arXiv:quant-ph/0110042 v1 6 Oct 2001

Internal Symmetry Group and Density Matrix of Fields with Spins 0, 1

S.I.Kruglov^1

International Educational Centre, 2727 Steeles Ave.West, Suite 202, Toronto, Ontario, Canada M3J 3G9

Abstract

The internal symmetry group U(3,1) of the neutral vector fields with two spins 0 and 1 is investigated. Massless fields correspond to the generalized Maxwell equations with the gradient term. The symmetry transformations in the coordinate space are integro-differential transformations. Using the method of the Hamiltonian formalism the conservation tensors are found, and the quantized theory is studied. The necessity to introduce an indefinite metric is shown. The internal symmetry group U(3, 1) being considered, after the transition to electrodynamics, reduces to the U(2) group. It is shown that the group of dual transformations is the subgroup of the group under consideration. All the linearly independent solutions of the equation for a free particle obtained in terms of the projection matrix-dyads.

1 Canonical formalism

In the general case, without any constraints, the vector field B_μ(x) realizes the (0, 0) ⊕ (1/2, 1/2) representation of the Lorentz group and describes four degrees of freedom which correspond to states with spins s = 0 and s = 1 (with three spin projections s_z = 0, ±1). The massive field functions B_μ(x) satisfy the Klein-Gordon-Fock equation ( ∂^2_μ − m^2 ) B_ν (x) = 0, (1)

where ∂_μ = (∂/∂x_m, ∂/i∂t, B_ν (x) = (B_n(x), iB_0(x)).

The corresponding Lagrangian for the neutral fields can be rewritten as follows (within unimportant divergent-type terms): L = − 1 2 [ (∂_μB_ν )^2 + m^2B^2_μ ] . (2)

The Lagrangian (2) can be connected also with the Stueckelberg formulation of the vector field [1]. A Lagrangian of the form (2) also was used [2] in a gauge-invariant formulation for a massive neutral vector field.

Eq.(1) can be represented in the form of first-order equations [3]

∂_ν ψ_{μν} − ∂_μψ_0 + m^2ψ_μ = 0,

1E-mail: skruglov23@hotmail.com

ψ_{μν} = ∂_μψ_ν − ∂_ν ψ_μ, ψ_0 = ∂_μψ_μ, (3) with ψ_μ = B_μ, ψ_0 = ∂_μB_μ. In the case m = 0 equations (3) are the generalized Maxwell equations with the gradient term (see [4-6]). Now we investigate the symmetry group of the four-component neutral vector field B_μ which describes two spins 0, 1 (without the Lorentz condition, i.e. ∂_μB_μ ≠ 0 (see Eq.(1)) with the Lagrangian (2) [7]. We call this field “the Stueckelberg field” [8].

Let us consider the transformations Λ = (Λ_{μν} ) of the field functions B^′_μ(x) = Λ_{μν} B_ν (x), which belong to the group SO(3, 1) but which leave the coordinates x_μ unchanged, i.e. x^′_μ = x_μ. This is different case from that of the Lorentz group where the coordinates x_μ are transformed. It is easy to verify that the Lagrangian (2) is invariant under this group of symmetry transformations as Λ_{μα}Λ_{μβ} = δ_{αβ} and B^{′2}_μ (x) = B^2_μ(x). In accordance with the Noether theorem [9,10] the invariance of the action integral under the group of the transformations under consideration one yields the law of conservation of the following antisymmetric tensor S_{μ[αβ]} = B_β ∂_μB_α − B_α∂_μB_β. (4) This tensor coincides with the density of spin momentum corresponding to the conservation law of spin momentum (4): ∂_μS_{μ[αβ]} = 0.

The invariance of the action integral (2) under the Lorentz transformations of the coordinates x^′_μ = L_{μν} x_ν induces transformations of the field functions B^′_μ(x^′) = L_{μν} B_ν (x) which lead to a conservation law for angular momentum M_{μ[αβ]} [9,10], this being the sum of the orbital, T_{μ[α}x_{β]}, and spin, S_{μ[αβ]}, momenta:

T_{μν} = − (∂_μB_α) (∂_ν B_α) − Lδ_{μν} ,

M_{μ[αβ]} = T_{μ[α}x_{β]} + S_{μ[αβ]}. (5) Therefore we also have here the law of conservation of orbital angular momentum:

∂_μT_{μ[α}x_{β]} = 0. It should be noted that the Lorentz calibration ∂_μB_μ = 0 is not invariance under our group of symmetry (Λ_{μν} ). As the Lorentz calibration extracts the pure spin 1 of particles we come to the conclusion that the laws of conservation of the orbital, T_{μ[α}x_{β]}, and spin, S_{μ[αβ]}, angular momenta separately: ∂_μT_{μ[α}x_{β]} = 0, ∂_μS_{μ[αβ]} = 0 are due to the presence of two spins 0 and 1; i.e. multi-spin 0, 1.

Now we consider a wider group of symmetry using the method of the Hamiltonian formalism.

The generalized coordinates in this scheme are

q_μ(x) = B_μ(x). (6)

The density of the momenta found from Eq.(2) is given by

π_μ(x) = ∂L(x) ∂^·q_μ (x)

=^·q_μ (x), (7) where^·q_μ (x) = ∂q_μ(x)/∂t. The density of the Hamiltonian is defined by the relationship H(x) = π_μ(x)^·q_μ (x) − L(x). (8) Inserting the density of the Lagrangian (2) and the densities of the momenta (7) into Eq.(8) we arrive at H(x) = 1 2 [ (∂_mB_μ(x))^2 +^·B^2_μ (x) + m^2B^2_μ(x) ] . (9)

In momentum space the real fields B_μ(x) are given by B_μ(x) = L^{−3/2} ∑ k [ B_μ(k, t)e^{ikx} + B^+_μ (k, t)e^{−ikx} ] , (10)

where L is the normalizing length so that the energy of a quantum is k_0 = 2π/L and the normalizing volume is V = L^3; B^+_μ (k, t) is the Hermitian conjugated quantity. The time dependence of fields in the momentum space is B_μ(k, t) ∼ e^{−ik0t}, B^+_μ (k, t) ∼ e^{ik0t}, (11) where k^2_0 = k^2+m^2. Taking into account Eqs.(9), (10) the Hamiltonian H = ∫ H(x)d^3x takes the form H = ∑ k 2k^2_0 B_μ(k, t)B^+_μ (k, t). (12)

Introducing the canonical variables in the momentum space q_μ(k, t) = B_μ(k, t) + B^+_μ (k, t),

π_μ(k, t) =^·q_μ (k, t) = −ik_0 [ B_μ(k, t) − B^+_μ (k, t) ] , (13) the Hamiltonian (12) is rewritten as H = 1 2 ∑ k [ (π_μ(k, t))^2 + k^2_0 (q_μ(k, t))^2 ] = ∑ k 2k^2_0 φ^+φ, (14)

φ = B_1(k, t) B_2(k, t) B_3(k, t) iB_0(k, t)

, φ^+ = ( B^+_1 (k, t) B^+_2 (k, t) B^+_3 (k, t) iB^+_0 (k, t) ) . (15)

It is obvious that the Hamiltonian (14) is invariant (see [11, 12]]) under the transformations of the pseudounitary group U(3, 1) (for real fields B_m(k, t), B_0(k, t)): φ^′ = Uφ, φ^{+′} = φ^+U^+, (16) where the complex 4 × 4-matrix U obeys the equation U^+U = 1. The matrix of the infinitesimal transformations (16) can be represented as

U = (1 − iω_0) I_4, +ω_{[μν]}I_{[μν]} − ω_{(μν)}I_{(μν)}, (17)

where the antisymmetric I_{[μν]} and symmetric I_{(μν)} generators of the group are given by I_{[μν]} = ε^{μ,ν} − ε^{ν,μ}, I_{(μν)} = i ( ε^{μ,ν} + ε^{ν,μ} − 1 2 δ_{μν} ) . (18)

Here I_4 is the unit 4 × 4-matrix and the elements of the entire algebra ε^{μ,ν} satisfy the relations [9] (ε^{μ,ν} )_{αβ} = δ_{μα}δ_{νβ}, ε^{μ,ν} ε^{α,β} = δ_{να}ε^{μ,β}, (19) where indexes μ, ν, α, β = 1, 2, 3, 4. The parameters of the U(3.1) group obey the equations ω^∗_0 = ω_0, ω^∗_{[ab]} = ω_{[ab]}, ω^∗_{[a4]} = −ω_{[a4]}, ω^∗_{(ab)} = ω_{(ab)}, ω^∗_{(a4)} = −ω_{(a4)} (a, b = 1, 2, 3). The generators of the U(3.1) group: iI_4, I_{[μν]}, I_{(μν)} have the correct commutation relations [13] as may be verified using Eqs.(19). The I_{[μν]} are the generators of the subalgebra corresponding to the SO(3, 1) group and iI_4 corresponds to the subgroup U(1). Transformations (16) act in the space of the functions (15) and the momentum k is not transformed.

To get the integral of motion (corresponding to the group of symmetry (16) in the framework of this formalism one needs to consider the canonical transformations which leave the Hamiltonian (14) invariant. Taking into account Eqs.(17), (18), infinitesimal transformations (16) can be cast into the form

δB_μ(k, t) = −iω_0B_μ(k, t) + 2ω_{[μν]}B_ν (k, t)− − 2i [ ω_{(μν)} − 1 4 ω_{(αα)}δ_{μν} ] B_ν (k, t), (20)

δB^+_μ (k, t) = iω_0B^+_μ (k, t) + 2ω_{[μν]}B^+_ν (k, t)+

+ 2i [ ω_{(μν)} − 1 4 ω_{(αα)}δ_{μν} ] B^+_ν (k, t). (21)

With the help of Eq.(13), transformations (20), (21) can be rewritten in the canonical form δq_μ(k, t) = 1 k_0 π_μ(k, t) + 2ω_{[μν]}q_ν (k, t)+ + 2 k_0 [ ω_{(μν)} − 1 4 ω_{(αα)}δ_{μν} ] π_ν (k, t), (22)

δπ_μ(k, t) = −k_0ω_0q_μ(k, t) + 2ω_{[μν]}π_ν (k, t)−

− 2k_0 [ ω_{(μν)} − 1 4 ω_{(αα)}δ_{μν} ] q_ν (k, t). (23)

To get integrals of motion we use the method of generating functions [14]. It is verified that the generating function corresponding to transformations (22), (23) is

F = ∑ k { q_μ(k, t)π^′_μ(k, t) + ω_0 2 ( π^′_μ(k, t) )_2

k_0

+ k_0 (q_μ(k, t))^2 +

+ω_{[μν]} [ π^′_μ(k, t)q_ν(k, t) − π^′_ν (k, t)q_μ(k, t) ] + + ( ω_{(μν)} − 1 4 ω_{(αα)}δ_{μν} ) [ π^′_μ(k, t)π^′_ν(k, t) k_0

+ k_0q_μ(k, t)q_ν (k, t) ]} , (24)

so that q^′_μ(k, t) = ∂F/∂π^′_μ(k, t), π_μ(k, t) = ∂F/∂q_μ(k, t). From Eq.(24) we find the conservation law of the following tensors

J_{[μν]} = ∑ k [π_μ(k, t)q_ν(k, t) − π_ν (k, t)q_μ(k, t)] = = i ∑ k [ b^+_μ (k)b_ν (k) − b^+_ν (k)b_μ(k) ] , (25)

J_{(μν)} = ∑ k { π_μ(k, t)π_ν(k, t) k_0

+ k_0q_μ(k, t)q_ν(k, t)−

− 1 4 δ_{μν} [ (π_α(k, t))^2 k_0

+ k_0 (q_α(k, t))^2 ]} = = ∑ k [ b^+_μ (k)b_ν (k) + b^+_ν (k)b_μ(k) − 1 2 δ_{μν} ( b^+_α (k)b_α(k) )] , (26)

J = 1 2 ∑ k [ (π_α(k, t))^2 k_0

+ k_0 (q_α(k, t))^2 ] = ∑ k b^+_μ (k)b_ν (k), (27)

where variables b_μ(k) = √ 2k_0B_μ(k) and b^+_μ (k) = √ 2k_0B^+_μ (k) in the quantized theory are annihilation and creation operators, respectively. The conserved variables (25)-(27) satisfy the equations { J_{[μν]} , H } = { J_{(μν)} , H } = {J, H} = 0, where H is given by (14) and the {...} are the classical Poisson brackets. In the quantum case, operators b_μ(k), b^+_ν (k) obey the commutation relation [b_μ(k), b^+_ν (k^′)] = δ_{μν} δ (k − k^′) and the J_{[μν]} , J_{(μν)} , J are the generators of the group of internal symmetry U(3, 1) so that [ J_{[μν]} , H ] = [ J_{(μν)} , H ] = [J, H] = 0. Using the expansion

B_μ(x) = L^{−3/2} ∑ k [ B_μ(k)e^{i(kx−k0 t)} + B^+_μ (k)e^{−i(kx−k0 t)} ] , it is easy to verify that the integral of motion, J_{[μν]} (Eq.(25)), coincides with the conserved spin momentum tensor:

J_{[μν]} = i ∫ S_{4[μν]}d^3x. (28)

So the group SO(3, 1) under consideration (Λ) with the generators J_{[μν]} is the subgroup of the general group U(3, 1). The conserved quantity J is the number of quanta of the field. The generator J defines the subgroup U(1) of the phase transformations and the generators J_{[μν]} , J_{(μν)} correspond to the group SU(3, 1). In the general case, transformations (16) in the coordinate space are integro-differential transformations and therefore the Lagrangian formalism is not convenient for studying this symmetry. The use of the canonical formalism and the method of generating functions allow us to investigate in a simple manner the group of “addition” symmetry of the vector field which possesses two spin values 0, 1 (massive and massless fields). The analogous group of symmetry SU(n) of the n-dimensional oscillator has been investigated [11, 12]. The analysis performed is readily generalized to arbitrary vector fields.

So the integral of motion (25)-(27) corresponds to the transformations of internalsymmetry (16) which are not induced by the space-time transformations.

The canonical variables q_μ(x), π_μ(x) satisfy the commutation relation

{q_μ(x), π_ν(x^′)}_{t=t′} = δ_{μν} δ (x − x^′) . (29)

Using Eq.(7) we arrive at the relationships { q_μ(x),^·q_ν (x^′) } t=t^′ = δ_{μν} δ (x − x^′) . (30)

To quantize the fields we should transfer to quantum commutators in accordance with the procedure {., .}_{t=t}′ → i[., .], where [q, π] = qπ − πq. Taking into account Eqs.(6), (30) we find the commutation relations [ B_μ(x),^·B_ν (x^′) ] t=t^′ = iδ_{μν} δ (x − x^′) , (31)

It is obvious that commutators (31) correspond to Bose-Einstein statistics.

2 Quantized fields and indefinite metric

Now we will consider the quantized theory of the fields with multi-spin 0,1. In accordance with the general rule that the translation generator P_μ and the generator of fourdimensional rotations M_{ρσ} are given by [9, 10]

P_μ = i ∫ T_{4μ}d^3x,

M_{ρσ} = −i ∫ M_{4[ρσ]}d^3x. (32)

Using Eqs.(5) and commutation relations (31), it is not difficult to check that generators (32) satisfy the commutation relations of the Poincaré group.

Let us discuss the eigenvalues of the operator of the energy P_0 = −iP_4 of the fields considered. In the momentum representation, the energy operator has the form:

P_0 = ∫ k_0 ( b^+_a (k)b_a(k) − b^+_0 (k)b_0(k) ) d^3k, (33)

where operators

b^+_μ (k) = √ 2k_0B^+_μ (k), b_μ(k) = √ 2k_0B_μ(k) (B_μ(k, t) = B_μ(k) exp(−ik_0t)) ,

as follows from Eqs.(31), must obey the following commutation relations: [ b_μ(k), b^+_ν (k^′) ] = δ_{μν} δ (k − k^′) . (34)

Commutation relation (34) is invariant under the group of symmetry (16) because the operator of finite transformations U is unitary. It is seen from Eq.(33) that the field energy, in classical theory, is not positive-definite. In commutation relations (34) there is a minus sign (as b_4(k) = ib_0(k), b^+_4 (k) = ib^+_0 (k)), and the operators b_0(k), b^+_0 (k) obey the “incorrect” commutation relation [ b_0(k), b^+_0 (k^′) ] = −δ (k − k^′) .

From this equation it is seen that the term which appears in the energy operator with a (−) sign satisfies the “incorrect” commutation relation. The “incorrect” commutation relations are not compatible, however, with the assumption that the fields are real. As in the case of the electromagnetic field, this difficulty is surmounted by introducing an indefinite metric (see e.g., [15]). There are two possibilities. According to the first one we can consider operators b_0(k), b^+_a (k^′), as the creation operators, and b_a(k), b^+_0 (k^′), as the annihilation operators of particles. The vacuum state | 0⟩_1 is defined by the requirement:

b_a(k) | 0⟩_1 = b^+_0 (k) | 0⟩_1 = 0,

1⟨0 | 0⟩_1 = 1. (35)

The basis in Hilbert space is given by | m, n⟩_1 = 1 √ m!n! ( b^+_a (k) )_m (b_0(k))^n | 0⟩_1 (36)

with the normalization condition ⟨m, n | m^′, n^′⟩_1 = δ_{mm}′ δ_{nn}′ . (37)

In this case there is Hilbert space but the eigenstates of the energy operator (33) are not positive defined and the interpretation of the states with negative energy is problematical.

The second possibility [15] is more favorable and connected with introducing an indefinite metric. In this case the algebra (34) can be represented as the operator algebra in the states with the indefinite metric and here operators b^+_μ (k) are the creation and b_μ(k) the annihilation operators. As the basis of the irreducible representation in Hilbert space we choose the following vectors: | m, n⟩ = 1 √ m!n! ( b^+_a (k) )_m ( b^+_0 (k) )_n | 0⟩, b_μ(k) | 0⟩ = 0, ⟨0 | 0⟩ = 1. (38)

With the help of Eqs.(34) we arrive at ⟨m, n | m^′, n^′⟩ = (−1)^n δ_{mm}′ δ_{nn}′ . (39) In this way, the state space of vector fields has an indefinite metric, i.e. the square vector norm can be negative. Using Eqs.(34), it is easy to verify that the eigenvalues of the operator P_0 are positive; however, the metric is still indefinite.

As usual, in the theory with an indefinite metric, it is necessary to divide the space into “physical” and “nonphysical” subspaces (see [15, 16]). The “physical” subspace corresponds to a positive square norm, and the “nonphysical” to a negative square norm. The state vectors | m, 0⟩ create the “physical” subspace H_p and | m, n⟩ (at n ≠ 0) create the “nonphysical” subspace H_n. The physical states permit the usual probability interpretation. It is apparent from Eq.(39) that the “physical” and “nonphysical” subspaces are orthogonal ⟨m, 0 | m^′, n^′⟩ = 0, and therefore the state space is the direct sum of the two subspaces H_p and H_n. We can then represent any vector in the form |⟩ =|⟩_p+ |⟩_n, (40) where |⟩_p ∈ H_p, |⟩_n ∈ H_n. In scattering processes, states | in⟩, | out⟩ should belong to the “physical” subspace H_p. It is possible also to consider transitions between states which belong to the “nonphysical” subspace H_n. But the consideration of transitions between the vectors |⟩_p, |⟩_n presents difficulties [15] because such transitions violate the unitarity of the S-matrix and the usual probability interpretation.

3 Internal symmetry of the electromagnetic field

It will be shown that the symmetry-group of an electromagnetic field is U(2). When we impose the constraints ∂_μB_μ = 0 (The Lorentz condition), m = 0, we arrive at the transition to the formulation of electrodynamics, and the Hamiltonian (33) takes the form H = ∑ k k_0 ( b^+_1 (k)b_1(k) + b^+_2 (k)b_2(k) ) . (41)

In this case the Hamiltonian (41) is invariant under the transformations of the U(2) group: ( b^′_1(k) b^′_2(k) ) = exp ( i 2 α + inτ θ 2 ) ( b_1(k) b_2(k) ) , (42)

where n^2 = 1, α, θ are real group parameters, τ are the Pauli matrices. So, the internal symmetry group U(3, 1) being considered, after the transition to electrodynamics, reduces to the U(2) group. Using the procedure described above, after finding the generalizing function, we come to the following conserved quantities:

J_1 = 1 2 ∑ k [ b^+_1 (k)b_2(k) + b^+_2 (k)b_1(k) ] , J_2 = i 2 ∑ k [ b^+_2 (k)b_1(k) − b^+_1 (k)b_2(k) ] , J_3 = 1 2 ∑ k [ b^+_1 (k)b_1(k) − b^+_2 (k)b_2(k) ] , (43)

J_0 = 1 2 ∑ k [ b^+_1 (k)b_1(k) + b^+_2 (k)b_2(k) ] . (44)

The generators J_i satisfy the commutation relation of the SU(2) group, and commute with J_0: [J_i, J_0] = 0. There is a representation of the rotation generators in the Hilbert space in the form of Eqs.(43) in [17, 18]. The average values of the operators (43) are identified in [19] with the Stokes parameters characterizing the polarization of the electromagnetic wave.

It is obvious, that the transformations (42), and the integrals of motion (43), (44), can be written in coordinate space but in nonlocal form. So, in the coordinate representation the expression (44) takes the nonlocal form [20]

J_0 = 1 2(2π)^3

∫ ∫ E(x)E(y) + H(x)H(y) | x − y |^2 d^3xd^3y. (45)

The transformations (42) at θ = 0, which lead to the integral of motion (45) are local only in the momentum representation, and in the coordinate representation are integrodifferential transformations.

It should be noted that the transformations (42) with n_1 = n_3 = 0, α = 0, n_2 = 1, lead to the dual transformations of the strengths of electric E, and magnetic H fields:

E^′ = E cos θ 2 + H sin θ 2 , H^′ = H cos θ 2 − E sin θ 2 . (46)

Hence, the well known group of dual transformations is the subgroup of the SU(2) group under consideration.

4 First-order equations and density matrix

Now we consider the matrix formulation of the first-order of the Stueckelberg fields (3) which is convenient for constructing the density matrix and for some electrodynamics calculations. All the linearly independent solutions of the equation for a free particle will be obtained in terms of the projection matrix-dyads.

Let us introduce the 11-dimensional function

Ψ(x) = {ψ_A(x)} = 1 m −ψ_0 mψ_μ ψ_{[μν]} (A = 0, μ, [μν]), (47)

where μ, ν = 1, 2, 3, 4. Using the elements of the entire algebra Eq. (19), equations (3) can be written in the form of one equation ∂_ν ( ε^{μ,[μν]} + ε^{[μν],μ} + ε^{ν,0} + ε^{0,ν} ) AB Ψ_B (x)+ + m [ ε^{μ,μ} + ε^{0,0} + 1 2 ε^{[μν],[μν]} ] AB Ψ_B(x) = 0. (48)

After introducing 11-dimensional matrices α_ν = ε^{μ,[μν]} + ε^{[μν],μ} + ε^{ν,0} + ε^{0,ν}, I_{11} = ε^{μ,μ} + ε^{0,0} + 1 2 ε^{[μν],[μν]}, (49) Eq. (48) takes the form of the relativistic wave equation of the first order:

(α_μ∂_μ + m) Ψ(x) = 0. (50)

We took into account that I_{11} in Eq. (49) is the unit matrix in 11−dimensional space.

Eq. (50) represents the Stueckelberg equation for massive fields in the matrix form. When fields Ψ_A(x) are complex values, Eq. (50) describes charged particles with multispin 0, 1.

It should be noted that the matrices α_μ can be represented as

α_μ = β^{(1)}_μ + β^{(0)}_μ ,

β^{(1)}_ν = ε^{μ,[μν]} + ε^{[μν],μ},

β^{(0)}_ν = ε^{ν,0} + ε^{0,ν} , (51) where the 10−dimensional β^{(1)}_μ and 5−dimensional β^{(0)}_μ matrices obey the Petiau- Duffin-Kemmer [21-23] algebra:

β_μβ_ν β_α + β_αβ_ν β_μ = δ_{μν} β_α + δ_{αν} β_μ, (52) so that the equations for spin-1 and spin-0 particles are ( β^{(1)}_μ ∂_μ + m ) Ψ^{(1)}(x) = 0, Ψ^{(1)}(x) = 1 m ( mψ_μ ψ_{[μν]} ) , (53) ( β^{(0)}_μ ∂_μ + m ) Ψ^{(0)}(x) = 0, Ψ^{(0)}(x) = 1 m ( −ψ_0 mψ_μ ) . (54)

The 10−dimensional Petiau-Duffin-Kemmer equation (53) is equivalent to the Proca equations [24] for spin-1 particles and the 5−dimensional Eq. (54) is equivalent to the Klein-Gordon-Fock equation for scalar particles. The 11−dimensional Eq. (50) describes fields with two spins 0, 1. It is not difficult to verify (using Eqs. (19)) that the 11−dimensional matrices α_μ (49) satisfy the algebra (see also [25]):

α_μα_ν α_α + α_αα_ν α_μ + α_μα_αα_ν + α_ν α_αα_μ + α_ν α_μα_α + α_αα_μα_ν =

= 2 (δ_{μν} α_α + δ_{αν} α_μ + δ_{μα}α_ν ) . (55)

This algebra is more complicated than the Petiau-Duffin-Kemmer algebra (52). Different representations of the Petiau-Duffin-Kemmer algebra (52) were considered in [26-28].

Now we find the solutions to Eq. (50) corresponding to definite values of the energy and momentum of a quantum of the massive fields. In the momentum space Eq. (50) becomes − i ^pΨ_p = εmΨ_p, (56)

where ^p = α_μp_μ, p_μ = (p, ip_0), p^2 = p^2 − p^2_0 = −m^2; the value of ε = 1 corresponds to positive energy and ε = −1 to negative energy. Here p means the momentum of a field-quantum. It may be verified using (55) that the equality

^p^3 = p^2 ^p (57)

is valid. Following the general method of projection operators [29, 30], we find solutions to Eq. (56) in the form of the projection matrix

M_ε = i ^p (i ^p − εm) 2m^2

, (58)

so that M^2_ε = M_ε, (59)

and ε = ±1. Every column of the matrix M_ε can be considered as an eigenvector Ψ_p of equation (56) with eigenvalue εm. Eq. (59) for projection operators tells that matrix M_ε can be transformed into diagonal form, with the diagonal containing only ones and zeroes. So the M_ε acting on the wave function Ψ will retain components which correspond to the eigenvalue εm. The generators of the Lorentz group in the 11−dimensional space being considered are given by J_{μν} = β^{(1)}_μ β^{(1)}_ν − β^{(1)}_ν β^{(1)}_μ . (60)

It should be noted that matrices (60) act in the 10−dimensional subspace ( mψ_μ, ψ_{[μν]} ) because the scalar ψ_0 is an invariant of the Lorentz transformations. So matrices (60) are also generators of the Lorentz group for the Petiau-Duffin-Kemmer fields of Eq. (53). Using properties (19), we get the commutation relations [J_{ρσ} , J_{μν} ] = δ_{σμ}J_{ρν} + δ_{ρν} J_{σμ} − δ_{ρμ}J_{σν} − δ_{σν} J_{ρμ}, (61) [α_λ, J_{μν} ] = δ_{λμ}α_ν − δ_{λν}α_μ. (62) Relationship (61) is a well known commutation relation for generators of the Lorentz group SO(3, 1). Equation (50) is form-invariant under the Lorentz transformations since relation (62) is valid. To guarantee the existence of a relativistically invariant bilinear form ΨΨ = Ψ^+ηΨ, (63) where Ψ^+ is the Hermitian-conjugate wave function, we should construct a Hermitianizing matrix η with the properties [9, 28, 30]:

ηα_i = −α_iη, ηα_4 = α_4η (i = 1, 2, 3). (64)

Such a matrix exists and is given by

η = −ε^{0,0} + 2β^{(1)2}_4 − I_{10},

I_{10} = ε^{μ,μ} + 1 2 ε^{[μν],[μν]}, (65) where the matrix η^{(1)} = 2β^{(1)2}_4 − I_{10} plays the role of a Hermitianizing matrix for the Petiau-Duffin-Kemmer equation (53) [9]. The operator of the squared spin (squared Pauli-Lubanski vector) is given by

σ^2 = ( 1 2m ε_{μναβ} p_ν J_{αβ} )_2 = 1 m^2 ( J^2_{μν} p^2 − J_{μσ}J_{νσ} p_μp_ν ) . (66)

It may be verified that this operator obeys the minimal equation

σ^2 ( σ^2 − 2 ) = 0, (67)

so that eigenvalues of the squared spin operator σ^2 are s(s + 1) = 0 and s(s + 1) = 2. This confirms that the considered fields describe the superposition of two spins s = 0 and s = 1. To separate these states we use the projection operators

S^2_{(0)} = 1 − σ^2 2 , S^2_{(1)} = σ^2 2 (68) having the properties S^2_{(0)}S^2_{(1)} = 0, ( S^2_{(0)}

)_2

= S^2_{(0)}, ( S^2_{(1)}

)_2

= S^2_{(1)}, S^2_{(0)} + S^2_{(1)} = 1, where 1 ≡ I_{11} is the unit matrix in 11− dimensional space. In accordance with the general properties of the projection operators, the matrices S^2_{(0)}, S^2_{(1)} acting on the wave function extract pure states with spin 0 and 1, respectively. Now we introduce the operator of the spin projection on the direction of the momentum p :

σ_p = − i 2 | p | ϵ_{abc}p_aJ_{bc} = − i | p | ϵ_{abc}p_aβ^{(1)}_b β^{(1)}_c , (69)

where | p |= √ p^2_1 + p^2 + p^2_3. The minimal matrix equation for the spin projection operator is σ_p (σ_p − 1) (σ_p + 1) = 0 (70) and the corresponding projection operators are given by

^S_{(±1)} = 1 2 σ_p (σ_p ± 1) ^S_{(0)} = 1 − σ^2_p. (71)

Operators S_{(±1)} correspond to the spin projections s_p = ±1 and S_{(0)} to s_p = 0. It is easy to verify that the required commutation relations hold: [ S^2_{(0)}, ^p ] = [ S^2_{(1)}, ^p ] = [ ^S_{(±1)}, ^p ] = [ ^S_{(0)}, ^p ] = 0, [ S^2_{(0)}, ^S_{(±1)} ] = [ S^2_{(1)}, ^S_{(±1)} ] = [ S^2_{(0)}, ^S_{(0)} ] = 0. (72) Thus the projection matrices extracting pure states with definite spin, spin projection and energy take the form

Δ_{ε,±1} = M_εS^2_{(1)} ^S_{(±1)} = i ^p (i ^p − εm) 2m^2 1 2 σ_p (σ_p ± 1) ,

Δ^{(1)}_ε = M_εS^2_{(1)} ^S_{(0)} = i ^p (i ^p − εm) 2m^2 σ^2 2 ( 1 − σ^2_p ) , Δ^{(0)}_ε = M_εS^2_{(0)} ^S_{(0)} = i ^p (i ^p − εm) 2m^2 ( 1 − σ^2 2 ) ( 1 − σ^2_p ) , (73)

where we took into account that (σ^2/2) σ_p = σ_p. Projection operators Δ_{ε,±1}, Δ^{(1)}_ε extract states with spin 1 and spin projections ±1, 0, and Δ^{(0)}_ε corresponds to spin 0. The Δ_{ε,±1}, Δ^{(1)}_ε , Δ^{(0)}_ε are the density matrices for pure spin spates. It is easy to consider impure states by summation of Eqs. (73) over spin projections and spins. Projection operators for pure states can be represented as matrix-dyads [29, 30]:

Δ_{ε,±1} = Ψ_{ε,±1} · Ψ_{ε,±1}, Δ^{(1)}_ε = Ψ_ε · Ψ_ε, Δ^{(0)}_ε = Ψ^{(0)}_{ε,} · Ψ^{(0)}_{ε,} , (74) where the wave functions Ψ_{ε,±1}, Ψ_ε are the solution of the field equations for spin 1 and spin projections ±1 and 0, respectively, and Ψ^{(0)}_ε corresponds to the solution with spin 0. Expressions (73), (74) are convenient for calculating different electrodynamics processes involving polarized vector charged particles.

References

[1] E. C. G. Stueckelberg, Helv. Phys. Acta 11, 299 (1938).

[2] V. I. Ogievetskii and I. V. Polubarinov, Sov. Phys.- JETP 14, 179 (1962) (Zh. Eksp.

Teor. Fiz. 41, 247 (1961)).

[3] S. I. Kruglov, A. F. Radyuk, Vestzi Akad. Nauk BSSR, Ser. Fiz.-Mat. No.2, 48 (1979) (in Russian).

[4] E. Durand, Inn. Fac. Sci. Univ. Toulanse Sci. Math. et. Sci., 20, 99, 1956 (1957). [5] A. I. Solunin, Sov. Phys. J. 15, 1017 (1972) (Izv. Vuz. SSSR, Fizika No.7, 107 (1972)). [6] R. Haller, Phys. Rev. D14, 479 (1976).

[7] S. I. Kruglov, Vestzi Akad. Nauk BSSR Ser. Fiz.-Mat. No. 4, 87 (1982) (in Russian). [8] A. A. Borgardt and D. J. Karpenko, Preprint ITF - 72-105P, Kiev (1972). [9] A. A. Bogush and L. G. Moroz, Introduction to the Theory of Classical Fields (Nauka i Tekhnika, Minsk, 1968) (in Russian).

[10] N. N. Bogolyubov and D. V. Shirkov, Introduction to the Theory of Quantized Fields (John Wiley & Sons Ltd., 1980).

[11] G. A. Baker, Phys. Rev. 103, 1119 (1956).

[12] Yu. N. Demkov, Sov. Phys. - JETP 36(9), 63 (1959) (Zh. Eksp. Teor. Fiz. 36, 88 (1959)).

[13] R. M. Santilli, Nuovo Cim. A51, 89 (1967).

[14] G. Goldstein, Classical Mechanics (Moscaw, Nauka, 1975) (in Russian). [15] K. L. Nagy, State Vector Spaces with Indefinite Metric in Quantum Field Theory (Akadémiai Kiadó, Budapest, 1966).

[16] J. P. Crawford and A. O. Barut, Phys. Rev. D27, 2493 (1983). [17] J. M. Jauch and F. Rohrlich, The Theory of Photons and Electrons (Reading, Massachusetts, 1955).

[18] F. Gürsey, in Relativity, Groups and Topology, eds. C. De Witt, B. De Witt, N. Y.

- London, 1964.

[19] F. A. Kaempfer, Concepts in Quantum Mechanics (Academic Press, N. Y. and London, 1965).

[20] Ya. B. Zeldovich, Dokl. Akad. Nauk SSSR 163, No. 6 (1965). [21] E. Petiau, Tesis, Paris, 1936.

[22] R. J. Duffin, Phys. Rev. 54, 1114 (1938). [23] H. Kemmer, Proc. Roy. Soc. 173, 91 (1939). [24] A. Proca, Compt. Rend. 202, 1420 (1936). [25] K. U. Tzou, J. Phys. et Radium 18, 619 (1957).

[26] E. M. Corson, Theory of Tensors, Spinors, and Wave Equations (Benjamin Press., New York, 1953).

[27] H. Umezawa, Quantum Field Theory (North-Holland, Amsterdam, 1956). [28] Harish-Chandra, Proc. Cambr. Phil. Soc. 43, 414 (1947); Phys. Rev. 71, 793 (1947). [29] F. I. Fedorov, Sov. Phys. - JETP 35(8), 339 (1959) (Zh. Eksp. Teor. Fiz. 35, 493 (1958)).

[30] F. I. Fedorov, The Lorentz Group (Nauka, Moscow, 1979) (in Russian).