arXiv:quant-ph/0207017 v1 3 Jul 2002

On Spin and Statistics in Quantum Mechanics

Murray Peshkin Physics Division, Argonne National Laboratory, Argonne, IL 60439^∗ (Dated: July 4, 2002)

It is proved from the assumptions of nonrelativistic quantum mechanics that identical spin-zero particles must obey symmetric statistics.

PACS numbers: 03.65.Ta

INTRODUCTION

The connection between spin and statistics appears in nonrelativistic quantum mechanics as a constraint on the solutions of the Schrödinger equation. For identical particles with integer spin, the wave function is to be symmetric under simultaneous permutation of the spins and spatial variables of any pair of identical particles. For half-integer spin, it is to be antisymmetric. Equivalently, the total spin S and the relative orbital angular momentum L of each pair are constrained to be both even or both odd. To date, the available experimental information confirms that spin-statistics connection (SSC) but one may still ask whether quantum mechanics requires that all particles must obey it.

Pauli’s [1] original proof of the SSC depended upon the somewhat hazardous assumptions of local relativistic quantum field theory. Pauli himself considered relativity an essential ingredient, saying ”In conclusion, we wish to state that according to our opinion the connection between spin and statistics is one of the most important applications of special relativity.” There is by now a substantial literature of proofs based on relativistic field theory, some replacing Pauli’s assumptions by those of more modern field theory and some attempting to gain insight into the meaning of the spin-statistics connection by looking at it in different ways. Work in those directions has been reviewed critically by Duck and Sudarshan [2]. The most relevant of the field-theoretic works to the approach followed here is that of Laidlaw and Morette DeWitt [3], who used the Feynman representation of quantum field theory. They emphasized that the configuration space for identical particles is multiply connected, and that has consequences for the SSC.

Practitioners of nonrelativistic quantum mechanics usually simply treat Pauli’s result as one of the assumptions of the theory. Either they introduce coordinates and spin variables of individual particles as if the identity of a particle were observable and then constrain the wave functions to have even L + S or they use the machinery of Fock space, introducing creation and annihilation operators obeying commutation or anticommutation relations designed to achieve the same end [4].

Messiah and Greenberg [5] investigated the theoretical status of the SSC within nonrelativistic quantum mechanics by rigorously analyzing the consequences of particles’ being identical for the behavior of wave functions under permutations. They found that statistics intermediate between the usual symmetric and antisymmetric cases are permitted by the minimal assumptions of quantum mechanics that they used. Those authors also gave a thorough analysis of the experiments that test the SSC.

Leinaas and Myrheim [6] apparently first applied the issue of the topology directly to nonrelativistic quantum mechanics. For two identical spinless particles, the point {r_1, r_2} cannot be distinguished from the point {r_2, r_1}, and so the two must be the same point in the configuration space. Those authors were able to exclude statistics other than the usual symmetric and antisymmetric, but not to choose between those two possibilities.

Berry and Robbins [7, 8] then showed exactly how the SSC in nonrelativistic quantum mechanics is a consequence of the geometry of the configuration space of two identical particles, and further that the phase of the permuted wave function is determined by the geometrical Berry phase. They analyzed the statistics obeyed by particles of all spins by classifying the phases obtained under parallel transport in the multiply connected configuration space. They found that the answer is not determined by the spin alone. Alternative constructions of the transported basis can give either symmetry for particles of any spin. Their most natural basis agrees with the usual SSC. The basis that gives the ”wrong” answer appears to be perverse in some way, but the assumptions of Berry and Robbins do not exclude that possibility.

Here I eliminate that wrong answer in the simplest case, that of two identical spinless particles, under stated assumptions whose physical motivation I discuss. In this simple case I do not need to make any assumption about parallel transport. My physical assumptions are in essence those of Leinaas and Myrheim and of Berry and Robbins, but I additionally assume that the two-body wave functions are sums of products of single-component scalar one-body functions. Then the ”perverse” case is eliminated and the wave function for the relative motion contains only even angular momentum. Spinless particles can only be bosons, not fermions. This treatment has the additional advantage that it connects the geometry of the configuration space with the relative orbital angular momentum in a simple and very direct way. In comparison with the procedure of Berry and Robbins, it has the disadvantages that the connection with Berry’s geometrical phase is not displayed and that it is not obvious whether my result can usefully be generalized to add anything new about particles with spin.

ASSUMPTIONS

Assumption 1. The only independent dynamical variables are the positions and momenta of the particles. For a single spinless particle, the wave function must be scalar under rotation and it must have only one independent component. Multiple independent components would result in the existence of a continuous set of unitary transformations whose generators would be Hermitean pseudospin operators, observable in principle. For example, two components can be used to define three pseudospin variables whose algebra is identical to that of the isospin generators. Forbidding the continuum of unitary transformations by imposing a superselection principle, as is done in the case of isospin, would be equivalent to having each component represent a different kind of particle.

Assumption 2. The configuration space for two particles consists of the unordered pairs of vectors {r_1, r_2}, for which {r_2, r_1} is the same point in the six-dimensional space as is {r_1, r_2}. This assumption is motivated by the principle of quantum mechanics that the dynamical variables should be observable, at least in principle.

Assumption 3. The two-body wave functions ψ({r_1, r_2}) are products of two single-particle wave functions or linear combinations of such products. Then ψ({r_1, r_2}) is scalar under rotation and has only one independent component.

Assumption 4. The two-body wave functions are continuous functions of r_1 and r_2. Continuity is required by the appearance of ∇^2_1 and ∇^2 in the nonrelativistic Hamiltonian.

GEOMETRY AND SYMMETRY

The center-of-mass coordinate, which is symmetric in r_1 and r_2, requires no further consideration and will be ignored henceforth. The relative coordinate r = r_1 − r_2 has a magnitude and an axis, but not a direction along that axis because r is the same point as −r. That geometry is represented, following [6], by treating r as a vector {r, ϑ, φ} restricted to the domain 0 ≤ ϑ ≤ π/2 and identifying the point {r, π/2, φ} with the point {r, π/2, φ ± π}. For fixed r, that domain is the surface of a hemisphere whose base is a circle in the xy plane, antipodal points on the circle being identified. The choice of the hemisphere with z ≥ 0 is arbitrary. Any other hemisphere would represent the same physics.

Under the above-stated assumptions, the two-body relative wave function can be written in the form

ψ(r, ϑ, φ) = ∑ ℓ,m a_{ℓm}(r)Y_{ℓm}(ϑ, φ) (1)

in the domain 0 ≤ ϑ ≤ π/2. The sets Y_{ℓm} for even ℓ and for odd ℓ are separately complete in 0 ≤ ϑ ≤ π/2. It is proved in the Appendix below that the two sets are superselected from each other; both cannot appear in one wave function. What remains is to eliminate one of them.

At ϑ = π/2, all the Y_{ℓm} vanish except those with |m| = ℓ. Therefore ψ(r, π/2, φ) = ∑ ℓ [ a_{ℓℓ}(r)Y_{ℓℓ}(π/2, φ) + a_{ℓ,−ℓ}(r)Y_{ℓ,−ℓ}(π/2, φ) ] , ψ(r, π/2, φ ± π) = ∑ ℓ (−1)^ℓ [ a_{ℓℓ}(r)Y_{ℓℓ}(π/2, φ) + a_{ℓ,−ℓ}(r)Y_{ℓ,−ℓ}(π/2, φ) ] . (2)

Continuity and the identity of antipodal points at ϑ = π/2 require ψ(r, π/2, φ ± π) = ψ(r, π/2, φ) . (3) That eliminates odd ℓ and establishes the SSC for two spinless particles; they must have even relative ℓ, and that implies symmetric statistics.

CONCLUSIONS

That two identical spinless particles must obey symmetric statistics has been proved from the general assumptions of quantum mechanics listed above. Berry and Robbins’ perverse case, which gives antisymmetric statistics, was eliminated by making use of the two-particle wave function’s being built up on the multiply-connected configuration space from the products of single-component scalar one-particle wave functions. That forces the two-particle wave function to be a one-component scalar and that in combination with the continuity requirement is all that’s needed to eliminate odd relative orbital momentum and require spinless particles to be bosons.

The wave function for the Berry-Robbins perverse case is given in the present notation by

Ψ(r, ϑ, φ) = ψ(r, ϑ, φ) r r = [ ∑ ℓ,m a_{ℓm}(r)Y_{ℓm}(ϑ, φ) ] r r (4) That wave function has only one independent component but it is excluded for spinless particles under the present assumptions because it is a vector under rotation. It can however represent two particles with spin 1/2 in a Hilbert space restricted to include only states in which the two spins are coupled to the total spin state with S = 1 and r · S = 0. In that artificial model, the continuity condition that Ψ(r, π/2, φ) = Ψ(r, π/2, φ ± π) excludes even values of ℓ instead of odd, and the total wave function is antisymmetric instead of symmetric, in agreement with the SSC. However, that limited result does not prove the SSC for real particles with spin one-half.

In arguing that the wave function must be continuous because the kinetic energy term in the Hamiltonian contains ∇^2, I tacitly assumed that no discontinuous vector potential appears in the Hamiltonian. Such a potential can always be introduced by a singular gauge transformation, but that does not change the physics.

As the domain of r_1 and r_2 has been taken to be the entire 6 dimensional space, these results are not mathematically applicable to an idealization involving boundary conditions or non-compact domains of r, as in an interferometer. That does not matter for real physics, where a high potential barrier should replace the boundary condition. No assumption that the Hamiltonian is symmetric under rotation was used.

The extension of the spin-statistics connection to the case of many particles has been given very generally by Berry and Robbins [7] and by Atiyah [9]. Here, to complete the discussion of spinless particles, I give a simple heuristic argument to show that the extension appears to be unavoidable in any theory that is asymptotically separable in the sense that moving all particles except two to a great distance makes the dynamics of those two independent of the existence and motion of the remaining particles. Changing the relative angular momentum of any pair, identified by their coordinates, from even to odd would have observable consequences if they were the only two particles. Continuity then assures that adding additional particles at great distance and moving them to any locations cannot change the statistics of the pair in question.

ACKNOWLEDGEMENTS

I thank Michael Berry for very valuable conversations and other communications that helped me develop the ideas presented here. This work is supported by the US Department of Energy, Nuclear Physics Division, under contact No. W-31-109-ENG-38.

APPENDIX Superselection of Even From Odd ℓ

Following Eq.(1) it was asserted that odd values of the relative orbital angular momentum ℓ are superselected from even values; even and odd ℓ cannot be mixed coherently. To prove that, consider a state |r_0⟩, where r_0 is any fixed value of r not in the z direction and not in the xy plane. Introduce unit vectors n_j and ”body-fixed” angular momentum projections K_j as follows:

n_3 = r_0 r_0 n_1 = ẑ × r_0 |ẑ × r_0| n_2 = −n_3 × n_1 (5)

K_j = n_j · L (6)

[K_i, K_j ] = iε_{ijk}K_k (7)

K^2_1 + K^2_2 + K^2_3 = L^2 (8)

|r_0⟩ = ∑ μ α_μ|μ⟩ , where K_1|μ⟩ = μ|μ⟩ . (9)

The wave functions ⟨r|μ⟩ are defined on z ≥ 0 with continuity at the identified antipodal points as described above.

K_1 generates the rotations of |r_0⟩ about an axis perpendicular to |r_0⟩. Rotation of the vector r_0 = {r_0, ϑ_0, φ_0} through the angle (^π_2 − ϑ_0) around the n_1 axis carries r_0 into {r_0,^π_2 , φ_0}, which is identified with {r_0,^π_2 , φ_0 ± π}. Then an additional rotation through (^π_2 + ϑ_0) restores r_0. Therefore |r_0⟩ must be carried into itself by the product of those two rotations, except possibly for a phase,

e^{( π2 +ϑ0 )K1} e^{i( π2 −ϑ0)K1} |r_0⟩ = e^{iπK1} |r_0⟩ = e^{iδ} |r_0⟩ (10)

e^{iπK1} |r_0⟩ = ∑ μ e^{iπμ}α_μ|μ⟩ = e^{iδ} ∑ μ α_μ|μ⟩ (11)

Eq. (7) requires that the eigenvalues μ must be integers or half-integers. Eq. (11) requires that they must be spaced by 2.

The state |r_0⟩ is an eigenvector of K_3 with eigenvalue 0, so ℓ must be an integer. The n_1 axis is obtained from the n_3 axis by a rotation through π/2 about the n_2 axis. Therefore

|r_0⟩ = ∑ ℓ β_ℓ|ℓ, 0⟩_3 = ∑ ℓ,μ d^ℓ_{μ0}(π/2)β_ℓ|μ⟩ (12)

for some β_ℓ, where |ℓ, 0⟩_3 is an eigenvector of L^2 and of K_3 with eigenvalues ℓ(ℓ + 1) and zero, rsp. Since the rotation matrices d^ℓ_{μ0}(π/2) vanish except for even values of (ℓ − μ), it follows that even values of ℓ cannot be mixed coherently with odd. Continuity then guarantees that the choice of even or odd is the same for all choices of |r_0⟩, so the states of even ℓ are superselected from those of odd ℓ.

The material in this Appendix can be seen as an extension of the usual quantum mechanical treatment of a symmetric rigid rotor to the limit where the rotor is collapsed onto its axis of symmetry and where there is no physical reason a priori to exclude the odd values of ℓ.

∗ Electronic address: peshkin@anl.gov [1] W. Pauli, Phys. Rev. 58, 716 (1940).

[2] I. Duck and E. C. G. Sudarshan, Am. J. Phys. 66, 284 (1998). [3] M. G. G. Laidlaw and C. M. DeWitt, Phys. Rev. D 3, 1375 (1971).

[4] H.J. Lipkin, Quantum Mechanics: New Approaches to Selected Topics, (North-Holland, Amsterdam, London, 1973) [5] A. M. L. Messiah and O. W. Greenberg, Phys. Rev. B 248,136 (1964). [6] J. M. Leinaas and J. Myrheim, Nuovo Cim. B 37, 1 (1977). [7] M. V. Berry and J. M. Robbins, Proc. Roy. Soc. Lond. A 453, 1771 (1997). [8] M. V. Berry and J. M. Robbins, J. Phys. A: Math. Gen. 33, L207 (2000). [9] M. Atiyah, Asian J. Math., to be published.