instead of κ in the denominator of the expression like (136). In the generic case γ ≠ 0 we notice that the factor β can appear in the denominator of the expression (134) as a result of differentiating the function β(κ), since dβ/dκ = −γ^2 κ/β. Therefore we split each function, A, B, C in the ‘β-even’ and ‘β-odd’ parts like A = A_e(κ) + β(κ)A_o(κ). The equations for the ‘even’ and ‘odd’ coefficients turn out independent, and we solve them using the procedure described above.

The results of the integrations are as follows,

N^{(vac)}_1 (κ) = 2 π^2

K(κ) [ 2E(κ) − κ̃^2K(κ) ] − 1 2 . (137)

U_1 = 2 π^2κ [ κ̃^2(β − κ)K^2(κ) − 2(β − κ)K(κ)E(κ) + βE^2 (κ) ] , V_1 = 2 π^2κ [ 2(β + κ)K(κ)E(κ) − κ̃^2(β + κ)K^2(κ) − βE^2 (κ) ] , Y_1 = 2γ π^2 [ κ̃^2K^2(κ) − 2K(κ)E(κ) + E^2(κ) ] . Making the transformation [269, 270] K ( 1 − κ̃ 1 + κ̃ ) = 1 + κ̃ 2 K(κ), E ( 1 − κ̃ 1 + κ̃ ) = E(κ) + κ̃K(κ) 1 + κ̃

one can rewrite formulae (127) and (137) in the form found for the first time in [189] (in the special case of γ = 0). Using the asymptotical expansions of the elliptic integrals at κ → 1 [276]

K(κ) ≈ ln 4 κ̃ + 1 4 ( ln 4 κ̃ − 1 ) κ̃^2 + · · ·

E(κ) ≈ 1 + 1 2 ( ln 4 κ̃ − 1 2 ) κ̃^2 + · · ·

one can obtain the formula

N^{(vac)}_1 (τ ≫ 1) = 8a π^2 τ + 4 π^2 ln ( 2 a ) − 1 2 + O ( τ e^{−4aτ} ) , a > 0. (138)

In the special case of γ = 1 one can obtain the expansion

N^{(vac)}_1 (τ ≫ 1) = 4 π^2 ln τ + 12 π^2 ln 2 − 1 2 + O ( τ^{−2} )

If γ > 1, the number of photons in the principal mode oscillates with the period π/(2ã). For γ ≫ 1 one can write κ ≈ sin(2ãτ )/ã, i.e. |κ| ≪ 1. In this case

N^{(vac)}_1 ≈ κ^2 4 ≈ sin^2(2ãτ ) 4ã^2 ≪ 1. Equation (100) yields the minimal and maximal invariant variances

u_1 = 2 π^2κ [ κ̃^2(1 − κ)K^2(κ) − 2(1 − κ)K(κ)E(κ) + E^2(κ) ] , (139)

v_1 = 2 π^2κ [ 2(1 + κ)K(κ)E(κ) − κ̃^2(1 + κ)K^2(κ) − E^2(κ) ] , (140)

which depend on the detuning parameter γ only implicitly, through the dependence on γ of the function κ(τ ). In the short time limit τ ≪ 1 (then κ ≈ 2τ ) we obtain, using the Taylor expansions of the complete elliptic integrals, u_1 =^1_2 − τ + τ^2 + · · · and v_1 =^1_2 + τ + τ^2 + · · · in accordance with [124]. More precisely,

u_1 v_1 } = 1 2 ( 1 ∓ κ + 1 2 κ^2 ∓ 1 4 κ^3 + 7 32 κ^4 + · · · )

The minimal variance u_1 monotonously decreases from the value 1/2 at t = 0 to the constant asymptotical value 2/π^2 at τ ≫ 1, confirming qualitatively the evaluations of [107, 110] and giving almost 50% squeezing in the initial vacuum state. The variance of the conjugate quadrature monotonously increases, and for τ ≫ 1 it becomes practically linear function of time: v_1(τ ≫ 1) ≈ 16τ /π^2. The asymptotical minimal value u_1(τ = ∞) does not depend on γ provided γ ≤ 1 (only the rate of reaching this asymptotical value decreases with γ as √ 1 − γ^2 ). In the strongly detuned case, γ > 1, the minimal variance oscillates as a function of τ (being always greater than 2/π^2), since in this case the function κ(τ ) oscillates between −γ^{−1} and γ^{−1}.

The minimal variance does not go to zero when τ → ∞ due to the strong intermode interaction, which results in a high degree of quantum mixing for each mode. Since the state originating from the initial vacuum state belongs to the class of Gaussian states (see the next subsection), the quantum ‘purity’ χ_m ≡ Trρ̂^2_m of the mth field mode (described by means of the density matrix ρ̂_m) can be expressed in terms of the (co)variances as [277] χ_m = [ 4 ( U_mV_m − Y^2_m )]_{−1/2} . Using equations (117)-(118) one can check that for τ ≫ 1, U V − Y^2 = 2F u(∞) + O(1) ∼ τ . Consequently, the purity factor χ asymptotically goes to zero as τ^{−1/2}. For instance, for m = 1 we have (writing simply K and E instead of K(κ) and E(κ))

χ_1 = π^2 4 κ [ 4KE^3 + 4κ̃^4K^3E − 6κ̃^2K^2E^2 − E^4 − κ̃^6K^4 ]_{−1/2} (141)

The initial dependence on κ is rather weak: χ(κ ≪ 1) = 1 −^3_{32} κ^4 + · · ·. But when κ → 1, χ rapidly goes to zero: χ(κ̃ ≪ 1) ≈ (8/π^2) [ln (4/κ̃)]^{−1/2}, with dχ/dκ → −∞.

The expressions for the variances in the modes with numbers μ ≥ 3 are rather involved. Here we give only one explicit example – the variance U_3 for γ = 0:

U_3 = 2 9π^2κ^3 [ κ̃^2(1 − κ) ( 4 + 10κ + 9κ^2 ) K^2(κ)

+(1 − κ) ( 4κ^3 − 14κ^2 − 20κ − 8 ) K(κ)E(κ) + ( 4κ^4 + 6κ^3 − κ^2 + 6κ + 4 ) E^2(κ) ] (142)

The Taylor expansion of the right-hand side of (142) coincides with the expansion (94). The asymptotical value at τ → ∞ equals U_3(κ = 1) = 38/(9π^2) ≈ 0.43. We see that the squeezing rapidly disappears with increase of the mode number μ. The variance V_3 can be obtained from (142) by means of a simple substitution κ → −κ. Therefore the mean number of photons in the third mode is given by

N_3 = 2 3π^2κ^2 [( 3κ^2 − 2 ) K ( 2E − κ̃^2K ) + 2 ( 1 + κ^2 ) E^2 ] − 1 2 . (143)

The second derivative of the total mean number of photons created from vacuum in all the modes (107) takes the form d^2N^{(vac)} dτ^2 = 8 π^2κ^2 [ κ̃^4K^2 − 2κ̃^2KE + ( 1 + κ^2 − 2γ^2 κ^4 ) E^2 ] . (144)

Integrating this equation with the account of the condition dN^{(vac)}/dτ = 0 at τ = 0 [which is a trivial consequence of Eq. (106)], we obtain very simple expression

N^{(vac)} = 2 π^2

K(κ) [K(κ) − E(κ)] . (145)

In the limiting cases this formula yields

N^{(vac)}(τ ≪ 1) ≈ τ^2

N^{(vac)}(τ ≫ 1) = 8a^2τ^2/π^2 + O(τ ), a > 0.

If γ ≫ 1, then |κ| ≪ 1, but γ^2κ^2 ≈ sin^2(2ãτ ) ∼ O(1). In this case the Taylor expansion of the second derivative yields N̈^{(vac)} = 2 cos(4ãτ )+O(γ^{−2} ). Integrating this equation with account of the initial conditions Ṅ^{(vac)}(0) = N^{(vac)}(0) = 0 one obtains N^{(vac)} ≈ N^{(vac)}_1 ≈ sin^2(2ãτ )/(4ã^2).

6.4 Photon distribution

Now let us turn to the photon distribution function (PDF) f(n) ≡ ⟨n|ρ̂_m(t)|n⟩, where |n⟩ is the multimode Fock state, n ≡ (n_1, n_2, . . .), and ρ̂_m(t) is the time-dependent density matrix of the mth field mode in the Schrödinger picture. Note that all the calculations in the preceding sections were performed in the framework of the Heisenberg picture. Nonetheless, the available information is sufficient to calculate the PDF for the special (but very important) class of Gaussian initial states (defined as the states whose density matrices, or wave functions, or Wigner functions, are described by some Gaussian exponentials). This class includes coherent, squeezed and thermal states; in particular, it includes the vacuum state.

The solution is based on two key points. The first one is the statement [170, 176, 183–185] that the field evolution in a cavity with moving boundaries can be described not only in the Heisenberg picture, but, equivalently, in the framework of the Schrödinger picture, with a quadratic multidimensional timedependent Hamiltonian. The second key point is the fact [278,279] that the evolution governed by quadratic Hamiltonians transforms any Gaussian state to another Gaussian state. Knowing these facts, it remains to take into account that the photon distribution function of any Gaussian state is determined completely by the average values of quadratures and by their variances [280, 281], which obviously do not depend on the quantum mechanical representation.

In the most compact form the information on the photon distribution f(n) in some mode (we suppress here the mode index) is contained in the generating function G(z) = ∞∑ n=0 f(n)z^n For a generic one-mode Gaussian state it can be expressed as [192, 280, 281]

G(z) = [G(z)]^{−1/2} exp ( 1 D [ zg_1 − z^2g_2 G(z) − g_0 ]) (146)

where G(z) = 1 4 [ (1 + z)^2 + 4 ( U V − Y^2 ) (1 − z)^2 + 2(U + V ) ( 1 − z^2 )] (147)

D = 1 + 2(U + V ) + 4 ( U V − Y^2 ) = 4G(0)

g_0 = ⟨p̂⟩^2(2U + 1) + ⟨q̂⟩^2(2V + 1) − 4⟨p̂⟩⟨q̂⟩Y

g_1 = 2⟨p̂⟩^2 ( U^2 + Y^2 + U + 1 4 ) + 2⟨q̂⟩^2 ( V^2 + Y^2 + V + 1 4 )

−4⟨p̂⟩⟨q̂⟩Y (U + V + 1) g_2 = 2⟨p̂⟩^2 ( U^2 + Y^2 − 1 4 ) + 2⟨q̂⟩^2 ( V^2 + Y^2 − 1 4 ) − 4⟨p̂⟩⟨q̂⟩Y (U + V ). In the generic case f(n) is related to the two-dimensional ‘diagonal’ Hermite polynomials [280]: f(n) = F_0 n! H^{{R}}_{nn} (x, x^∗) (148) where F_0 = f(0) = 2D^{−1/2} exp (−g_0/D) x = √ 2 {(2V − 1)⟨q̂⟩ − 2Y ⟨p̂⟩ + i [(1 − 2U )⟨p̂⟩ + 2Y ⟨q̂⟩]} 2(U + V ) − 4 (U V − Y^2) − 1 and 2 × 2 symmetric matrix R has the elements

R_{11} = R^∗_{22} = 2 D (V − U − 2iY ), R_{12} = R_{21} = 1 D [ 1 − 4 ( U V − Y^2 )]

The two-dimensional Hermite polynomials are defined via the expansion [269] exp ( − 1 2 aRa + aRx ) = ∞∑ m,n=0 a^m_1 a^n_2 m!n! H^{{R}}_{mn} (x_1, x_2) (149)

where x = (x_1, x_2), a = (a_1, a_2). The properties of these polynomials were studied in [281,282]. In particular, they can be expressed as finite sums of the products of the usual (one-dimensional) Hermite polynomials. The corresponding formula for the probabilities reads [280]

f(n) = F_0 ( Δ D )_{n n}∑ k=0 ( S Δ )_k n! [(n − k)!]^2k!

|H_{n−k}(ξ)|^2 (150)

where Δ = √ (U − V )^2 + 4Y^2, S = 4 ( U V − Y^2 ) − 1 ξ = (2V + 1)⟨q̂⟩ − 2Y ⟨p̂⟩ + i [(1 + 2U )⟨p̂⟩ − 2Y ⟨q̂⟩] [2D(V − U − 2iY )]^{1/2} If ⟨p̂⟩ = ⟨q̂⟩ = 0, then the generating function (146) is reduced to [G(z)]^{−1/2}, i.e. it has the same structure as the known generating function of the Legendre polynomials P_n(x). In this case, we have the following expression for the photon distribution in the mth field mode:

f_m(n) =

2 [(2u_m − 1)(2v_m − 1)]^{n/2} [(2u_m + 1)(2v_m + 1)]^{(n+1)/2} P_n ( 4u_mv_m − 1 √ (4u^2_m − 1) (4v^2_m − 1) ) (151)

It depends only on the invariant minimal and maximal variances u_m and v_m. Note that the argument of the polynomial in (151) is always outside the ‘traditional’ interval (−1, 1) (in particular, this argument is pure imaginary if 2u_m < 1), being exactly equal to 1 for the ‘non-principal’ modes with u_m = v_m = N_m +^1_2 , when formula (151) transforms to the time-dependent Planck’s distribution

f_m(n; τ ) =

N^n_m(τ ) [N_m(τ ) + 1]^{n+1} . Only for the ‘principal’ μ-modes the spectrum of photons is different from Planck’s one due to the squeezing effect.

The function (151) can be simplified in the long-time limit τ ≫ 1, when the average number of created photons N ≡ n̄ ≈ (V + U )/2 exceeds 1. Then the mean-square fluctuation of the photon number has the same order of magnitude as the mean photon number itself, √ σ_n ≈ √ 2N , and the most significant part of the spectrum corresponds to the values n ≫ 1. Using the Laplace–Heine asymptotical formula for the Legendre polynomial [283] P_n(z) ≈ ( z + √ z^2 − 1 )_{n+1/2} √ 2πn (z^2 − 1)^{1/4} , n ≫ 1 one can simplify (151) for the fixed values of the invariant variances u and v as f(n) ≈ 1 √ πn(v − u) ( 2v − 1 2v + 1 )_{n+1/2} (152)

provided the positive difference v − u is not too small. Another approximate formula can be used if v ≫ 1 but u ∼ 1: f(n) ≈ √ 2(2u − 1)^{n/2} √ v(2u + 1)^{(n+1)/2} e^{−n/(2v)}P_n ( 2u √ 4u^2 − 1 ) , n ≪ 8v^2. (153)

The first and second derivatives of the generating function (146) at z = 1 yield the first two moments of the photon distribution (hereafter we suppress subscript m)

n̄ = 1 2 (u + v − 1), σ_n ≡ n^2 − (n̄)^2 = 1 4 ( 2u^2 + 2v^2 − 1 ) (154)

which result in the Mandel parameter [284] Q ≡ σ_n/n̄ − 1 = u^2 + v^2 − u − v + 1/2 u + v − 1 . (155)

This parameter appears positive for all values of τ , so the photon statistics is super-Poissonian, with strong bunching of photons (the pair creation of photons in the NSCE was discussed in [142, 198, 200, 213]). In particular, Q_{2m+1}(τ → 0) ≈ [(m + 1)(2m − 1)!!/m!]^2 τ^{2m}/(2m + 1), Q_1(0) = 1,

whereas Q_m ≈ V_m(τ ) ≫ 1 for τ ≫ 1 (if γ ≪ 1).

7 Energy and formation of packets

7.1 Energy density

The mean value of the energy density operator in one space dimension

Ŵ (x, t) = 1 8π [( ∂Â/∂t )_2 + ( ∂Â/∂x )_2] (156)

at t ≥ T equals (hereafter we assume L_0 = 1, i.e. ω_1 = π) W̃ (x, t) = π ∞∑ m,j=1 √ mj { cos[π(m + j)x]Re [ ⟨â_mâ_j ⟩e^{−iπ(m+j)t} 0]

+ 1 2 cos[π(m − j)x] [ ⟨â^†_mâ_j⟩e^{iπ(m−j)t} 0 + ⟨â_mâ^†_j⟩e^{−iπ(m−j)t} 0] } (157)

where the quantum mechanical averaging ⟨· · ·⟩ is performed over the initial state of the field (the Heisenberg picture) and t^′ ≡ t + δT .

7.1.1 Regularization and Casimir’s energy

Due to the commutation relations [ â_m , â^†_j ] = δ_{mj} the series (157) contains the vacuum divergent ‘diagonal’ part with m = j:

W̃^{(vac)} = (π/2)^∞ ∑ m=1 m exp(−iπmt^′ + iπmt^′). (158) The recipe how to regularize this divergence was given in [81]. One should write the first term in the argument of the exponential in (158) as it stands, but to replace t^′ in the second term by t^′ + iη, η > 0 (this is the so-called ‘point-splitting method’). Then the sum becomes convergent, giving

W̃^{(vac)}(η) = (π/2)^∞ ∑ m=1 me^{−mπη} = (π/8) [sinh(πη/2)]^{−2} .

The Taylor expansion of this function reads W̃^{(vac)}(η) = (2πη^2)^{−1} − π/24 + O(η^2 ). According to [81], one should remove the divergent term (2πη^2)^{−1} and after that proceed to the limit η → 0. This limit value gives us the known expression for the one-dimensional negative vacuum Casimir energy [81, 117–120] (which does not depend on the coordinate x in the case involved) W̃^{(Cas)} = −π/24 (or − πh̄c 24L^2_0 in the dimensional units) (159)

Extracting this vacuum energy from W̃ we arrive at the expression W ≡ W̃ − W̃^{(Cas)} = π ∞∑ m,j=1 √ mjRe [ ⟨â_mâ_j ⟩ cos[π(m + j)x]e^{−iπ(m+j)t} 0

+⟨â^†_mâ_j ⟩ cos[π(m − j)x]e^{iπ(m−j)t} 0] . (160)

The same expression (160) can be obtained if one calculates the mean value of the normally ordered (with respect to the operators â^†_n and â_n) counterpart of the operator (156) (cf. [164]). Then the total energy (without the vacuum part) assumes the usual form E = ∫_L0 0 W (x, t)dx = ∞∑ n=1 ω_n ⟨ â^†_nâ_n ⟩ (161)

which justifies the choice of the normalization in (12) and (21).

Since the initial quantum state was defined with respect to the ‘in’-operators b̂^†_n and b̂_n, we must express the ‘out’ operators â^†_m and â_m in terms of b̂^†_n and b̂_n by means of formula (22). Thus we arrive at the expression containing a combination of the mean values ⟨b̂_nb̂_k⟩, ⟨b̂^†_nb̂^†_k⟩, ⟨b̂^†_nb̂_k⟩ and ⟨b̂_nb̂^†_k⟩ calculated in the initial quantum state. For the initial vacuum state defined according to the relations b̂_n|0⟩ = 0, n = 1, 2, . . ., the only nonzero mean values are ⟨b̂_nb̂^†_k⟩ = δ_{nk}. Then (160) is transformed into the triple sum

W_0(x, t) = π ∞∑ n,m,j=1 mj n Re { cos[π(m − j)x]e^{iπ(m−j)t} 0 ρ^{(n)}_{−m}ρ^{(n)∗}_{−j} − cos[π(m + j)x]e^{iπ(m+j)t} 0 ρ^{(n)}_{−m}ρ^{(n)∗}_j } . (162)

Evidently, W_0(x, t) = 0 for t ≤ 0. For an arbitrary initial state the energy density can be written as a sum of the ‘vacuum’ and ‘nonvacuum’ contributions

W = W_0 + W_1, W_1 = π ∞∑ n,k=1 1 √ nk Re [ ⟨b̂_nb̂_k⟩B^{(nk)} + ⟨b̂^†_nb̂_k⟩B̃^{(nk)} ] (163) where

B^{(nk)} = ∞∑ m,j=1 mj { cos[π(m + j)x] [ e^{−iπ(m+j)t} 0 ρ^{(n)}_m ρ^{(k)}_j +e^{iπ(m+j)t} 0 ρ^{(n)}_{−m}ρ^{(k)}_{−j} ]

− cos[π(m − j)x] [ e^{−iπ(m−j)t} 0 ρ^{(n)}_m ρ^{(k)}_{−j} + e^{iπ(m−j)t} 0 ρ^{(n)}_{−m}ρ^{(k)}_j ] } (164)

B̃^{(nk)} = ∞∑ m,j=1 mj { cos[π(m − j)x] [ e^{−iπ(m−j)t} 0 ρ^{(n)∗}_{−m} ρ^{(k)}_{−j} +e^{iπ(m−j)t} 0 ρ^{(n)∗}_m ρ^{(k)}_j ]

− cos[π(m + j)x] [ e^{−iπ(m+j)t} 0 ρ^{(n)∗}_{−m} ρ^{(k)}_j + e^{iπ(m+j)t} 0 ρ^{(n)∗}_m ρ^{(k)}_{−j} ] } (165)

Making the change of the summation index j → −j in the first term of (162) we can write

W_0(x, t) = −πRe ∞∑ n=1 ∞∑ m=1 ∞∑ j=−∞ mj n cos[π(m + j)x]e^{iπ(m+j)t} 0 ρ^{(n)}_{−m}ρ^{(n)∗}_j .

Similarly, changing the indices m → −m or j → −j in (164) and (165) we can reduce 4 sums with apparently different summands and the indices running from 1 to ∞ to the unified sums whose two indices run from −∞ to ∞: B^{(nk)} = ∞∑ m,j=−∞ mj cos[π(m + j)x]e^{−iπ(m+j)t} 0 ρ^{(n)}_m ρ^{(k)}_j

B̃^{(nk)} =^∞ ∑ m,j=−∞ mj cos[π(m − j)x]e^{iπ(m−j)t} 0 ρ^{(n)∗}_m ρ^{(k)}_j

Now, replacing the cosine function by the sum of two imaginary exponentials we see that W (x, t) is actually the sum of two identical functions of the light-cone variables: W (x, t) = π 2 [F (u; τ ) + F (v; τ )] , u = t^′ + x, v = t^′ − x, (166)

where

F = F_0 + ∞∑ n,k=1 1 √ nk Re [ ⟨b̂_nb̂_k⟩F^{(nk)} + ⟨b̂^†_nb̂_k⟩F̃^{(nk)} ] (167)

F_0(u; τ ) = −Re ∞∑ n=1 ∞∑ m=1 ∞∑ j=−∞ mj n e^{iπ(m+j)u}ρ^{(n)}_{−m}(τ )ρ^{(n)∗}_j (τ ) (168)

F^{(nk)}(u; τ ) = ∞∑ m=−∞ ∞∑ j=−∞ mje^{−iπ(m+j)u}ρ^{(n)}_m (τ )ρ^{(k)}_j (τ ) (169)

F̃^{(nk)}(u; τ ) =^∞ ∑ m=−∞ ∞∑ j=−∞ mje^{iπ(m−j)u}ρ^{(n)∗}_m (τ )ρ^{(k)}_j (τ ) (170) The extra argument τ in the above expressions is introduced in order to emphasize that the energy density depends not only on the value of the current time variable t (which must satisfy the condition t > (1 + δ)T ), but also on the moment of time T when the wall stopped to move. It is worth mentioning that the variables t and τ are independent, as well as u and τ or v and τ .

Evidently, the double sums (169) and (170) are factorized to the products of independent sums over m and j:

F^{(nk)}(u; τ ) = G^{(n)}(u; τ )G^{(k)}(u; τ ), F̃^{(nk)}(u; τ ) = G^{(n)∗}(u; τ )G^{(k)}(u; τ ),

G^{(n)}(u; τ ) = ∞∑ m=−∞ me^{−iπmu}ρ^{(n)}_m (τ ) = i π ∂ ∂u ∞∑ m=−∞ e^{−iπmu}ρ^{(n)}_m (τ ) (171)

The last sum in (171) can be easily expressed in terms of the generating function (74) if one writes n = j +kp, m = j + lp and z = exp(−iπpu). Thus we obtain

G^{(n)}(u; τ ) = nz [zg(pτ ) + σS(pτ )]^{n/p−1} [g^∗(pτ ) + zσS(pτ )]^{n/p+1} | | | |_{z=exp(−iπpu)} = nf^{1/2}Λ^{n/p}, (172)

where f(u; κ) = |g^∗(pτ ) + zσS(pτ )|^{−4} = ( 1 − κ^2

)_2

[1 + κ^2 + 2σκ cos(pπu − φ)]^2

, (173) Λ = zg(pτ ) + σS(pτ ) g^∗(pτ ) + zσS(pτ ) = e^{i(2φ−πpu)} 1 + σκ exp[i(πpu − φ)] 1 + σκ exp[i(φ − πpu)] , (174) κ = S(pτ ) √ 1 + S^2 (pτ )

, exp(iφ) = √ 1 − γ^2κ^2 + iγκ .

In the ‘vacuum’ contribution (168) we have some asymmetry between the indices m and j, since m runs from 1 to ∞, whereas j runs from −∞ to ∞. This asymmetry can be eliminated if one differentiates both sides of equation (168) with respect to the independent variable τ at a fixed value of u and performs the summation over the superscript n with the aid of the recurrence relations (87) and (88). It is easy to verify that all the summands with n ≥ p are canceled, so the infinite series over n can be reduced to the finite sum from 1 to (p − 1):

∂F_0(u; τ ) ∂τ = −σRe p−1∑ n=1 ∞∑ m=1 ∞∑ j=−∞ mje^{iπ(m+j)u} × [ ρ^{(n)}_{−m}(τ )ρ^{(p−n)}_{−j} (τ ) + ρ^{(p−n)∗}_m (τ )ρ^{(n)∗}_j (τ ) ] (175)

Making the change of summation indices m → −m, j → −j, n → p − n in the first product inside the square brackets one can reduce two sums in the right-hand side of (175) to the single series where both the indices m and j run from −∞ to ∞. Moreover, the sums over m and j become completely independent, giving rise to the equation ∂F_0(u; τ ) ∂τ = −σRe p−1∑ n=1 G^{(n)}(u; τ )G^{(p−n)}(u; τ ), (176)

where G^{(n)}(u; τ ) is given by (171). Due to (172) the sum in the right-hand side of (176) is reduced to the sum ∑_{p−1} n=1 n(p − n) =^1_6 p(p^2 − 1). Introducing the variable η = exp(2apτ ) we obtain the explicit expression

∂F_0(u; η) ∂η = − (p^2 − 1)a^4η [ η^2(1 + α + β) + α − β − 1 ] 12 [η^2(1 + α + β) − 2η(γ^2 + β) + 1 + β − α]^3

, (177)

where α = σa cos(pπu) and β = σγ sin(pπu). Integrating (177) with the initial condition F_0 = 0 at τ = 0 (or η = 1) we arrive after some algebra at the simple expression

F_0(u; κ) = B [f(u; κ) − 1] , B ≡ ( p^2 − 1 ) /24 , (178) where function f(u; κ) is given by (173). Finally we obtain the following expression for the function F (u; τ ) defined by equation (166):

F = −B + f(u; τ ) B + ∞∑ n,k=1 √ nkRe [ ⟨b̂_nb̂_k⟩Λ^n +k_p + ⟨b̂^†_nb̂_k⟩Λ^k �n_p ] . (179)

In the special case of the initial states whose density matrix is diagonal in the Fock basis, so that ⟨b̂^†_nb̂_k⟩ = ν_nδ_{nk} and ⟨b̂_nb̂_k⟩ = 0 (for example, the Fock or thermal states; ν_n is the mean number of quanta in the nth mode), the sum in (179) is proportional to the initial total energy E_0 in all the modes (above the Casimir level):

F^{(diag)}(u; τ ) = −B + f(u; τ ) [B + N_0] , (180)

N_0 = ∞∑ n=1 nν_n = E_0/π ≡ E_0/(h̄ω_1) .

7.2 Packet formation

Now let us analyse the expressions for the energy density obtained above. For the initial vacuum state we see immediately from equations (173) and (178) that in the generic case the function W_0(x, t) with the fixed value of the ‘fast time’ t has p peaks in the interval 0 ≤ x ≤ 1, whose positions are determined by the equations σ cos(pπu − φ) = −1 and σ cos(pπv − φ) = −1. Obviously, for t > T the energy density is a periodic function of the time variable t, with the period Δt = 1 if p is an even number and Δt = 2 if p is odd.

For the even values of the resonance multiplicity p we have p/2 peaks moving (with the light speed) in the positive direction and p/2 peaks moving in the negative direction. If p is odd, then the numbers of peaks of each kind differ by 1. All the peaks have the same height W^{(vac)}_{max} = 2πBκ/(κ − 1)^2 = π 2 B ( e^{4pτ} − 1 ) (181)

(in this section the expressions containing τ are related to the special case of the strict resonance γ = 0), excepting some distinguished instants of time when two peaks moving in the opposite directions merge, forming a peak with double the height.

If κ → 1 (i.e. τ > 1 and γ < 1), then the energy density can be approximated in the vicinity of each peak by the Lorentz-like distribution W^{(vac)}(δx) = W^{(vac)}_{max} [ 1 + ( 2δx/Δ_{1/4} )_2]2 , (182)

where the width Δ_{1/4} = 2 pπ 1 − κ √ κ ≈ 4 pπ e^{−2pτ} of each peak is defined as the double distance between the position of the maximum and the point where the energy density decreases 4 times. One can introduce also the ‘energy width’ of each peak by means of the relation W_{max}Δ_E = E(τ )/p. For κ → 1 we obtain Δ_E ≈ (1 − κ)/(2πp) ≈ (πp)^{−1}e^{−2pτ} . Except for narrow regions of the length Δ_+ ≈ (πp)^{−1} √ 1 − κ ≈ √ 2(πp)^{−1}e^{−pτ} nearby the peaks the ‘dynamical’ energy density is less than its initial vacuum value, in agreement with the results of [112, 164, 165, 168] obtained in the framework of different approaches. The minimum values of W_0 far off the peaks are given by (taking into account the contributions of both the functions F_0(u) and F_0(v)) W_{min} = −4πB κ (κ + 1)^2 = πB ( e^{−4pτ} − 1 ) . (183)

If κ → 1, W_{min} → −π ( p^2 − 1 ) /24. Adding to this expression the initial Casimir energy (159) we obtain the total asymptotical minimum value (cf. [164])

W̃^{(as)}_{min} = −πp^2/24. (184)

For an arbitrary initial state the energy density has, besides the ‘vacuum’ part, the additional terms given in equation (179). Since these terms are proportional to the same functions f(u; κ) or f(v; κ) which determine the structure of the ‘vacuum’ part, the positions of the peaks are not changed (remember that |Λ| = 1). For the initial states with diagonal density matrices in the Fock basis (in particular, for the thermal states) all the peaks still have equal heights, increased by the quantity ΔW_{max} =^1_2 E_0(1 + κ)^2/(1 − κ)^2, compared with the vacuum case. However, the asymptotical minimal value of the energy density at κ → 1 does not depend on the initial state, being given by formula (184) in all the cases.

If the initial density matrix in the Fock basis has nonzero off-diagonal elements (as happens, in particular, for any pure state different from the Fock one, e.g., for the coherent states), different terms in the sum (179) can interfere. As a consequence, the peaks acquire some kind of ‘fine structure’. For example, if only the first mode was excited initially in the coherent state |α⟩, α = |α| exp(iψ), then for p = 2 and γ = 0 (the strict resonance) we have ΔW ≡ W − W^{(vac)} = π|α|^2 ( 1 − κ^2

)_2 [κ sin(z + ψ) + sin(z − ψ)]^2 [ (1 − κ)^2 + 4κ sin^2 z

]_3

where z ≡ π (u − u_∗) and u_∗ is the position of the ‘vacuum’ peak determined above. If ψ = π/2, then we have the high maximum ΔW^{max}_{π/2} = π|α|^2(1+κ)^2/(1−κ)^2 at z = 0. However, if ψ = 0, then instead of a maximum we have the minimum ΔW = 0 at the same point z = 0, and the peak is split in two symmetric humps with equal maximal heights ΔW^{max}_0 = ( [1 + κ]^2/27κ ) ΔW^{max}_{π/2} located at the points sin z = ±(1 − κ)/ √ 8κ. In the intermediate case 0 < ψ < π/2 asymmetric forms of the peaks are observed. If p > 2 or several modes were excited initially, the interference between different terms in (179) can result in different heights of the peaks and more complicated ‘fine structures’ (provided ⟨b̂_nb̂_k⟩ ≠ 0 for some n and k).

If the detuning γ is different from zero, then some deformations of the form of peaks are observed, although the maximal heights are still of the same order of magnitude as in the case γ = 0, as far as γ ≤ 1. But if the detuning exceeds the critical value γ = 1, the energy becomes an oscillating function of the ‘slow time’ τ , the amplitude of oscillations being proportional approximately to ( γ^2 − 1 )_{−1} [191, 192]. The peaks become rather wide and low, since the parameter κ is limited by the inequality κ ≤ γ^{−1} if γ > 1. The illustrations can be found in [193].

Since the components of the energy-momentum tensor T_{00} and T_{11} are given by similar expressions in the case of single space dimension, the force acting on each wall has the same time dependence as the energy density at the points x = 0 and x = 1. For the most part of time during the period of field oscillations 2L_0/c (where L_0 is the distance between the walls at rest) this force is negative, being less than the static Casimir force, with the maximal amplification coefficient p^2. However, the average value of the force over the period is positive due to the creation of real photons inside the cavity.

If the walls possess some small transmission coefficient, then a small part of radiation accumulated inside the cavity can leave it. In this case one could observe sharp pulses of radiation outside the cavity [210], whose amplitudes must be proportional to the heights of the peaks inside the cavity multiplied by the small transmission coefficient. The intensity of these pulses can be significantly increased, if the initial state is different from vacuum and possesses sufficient energy, like thermal states [210, 211] or coherent states. However, to describe the form of the pulses exactly it is necessary to develop a more general theory which would take into account the boundary conditions corresponding to the partially transmitting walls (because the nonzero transmission coefficient can change significantly the pulse shape, just as the nonzero detuning deformed the form of packets in the examples considered above).

7.3 Total energy

The total energy (161) of the field inside the cavity (above the initial Casimir level) can be obtained by integrating the density W (x) (166) over x. The contribution of the vacuum (function F_0 in (167)) and

‘diagonal’ terms (given by the partial sum in (167) over n = k) can be calculated with the aid of the formula ∫_π 0 dx (a + b cos x)^2 = πa (a^2 − b^2)^{1/2} . To find the contribution of ‘nondiagonal’ terms (n ≠ k) it is convenient to replace the integration over x by the integration in the complex z-plane (z = exp[−iπpu] or z = exp[−iπpv]) over the circle |z| = 1. One can check that this circle is passed p times when x goes from 0 to 1 (if one takes into account both the ‘u’- and ‘v’-contributions). It turns out that the integrals of the ‘non-diagonal’ terms are different from zero if and only if the corresponding integrands in the z-plane have simple poles inside the circle |z| = 1. This happens only when k + n = p in the first term inside the square brackets in (179) and k − n = p in the second term inside the same brackets.

Finally we obtain a simple expression

E(τ ) = E_0 + 2S^2 (pτ ) [ E_0 + πB + γσ 2 Im(G) ] − σ 2 S(2pτ )Re(G), (185)

where G = 2π ∞∑ n=1 √ n(n + p)⟨b̂^†_nb̂_{n+p}⟩ + π p−1∑ n=1 √ n(p − n)⟨b̂_nb̂_{p−n}⟩ (186) (if p = 1, the last sum in (186) should be replaced by zero). Formula (185) was found for the first time in a different way in [191]. In particular, for the initial vacuum state of field we have

E^{(vac)}(τ ) = p^2 − 1 12a^2 sinh^2(paτ ) . (187)

The total energy increases exponentially at τ → ∞, provided γ < 1. In the special case γ = 0 such asymptotical behaviour of the total energy was obtained also in the frameworks of other approaches in [164–166, 177]. Here we have found the explicit dependence of the total energy on time in the whole interval 0 ≤ τ < ∞, as well as a nontrivial dependence on the initial state of field, which is contained in the constant parameter G. This parameter is equal to zero for initial Fock or thermal states of the field. However, in a generic case G ≠ 0, and it can affect significantly the total energy, if E(0) ≫ 1. Consider, for example, the case p = 2. If initially the first mode (n = 1) was in the coherent state |α⟩ with α = |α|e^{iϕ}, |α| ≫ 1, and all other modes were not excited, then E(0) = |α|^2, G = α^2, so for τ ≫ 1 and γ = 0 (exact resonance) we have E(τ ≫ 1) ≈^1_4 |α|^2e^{4τ} [2 − cos(2ϕ)]. The maximal value of the energy in this case is three times bigger than the minimal one, depending on the phase ϕ.

According to (185), the initial stage of the evolution does not depend on the detuning parameter γ for all states which yield Im(G) = 0, since at τ → 0 one has E(τ ) ≈ E(0) − σRe(G)pτ + 2 [ E(0) + p^2 − 1 24 + γσ 2 Im(G) ] (pτ )^2 (188)

Formula (188) is exact in the case of γ = 1.

If γ > 1, then one should replace each function sinh(ax)/a in (185) by its trigonometrical counterpart sin(ãx)/ã: see Eq. (54). In this case the total energy oscillates in time with the period π/(pã), returning to the initial value at the end of each period. For a large detuning γ ≫ 1 the amplitude of oscillations decreases as γ^{−1} if ReG ≠ 0 and as γ^{−2} otherwise.

Note that the total “vacuum” and “nonvacuum” energies increase exponentially with time, if γ < 1 and τ > 1, whereas the total number of photons increases only as τ^2 and τ , respectively, under the same conditions. The origin of such a great difference in the behaviours of the total energy and the total number of photons becomes clear, if one looks at the asymptotical formulae (102)-(104). They show that the rate of photon generation in the mth completely excited mode decreases approximately as Ṅ_m ∼ 1/m (excepting the modes whose numbers are multiples of p), so the stationary rate of the energy generation Ė_m = mṄ_m asymptotically almost does not depend on m. In turn, the number of the effectively excited modes increases in time exponentially. These two factors lead to the exponential growth of the total energy (see also [163] in the special case γ = 0).

8 Three-dimensional nondegenerate cavity

8.1 Empty cavity

Now let us proceed to the three-dimensional case. For definiteness we choose a rectangular cavity with dimensions L_x, L_y, L_z (briefly designated by symbol {L}). If these dimensions do not depend on time, each field mode is determined by three integers m, n, l, responsible for the eigenfrequency ω_{mnl} = π [ (m/L_x)^2 + (n/L_y)^2 + (l/L_z)^2 ]_{1/2} , (189)

and by two orthogonal directions of polarization. In order to simplify the exposition and to get rid of extra unessential indices, let us consider the case when L_z ≪ L_x ∼ L_y. Then the frequencies with l ≠ 0 are much greater than those with l = 0. It is clear that the interaction between low- and high-frequency modes in the nonstationary case is weak. Consequently, studying the excitation of the lowest modes we may confine ourselves to the case of l = 0. Then the only possible polarization of the vector potential is along z-axis, so the low-frequency part of the Heisenberg field operator at t < 0 reads Â_z(x, y, t < 0) = ∑ n (2π/ω_n)^{1/2} ψ_n (x, y|{L}) [ b̂_ne^{−iω}n^t + b̂^†_ne^{iω}n^t ] . (190)

The difference from the similar expression (12) is that now the suffix n is replaced by its “vector” counterpart n = (m, n), and the function ψ_n (x, y|{L}) depends on two space coordinates:

ψ_n (x, y|{L}) = 2 (L_xL_y L_z)^{−1/2} sin mπx L_x sin nπy L_y . The coefficients in Eq. (190) are chosen again in correspondence with the standard form of the field Hamiltonian (13).

Now let the dimension L_x to depend on time according to the given law L(t). To satisfy the boundary conditions A_z|_{x=0} = A_z|_{x=L(t)} = A_z|_{y=0} = A_z|_{y=Ly} = 0

we write the field operator at t > 0 in the same functional form (190), but with the time-dependent parameter L(t): Â_z(x, y, t) = 2√π ∑ n ψ_n (x, y|L(t), L_y) Q̂_n(t). (191)

In the stationary case the operators Q̂_n(t) coincide with the (coordinate) quadrature components of the field mode operators. Putting (191) into the wave equation

∂^2A_z/∂t^2 − ΔA_z = 0

we arrive at the equation looking just as Eq. (18):

Q̈^{(n)}_k + ω^2_k(t)Q^{(n)}_k = 2λ(t) ∑ j g_{kj}Q̇^{(n)}_j + λ̇(t) ∑ j g_{kj}Q^{(n)}_j

+λ^2(t) ∑ jl g_{jk}g_{jl}Q^{(n)}_l . (192)

Now λ(t) = L̇(t)/L(t), all the indices are “two-vectors”, the frequencies are given by Eq. (189) with l = 0 and L(t) instead of L_x, and the constant numerical coefficients g_{kj} are given by the integrals

g_{kj} = L ∫_L 0 dx ∫_{Ly} 0 dy ∫_{Lz} 0 dz ψ_j(r|L) ∂ψ_k(r|L) ∂L . The explicit form of “two-dimensional” coefficients g_{kj} is more complicated than a simple formula (19). However, these coefficients remain antisymmetrical: g_{kj} = −g_{jk}, due to the normalization of functions ψ_k, ∫_{{L}} 0 dr ψ_mψ_n = δ_{mn}, and due to zero boundary conditions at x = L. (Moreover, they do not depend on the cavity dimensions.)

Although we use the same notation as in the 1D case, the operators Q̂_n(t) in Eq. (191) differ from their analogs in a similar decomposition (17). Now Q̂_n(t) means the Hermitian operator coinciding with the (“coordinate”) quadrature component of the field mode operator.

Suppose for simplicity that the wall oscillates at twice the eigenfrequency of some unperturbed mode,

L(t) = L_0 [1 − ϵ_L cos(2ω_mt)] , |ϵ_L| ≪ 1

and let us look for the solution to Eq. (192) in the form

Q_k(t) = ξ_k(ϵ_Lt) exp (−iω_kt) + η_k(ϵ_Lt) exp (iω_kt) (193)

(we have omitted “hats” over operators). Contrary to the one-dimensional case, now all the terms on the right-hand side of Eq. (192) disappear after averaging over fast oscillations, since the spectrum ω_j is not equidistant. Indeed, the first and the second sums on the right-hand side do not contain functions Q_k due to the antisymmetricity of coefficients g_{kj}, whereas the last sum is proportional to λ^2 ∼ ϵ^2_L. Consequently, after the multiplication by the proper exponential functions, the right-hand side will consist of the terms containing the factors such as exp (i [±ω_j ± ω_k ± 2ω_m] t) with j ≠ k. After averaging all these terms turn into zero. (Strictly speaking, the frequency spectrum (189) contains the “equidistant subset”, corresponding to the indices m, n, l multiplicated by the same integral factors. However, this fact does not change the conclusion, because the “coupling constants” g_{kj} between such modes are equal to zero.)

Consequently, in the resonance case the field problem is reduced [188, 189] to that of a one-dimensional parametric oscillator with the time dependence of the eigenfrequency in the form

ω(t) = ω_0 [1 + 2ε̃ cos(2ω_0t)] , (194)

ω_0 ≡ ω_{mn} being the unperturbed eigenfrequency of the resonance mode. Here the frequency modulation depth ε̃ is related to the cavity length modulation depth ϵ_L as follows:

ε̃ = 1 2 ϵ_L [ 1 + (nL_0/mL_y )^2 ]_{−1/2} . We use the notation ε̃ in order not to confuse the dimensionless modulation parameters in the one-dimensional and three-dimensional cases.

At this point we may abandon the Heisenberg picture and proceed to the Schrödinger representation. Of course, both representations are equivalent, as soon as the field problem has been reduced to studying a finite-dimensional quantum system. However, the most of numerous investigations of the time-dependent quantum oscillator, since Husimi’s paper [285], were performed in the Schrödinger picture. So it is natural to use the known results. According to [279, 285, 286]), all the characteristics of the quantum oscillator are determined completely by the complex solution of the classical oscillator equation of motion

ü + ω^2(t)u = 0, (195)

satisfying the normalization condition u̇u^∗ − u̇^∗u = 2i. (196)

Let us assume that function ω(t) takes the constant value ω_0 at t ≤ 0 and at t > t_f > 0. Moreover, it is convenient to choose the initial conditions for u-function as follows:

u(0) = 1/ √ ω_0, u̇(0) = i √ ω_0. (197)

Then the quantum mechanical average number of photons created from the ground state due to the time dependence of the frequency in the interval of time 0 < t < t_f is given by the formula ⟨n⟩ = 1 4ω_0 ( |u̇|^2 + ω^2_0 |u|^2 ) − 1 2 . (198)

Looking for the solution of Eq. (195) in the parametric resonance case (194) in the form u(t) = 1 √ ω_0 [ ξ(t)e^{iω}0^t + η(t)e^{−iω}0^t ] (199)

(the opposite signs in the arguments of the exponential functions in Eqs. (193) and (199) are due to the different representations: the former equation is written in the Heisenberg picture, while the latter – in the Schrödinger one) and using the method of averaging over fast oscillations, one can easily obtain the first order differential equations for the amplitudes (provided that |ε̃| ≪ 1), ξ̇ = iω_0ε̃η, η̇ = −iω_0ε̃ξ. (200) Their solutions satisfying initial conditions (197) (up to the terms of the order of ε̃) read [214, 287–290]

ξ(t) = cosh(ω_0ε̃t), η(t) = −i sinh(ω_0ε̃t). (201)

Due to Eqs. (198), (199) and (201), the average number of photons (and the total energy in the cavity) grows in time exponentially:

⟨n⟩ = |η|^2 = sinh^2 (ω_0ε̃t) . (202)

It is well known that the initial vacuum state of the oscillator is transformed into the squeezed vacuum state, if the frequency depends on time (see, e.g., reviews [223,279] and numerous references therein). Moreover, looking at Eq. (202) one can immediately recognize the combination ω_0ε̃t as the so called squeezing parameter. Therefore the probability to registrate n photons exhibits typical oscillations:

P_{2m} =

[tanh (ω_0ε̃t)]^{2m} cosh (ω_0ε̃t)

(2m)!

(2^mm!)^2

, P_{2m+1} = 0. (203)

This distribution possesses the photon number variance σ_n =^1_2 sinh^2(2ω_0ε̃t). Similar formulas for the amount of photons created in a cavity filled with a medium with a time-dependent dielectric permeability (and stationary boundaries) were found in [222]. The quadrature variances change in time as (now τ = ε̃ω_0t) U = 1 2 e^{−2τ} , V = 1 2 e^{2τ} . (204)

An unlimited squeezing can be achieved in this case due to the absence of interaction with other modes.

8.2 Interaction with a probe oscillator inside the cavity

The situation changes drastically, if the field mode can interact with some detector placed inside the cavity. Following [188, 189] we demonstrate the effect in the framework of a simplified model, when a harmonic oscillator tuned to the frequency of the resonant mode is placed at the point of maximum of the amplitude mode function ψ_{mn} (x, y|{L}) in the 3D rectangular cavity.

Assuming the interaction between the oscillator and the field to be described by means of the standard minimal coupling term −(e/mc)pA, we arrive at the following two-dimensional Hamiltonian governing the evolution of the coupled system “field oscillator + detector”: H = 1 2 [ P^2 + ω^2(t)Q^2 + p^2 + ω^2_0 q^2 − 4ω_0κpQ ] . (205)

Here P, Q are the quadrature components of the field oscillator, and p, q are those of the probe oscillator. We neglect the interaction with nonresonant modes, since it is reasonable to suppose that under the resonance conditions their contribution is not essential at ε ≪ 1.

In general, the dimensionless coupling coefficient κ must depend on time, due to the decomposition (191). However, since this coefficient is small, its variations of the order of εκ can be neglected in comparison with the relative variation of the eigenfrequency δω/ω ∼ ε. So κ is assumed to be constant.

Suppose that the lowest cavity mode is resonant. Then one can evaluate the dimensionless coupling constant as κ ∼ ( e^2/2πmc^2L )_{1/2} (here we return to the dimensional variables). The maximum value of parameter ε is (see the discussion in section 10) ε_{max} ∼ δ_{max}v_s/2πc, where δ_{max} ∼ 0.01 is the maximal possible relative deformation in the material of the wall, and v_s ∼ 5 · 10^3 m/s is the sound velocity inside the wall. Then the ratio ε̃/κ cannot exceed the value δ_{max} ( mv^2_s L/8πe^2 )_{1/2} ∼ 0.05 for L ∼ 1 cm and m ∼ the mass of electron (for these parameters κ ∼ 2 · 10^{−7}). Consequently, one may believe that in the real conditions ε̃/κ ≪ 1.

In the time-independent case, ω(t) = const = ω_0, we have two eigenfrequencies

ω_± = ω_0(1 ± κ) (206)

(provided that |κ| ≪ 1). Let us assume that the wall vibrates exactly at twice the lower frequency ω_−:

ω(t) = ω_0 [1 + 2ε̃ cos(2ω_−t)] . (207)

Then the lower and upper modes practically do not interact in the limit of ε̃ ≪ κ.

The Schrödinger equation with Hamiltonian (205) can be solved in the framework of the general theory of multidimensional quantum systems with arbitrary quadratic Hamiltonians, first proposed in [278] and exposed in detail, e.g., in [279]. In particular, if both for the field and the probe oscillators were initially in their ground states, ψ(Q, q, 0) = √ 1 π exp [ − 1 2 ( Q^2 + q^2 ) ] , (208)

then the wave function of the coupled “field + probe oscillator” system at t > 0 can be written as [189] ψ(Q, q, t) = √ 1 π cosh μ exp ( −it − 1 2 [ a(t)Q^2 + b(t)q^2 − 2c(t)qQ ] ) , (209)

with the following coefficients: a(t) = 1 + i tanh μe^{−2iφ}� − iκe^{iΦ} [ tanh μe^{−iΦ} ( 1 + tanh μ sin Φe^{iφ} ) − sin φ ] , b(t) = 1 − i tanh μe^{−2iφ}� − iκe^{iΦ} [ tanh μe^{−iΦ} ( 1 − tanh μ sin Φe^{iφ} ) + sin φ ] , c(t) = tanh μe^{−2iφ}� + iκ [ 1 − cos φe^{−iΦ} + i tanh^2 μ sin Φe^{i(φ−2Φ)} ] . Here Φ = (ω_+ + ω_−) t = 2ω_0t, φ = (ω_+ − ω_−) t = 2ω_0κt = κΦ,

μ = ε̃ω_0t, Δ = 1 − cosh μ cos Φ.

In all the formulas above, the terms of the order of κ^2 were neglected, as well as the terms proportional to ε̃ (excepting, of course, the arguments of the hyperbolic functions). Evidently, Φ ≫ φ ≫ μ. Hereafter we confine ourselves to the most interesting long-time limit case, when μ ≫ 1. Then all the terms proportional to κ can be neglected, so one can write a(t) = 1 + iχ, b(t) = 1 − iχ, c(t) = χ, χ = tanh μe^{−2iφ}�. Eq. (209) shows that the coupled system turns out in a two-mode squeezed state at t > 0. The properties of this state, as well as of any Gaussian state are determined completely by its covariance matrix M = ‖M_{αβ}‖ = ‖ ‖ ‖ ‖ M_{ππ} M_{πx} M_{xπ} M_{xx} ‖ ‖ ‖ ‖ , M^{αβ} = 1 2 ⟨ẑ_αẑ_β + ẑ_βẑ_α⟩, where the 4-dimensional (in the present case) vector z is defined as follows: z = (π, x) = (P, p, Q, q) (evidently, ⟨z⟩ = 0 in the case under study). Using the general formulas for multidimensional Gaussian states given in [279], we have obtained [189] the following explicit expressions for the two-dimensional blocks of matrix M in the long-time limit μ ≫ 1:

M_{ππ} = 1 2 cosh^2 μ ‖ ‖ ‖ 1 + tanh μ sin ϕ − tanh μ cos ϕ − tanh μ cos ϕ 1 − tanh μ sin ϕ ‖ ‖ ‖ , M_{xx} = 1 2 cosh^2 μ ‖ ‖ ‖ 1 − tanh μ sin ϕ tanh μ cos ϕ

tanh μ cos ϕ 1 + tanh μ sin ϕ ‖ ‖ ‖ ,

M_{πx} = ~M_{xπ} = 1 4 sinh(2μ) ‖ ‖ ‖ ‖ − cos ϕ − tanh μ − sin ϕ tanh μ − sin ϕ cos ϕ ‖ ‖ ‖ ‖ , where ϕ = 2φ_−, and ~M means the transposed matrix. Consequently, there exists a strong correlation between the field and probe oscillators in the long-time limit. For instance, the correlation coefficient between the quadrature components reads r_{qQ} ≡ ⟨qQ⟩ √ ⟨q^2⟩⟨Q^2⟩ = sinh μ cos ϕ √ 1 + (sinh μ cos ϕ)^2 . (If ϕ ≈ π/2, this coefficient, as well as other analogous elements of the covariance matrix, does not turn exactly into zero; in such a special case r_{qQ} ∼ κ, due to neglected terms of the order of κ.)

It is clear that the density matrix of the probe oscillator (which is obtained from the density matrix of the total system ρ (Q, q; Q^′, q^′) = ψ (Q, q) ψ^∗ (Q^′, q^′) by putting Q = Q^′ and integrating over Q) has also the Gaussian form. Its properties are determined completely by the reduced covariance matrix (accidentally, it coincides with M_{xx} when ω_0 = 1)

M_{pr} = 1 2 cosh^2 μ ‖ ‖ ‖ ‖ 1 − tanh μ sin ϕ tanh μ cos ϕ tanh μ cos ϕ 1 + tanh μ sin ϕ ‖ ‖ ‖ ‖ . (210)

A similar matrix for the field oscillator can be obtained from Eq. (210) by means of changing the sign of parameter μ. As was shown in [280], the photon statistics in Gaussian one-mode states is determined completely by two invariants of the covariance matrix,

d = det M, T = Tr M. (211)

Evidently, parameter T is twice the energy of quantum fluctuations. The parameter d characterizes the degree of purity of the quantum state, due to the relation [277]

Trρ̂^2 = 1 2 √ d , (212)

where ρ̂ is the statistical operator of the system. The degree of squeezing, defined as the minimal possible value of the variance of some quadrature component, normalized by its vacuum value (which is equal to h̄/(2mω) for an oscillator with mass m and frequency ω), is determined jointly by both parameters, T and d, according to the relation [274] [cf. Eq. (100)] s ≡ 2⟨q^2⟩ = T − √ T^2 − 4d. (213)

Both subsystems have identical invariants:

T = 4d = cosh^2 μ,

so for μ ≫ 1 they appear in highly mixed quantum states, with rather moderate degree of squeezing, which tends asymptotically to 50% (cf. the one-dimensional case described in subsection 6.3):

s = e^{−μ} cosh μ = 1 2 ( 1 + e^{−2μ} ) . The average number of quanta in each subsystem equals ⟨n⟩ = 1 2 (T − 1) = 1 2 sinh^2 μ,

i.e., twice less than in the case of an empty cavity. The variance of the number of quanta (photons) equals σ_n ≡ ⟨n^2⟩ − ⟨n⟩^2 = 1 4 ( 2T^2 − 4d − 1 ) = 1 4 sinh^2 μ cosh(2μ).

Mandel’s parameter (defined by Eq. (155)) turns out much greater than unity for μ ≫ 1, indicating that the photon statistics is highly super-Poissonian:

Q ≈ sinh^2(μ).

The photon distribution function can be expressed in terms of the Legendre polynomials, according to the general formula (151):

P_n = 2(iz)^n √ 1 + 3 cosh^2 μ P_n(−iz), (214) where z = sinh μ √ 1 + 3 cosh^2 μ . Actually the right-hand side of Eq. (214) is a polynomial of degree n with respect to the variable z^2, due to the recurrence relation nP_n = z^2 [(2n − 1)P_{n−1} + (n − 1)P_{n−2}] .

If μ ≫ 1, then z^2 ≈ 1/3. The behavior of the distribution function (214) was shown in [189]. Since the argument of the Legendre polynomial is pure imaginary, P_n has no oscillations, in contradistinction to the vacuum squeezed state.

8.3 Interaction with a two-level detector

Another model of the detector, which has only two energy levels, was considered in [188]. The most significant features can be described, in the rotating wave approximation, in the framework of the following generalization of the Jaynes-Cummings Hamiltonian:

H = a^†a + 1 2 Ωσ_z + κ ( aσ_+ + a^†σ_− ) + ε̃ 2 sin(ω_wt) [ a^2 + ( a^† )_2] . (215)

The eigenfrequency of the unperturbed mode is assumed ω_0 = 1, Ω is the energy level difference of the detector, κ and ε̃ ≪ κ have the same meaning as above; a, a^† and σ_+ , σ_−, σ_z are the standard photon and spin operators. The wave function of the system “field + detector” can be written as ψ(t) = ∞∑ n=0 ( c^{(−)}_n (t)|n, −⟩ + c^{(+)}_n (t)|n, +⟩ ) , with a clear meaning of the symbols. If ε̃ = 0, then the known solution of the JC-model reads [291]

c^{(−)}_0 (t) = c, (216)

c^{(−)}_{n+1}(t) = a_n cos ϑ_n exp [ −itE^+_n ] − b_n sin ϑ_n exp [ −itE^−_n ] , (217)

c^{(+)}_n (t) = a_n sin ϑ_n exp [ −itE^+_n ] + b_n cos ϑ_n exp [ −itE^−_n ] , (218)

where n = 0, 1, 2, . . .,

E^±_n = n + 1 2 ± λ_n, λ_n = [ 1 4 (1 − Ω)^2 + κ^2(n + 1) ]_{1/2} ,

tan ϑ_n = ( 2λ_n − 1 + Ω 2λ_n + 1 − Ω )_{1/2} . We suppose that initially the system was in the ground state with the only nonzero coefficient c^{(−)}_0 (0) = 1, and that the frequency of wall’s vibrations is close to twice the frequency of the unperturbed mode: ω_w = 2 − ν. Looking for the solution at ε̃ ≠ 0 in the same form (216)-(218), but with time-dependent coefficients, and neglecting the rapidly oscillating terms containing exp(2it), we get the following equation for the coefficient c(t): ċ = √ 2 4 ε̃ {b_1 sin ϑ_1 exp [it (λ_1 − ν)] − a_1 cos ϑ_1 exp [−it (λ_1 + ν)]} .

Assuming ν = λ_1 =

[_1 4 (1 − Ω)^2 + 2κ^2 ]_{1/2} and neglecting the terms oscillating with the frequencies of the order of κ, one can check that the infinite system of equations for a_n and b_n is reduced to the following two equations:

ċ = √ 2 4 ε̃ sin ϑ_1 b_1, ḃ_1 = − √ 2 4 ε̃ sin ϑ_1 c.

Consequently, in the resonance case we have only three nonzero amplitudes:

c^{(−)}_0 = cos(αt), c^{(−)}_2 = sin ϑ_1 sin(αt) exp [ −itE^{(−)}_1 ] , c^{(+)}_1 = − cos ϑ_1 sin(αt) exp [ −itE^{(−)}_1 ] , where α = sin ϑ_1 ε̃ √ 2/4. No more than two photons can be created, and the probability of finding the detector in an excited state P^{(+)} is always less than 1/2. All the probabilities, in contradistinction to the first example, are periodically oscillating functions of time:

P_1 = P^{(+)} = cos^2 ϑ_1 sin^2(αt), P_2 = sin^2 ϑ_1 sin^2(αt).

It is interesting that the upper level of the detector never can be populated with 100% probability, since ϑ_n > 0 for all values of parameters. For Ω = 1, ϑ_n = π/4, and P_1 = P_2 = P^{(+)} =^1_2 sin^2(ε̃t/4). Large detuning, 1 − Ω ≫ κ, results in increasing P^{(+)}max, since ϑ_1 → 0. However, in such a case α → 0, as well, and the applicability of JC-model to the description of the interaction between the detector and field becomes questionable. Recently, a more general model was considered in [238].

9 Influence of damping

The complete theory of the field quantization in media with moving nonideal boundaries is not available at present. The field quantization in spatially inhomogeneous but nonabsorbing dielectrics was studied in [292,293], and the same problem for nonabsorbing media with time dependent parameters was considered in [217–219,222]. The case of absorbing media was analysed in [294–297]. The theory of the field quantization in leaky cavities was developed in [298–300]. However, in all those studies the boundaries were fixed. Due to the complexity of the problem, only a few simplest models have been considered up to now in the case of moving walls.

For example, one can try, as the first step, to neglect coupling between different field modes inside the cavity. Such an approximation can be justified, e.g. for an adiabatic motion of the cavity walls, when the characteristic mechanical frequency, ω_m, is many orders of magnitude less than the electromagnetic field eigenfrequency, ω_e. However, no new photons can be created under the condition ω_m ≪ ω_e (and the photon number distribution cannot be changed, as well), since the photon number operator is the adiabatic invariant in this case.

Fortunately, as was shown in the preceding section, the interaction between different field modes can be neglected also in the case of a three-dimensional cavity with a nonequidistant spectrum of the field eigenfrequencies, under the parametric resonance condition ω_m ≈ 2ω_e. In such a case, one can infere some quantitative information on the behavior of the field in the cavity, studying the problem of the parametrically excited oscillator with damping.

The influence of an environment on the parametric amplification was considered in detail, e.g., in [301], where an explicit coupling with a heat bath consisting of harmonic oscillators was introduced. More general models of the environment were studied, e.g., in the framework of the influence functional approach [302], mainly in connection with cosmological problems. It was shown in [299,300,303,304] that the influence of the “modes of the universe” outside the cavity with fixed mirrors can be described effectively in the framework of the Heisenberg-Langevin equation of motion for the photon annihilation and creation operators â, â^†. An equivalent description in the Schrödinger picture is achieved in the framework of the “standard master equation” [305–310], whose simplest form reads

^̇ρ = i h̄ [ρ̂, Ĥ] + γ 2 [ 2âρ̂â^† − â^†âρ̂ − ρ̂â^†â ] , (219) where ρ̂ is the statistical operator of the distinguished field mode, Ĥ is the Hamiltonian, and the damping coefficient γ absorbs all the details of the loss mechanism: the transmissivity of the mirror, the coupling between the field and the atoms inside the wall, etc., so that it is proportional to the reciprocal of the dissipation time scale. It was assumed in [256, 257] that Eq. (219) can be used as well in the case of the moving mirrors, with the same value of the damping coefficient as in the case of the fixed boundaries. Following the same line as in [256,257], we also assume that the time evolution of the mixed quantum state of the resonance field mode is governed by a linear master equation (although one cannot exclude a possibility that such an approach is oversimplified: see, e.g., [311,312]). However, instead of using the operator equation like (219), we consider the most general linear equation of the Fokker–Planck type for the Wigner function W (q, p, t) [277, 308, 313] (q, p are the quadrature components of the field mode), ∂W ∂t = ∂ ∂q ([γ_q q − p]W ) + ∂ ∂p ( [γ_pp + ω^2(t)q]W )

+ D_{qq} ∂^2W ∂q^2 + D_{pp} ∂^2W ∂p^2 + 2D_{qp} ∂^2W ∂q∂p . (220)

The coefficients γ_i and D_{ij} = D_{ji} depend on the concrete form of the microscopic interaction between the system involved and an environment [305–308,314]. For example, the simplest models of the damped optical oscillator with a constant frequency ω_0 yield the following set of coefficients [308, 315]:

γ_p = γ_q = πs(ω_0)|g(ω_0)|^2, (221)

D_{pp} = ω^2_0 D_{qq} = γ_q E_{eq}(ω_0), D_{pq} = 0, (222)

where s(ω) is the density of states of the reservoir, g(ω_0) is the function describing the intensity of coupling between the distinguished oscillator and the reservoir degrees of freedom, and E_{eq}(ω_0) is the equilibrium energy of the oscillator with frequency ω_0 at temperature T ,

E_{eq} (ω_0) = 1 2 h̄ω_0 coth ( h̄ω_0 2k_BT ) . (223)

Choosing different couplings between the oscillator under study and the reservoir, one can obtain various other sets of the drift and diffusion coefficients [308,314], but all of them must obey the constraint [277,316– 319] D_{pp}D_{qq} − D^2_{qp} ≥ h̄^2 (γ_p + γ_q )^2 /16, (224)

which guarantees an absence of nonphysical solutions violating the uncertainty relations and corresponding to nonpositively definite density matrices. Besides, the coefficients D_{pp} and D_{qq} must be positive. However, it will be shown in this section, that in the case of a weak damping, the evolution depends on two combinations of the damping and diffusion coefficients only, γ = 1 2 (γ_p + γ_q ) , E_∗ = 1 2γ ( D_{pp} + ω^2_0D_{qq} ) . (225)

Due to the fluctuation-dissipation theorem, the diffusion coefficients are proportional to the damping coefficients, therefore E_∗ does not depend on γ, at least up to small corrections of an order of γ^2. The physical meaning of the parameters γ and E_∗ is elucidated below: 2γ is the reciprocal energy relaxation time of the cavity due to all possible mechanisms (a real dissipation in the walls and the leakage through the boundaries), i.e. 2γ = ω_0/Q, Q being the cavity quality factor, whereas E_∗ = E_{eq} (ω_0).

Solutions to Eq. (220) with a constant frequency and different sets of constant diffusion coefficients were obtained by many authors; they were analysed in detail in [277, 308], where other references can be found. Since Eq. (220) looks like a two-dimensional Schrödinger equation with a quadratic (although nonhermitian) Hamiltonian, its propagator can be calculated in the framework of the method of quantum integrals of motion [278]. The explicit form of this propagator in the generic case of time dependent coefficients can be found in [277, 320]. Here we confine ourselves to calculating the second order statistical moments and the energy (the number of photons) of the field oscillator.

9.1 Evolution of the energy and the second order moments

The time dependence of the energy and the second order statistical moments (variances) of the field mode quadrature components, σ_{ab} ≡^1_2 ⟨ab + ba⟩ − ⟨a⟩⟨b⟩, is governed by the equations following from Eq. (220),

σ̇_{qq} = 2σ_{pq} − 2γ_q σ_{qq} + 2D_{qq}, (226) σ̇_{pq} = σ_{pp} − ω^2(t)σ_{qq} − 2γσ_{pq} + 2D_{pq}, (227) σ̇_{pp} = −2ω^2(t)σ_{pq} − 2γ_pσ_{pp} + 2D_{pp}. (228)

We assume that the oscillator eigenfrequency depends on time as

ω(t) = ω_0 [1 + 2ε̃ sin(Ωt)] , Ω = 2(ω_0 + δ), |δ| ≪ ω_0, |ε̃| ≪ 1, (229)

where ω_0 is the unperturbed field eigenfrequency, and Ω is the frequency of the wall vibrations. Then one could suppose that the damping and diffusion coefficients must depend on time, as well. We argue, however, that in the case under study the coefficients γ_a and D_{ab} can be considered as time independent. For example, let us look at the expressions (221) and (222). In the case of a vibrating cavity, the time variable could enter the coefficients γ_a and D_{ab} through the coupling function g(ω_0), which can depend on the variable length of the cavity L(t) = L_0 [1 + ξ_Lε̃ sin(Ωt)], ξ_L being a numerical coefficient. Then one could expect a similar time dependence of the coefficients of the Fokker–Planck equations, γ(t) = γ_0 [1 + ξ_γε̃ sin(Ωt)], D(t) = D_0 [1 + ξ_Dε̃ sin(Ωt)], ξ_γ and ξ_D being some other numerical coefficients. One should remember, however, that the modulation parameter ε̃ is very small under the realistic conditions: its absolute value cannot exceed 10^{−8} [188, 189]. The set of equations (226)-(228) contains three small dimensionless parameters, ε̃, δ/ω_0, and γ_0/ω_0, and we are interested in the weak damping case, when these parameters are of the same order of magnitude. Under this condition, the time dependent parts of the coefficients γ_a and D_{ab} are proportional to the products ε̃γ_0/ω_0 ∼ O(ε̃^2 ) ∼ 10^{−16}, so it seems reasonable to neglect these extremely small terms.

A significant time dependence of the damping and diffusion coefficients could arise in the specific case of an unstable reservoir, provided that the reservoir oscillators having the frequencies close to ω_0 could be also excited due to some resonance processes between the vibrating surface of the wall and the reservoir. In such a case, the energy of the resonant oscillators would increase in time, resulting in increasing values of the damping and diffusion coefficients (see Eq. (222)). As a consequence, we would obtain an additional amplification of the energy of the field mode due to the interaction with the reservoir. However, such a model seems unrealistic, since it implies that some distinguished degrees of freedom of the reservoir are practically isolated from the rest of the reservoir. This conjecture contradicts the usual concept of the reservoir consisting of a great number of strongly interacting particles, so that the state of the reservoir is not sensitive to small external perturbations. Therefore, we assume that the only time dependent coefficient in Eqs. (226)-(228) is ω(t).

The set of equations (226)-(228) is equivalent to the third order differential equation for the variance σ_{qq} ≡ σ d^3σ dt^3 + 6γ d^2σ dt^2 + 4ω^2(t) dσ dt + 4ω_0(ω̇ + 2γω_0)σ = 8γE_∗, (230)

where the coefficients γ and E_∗ are given by Eq. (225) (we neglect the terms of the second order with respect to γ, D_{ab}, and ε̃). To find an approximate explicit solution to Eq. (230) with function ω(t) given by Eq. (229), we use the well known method of slowly varying amplitudes, which was exposed, e.g. in textbooks [266–268] and applied to the quantum parametric oscillator in [289, 301]. Following this method, we write σ_{qq}(t) = A(t) + B(t) cos(Ωt) + C(t) sin(Ωt). (231)

so that the function (231) with A, B, C = const is an exact solution to Eq. (230) for ε̃ = γ = δ = 0. Supposing that the dimensionless small parameters γ/ω_0 and δ/ω_0 have the same orders of magnitude as the small parameter ε̃, i.e. γ = γ̃ε̃ω_0, δ = δ̃ε̃ω_0, γ̃, δ̃ ∼ O(1), we assume that the amplitude coefficients A, B, C are functions of the “slow time” τ = ε̃t, so that the time derivatives d^kA/dt^k, d^kB/dt^k, d^kc/dt^k are proportional to ε̃^k (k = 1, 2, 3). Then we put the function (231) into Eq. (230) and neglect the terms proportional to ε̃^2 and ε̃^3. Besides, we perform averaging over fast oscillations with the frequency Ω, in order to eliminate higher harmonics with frequences mΩ, m = 2, 3, . . ., whose amplitudes are proportional to ε̃^{m−1} [267, 268]). Finally, we arrive at the following set of equations for the slowly varying amplitudes (here the overdot means the derivative with respect to the real time t, and the new parameter κ ≡ ε̃ω_0 has the dimensionality of frequency, like γ and δ):

Ȧ = −2γA + 2κB + 2γE_∗, (232) Ḃ = 2κA − 2γB − 2δC, (233) Ċ = 2δB − 2γC. (234) This system can be easily solved for an arbitrary time dependent function γ(t), since the substitution A(t) = Ã(t) exp [ −2 ∫ γ(τ )dτ ] removes the function γ(t) from the homogeneous parts of Eqs. (232)-(234).

However, we consider the case of constant coefficients only, due to the physical reasons discussed above.

To simplify the formulas, we assume hereafter h̄ = ω_0 = 1; thence Ω = 2 in the amplitude coefficients. Neglecting small terms of the order of γ/Ω, κ/Ω, and δ/Ω in the amplitude coefficients, one can express the variances σ_{pp} and σ_{pq} as follows

σ_{pp}(t) = A(t) − B(t) cos(Ωt) − C(t) sin(Ωt), (235) σ_{pq}(t) = C(t) cos(Ωt) − B(t) sin(Ωt). (236)

Then the initial conditions for the set (232)-(234) read

A(0) = [σ_{qq} (0) + σ_{pp}(0)] /2, B(0) = [σ_{qq}(0) − σ_{pp}(0)] /2, C(0) = σ_{pq}(0).

Evidently, A(t) coincides with the mean energy to within small corrections of the order of ε̃, γ, and δ: E(t) ≡ (σ_{pp} + σ_{qq} ) /2 = A(t). In order to elucidate the meaning of the coefficients B and C, consider the determinant of the invariance matrix (cf. Eq. (211)) d ≡ σ_{pp}σ_{qq} − σ^2_{pq} ≥ h̄^2/4. (237) Here the last inequality holds due to the Schrödinger–Robertson uncertainty relation [271,279,321,322]. The meaning of the parameter d as the universal quantum invariant is discussed in [323]. The minimal invariant variance (100) can be expressed in terms of E and d as u = E − √ E^2 − d = d E + √ E^2 − d

, (238)

and one can easily verify the relations

d = A^2 − B^2 − C^2, u = A − √ B^2 + C^2. (239)

The solutions to Eqs. (232)-(234) read A(t) = A_∗ + e^{−2γt} [ a_0δ + a_+κe^{2νt} + a_−κe^{−2νt} ] , (240) B(t) = B_∗ + e^{−2γt} [ a_+νe^{2νt} − a_−νe^{−2νt} ] , (241) C(t) = C_∗ + e^{−2γt} [ a_0κ + a_+ δe^{2νt} + a_−δe^{−2νt} ] , (242)

where ν = √ κ^2 − δ^2, and

a_0 = 1 ν^2

[κC(0) − δA(0) + E_∗δ] , (243)

a_± = 1 2ν^2 [ κA(0) − δC(0) ± νB(0) − κγE_∗ γ ∓ ν ] , (244)

A_∗ = γ^2 + δ^2 γ^2 − ν^2

E_∗, B_∗ = κγE_∗ γ^2 − ν^2

, C_∗ = κδE_∗ γ^2 − ν^2 .

The meanings of the parameters γ and E_∗ become clear, if one considers the special case of the oscillator with time independent coefficients, κ = δ = ν = 0. Then we see that 2γ is the energy relaxation coefficient, so that it can be expressed in terms of the cavity Q-factor by means of the relation 2γ = ω_0/Q. The energy of the oscillator in this special case tends to E_∗ as t → ∞, and this value can be identified with the thermodynamic equilibrium oscillator energy E_{eq} given by Eq. (223) (up to corrections of the order of (γ/ω_0)^2 [277, 308].

The sign of the difference ν − γ determines the regions of stable and unstable solutions of Eq. (230) in the space of parameters κ, δ, γ (for small values of these parameters). The stable (limited in time) solutions exist for large values of the damping or detuning coefficients, ν < γ, i.e.

γ^2 + δ^2 > κ^2. (245)

In this case, the final state of the oscillator does not depend on the initial conditions. The asymptotical values of the energy, the d-factor, and the minimal invariant variance read E(∞) = γ^2 + δ^2 γ^2 − ν^2 E_{eq}, d(∞) = γ^2 + δ^2 γ^2 − ν^2

E^2_{eq}, u(∞) = √ γ^2 + δ^2 κ + √ γ^2 + δ^2

E_{eq}. (246)

At zero temperature, when κ tends to the threshold, the minimal variance u goes to the value 1/4, which is twice less than in the coherent state.

Above the threshold, i.e. in the instability region ν > γ, the energy (or the number of photons) increases exponentially for (ν − γ)t ≫ 1, E(t) = a_+ κe^{2(ν−γ)t}, (247)

and it depends on the initial conditions through the coefficient a_+. Using Eq. (244) and taking into account the uncertainty relation d ≥ 1/4 (for h̄ = 1), one can verify that the coefficient a_+ is bounded from below by a positive value,

a_+ > κγE_{eq} 2ν^2(ν − γ) . Consider a special case of initial thermal equilibrium state. Then

a^{(eq)}_± = κE_{eq} 2ν(ν ∓ γ) , a^{(eq)}_0 = 0, d(0) = E^2_{eq}, (248)

thus d-factor (239) depends on time as d(t) = E^2_{eq} ν(ν^2 − γ^2 ) [ 2κ^2γe^{−2γt} sinh(2νt) + κ^2νe^{−4γt} − ν(γ^2 + δ^2) ] . (249)

If γ > 0 and (ν − γ)t ≫ 1, then due to Eq. (238), the minimal variance tends asymptotically to a constant value u_∞ = γ γ + ν E_{eq}. (250)

Consequently, a large squeezing can be achieved even for a high temperature initial state, if ν ≫ γ. If γ = 0, then d does not depend on time, d ≡ E^2_{eq}, and for νt ≫ 1 the minimal variance goes asymptotically to zero as u ≈ E_{eq}(ν/κ)^2 exp(−2νt). One should remember, nonetheless, that the solutions indicating the exponential growth of the energy are justified until t ≪ t_2 ∼ (ω_0ε̃^2)^{−1}, since for larger times the neglected second order terms in Eqs. (230), (232)-(234) could become important. However, the time t_2 is very large under the realistic conditions.

10 Discussion

We have demonstrated a significant progress in our understanding and quantitative description of quantum processes in cavities with moving boundaries, achieved 30 years after the pioneer paper by Moore [76] and almost 80 years after the first papers on classical electrodynamics in such cavities by Nicolai and Havelock [6–8]). We have shown that quanta of electromagnetic field can be created from vacuum in a cavity with vibrating walls under the resonance condition (and cannot be generated for nonresonance nonrelativistic laws of boundary motion, in particular, in the case of a large detuning from the resonance), and the quantum state of field exhibits the “nonclassical” properties.

The possibility of observing the effect depends crucially on the achievable values of the wall displacement amplitude. For the cavity dimensions of the order of 1÷100 centimeters, the resonance frequency ω_0/π varies from 30 GHz to 300 MHz. It is difficult to imagine that the wall could be forced to oscillate as a whole at such a high frequency. Rather, one could think on the oscillations of the surface of the cavity wall. In such a case one has to find a way of exciting a sufficiently strong standing acoustic wave at frequency ω_w = 2ω_0 inside the wall. The amplitude a of this wave (coinciding with the amplitude of oscillations of the free surface) is connected with the relative deformation amplitude δ inside the wall as δ = ω_wa/v_s, where v_s is the sound velocity. Since the usual materials cannot bear the deformations exceeding the value δ_{max} ∼ 10^{−2} [324], the maximal possible velocity of the boundary appears v_{max} ∼ δ_{max}v_s ∼ 50 m/s (independent on the frequency). Thus the maximal dimensionless displacement ε = a/L_0 is ε_{max} ∼ (v_s/2πc)δ_{max} ∼ 3 · 10^{−8} for the lowest mode with the frequency ω_0 ∼ cπ/L_0. It also does not depend on the frequency. Consequently, the maximal rate of photon generation in the principal mode of a 1D cavity can be estimated as ( dP_1 dt ) max = 4 π^2 v_s c δ_{max} ω_1 2π ∼ 6 · 10^{−8}ω_1/2π. (251)

It is proportional to the frequency. For ω_1/2π = 10 GHz (corresponding to a distance between the plates of the order of several centimeters) we get 600 photons/sec.

This number can be significantly increased in a 3D cavity, due to the exponential law (202). For the same frequency ω_0/2π = 10 GHz, the maximal value of parameter μ = γω_0 t equals μ_{max} ∼ 600t, time t being expressed in seconds. Even if the amplitude of the vibrations were 100 times less than the maximal possible value, in t = 1 s one could get about sinh^2(6) ≈ 4 · 10^4 photons in an empty cavity. Obviously, the concrete shape of a 3D cavity is not important. The significant requirements are: i) the nondegenerate character of the eigenfrequency spectrum, and ii) the condition of the parametric resonance between the oscillating wall and some electromagnetic mode. The total energy of photons created in the 1D cavity is approximately the same as in the three-dimensional case. The difference is that in the 1D case this energy is spread over many interacting modes, resulting in moderate numbers of quanta in each mode. The rate of photon generation in the m-th (odd) mode of the 1D cavity is approximately m times less than in the principal mode with m = 1 (in the asymptotical regime).

To create the above-mentioned 600 or 4·10^4 photons, one should vibrate the wall for not less than 1 second. The necessary Q-factor of the cavity must be Q ∼ 3 · 10^{10}. This value was achieved in experiments already several years ago [325]. An unsolved problem is how to excite the high-frequency surface vibrations with a sufficiently large amplitude. One could think, for instance, on using some kind of piezoeffect. This method was successfully applied in early experiments devoted to solving the mode-locking and pulse production problems in lasers with the aid of vibrating mirrors. The displacements of the mirror from 0.1 μm to 0.7 μm at the frequency 500 KHz were achieved in [27, 28]. In [24] the resonance vibrations of the mirror in a laser with the length 250 cm (i.e., at a frequency about 100 MHz) were excited with the aid of a quarz transducer. However, for our purposes the frequency 100 MHz is too small, since the parameter μ becomes 100 times less, comparing with the estimations given above (remember that ε_{max} does not depend on the frequency).

Fortunately, the results of recent studies [192, 210–212] show that the influence of temperature is not so significant as it could appear at first glance. Moreover, in certain situations the initial temperature fluctuations could be used to amplify the effect [211]. However, the resonance requirements are rather hard: for the values of the frequency ω ∼ 10^{10} Hz and the maximal possible modulation parameter ε ∼ 10^{−8} the admissible detuning should not exceed 100 Hz during the whole time interval ∼ 1 s, necessary to accumulate the resonance effect.

One of the reasons of the studies on the dynamical Casimir effect for the last few years was Schwinger’s hypothesis [153–157] that this effect could explain the sonoluminescence phenomenon, i.e., the emission of bright short pulses of the visible light from the gas bubbles in the water, when the bubbles pulsate due to the pressure oscillations in a strong standing acoustic wave. (For the reviews and numerous references related to this effect see, e.g., [121,326–328].) There are several publications, e.g., [329–331], whose authors considered the models giving tremendous numbers of photons which could be produced even in the visible range due to the fast motion of the boundaries. However, the analysis of these models shows that they are based on such laws of motion of the boundaries which imply the superluminal velocities, so they are not realistic.

Although the results of this chapter, being obtained in the framework of simplified one-dimensional and three-dimensional models, cannot be applied directly to the analysis of the sonoluminescence problem, they are not in favor of Schwinger’s hypothesis. The main difficulty is connected with quite different time scales of the phenomena. The accumulation of the ‘dynamical Casimir energy’ is a very slow process, which needs a great number of wall oscillations, whereas the sonoluminescence pulses (containing up to 10^7 photons) have the duration of the order of picoseconds. Moreover, the wall oscillations must be in extremely fine tuned resonance with the field eigenfrequencies, since the detuning δ > ε completely destroys the energy growth [191]. In particular, if the frequency of the wall oscillations ω_{wall} is much less than the minimal field eigenfrequency ω_1, then the field variation is adiabatic, and the mean number of created photons is proportional to [189] ε^2 (ω_{wall}/ω_1)^4 ≪ 1. These features survive in the three-dimensional model considered in this chapter, too. Therefore, it is difficult to believe that very specific conditions of the parametric resonance described above could arise naturally in the sonoluminescence case. For other discussions of the problem see, e.g., [332] and the contributions in Ref. [333].

Actually, the main obstacle to produce the ‘Casimir light’ is the very low ratio of the wall velocity to the speed of light in possible laboratory experiments. If the velocity of the boundary were of the order of c, then a sufficient number of photons could be created from vacuum practically for any law of motion. For the nonrelativistic velocities the only possibility is to accumulate the effect gradually under the resonance conditions. Nonetheless, perhaps, the experimental situation could be improved in the case of using some kinds of ‘effective mirrors’, such as, e.g., the layers made of the electron-hole plasma [209], or some others. Therefore, we cannot exclude a possibility that in a not very remote future one could assist a show of “quantum magics,” when some “quantum magician” takes an empty box, then shakes it well, opens — and an astonished audience would see a great number of photons which have appeared “from nothing” due to the Nonstationary Casimir Effect.

Acknowledgments

I would like to thank my coauthors V. I. Man’ko, A. B. Klimov and M. A. Andreata for the long-term fruitful collaboration. Also, I would like to express my sincere gratitude to Prof. S. S. Mizrahi and the Physics Department of the Federal University of São Carlos, since this review could not be written without their great support and help.

References

[1] A. Einstein, “Zur Elektrodynamik der bewegter Körper,” Ann. Phys. (Leipzig) 17, 891 (1905).

[2] U. I. Frankfurt and A. N. Frank, Optics of Moving Bodies, Moscow, Nauka, 1972.

[3] L. A. Ostrovskii, “Certain paradoxes of moving boundaries in electrodynamics,” Usp. Fiz. Nauk 116, 315 (1975).

[4] K. S. Kunz, “Plane electromagnetic waves in moving media and reflections from moving interfaces,” J. Appl. Phys. 51, 873 (1980).

[5] B. M. Bolotovskii and S. N. Stolyarov, “Reflection of light from a moving mirror and related problems,” Usp. Fiz. Nauk 159, 155 (1989) [Sov. Phys. – Uspekhi 32, 813 (1989)].

[6] E. L. Nicolai, “On transverse vibrations of a portion of a string of uniformly variable length,” Annals Petrograd Polytechn. Inst. 28, 273 (1921) [reproduced in E. L. Nicolai, Trudy po Mekhanike, GITTL, Moscow, 1955, pp. 329-343] (in Russian).

[7] E. L. Nicolai, “On a dynamical illustration of the pressure of radiation,” Phil. Mag. 49, 171 (1925).

[8] T. H. Havelock, “Some dynamical illustrations of the pressure of radiation and of adiabatic invariance,” Phil. Mag. 47, 754 (1924).

[9] G. F. Carrier, “The Spaghetti problem,” Am. Math. Monthly 56, 669 (1949). [10] O. G. Zagorodnov, Y. B. Fainberg, A. M. Egorov and L. I. Bolotin, “Frequency multiplication with a plasma piston,” Zhurn. Tekhnicheskoi Fiziki 31, 297 (1961) [Sov. Phys. – Tech. Phys. 6, 212 (1961)].

[11] V. I. Kurilko, “Reflection of electromagnetic waves from moving surfaces,” Zhurn. Tekhnicheskoi Fiziki 30, 504 (1960) [Sov. Phys. – Tech. Phys. 5, 473 (1960)].

[12] N. L. Balazs, “On the solution of the wave equation with moving boundaries,” J. Math. Anal. Appl.

3, 472 (1961).

[13] H. P. Greenspan, “A string problem,” J. Math. Anal. Appl. 6, 339 (1963).

[14] O. A. Stetsenko, “On compression of electromagnetic field between two planes,” Izvestiya VUZ – Radiotekhnika, 6, 695 (1963).

[15] O. A. Stetsenko, “Approximate solution of the wave equation for resonator systems with a moving wall,” Izvestiya VUZ – Radiotekhnika, 6, 701 (1963).

[16] O. A. Stetsenko, “Nonstationary process in waveguide resonators with a moving wall,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 7, 71 (1964).

[17] R. I. Baranov and Yu. M. Shirokov, “Electromagnetic field in an optical resonator with a movable mirror,” Zhurn. Eksper. Teor. Fiz. 53, 2123 (1967) [Sov Phys. – JETP 26, 1199 (1968)].

[18] P. W. Smith, “Phase locking of laser modes by continuous cavity length variation,” Appl. Phys. Lett.

10, 51 (1967).

[19] T. H. Peek, P. T. Bolwijn and C. T. Alkemade, “Resonator Q modulation of gas lasers with an external moving mirror,” Phys. Lett. A 24, 128 (1967).

[20] V. K. Klinkov and C. K. Mukhtarov, “Generation in a ruby laser with moving mirror and a selector in the resonator,” Dokl. Akad. Nauk SSSR 207, 817 (1972) [Sov. Phys. – Doklady 17, 1163 (1973)].

[21] M. M. Makogon, “Ruby laser with variable resonator length,” Optika i Spektrosk. 38, 620 (1975) [Optics and Spectrosc. 38, 351 (1975)].

[22] S. P. Anokhov, G. A. Galich, V. I. Kravchenko and Y. I. Khanin, “Sweep-laser on dynamic modes,” Opt. Commun. 25, 384 (1978).

[23] G. A. Askar’yan, “Interaction between laser radiation and oscillating surfaces,” Zhurn. Eksp. Teor.

Fiz. 42, 1672 (1962) [Sov. Phys. – JETP 15, 1161 (1962)].

[24] W. C. Henneberger and H. J. Schulte, “Optical pulses produced by laser length variation,” J. Appl.

Phys. 37, 2189 (1966).

[25] M. H. Ober, M. Hofer and M. E. Fermann, “42 fs pulse generation from a mode-locked fiber laser started with a moving mirror,” Opt. Lett. 18, 367 (1993).

[26] A. Bambini and P. Burlamacchi, “Phase locking of a multimode gas laser by means of low-frequency cavity-length modulation,” J. Appl. Phys. 39, 4864 (1968).

[27] V. I. Voronov and Yu. E. Pol’skiy, “Multilayer dielectric mirrors on piezo-substrate for laser modulation,” Pribory i Tekhnika Eksperimenta [Sov. Phys. – Instruments and Experimental Techniques], No. 6, 174 (1970) [28] V. I. Voronov and Yu. E. Pol’skiy, “Mode synchronization in a laser with ring resonator,” Radiotekhnika i Elektronika 18, 1434 (1973).

[29] E. A. Gerber and E. R. Ahlstrom, “Ruby laser with piezoelectrically excited vibrating reflector,” J.

Appl. Phys. 35, 2546 (1964).

[30] E. A. Gerber and E. R. Ahlstrom, “Solid-state laser with vibrating reflector,” IEEE J. Quant. Electron.

5, 403 (1969).

[31] J. P. Bernardin and N. M. Lawandy, “Experiments on kinematic modelocking of a ring dye-laser,” Opt.

Commun. 94, 445 (1992).

[32] J. T. Ruscio, “A coherent light modulator,” IEEE J. Quant. Electron. QE 1, 182 (1965).

[33] G. N. Belova, “Modulation of laser radiation by means of a vibrating mirror,” Akust. Zhurnal 17, 365 (1971) [Sov. Phys. – Acoustics 17, 309 (1972)].

[34] F. Bodem, “Physical dynamics of laser mode sweeping in a Fabry-Perot resonator of varying optical length,” Z. Naturforsch. A 33, 914 (1978).

[35] L. S. Kornienko, E. G. Lariontsev and V. A. Sidorov, “Theory of kinematic mode locking in a solid-state laser,” Kvantovaya Elektronika 7, 1213 (1980) [Sov. J. Quant. Electron. 10, 695 (1980)].

[36] S. Longhi and P. Laporta, “Floquet theory of intracavity laser frequency modulation,” Phys. Rev. A 60, 4016 (1999).

[37] G. A. Grinberg, “A method of approach to problems of the theory of heat conduction, diffusion and the wave theory and other similar problems in presence of moving boundaries and its applications to other problems,” Prikladnaya Matematika i Mekhanika 31, 193 (1967) [Sov. J. Appl. Math. Mech. 31, 215 (1967)].

[38] V. N. Krasil’nikov, “Electromagnetic vibrations in a spherical cavity with time-varying radius,” in Problems of Difraction and Wave Propagation, 8, 43 (1968) (Leningrad State University Publ., in Russian).

[39] V. N. Krasil’nikov and A. M. Pankratov, “Electromagnetic fields in resonators with vibrating boundaries (one-dimensional case),” in Problems of Difraction and Wave Propagation, 8, 59 (1968) (Leningrad State University Publ., in Russian).

[40] A. I. Vesnitskii, “Propagation of electromagnetic waves in a waveguide with movable boundaries,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 12, 935 (1969).

[41] A. I. Vesnitskii and A. V. Kostrov, “On electromagnetic processes in a spherical resonator with a movable boundary,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 14, 754 (1971).

[42] A. I. Vesnitskii, “One-dimensional resonator with movable boundaries,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 14, 1432 (1971).

[43] A. I. Vesnitskii, “The solution of one-dimensional nonuniform wave equation with conditions at movable boundaries,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 14, 1531 (1971).

[44] A. I. Vesnitskii, “The inverse problem for the one-dimensional resonator with sizes changing in time,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 14, 1538 (1971).

[45] B. P. Borisov and A. I. Vesnitskii, “Oscillations of membrane with dimensions uniformly changing in time,” Prikladnaya Mekhanika [Sov. Appl. Mechanics] XIII, No. 3, p. 57 (1977).

[46] V. P. Boldin and A. I. Vesnitskii, “Possibility of frequency modulation in a waveguide with variable boundaries,” Radiotekhnika i Elektronika [Sov. Phys. – Radio Eng. Electron. Phys.] 23, 1657 (1978).

[47] A. I. Vesnitskii and A. I. Potapov, “Wave phenomena in one-dimensional systems with moving boundaries,” in Mathematical Methods of the Theory of Vibrations (series “Dynamics of Systems,” issue 13), p. 38, Gorky State University, Gorky, 1978 (in Russian).

[48] K. A. Barsukov and G. A. Grigoryan, “To the theory of waveguide with moving boundary,” Izvestiya VUZ – Radiofizika 19, 280 (1976) [Sov. Phys. – Radiophys. & Quant. Electron. 19, 194 (1976)].

[49] K. A. Barsukov and G. A. Grigoryan, “A waveguide with movable boundary,” Izvestiya VUZ – Radiofizika [Sov. Phys. – Radiophys. & Quant. Electron.] 19, 603 (1976).

[50] K. A. Barsukov and G. A. Grigoryan, “Theory of an electromagnetic resonator with moving boundary,” Radiotekhnika i Rlektronika 21, 57 (1976) [Sov. Phys. – Radio Eng. Electron. Phys. 21, 46 (1976)].

[51] E. L. Bartashevsky and V. M. Korchinsky, “Electromagnetic field in the nonstationary resonator,” Radiotekhnika i Rlektronika 24, 248 (1979).

[52] E. L. Bartashevsky and V. M. Korchinsky, “Electromagnetic waves in nonstationary open waveguides,” Radiotekhnika i Rlektronika 27, 2367 (1982).

[53] A. V. Balandin, A. I. Vesnitskii and G. A. Utkin, “Periodic solutions of a one-dimensional wave equation with homogeneous conditions on moving boundaries,” in Differential and Integral Equations, issue 4, p. 84, Gorky State University, Gorky, 1980 (in Russian).

[54] A. I. Vesnitskii and A. I. Potapov, “Transition processes in one-dimensional systems with moving boundaries,” in Numerical Methods of Studies of Dynamical Systems (series “Dynamics of Systems’), p. 49, Gorky State University, Gorky, 1982 (in Russian).

[55] B. P. Borisov and A. I. Vesnitskii, “Oscillations of a round membrane with a uniformly varying radius,” in Stability, Autovibrations and Stochasticity (series “Dynamics of Systems’), p. 104, Gorky State University, Gorky, 1985 (in Russian).

[56] T. G. Vesnitskaya and A. I. Vesnitskii, “Forced oscillations and resonance in a one-dimensional nondispersive system with moving boundaries,” Zhurn. Tekhnicheskoi Fiziki 55, 2312 (1985) [Sov. Phys. – Tech. Phys. 30, 1373 (1985)].

[57] H. E. Wilhelm “Covariant transformations of wave equations for initial-boundary-value problems with moving boundary conditions,” J. Appl. Phys. 64, 1652 (1988).

[58] H. E. Wilhelm and M. A. Hasan, “Transformation method for electromagnetic wave problems with moving boundary conditions,” Archiv für Elektrotechnik 72, 165 (1989).

[59] Y. M. Ram and J. Caldwell, “Free vibration of a string with moving boundary conditions by the method of distorted images,” J. Sound Vibr. 194, 35 (1996).

[60] J. Cooper, “Asymptotic behavior for the vibrating string with a moving boundary,” J. Math. Anal.

Appl. 174, 67 (1993).

[61] J. Dittrich, P. Duclos and P. Šeba, “Instability in a classical periodically driven string,” Phys. Rev. E 49, 3535 (1994).

[62] M. Yamaguchi, “Quasiperiodic motions of vibrating string with periodically moving boundaries,” J.

Diff. Equations 135, 1 (1997).

[63] M. Yamaguchi, “Periodic motions of vibrating string with a periodically moving boundary,” in Dynamical Systems and Differential Equations, Vol. II (Springfield, MO, 1996), Discrete Contin. Dynam. Systems, Added volume II, 303 (1998).

[64] M. Yamaguchi and H. Yoshida, “Nonhomogeneous string problem with periodically moving boundaries,” Operator Theory and its Applications (Winnipeg, MB, 1998), Fields Inst. Commun. 25, 565 (2000).

[65] J. Cooper, “Long time behavior and energy growth for electromagnetic waves reflected by a moving boundary,” IEEE Trans. Antennas Prop. 41, 1365 (1993).

[66] J. Dittrich, P. Duclos and N. Gonzalez, “D’Alambert field driven by a periodically moving wall,” in Problems of Quantum Field Theory. Proc. of 10th Int. Conf. (Alushta, Crimea, May 1996). Eds. D. V. Shirkov, D. I. Kazakov and A. A. Vladimirov, JINR, Dubna, 1996, p. 166.

[67] J. Dittrich, P. Duclos and N. Gonzalez, “Stability and instability of the wave equation solutions in a pulsating domain,” Rev. Math. Phys. 10, 925 (1998).

[68] N. Gonzalez, “An example of pure stability for the wave equation with moving boundary,” J. Math.

Anal. Appl. 228, 51 (1998).

[69] R. de la Llave and N. P. Petrov, “Theory of circle maps and the problem of one-dimensional optical resonator with a periodically moving wall,” Phys. Rev. E 59, 6637 (1999).

[70] L. Gaffour and G. Grigorian, “Circular waveguide of moving boundary,” J. Electromag. Waves Appl.

10, 97 (1996).

[71] L. Gaffour, “WKB method for analysing the electromagnetic field in a circular waveguide with linearly moving boundary,” J. Electromag. Waves Appl. 10, 757 (1996).

[72] Y. Dolinsky and T. Elperin, “Dynamics of electromagnetic field in imploding conducting shell,” J.

Appl. Phys. 83, 5644 (1998).

[73] V. E. Mkrtchian and R. von Baltz, “Dynamical electromagnetic modes for an expanding sphere,” J.

Math. Phys. 41, 1956 (2000).

[74] G. A. Grinberg, “Solution of diffusion-type problems for expanding or contracting regions,” Prikladnaya Matematika i Mekhanika 33, 269 (1969) [Sov. J. Appl. Math. Mech. 33, 251 (1969)].

[75] G. A. Grinberg and V. A. Koss, “ On certain exact solutions of the fourier equation for regions varying with time,” Prikladnaya Matematika i Mekhanika 35, 759 (1971) [Sov. J. Appl. Math. Mech. 35, 711 (1971)].

[76] G.T. Moore, “Quantum theory of electromagnetic field in a variable-length one-dimensional cavity,” J. Math. Phys. 11, 2679 (1970).

[77] L. Parker, “Particle creation in expanding universes,” Phys. Rev. Lett. 21, 562 (1968). [78] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, Cambridge University Press, Cambridge, 1982.

[79] A. A. Grib, S. G. Mamaev and V. M. Mostepanenko, Vacuum Quantum Effects in Intense Fields, Energoatomizdat, Moscow, 1988 (in Russian).

[80] A. I. Nikishov and V. I. Ritus, Issues in Intense-Field Quantum Electrodynamics (Proceedings of Lebedev Physics Institute, vol. 168), ed. V. L. Ginzburg, Nova Science, New York, 1987.

[81] S. A. Fulling and P. C. W. Davies, “Radiation from a moving mirror in two-dimensional space-time:

Conformal anomaly,” Proc. Roy. Soc. London A 348, 393 (1976).

[82] A. Hosoya, “Moving mirror effects in hadronic reactions,” Prog. Theor. Phys. 61, 280 (1979). [83] B. S. DeWitt, “Quantum field theory in curved spacetime,” Phys. Rep. 19, 295 (1975). [84] P. Candelas and D. Deutsch, “On the vacuum stress induced by uniform acceleration or supporting the ether,” Proc. Roy. Soc. London A 354, 79 (1977).

[85] P. C. W. Davies and S. A. Fulling, “Radiation from moving mirrors and from black holes,” Proc. Roy.

Soc. London A 356, 237 (1977).

[86] M. Horibe, “Thermal radiation of fermions by an accelerated wall,” Prog. Theor. Phys. 61, 661 (1979). [87] K. Oku and Y. Tsuchida, “Back-reaction in the moving mirror effects,” Prog. Theor. Phys. 62, 1756 (1979).

[88] V. P. Frolov and E. M. Serebriany, “Quantum effects in systems with accelerated mirrors,” J. Phys. A 12, 2415 (1979)

[89] V. P. Frolov and E. M. Serebriany, “Quantum effects in systems with accelerated mirrors: II. electromagnetic field,” J. Phys. A 13, 3205 (1980).

[90] L. H. Ford and A. Vilenkin, “Quantum radiation by moving mirrors,” Phys. Rev. D 25, 2569 (1982).

[91] Yu. M. Sinyukov, “Radiation processes in quantum systems with boundary,” J. Phys. A 15, 2533 (1982).

[92] W. R. Walker and P. C. W. Davies, “An exactly soluble moving mirror problem,” J. Phys. A 15, L477 (1982).

[93] M. Castagnino and R. Ferraro, “The radiation from moving mirrors: the creation and absorption of particles,” Ann. Phys. (NY) 154, 1 (1984).

[94] W. R. Walker, “Particle and energy creation by moving mirrors,” Phys. Rev. D 31, 767 (1985).

[95] R. D. Carlitz and R. S. Willey, “Reflections on moving mirrors,” Phys. Rev. D 36, 2327 (1987).

[96] A. C. Ottewill and S. Takagi, “Radiation by moving mirrors in curved space-time,” Prog. Theor. Phys.

79, 429 (1988).

[97] A. I. Nikishov and V. I. Ritus, “Emission of scalar photons by an accelerated mirror in 1+1-space and its relation to the radiation from an electrical charge in classical electrodynamics,” Zhurn. Eksper. Teor. Fiz. 108, 1121 (1995) [JETP 81, 615 (1995) ].

[98] V. I. Ritus, “Functional identity of the spectra of Bose- and Fermi radiation of an accelerated mirror in 1+1 space and the spectra of electric and scalar charges in 3+1 space, and its relation to radiative reaction,” Zhurn. Eksper. Teor. Fiz. 110, 526 (1996) [JETP 83, 282 (1996) ].

[99] V. Frolov and D. Singh, “Quantum effects in the presence of expanding semi-transparent spherical mirrors,” Class. Quant. Grav. 16, 3693 (1999).

[100] W. G. Anderson and W. Israel, “Quantum flux from a moving spherical mirror,” Phys. Rev. D 60, art. no. 084003 (1999).

[101] M. Bordag, G. Petrov and D. Robaschik, “Calculation of the Casimir effect for a scalar field with the simplest non-stationary boundary conditions,” Yad. Fiz. 39, 1315 (1984) [Sov. J. Nucl. Phys. 39, 828 (1984)].

[102] G. Petrov, “Calculation of the Casimir effect for the electromagnetic field with non-stationary boundary conditions,” Bulg. J. Phys. 12, 355 (1985).

[103] M. Bordag, F.-M. Dittes and D. Robaschik, “The Casimir effect with uniformly moving mirrors,” Yad.

Fiz. 43, 1606 (1986) [Sov. J. Nucl. Phys. 43, 1034 (1986)].

[104] G. Petrov, “Casimir relativistic effect for massless scalar field with uniformly moving mirrors,” Rev.

Roum. Phys. 34, 453 (1989).

[105] H. Beyer and J. Nitsch, “A note on a Casimir effect in a uniformly accelerated reference frame,” Found.

Phys. 20, 459 (1990).

[106] V. V. Dodonov, A. B. Klimov and V. I. Man’ko, “Quantum multidimensional systems with quadratic Hamiltonians. Evolution of distinguished subsystems,” in Theory of the Interaction of Multilevel Systems with Quantized Fields, eds. V. I. Man’ko and M. A. Markov, Proc. Lebedev Phys. Inst., Vol. 208, Nauka, Moscow, 1992, p. 105 [translated by Nova Science, New York, 1996, as Vol.209, p. 1].

[107] V. V. Dodonov and A. B. Klimov, “Long-time asymptotics of a quantized electromagnetic field in a resonator with oscillating boundary,” Phys. Lett. A 167, 309 (1992).

[108] V. V. Dodonov and A. B. Klimov, “Long-time evolution of quantized electromagnetic field in a resonator with moving wall,” J. Sov. Laser Research 13, 230 (1992).

[109] A. B. Klimov and V. V. Dodonov, “Quantum processes in resonators with moving walls,” in Proceedings of the Second International Workshop on Squeezed States and Uncertainty Relations (Moscow, 25-29 May 1992), eds. D. Han, Y. S. Kim and V. I. Man’ko, NASA Conference Publication 3219, NASA, Greenbelt, 1993, p. 415.

[110] V. V. Dodonov, A. B. Klimov, and D. E. Nikonov, Quantum phenomena in resonators with moving walls,” J. Math. Phys. 34, 2742 (1993).

[111] D. A. R. Dalvit and F. D. Mazzitelli, “Renormalization-group approach to the dynamical Casimir effect,” Phys. Rev. A 57, 2113 (1998).

[112] D. A. R. Dalvit and F. D. Mazzitelli, “Creation of photons in an oscillating cavity with two moving mirrors,” Phys. Rev. A 59, 3049 (1999).

[113] L. A. Rivlin, “Note on parametric birth of photons in model problems of cosmology,” Kvantovaya Elektronika 6, 2248 (1979).

[114] S. Sarkar, “Moving mirrors and nonclassical light,” in Photons and Quantum Fluctuations, eds.

E. R. Pike and H. Walther, p. 151, Hilger, Bristol, 1988.

[115] S. Sarkar, “The response of a quantum field to classical chaos,” J. Phys. A 21, 971 (1988). [116] V. V. Dodonov, A. B. Klimov and V. I. Man’ko, “Nonstationary Casimir effect and oscillator energy level shift,” Phys. Lett. A 142, 511 (1989).

[117] H. B. G. Casimir, “On the attraction between two perfectly conducting plates,” Proc. Kon. Ned. Akad.

Wetenschap 51, 793 (1948).

[118] G. Plunien, B. Müller and W. Greiner, “The Casimir effect,” Phys. Rep. 134, 87 (1986). [119] P. W. Milonni, The Quantum Vacuum: An Introduction to Quantum Electrodynamics, Academic, San Diego, 1994.

[120] V. M. Mostepanenko and N. N. Trunov, The Casimir Effect and its Applications, Clarendon, Oxford, 1997.

[121] S. K. Lamoreaux, “Resource letter GF-1: Casimir force,” Am. J. Phys. 67, 850 (1999). [122] V. B. Braginsky and F. Y. Khalili, “Friction and fluctuations produced by the quantum ground state,” Phys. Lett. A 161, 197 (1991).

[123] M. T. Jaekel and S. Reynaud, “Motional Casimir force,” J. Phys. (Paris) I 2, 149 (1992). [124] V. V. Dodonov, A. B. Klimov and V. I. Man’ko, “Generation of squeezed states in a resonator with a moving wall,” Phys. Lett. A 149, 225 (1990).

[125] M. T. Jaekel and S. Reynaud, “Fluctuations and dissipation for a mirror in vacuum,” Quant. Opt. 4, 39 (1992).

[126] M. T. Jaekel and S. Reynaud, “Causality, stability and passivity for a mirror in vacuum,” Phys. Lett.

A 167, 227 (1992).

[127] M. T. Jaekel and S. Reynaud, “Friction and inertia for a mirror in a thermal field,” Phys. Lett. A 172, 319 (1993).

[128] M. T. Jaekel and S. Reynaud, “Inertia of Casimir energy,” J. Phys. (Paris) I 3, 1093 (1993). [129] C. Eberlein, “Radiation-reaction force on a moving mirror,” J. Phys. (Paris) I 3, 2151 (1993). [130] P. A. Maia Neto and S. Reynaud, “Dissipative force on a sphere moving in vacuum,” Phys. Rev. A 47, 1639 (1993).

[131] P. A. Maia Neto, “Vacuum radiation pressure on moving mirrors,” J. Phys. A 27, 2167 (1994). [132] P. A. Maia Neto and L. A. S. Machado, “Radiation reaction force for a mirror in vacuum,” Braz. J.

Phys. 25, 324 (1995).

[133] A. B. Matsko, E. A. Zubova and S. P. Vyatchanin, “The value of the force of radiative friction,” Opt.

Commun. 131, 107 (1996).

[134] L. S. Levitov, “Van der Waals friction,” Europhys. Lett. 8, 499 (1989).

[135] J. S. Hoye and I. Brevik, “Friction force between moving harmonic oscillators,” Physica A 181, 413 (1992).

[136] J. S. Hoye and I. Brevik, “Friction force with non-instantaneous interaction between moving harmonic oscillators,” Physica A 196, 241 (1993).

[137] V. E. Mkrtchian, “Interaction between moving macroscopic bodies: viscosity of the electromagnetic vacuum,” Phys. Lett. A 207, 299 (1995).

[138] J. B. Pendry, “Shearing the vacuum - quantum friction,” J. Phys. – Cond. Matter 9, 10301 (1997). [139] A. I. Volokitin and B. N. J. Persson, “Theory of friction: the contribution from a fluctuating electromagnetic field,” J. Phys. – Cond. Matter 11, 345 (1999).

[140] M. T. Jaekel and S. Reynaud, “Movement and fluctuations of the vacuum,” Rep. Prog. Phys. 60, 863 (1997).

[141] M. Kardar and R. Golestanian, “The ‘friction’ of vacuum and other fluctuation-induced forces,” Rev.

Mod. Phys. 71, 1233 (1999).

[142] G. Barton and C. Eberlein, On quantum radiation from a moving body with finite refractive index,” Ann. Phys. (NY) 227, 222 (1993).

[143] G. Barton and A. Calogeracos, “On the quantum electrodynamics of a dispersive mirror. I. Mass shifts, radiation, and radiative reaction,” Ann. Phys. (NY) 238, 227 (1995).

[144] A. Calogeracos and G. Barton, “On the quantum electrodynamics of a dispersive mirror. II. The boundary condition and the applied force via Diracs theory of constraints,” Ann. Phys. (NY) 238, 268 (1995).

[145] G. M. Salamone and G. Barton, “Quantum radiative reaction on a dispersive mirror in one dimension,” Phys. Rev. A 51, 3506 (1995).

[146] G. Barton, “The quantum radiation from mirrors moving sideways,” Ann. Phys. (NY) 245, 361 (1996). [147] G. Barton and C. A. North, “Peculiarities of quantum radiation in three dimensions from moving mirrors with high refractive index,” Ann. Phys. (NY) 252, 72 (1996).

[148] R. Gütig and C. Eberlein, “Quantum radiation from moving dielectrics in two, three, and more spatial dimensions,” J. Phys. A 31, 6819 (1998).

[149] V. I. Man’ko, “Schrödinger uncertainty relation and correlated states,” in Proceedings of the European Conference on Optics, Optical Systems and Applications “ECOOSA 90 – Quantum Optics” (Rome, 1990), ed. M. Bertolotti and E. R. Pike, IOP Conf. Proc. No. 115 (Institute of Physics, Bristol, 1991), p. 39.

[150] V. I. Man’ko, “The Casimir effect and quantum vacuum generator,” J. Sov. Laser Research 12, 383 (1991).

[151] V. V. Dodonov, O. V. Man’ko and V. I. Man’ko, “Correlated states of string and gravitational waveguide,” in Squeezed and Correlated States of Quantum Systems, ed. M. A. Markov, Proc. Lebedev Physics Inst., Vol. 200, Nauka, Moscow, 1991, p. 155 [translated by Nova Science, New York, 1993, as Vol. 205, p. 163].

[152] V. I. Man’ko, “Time-dependent invariants and nonclassical light,” in Quantum Measurements in Optics, edited by P. Tombesi and D. F. Walls (Plenum, New York, 1992), NATO ASI Series B, Physics, vol. 282, p. 239.

[153] J. Schwinger, “Casimir light: a glimpse,” Proc. Nat. Acad. Sci. USA 90, 958 (1993).

[154] J. Schwinger, “Casimir light: the source,” Proc. Nat. Acad. Sci. USA 90, 2105 (1993).

[155] J. Schwinger, “Casimir light: photon pairs,” Proc. Nat. Acad. Sci. USA 90, 4505 (1993).

[156] J. Schwinger, “Casimir light: pieces of the action,” Proc. Nat. Acad. Sci. USA 90, 7285 (1993).

[157] J. Schwinger, “Casimir light: field pressure,” Proc. Nat. Acad. Sci. USA 91, 6473 (1994).

[158] V. V. Dodonov, A. B. Klimov and V. I. Man’ko, “Physical significance of correlated and squeezed states,” in Group Theoretical Methods in Physics, Proceedings of the XVIII International Colloquium, Moscow, June 1990, (Lecture Notes in Physics, vol. 382), eds. V. V. Dodonov and V. I. Man’ko, Springer, Berlin, 1991, p. 450.

[159] V. V. Dodonov, A. B. Klimov and V. I. Man’ko, “Quantization and generation of squeezed states of electromagnetic field in a cavity with variable parameters,” J. Sov. Laser Research 12, 439 (1991).

[160] V. V. Dodonov, A. B. Klimov and D. E. Nikonov “Field quantization and squeezed states generation in resonators with time-dependent parameters,” in Proceedings of a Workshop on Squeezed States and Uncertainty Relations (College Park, March 1991), eds. D. Han, Y. S. Kim and W. Zachary, NASA Conference Publication 3135, NASA, Greenbelt, 1992, p. 199.

[161] S. Sarkar, “Photon statistics and moving mirrors,” Quant. Opt. 4, 345 (1992).

[162] S. Weigert, “Spatial squeezing of the vacuum and the Casimir effect,” Phys. Lett. A 214, 215 (1996).

[163] A. B. Klimov and V. Altuzar, “Spectrum of photons generated in a one-dimensional cavity with oscillating boundary,” Phys. Lett. A 226, 41 (1997).

[164] C. K. Law, “Resonance response of the quantum vacuum to an oscillating boundary,” Phys. Rev. Lett.

73, 1931 (1994).

[165] C. K. Cole and W. C. Schieve, “Radiation modes of a cavity with a moving boundary,” Phys. Rev. A 52, 4405 (1995).

[166] O. Méplan and C. Gignoux, “Exponential growth of the energy of a wave in a 1D vibrating cavity:

application to the quantum vacuum,” Phys. Rev. Lett. 76, 408 (1996).

[167] L.-P. Fu, C. K. Duan and G.-C. Guo, “Created photon distribution in a cavity with a moving wall,” Phys. Lett. A 234, 163 (1997).

[168] Y. Wu, K. W. Chan, M.-C. Chu and P. T. Leung, “Radiation modes of a cavity with a resonantly oscillating boundary,” Phys. Rev. A 59, 1662 (1999).

[169] M. Razavy and J. Terning, “Quantized Klein-Gordon field in a cavity of variable length,” Lett. Nuovo Cim. 41, 561 (1984).

[170] M. Razavy and J. Terning, “Quantum radiation in a one-dimensional cavity with moving boundaries,” Phys. Rev. D 31, 307 (1985).

[171] M. Razavy, A classical hamiltonian for the wave equation with a moving boundary condition,” Hadronic J. 8, 153 (1985).

[172] M. Razavy, “Second quantization in a box with a moving wall,” Lett. Nuovo Cim. 37, 449 (1983). [173] M. Reuter and C. T. Hill, “Moving mirrors in Schrödinger picture,” Ann. Phys. (NY) 195, 190 (1989). [174] G. Calucci, “Casimir effect for moving bodies,” J. Phys. A 25, 3873 (1992). [175] M. Janowicz, “Evolution of wave fields and atom-field interactions in a cavity with one oscillating mirror,” Phys. Rev. A 57, 4784 (1998).

[176] C. K. Law, “Effective Hamiltonian for the radiation in a cavity with a moving mirror and a time-varying dielectric medium,” Phys. Rev. A 49, 433 (1994).

[177] C. K. Law, “Interaction between a moving mirror and radiation pressure: A Hamiltonian formulation,” Phys. Rev. A 51, 2537 (1995).

[178] A. V. Chizhov, G. Schrade and M. S. Zubairy, “Quantum statistics of vacuum in a cavity with a moving mirror,” Phys. Lett. A 230, 269 (1997).

[179] J.-Y. Ji, H.-H. Jung, J.-W. Park and K.-S. Soh, “Production of photons by the parametric resonance in the dynamical Casimir effect,” Phys. Rev. A 56, 4440 (1997).

[180] J.-Y. Ji, H.-H. Jung and K.-S. Soh, “Interference phenomena in the photon production between two oscillating walls,” Phys. Rev. A 57, 4952 (1998).

[181] J.-Y. Ji and K.-S. Soh, “Parametrically amplified radiation in a cavity with an oscillating wall,” Jeong- Young Ji, Kwang-Sup Soh, , J. Kor. Phys. Soc. 33, S490 (1998).

[182] J.-Y. Ji, K.-S. Soh, R.-G. Cai and S. P. Kim, “Electromagnetic fields in a three-dimensional cavity and in a waveguide with oscillating walls,” J. Phys. A 31, L457 (1998).

[183] H. Johnston and S. Sarkar, “A re-examination of the quantum theory of optical cavities with moving mirrors,” J. Phys. A 29, 1741 (1996).

[184] R. Schützhold, G. Plunien and G. Soff, “Trembling cavities in the canonical approach,” Phys. Rev. A 57, 2311 (1998).

[185] G. Plunien, R. Schützhold and G. Soff, “Canonical approach to the dynamical Casimir effect,” in The Casimir Effect Fifty Years Later. Proceedings of the Fourth Workshop on Quantum Field Theory under the Influence of External Conditions, Leipzig, Germany, 14 - 18 September 1998, ed. by M. Bordag, World Scientific, Singapore, 1999, p. 133.

[186] Y. Wu, M.-C. Chu and P. T. Leung, “Dynamics of the quantized radiation field in a cavity vibrating at the fundamental frequency,” Phys. Rev. A 59, 3032 (1999).

[187] X.-X. Yang and Y. Wu, “Dynamics of the quantized radiation field in an oscillating cavity in the harmonic resonance case,” J. Phys. A 32, 7375 (1999).

[188] V. V. Dodonov, Photon creation and excitation of a detector in a cavity with a resonantly vibrating wall,” Phys. Lett. A 207, 126 (1995).

[189] V. V. Dodonov and A. B. Klimov, “Generation and detection of photons in a cavity with a resonantly oscillating boundary,” Phys. Rev. A 53, 2664 (1996).

[190] V. V. Dodonov, “Resonance excitation and cooling of electromagnetic modes in a cavity with an oscillating wall,” Phys. Lett. A 213, 219 (1996).

[191] V. V. Dodonov, “Resonance photon generation in a vibrating cavity,” J. Phys. A 31, 9835 (1998). [192] V. V. Dodonov and M. A. Andreata, “Squeezing and photon distribution in a vibrating cavity,” J.

Phys. A 32, 6711 (1999).

[193] M. A. Andreata and V. V. Dodonov, “Energy density and packet formation in a vibrating cavity,” J.

Phys. A 33, 3209 (2000).

[194] V. V. Dodonov, “Generation of photons in a lossy and detuned cavity with an oscillating boundary,” Phys. Lett. A 244, 517 (1998).

[195] V. V. Dodonov, “Dynamical Casimir effect in a nondegenerate cavity with losses and detuning,” Phys.

Rev. A 58, 4147 (1998).

[196] R. Jáuregui, C. Villarreal and S. Hacyan, “Quantum phenomena between uniformly moving plates,” Mod. Phys. Lett. A 10, 619 (1995).

[197] C. Villarreal, S. Hacyan and R. Jáuregui, “Generation of particles and squeezed states between moving conductors,” Phys. Rev. A 52, 594 (1995).

[198] D. F. Mundarain and P. A. Maia Neto, “Quantum radiation in a plain cavity with moving mirrors,” Phys. Rev. A 57, 1379 (1998).

[199] M. A. Cirone and K. Rza̧źewski, “Electromagnetic radiation in a cavity with a time-dependent mirror,” Phys. Rev. A 60, 886 (1999).

[200] A. Lambrecht, M.-T. Jaekel and S. Reynaud, “Motion induced radiation from a vibrating cavity,” Phys. Rev. Lett. 77, 615 (1996).

[201] P. A. Maia Neto and L. A. S. Machado, “Quantum radiation generated by a moving mirror in free space,” Phys. Rev. A 54, 3420 (1996).

[202] J. P. F. Mendonça, P. A. Maia Neto and F. I. Takakura, “Quantum photon emission from a moving mirror in the nonperturbative regime,” Opt. Commun. 160, 335 (1999).

[203] R. Golestanian and M. Kardar, “Mechanical response of vacuum” Phys. Rev. Lett. 78, 3421 (1997). [204] F. Miri and R. Golestanian, “Motion-induced radiation from a dynamically deforming mirror,” Phys.

Rev. A 59, 2291 (1999).

[205] R. Golestanian and M. Kardar, “Path Integral Approach to the Dynamic Casimir Effect with Fluctuating Boundaries,” Phys. Rev. A 58, 1713 (1998).

[206] V. V. Kulagin and V. A. Cherepenin, “Generation of squeezed states on reflection of light from a system of free electrons,” Pis’ma ZhETF 63, 160 (1996) [JETP Lett. 63, 170 (1996)].

[207] V. V. Kulagin and V. A. Cherepenin, “Generation of squeezed states of light in the systems of free electrons,” Laser Physics 7, 131 (1997).

[208] Y. E. Lozovik, V. G. Tsvetus and E. A. Vinogradov, “Femtosecond parametric excitation of electromagnetic field in a cavity,” Pis’ma ZhETF 61, 711 (1995) [JETP Lett. 61, 723 (1995)].

[209] Y. E. Lozovik, V. G. Tsvetus and E. A. Vinogradov, “Parametric excitation of vacuum by use of femtosecond laser pulses,” Phys. Scripta 52, 184 (1995).

[210] A. Lambrecht, M.-T. Jaekel and S. Reynaud, “Generating photon pulses with an oscillating cavity,” Europhys. Lett. 43, 147 (1998).

[211] G. Plunien, R. Schützhold and G. Soff, “Dynamical Casimir effect at finite temperature,” Phys. Rev.

Lett. 84, 1882 (2000).

[212] Jing Hui, Shi Qing-Yun and Wu Jian-Sheng, “Dynamical Casimir effect at finite temperature,” Phys.

Lett. A 268, 174 (2000).

[213] A. Lambrecht, M.-T. Jaekel and S. Reynaud, “Frequency up-converted radiation from a cavity moving in vacuum,” Eur. Phys. J. D 3, 95 (1998).

[214] A. Yariv, “Parametric interactions of optical modes,” IEEE J. Quant. Electron. QE 2, 30 (1966).

[215] E. Yablonovitch, “Accelerating reference frame for electromagnetic waves in a rapidly growing plasma:

Unruh-Davies-Fulling-DeWitt radiation and the nonadiabatic Casimir effect,” Phys. Rev. Lett. 62, 1742 (1989).

[216] W. G. Unruh, “Notes on black-hole evaporation,” Phys. Rev. D 14, 870 (1976).

[217] Z. Bialynicka-Birula and I. Bialynicki-Birula, “Space-time description of squeezing,” J. Opt. Soc. Am.

B 4, 1621 (1987).

[218] A. A. Lobashov and V. M. Mostepanenko, “Quantum effects in nonlinear insulating materials in the presence of a nonstationary electromagnetic field,” Teor. Mat. Fiz. 86, 438 (1991) [Theor. & Math. Phys. 86, 303 (1991)].

[219] A. A. Lobashov and V. M. Mostepanenko, “Quantum effects associated with parametric generation of light and the theory of squeezed states,” Teor. Mat. Fiz. 88, 340 (1991) [Theor. & Math. Phys. 88, 913 (1991)].

[220] V. V. Dodonov, T. F. George, O. V. Man’ko, C. I. Um and K. H. Yeon, “Exact solutions for a mode of the electromagnetic field in resonator with time-dependent characteristics of the internal medium,” J. Sov. Laser Research 13, 219 (1992).

[221] V. V. Hizhnyakov, “Quantum emission of a medium with a time-dependent refractive index,” Quant.

Opt. 4, 277 (1992).

[222] V. V. Dodonov, A. B. Klimov and D. E. Nikonov, “Quantum phenomena in nonstationary media,” Phys. Rev. A 47, 4422 (1993).

[223] V. V. Dodonov and V. I. Man’ko, “Correlated and squeezed coherent states of time-dependent quantum systems,” in Modern Nonlinear Optics, Part 3, ed. by M. Evans and S. Kielich, Advances in Chemical Physics Series, vol. LXXXV (Wiley, New York, 1994), p. 499.

[224] T. Okushima and A. Shimizu, “Photon emission from a false vacuum of semiconductors,” Jpn. J. Appl.

Phys. 34, 4508 (1995).

[225] M. Artoni, A. Bulatov and J. Birman, “Zero-point noise in a nonstationary dielectric cavity,” Phys.

Rev. A 53, 1031 (1996).

[226] M. Cirone, K. Rza̧źewski and J. Mostowski, “Photon generation by time-dependent dielectric: A soluble model,” Phys. Rev. A 55, 62 (1997).

[227] M. Artoni, A. Bulatov and B. D. Seery, “Nonclassical phase of the electromagnetic field in a nonstationary dielectric,” Phys. Rev. A 58, 3345 (1998).

[228] J. B. Pendry, “Can sheared surfaces emit light?” J. Mod. Opt. 45, 2389 (1998).

[229] C. Eberlein, “Quantum radiation from density variations in dielectrics,” J. Phys. A 32, 2583 (1999).

[230] H. Saito and H. Hyuga, “Photon emission from a time-varying dielectric medium in a cavity” J. Phys.

Soc. Japan 65, 1139 (1996).

[231] H. Saito and H. Hyuga, “The dynamical Casimir effect for an oscillating dielectric model,” J. Phys.

Soc. Japan 65, 3513 (1996).

[232] H. Johnston and S. Sarkar, “Moving mirrors and time-varying dielectrics,” Phys. Rev. A 51, 4109 (1995).

[233] G. E. Volovik, “AB interface in superfluid^3He and the Casimir effect,” JETP Lett. 63, 483 (1996).

[234] C. K. Law, S.-Y. Zhu and M. S. Zubairy, “Modification of a vacuum Rabi splitting via a frequencymodulated cavity mode,” Phys. Rev. A 52, 4095 (1995).

[235] R. Jáuregui and C. Villarreal, “Transition probabilities of atomic systems between moving walls,” Phys. Rev. A 54, 3480 (1996).

[236] T. Taneichi and T. Kobayashi, “Population inversion between uncoupled atomic states through cavity modes,” J. Phys. Soc. Japan 67, 1594 (1998).

[237] M. Janowicz, “Suppression of the Rabi oscillations in a cavity partially filled with a dielectric having a time-dependent refractive index,” Phys. Rev. A 57, 5016 (1998).

[238] A. M. Fedotov, N. B. Narozhny and Y. E. Lozovik, “ ‘Shaking’ of an atom in a non-stationary cavity,” Phys. Lett. A 274, 213 (2000).

[239] A. Dorsel, J. D. McCullen, P. Meystre, E. Vignes, and H. Walther, “Optical bistability and mirror confinement induced by radiation pressure,” Phys. Rev. Lett. 51, 1550 (1983).

[240] A. Cozzini, F. Maccarrone, F. Mango, I. Longo and S. Barbarino, “Light pressure bistability at microwave frequencies,” J. Opt. Soc. Am. B 2, 1841 (1985).

[241] P. Meystre, E. M. Wright, J. D. McCullen, and E. Vignes, “Theory of radiation-pressure-driven interferometers,” J. Opt. Soc. Am. B 2, 1830 (1985).

[242] S. Solimeno, F. Barone, C. DeLisio, L. DiFiore, L. Milano and G. Russo, “Fabry-Perot resonators with oscillating mirrors,” Phys. Rev. A 43, 6227 (1991).

[243] A. Luis and L. L. Sanchez-Soto, “Multimode quantum analysis of an interferometer with moving mirrors,” Phys. Rev. A 45, 8228 (1992).

[244] C. Fabre, M. Pinard, S. Bourzeix, A. Heidmann, E. Giacobino, and S. Reynaud, “Quantum-noise reduction using a cavity with a movable mirror,” Phys. Rev. A 49, 1337 (1994).

[245] K. Jacobs, P. Tombesi, M. J. Collett, and D. F. Walls, “Quantum-nondemolition measurement of photon number using radiation pressure,” Phys. Rev. A 49, 1961 (1994).

[246] S. Mancini and P. Tombesi, “Quantum-noise reduction by radiation pressure,” Phys. Rev. A 49, 4055 (1994).

[247] A. Heidmann and S. Reynaud, “Photon noise reduction by reflection from a movable mirror,” Phys.

Rev. A 50, 4237 (1994).

[248] M. Pinard, C. Fabre, E. Giacobino, A. Heidmann and S. Reynaud, “Reduction of quantum noise by a cavity with a mobile mirror,” Ann. Physique (Paris) 20, 133 (1995).

[249] A. Heidmann, Y. Hadjar and M. Pinard, “Quantum nondemolition measurement by optomechanical coupling,” Appl. Phys. B 64, 173 (1997).

[250] K. Jacobs, I. Tittonen, H. M. Wiseman and S. Schiller, “Quantum noise in the position measurement of a cavity mirror undergoing Brownian motion,” Phys. Rev. A 60, 538 (1999).

[251] M. Pinard, Y. Hadjar and A. Heidmann, “Effective mass in quantum effects of radiation pressure,” Eur. Phys. J. D 7 107 (1999).

[252] P. F. Cohadon, A. Heidmann and M. Pinard, “ Cooling of a mirror by radiation pressure,” Phys. Rev.

Lett. 83, 3174 (1999).

[253] C. Brif and A. Mann, “Quantum statistical properties of the radiation field in a cavity with a movable mirror,” J. Opt. B 2, 53 (2000).

[254] A. F. Pace, M. J. Collett and D. F. Walls, “Quantum limits in interferometric detection of gravitational radiation,” Phys. Rev. A 47, 3173 (1993).

[255] M. F. Bocko and R. Onofrio, “On the measurement of a weak classical force coupled to a harmonic oscillator: experimental progress,” Rev. Mod. Phys. 68, 755 (1996).

[256] S. Mancini, V. I. Man’ko, and P. Tombesi, “Ponderomotive control of quantum macroscopic coherence,” Phys. Rev. A 55, 3042 (1997).

[257] S. Bose, K. Jacobs and P. L. Knight, “Preparation of nonclassical states in cavities with a moving mirror,” Phys. Rev. A 56, 4175 (1997).

[258] S.-B. Zheng, “Preparation of even and odd coherent states in the motion of a cavity mirror,” Quantum Semiclass. Optics 10, 657 (1998).

[259] D. A. R. Dalvit and P. A. Maia Neto, “Decoherence via the dynamical Casimir effect,” Phys. Rev.

Lett. 84, 798 (2000).

[260] P. A. Maia Neto and D. A. R. Dalvit, “Radiation pressure as a source of decoherence,” Phys. Rev. A 62, art. no. 042103 (2000).

[261] Y. Nagatani and K. Shigetomi, “Effective theoretical approach to back reaction of the dynamical Casimir effect in 1 + 1 dimensions,” Phys. Rev. A 62, art. no. 022117 (2000).

[262] L. H. Ford and N. F. Svaiter, “Vacuum energy density near fluctuating boundaries,” Phys. Rev. D 58, art. no. 065007 (1998).

[263] G. Gour and L. Sriramkumar, “Will small particles exhibit Brownian motion in the quantum vacuum?”

Found. Phys. 29, 1917 (1999).

[264] C. Anastopoulos, “Quantum fields in nonstatic background: A histories perspective,” J. Math. Phys.

41, 617 (2000).

[265] I. Brevik, K. A. Milton, S. D. Odintsov and K. E. Osetrin, “Dynamical Casimir effect and quantum cosmology,” Phys. Rev. D 62, art. no. 064005 (2000).

[266] W. H. Louisell, Coupled Mode and Parametric Electronics (New York: Wiley, 1960). [267] L. D. Landau and E. M. Lifshitz, Mechanics (Pergamon, Oxford, 1969).

[268] N. N. Bogoliubov and Y. A. Mitropolsky, Asymptotic Methods in the Theory of Non-Linear Oscillations (New York: Gordon & Breach, 1985).

[269] Bateman Manuscript Project, Higher Transcendental Functions, ed. A. Erdélyi (New York: McGraw- Hill, 1953).

[270] Handbook of Mathematical Functions, eds. M. Abramowitz and I. A. Stegun (New York: Dover, 1972) [271] V. V. Dodonov, E. V. Kurmyshev and V. I. Man’ko, “Generalized uncertainty relation and correlated coherent states,” Phys. Lett. A 79, 150 (1980).

[272] V. V. Dodonov, A. B. Klimov and V. I. Man’ko, “Physical effects in correlated quantum states,” in Squeezed and Correlated States of Quantum Systems, ed. M. A. Markov (Proceedings of Lebedev Physics Institute, Vol. 200, Nauka, Moscow, 1991, p. 56 [Nova Science, New York, 1993, Vol. 205, p. 61]).

[273] A. Lukš, V. Peřinova, and Z. Hradil, “Principal squeezing,” Acta Phys. Polon. A 74, 713 (1988). [274] V. V. Dodonov, V. I. Man’ko and P. G. Polynkin, “Geometrical squeezed states of a charged particle in a time-dependent magnetic field,” Phys. Lett. A 188, 232 (1994).

[275] A. P. Prudnikov, Y. A. Brychkov and O. I. Marichev, Integrals and Series. Additional Chapters (Moscow: Nauka, 1986).

[276] I. S. Gradshtein and I. M. Ryzhik, Tables of Integrals, Series and Products (New York: Academic, 1994).

[277] V. V. Dodonov and V. I. Man’ko, “Density matrices and Wigner functions of quasiclassical quantum systems,” in Group Theory, Gravitation and Elementary Particle Physics (Proceedings of Lebedev Physics Institute, Vol. 167), A. A. Komar, ed. (Nova Science, New York, 1987), pp. 7-101.

[278] V. V. Dodonov, I. A. Malkin and V. I. Man’ko, “Integrals of the motion, Green functions and coherent states of dynamical systems,” Int. J. Theor. Phys. 14, 37 (1975).

[279] V.V. Dodonov and V.I.Man’ko, Invariants and the Evolution of Nonstationary Quantum Systems, Proceedings of Lebedev Physics Institute, Vol. 183 (Nova Science, New York, 1989).

[280] V. V. Dodonov, O. V. Man’ko and V. I. Man’ko, Photon distribution for one-mode mixed light with a generic Gaussian Wigner function,” Phys. Rev. A 49, 2993 (1994).

[281] V. V. Dodonov and V. I. Man’ko, “New relations for two-dimensional Hermite polynomials,” J. Math.

Phys. 35, 4277 (1994).

[282] V. V. Dodonov, “Asymptotic formulae for two-variable Hermite polynomials,” J. Phys. A 27, 6191 (1994).

[283] G. Szegö, Orthogonal Polynomials (New York: American Mathematical Society, 1959). [284] L. Mandel, “Sub-Poissonian photon statistics in resonance fluorescence,” Opt. Lett. 4, 205 (1979). [285] K. Husimi, “Miscellanea in elementary quantum mechanics. II,” Prog. Theor. Phys. 9, 381 (1953). [286] V. V. Dodonov and V. I. Man’ko, “Coherent states and the resonance of a quantum damped oscillator,” Phys. Rev. A 20, 550 (1979).

[287] W. H. Louisell, A. Yariv and A. E. Siegman, “Quantum fluctuations and noise in parametric processes,” Phys. Rev. 124, 1646 (1961).

[288] H. Takahasi, “Information theory of quantum-mechanical channels,” in: Advances in Communication Systems. Theory and Applications, vol. 1 (A. V. Balakrishnan, ed.), p. 227-310, Academic, New York, 1965.

[289] M. T. Raiford, “Statistical dynamics of quantum oscillators and parametric amplification in a single mode,” Phys. Rev. A 2, 1541 (1970).

[290] V. V. Dodonov, V. I. Man’ko and V. N. Rudenko, “Efficiency of a gravitational detector with interference of quantum states,” Pis‘ma Zhurn. Exper. Teor. Fiz. 36, 53 (1982) [Sov. Phys. – JETP Lett. 36, 63 (1982)].

[291] W. H. Louisell, Radiation and Noise in Quantum Electronics (McGraw-Hill, New York, 1964). [292] R. J. Glauber and M. Lewenstein, “Quantum optics of dielectric media,” Phys. Rev. A 43, 467 (1991). [293] A. Tip, “Canonical formalism and quantization for a class of classical fields with application to radiative atomic decay in dielectrics,” Phys. Rev. A 56, 5022 (1997).

[294] R. Matloob, R. Loudon, S. M. Barnett and J. Jeffers, “Electromagnetic field quantization in absorbing dielectrics,” Phys. Rev. A 52, 4823 (1995).

[295] R. Matloob and R. Loudon, “Electromagnetic field quantization in absorbing dielectrics II,” Phys. Rev.

A 53, 4567 (1996).

[296] T. Gruner and D.-G. Welsch, “Green function approach to the radiation field quantization for homogeneous and inhomogeneous Kramers-Kronig dielectrics,” Phys. Rev. A 53, 1818 (1996).

[297] T. Gruner and D.-G. Welsch, “Quantum optical input-output relations for dispersive and lossy multilayer dielectric plates,” Phys. Rev. A 54, 1661 (1996).

[298] K. Ujihara, “Quantum theory of a one-dimensional optical cavity with output coupling. Field quantization,” Phys. Rev. A 12, 148 (1975).

[299] J. Gea-Banacloche, N. Lu, L. M. Pedrotti, S. Prasad, M. O. Scully and K. Wódkiewicz, “Treatment of the spectrum of squeezing based on the modes of the universe. I. Theory and a physical picture,” Phys. Rev. A 41, 369 (1990).

[300] L. Knöll, W. Vogel and D.-G. Welsch, “Resonators in quantum optics: a first-principles approach,” Phys. Rev. A 43, 543 (1991).

[301] M. T. Raiford, “Degenerate parametric amplification with time-dependent pump, amplitude and phase,” Phys. Rev. A 9, 2060 (1974).

[302] M. Hotta, I. Joichi, S. Matsumoto, and M. Yoshimura, “Quantum system under periodic perturbation:

Effect of environment,” Phys. Rev. D 55, 4614 (1997).

[303] M. J. Collett and C. W. Gardiner, “Squeezing of intracavity and traveling-wave light fields produced in parametric amplification,” Phys. Rev. A 30, 1386 (1984).

[304] H. J. Carmichael, “Spectrum of squeezing and photocurrent shot noise: a normally ordered treatment,” J. Opt. Soc. Am. B 4, 1588 (1987).

[305] H. Haken, “Cooperative phenomena in systems far from thermal equilibrium,” Rev. Mod. Phys. 47, 67 (1975).

[306] E. B. Davies, Quantum Theory of Open Systems (Academic Press, London, 1976).

[307] H. Spohn, “Kinetic equations from Hamiltonian dynamics: Markovian limits,” Rev. Mod. Phys. 52, 569 (1980).

[308] H. Dekker, “Classical and quantum mechanics of the damped harmonic oscillator,” Phys. Rep. 80, 1 (1981).

[309] C. W. Gardiner and M. J. Collett, “Input and output in damped quantum systems: Quantum stochastic differential equations and the master equation,” Phys. Rev. A 31, 3761 (1985).

[310] C. W. Gardiner, A. S. Parkins and M. J. Collett, “Input and output in damped quantum systems. II.

Methods in non-white-noise situations and application to inhibition of atomic phase decays,” J. Opt. Soc. Am. B 4, 1683 (1987).

[311] P. T. Leung, S. Y. Liu and K. Young, “Completeness and orthogonality of quasinormal modes in leaky optical cavities,” Phys. Rev. A 49, 3057 (1994).

[312] E. S. C. Ching, P. T. Leung, A. Maassen van den Brink, W. M. Suen, S. S. Tong and K. Young, “Quasinormal-mode expansion for waves in open systems,” Rev. Mod. Phys. 70, 1545 (1998).

[313] M. Hillery, R. F. O’Connell, M. O. Scully and E. P. Wigner, “Distribution functions in physics:

Fundamentals,” Phys.Rep. 106, 121 (1984).

[314] V. V. Dodonov, O. V. Man’ko and V. I. Man’ko, “Quantum nonstationary oscillator: models and applications,” J. Russ. Laser Research 16, 1 (1995).

[315] R. J. Glauber, “Coherence and quantum detection,” in Proc. Int. School of Physics “Enrico Fermi”, ed. R. J. Glauber, (Academic Press, New York, 1969), Vol. XLII, p. 15.

[316] V. V. Dodonov and V. I. Man’ko, “Wigner functions of a damped quantum oscillator,” in Group Theoretical Methods in Physics, Proceedings of the Second International Seminar, Zvenigorod, 1982, eds. M. A. Markov, V. I. Man’ko and A. E. Shabad (Harwood Academic Publ., New York, 1985), Vol. 1, p. 705.

[317] A. Barchielli, “Continual measurements for quantum open systems,” Nuovo Cim. B 74, 113 (1983).

[318] H. Dekker and M. C. Valsakumar, “A fundamental constraint on quantum mechanical diffusion coefficients,” Phys. Lett. A 104, 67 (1984).

[319] A. Săndulescu and H. Scutaru, “Open quantum systems and the damping of collective modes in deep inelastic collisions,” Ann. Phys. (NY) 173, 277 (1987).

[320] V. V. Dodonov and V. I. Man’ko, “Integrals of motion of pure and mixed quantum systems,” Physica A 94, 403 (1978).

[321] E. Schrödinger, “Zum Heisenbergschen Unschärfeprinzip,” Ber. Kgl. Akad. Wiss. Berlin 24, 296 (1930). [322] H. P. Robertson, “A general formulation of the uncertainty principle and its classical interpretation,” Phys. Rev. 35, 667 (1930).

[323] V. V. Dodonov, “Universal integrals of motion and universal invariants of quantum systems,” J. Phys.

A 33, 7721 (2000).

[324] American Institute of Physics Handbook, ed. D. E. Gray (McGraw-Hill, New York, 1972). [325] G. Rempe, F. Schmidt-Kaler, and H. Walther, “Observation of sub-Poissonian photon statistics in a micromaser,” Phys. Rev. Lett. 64, 2783 (1990).

[326] J. D. N. Cheeke, “Single-bubble sonoluminescence: “bubble, bubble, toil and trouble”,” Can. J. Phys.

75, 77 (1997).

[327] B. P. Barber, R. A. Hiller, R. Löfsted, S. J. Putterman and K. R. Weninger, “Defining the unknowns of sonoluminescence,” Phys. Rep. 282, 65 (1997).

[328] Acoustic Cavitation and Sonoluminescence, special issue of Phil. Trans. A 357, N 1751 (1999). [329] E. Sassaroli, Y. N. Srivastava and A. Widom, “Photon production by the Dynamical casimir effect,” Phys. Rev. A 50, 1027 (1994).

[330] C. Eberlein, “Theory of quantum radiation observed as sonoluminescence,” Phys. Rev. A 53, 2772 (1996).

[331] C. Eberlein, “Sonoluminescence as quantum vacuum radiation,” Phys. Rev. Lett. 76, 3842 (1996). [332] R. Esquivel-Sirvent, R. Jáuregui and C. Villarreal, “Quantum and classical radiation from the surface of a sonoluminescence bubble,” Phys. Rev. A 56, 2463 (1997).

[333] The Casimir Effect Fifty Years Later — Proceedings of the Fourth Workshop on Quantum Field Theory under the Influence of External Conditions, Leipzig, Germany, 14 - 18 September 1998 , ed. M. Bordag (Singapore: World Scientific, 1999).