arXiv:quant-ph/0212001 v1 29 Nov 2002

Relation between the field quadratures and the characteristic function of a mirror

Blas M. Rodríguez and Héctor Moya-Cessa Instituto Nacional de Astrofísica, Optica y Electrónica, Apdo. Postal 51 y 216, 72000 Puebla, Pue., Mexico (Dated: November 29, 2002)

Abstract

We analyze the possibility of measuring the state of a movable mirror by using its interaction with a quantum field. We show that measuring the field quadratures allows to reconstruct the characteristic function corresponding to the mirror state.

PACS numbers: 42.50.Dv

The reconstruction of a quantum state is a central topic in quantum optics and related fields [1, 2]. During the past years, several techniques have been developed, for instance the direct sampling of the density matrix of a signal mode in multiport optical homodyne tomography [3], tomographic reconstruction by unbalanced homodyning [4], reconstruction via photocounting [5], cascaded homodyning [6] to cite some. There have also been proposals to measure electromagnetic fields inside cavities [7, 8] and vibrational states in ion traps [7, 9]. In fact the full reconstruction of nonclassical states of the electromagnetic field [10] and of (motional) states of an ion [11] have been experimentally accomplished. The quantum state reconstruction in cavities is usually achieved through a finite set of selective measurements of atomic states [7] that make it possible to construct quasiprobability distribution functions such as the Wigner function, that constitute an alternative representation of a quantum state of the field.

Recently there has been interest in the production of superposition states of macroscopic systems such as a moving mirror [13]. It is therefore of interest to have schemes to measure the non-classical states that may be generated for the moving mirror. Here we will propose a method to relate the quadratures of the field to the characteristic function associated to the density matrix of the mirror.

The interaction between a quantum electromagnetic field and a movable mirror (treated quantum mechanically) has a relevant Hamiltonian given by [14]

H = ℏ(ωa^†a + Ωb^†b − ga^†a(b^† + b)) (1) where a and a^† are the annihilation and creation operators for the cavity field, respectively. The field frequency is ω. b and b^† are the annihilation and creation operators for the mirror oscillating at a frequency Ω and g = ω L √ ℏ 2mΩ , (2) with L and m the lenght of the cavity and the mass of the movable mirror.

We can re-write the Hamiltonian (1)in the form [15] H = D_m(ηa^†a) ( ωa^†a + Ωb^†b − ϵ(a^†a)^2 ) D^†_m(ηa^†a) (3)

where ϵ = gη with η = g/Ω and the displacement operator is given by D_m(β) = e^{βb†−β∗b}, (4) with N = a^†a. Then the unitary evolution operator is simply U(t) = e^{−iHtℏ} D_m(ηN)e^{−it}(^{ωN +Ωb† b−ϵN 2} )D^†_m(ηN) (5) We will consider the initial state of the field to be in a coherent state |α⟩ = e^{− |α|22} ∞∑ n=0 α^n √ n! |n⟩. (6) and the initial state of the mirror to be arbitrary and denoted by the density matrix ρ_m. We may calculate then ⟨a⟩ in the form ⟨a⟩ = αe^{−i(ω+ϵ)t}T r [ ρ_mD_m ( ηe^{iΩt} ) D_m (−η) |αe^{2i(ϵt−η2 sin Ωt)}⟩⟨α| ] (7) where we have used several times the properties of permutation under the trace symbol. By using that D_m ( ηe^{iΩt} ) D_m (−η) e^{iη2 sin Ωt} = D_m ( η(e^{iΩt} − 1) ) (8) we may finally write ⟨a⟩ = αe^{−i(ω+ϵ)t}e^{−iη2 sin Ωt}e^{−|α|2(ϵt−η2 sin Ωt)}χ_m ( η(e^{iΩt} − 1) ) (9) where χ_m ( η(e^{iΩt} − 1) ) is the characteristic function associated to the density matrix ρ_m.

Therefore, by measuring the quadratures of the field (see for instance [2]) ⟨X⟩ = ⟨(a+a^†)⟩/ √ 2 and ⟨Y ⟩ = −i⟨(a − a^†)⟩/ √ 2 we may obtain the average value for the annihilation operator and hence, information about the state of the mirror through its characteristic function. The argument of the characteristic function may be changed in some range of parameters as ω ∼ 10^{16}s^1, Ω ∼ 1 kHz, L ∼ 1 m and m ∼ 10 mg [14, 16, 17]. One could use the present method to reconstruct the quantum superpositions of a mirror state recently proposed by Marshall et al. around the origin to look for a negative Wigner function in this region.

What makes it possible to obtain information about the mirror state is the initial coherence of the field and the form of the Hamiltonian that has the term b + b^†. Wilkens and Meystre [18] had shown that for the Jaynes-Cummings Model (JCM) (see for instance [19]) it was possible to obtain information about the characteristic function of the field only if the system interacted with an extra (classical) field to allow several absorptions (a^k) or emissions [(a^†)^k]. The JCM by itself would allow one emission or absorption at a time because of the form of the interaction Hamiltonian H_I = λ(aσ_+ + σ_−a^†) where the σ’s the usual spin operators and λ the interaction constant.

However, if we do not make the rotating wave approximation in the atom field interaction it was shown that transforming the complete Hamiltonian by means of a unitary transformation gives [20] H_T = ωN + ω_0W ( λ ω σ_z ) (10) where W (_λ ω σ_z ) = D (_λ ω σ_z ) (−1)^N D^† (_λ ω σ_z ) is the Wigner operator [21]. This hints that keeping terms in the Hamiltonian proportional to the sum of annihilation and creation operators allows information about the system to be obtained.

In conclusion, we have shown that by measuring filed quadratures one may be able to reconstruct the characteristic function for the density matrix of the mirror.

We would like to thank CONACYT for support.

[1] K. Vogel and H. Risken, Phys. Rev. A 40, 2847 (1989).

[2] U. Leonhardt, Measuring the Quantum State of Light, (Cambridge, Cambridge University Press) 1997.

[3] A. Zucchetti, W. Vogel, M. Tasche, and D.-G. Welsch, Phys. Rev. A 54, 1678 (1996). [4] S. Wallentowitz and W. Vogel, Phys. Rev. A 53, 4528 (1996). [5] K. Banaszek and K. Wodkiewcz, Phys. Rev. Lett. 76, 4344 (1996).

[6] Z. Kis, T. Kiss, J. Janszky, P.Adam, S. Wallentowitz, and W. Vogel, Phys. Rev. A 59, R39 (1999).

[7] L.G. Lutterbach and L. Davidovich, Phys. Rev. Lett. 78, 2547 (1997). [8] H. Moya-Cessa, S.M. Dutra, J.A. Roversi, and A. Vidiella-Barranco, J. of Mod. Optics 46, 555 (1999); H. Moya-Cessa, J.A. Roversi, S.M. Dutra, and A. Vidiella-Barranco, Phys. Rev. A 60, 4029 (1999).

[9] P.J. Bardroff, C. Leichtle, G. Scrhade, and W.P. Schleich, Phys. Rev. Lett. 77, 2198 (1996). [10] D.T. Smithey, M. Beck, M.G. Raimer, and A. Faradini, Phys. Rev. Lett. 70, 1244 (1993); G.

Breitenbach, S. Schiller, and J. Mlynek, Nature 387, 471 (1997).

[11] D. Leibfried, D.M. Meekhof, B.E. King, C. Monroe, W.M. Itano, and D.J. Wineland, Phys.

Rev. Lett. 77, 4281 (1996).

[12] H. Moya-Cessa and P.L. Knight, Phys. Rev. A 48, 2479 (1993). [13] W. Marshall, C. Simon, R. Penrose and D. Bouwmeester, quant-ph/0210001.

[14] S. Mancini, V.I. Man’ko and P. Tombesi, Phys. Rev. A 55, 3042 (1997). [15] S. Bose, K. Jacobs and P.L. Knight, Phys. Rev. A 56, 4175 (1997).

[16] A. Dorsel, J.D. McCullen, P. Meystre, E. Vignes, and H. Walther, Phys. Rev. Lett. 51, 1550 (1983).

[17] P. Meystre, E.M. Wright, J.D. McCullen, and E. Vignes, J. Opt. Soc. Am. B2, 1830 (1985). [18] M. Wilkens and P. Meystre, Phys. Rev. A43, 3832 (1991). [19] P. Knight and B. Shore, Phys. Rev. A48, 642 (1993).

[20] H. Moya-Cessa, A. Vidiella-Barranco, J.A. Roversi and S.M. Dutra, J. Opt. B 2, 21 (2000). [21] W. Vogel and D.-G. Welsch Lectures on Quantum Optics, (Berlin, Akad. Verl., 1994).