arXiv:quant-ph/0404008 v1 1 Apr 2004

Qualitative aspects of entanglement in the Jaynes-Cummings model with an external quantum field

Marcelo A. Marchiolli^1, Ricardo J. Missori^2 and José A. Roversi^2 1 Instituto de Física de São Carlos, Universidade de São Paulo, Caixa Postal 369, 13560-970 São Carlos, SP, Brazil, Eletronic address: marcelo march@bol.com.br 2Instituto de Física “Gleb Wataghin”, Universidade Estadual de Campinas, 13083-970 Campinas, São Paulo, Brazil, Eletronic address: missori@ifi.unicamp.br and roversi@ifi.unicamp.br (Dated: April 1, 2004)

We present a mathematical procedure which leads us to obtain analytical solutions for the atomic inversion and Wigner function in the framework of the Jaynes-Cummings model with an external quantum field, for any kinds of cavity and driving fields. Such solutions are expressed in the integral form, with their integrands having a commom term that describes the product of the Glauber- Sudarshan quasiprobability distribution functions for each field, and a kernel responsible for the entanglement. Considering two specific initial states of the tripartite system, the formalism is then applied to calculate the atomic inversion and Wigner function where, in particular, we show how the detuning and amplitude of the driving field modify the entanglement. In addition, we also obtain the correct quantum-mechanical marginal distributions in phase space. (Published in J. Phys. A: Math. Gen. 36, 12275 (2003))

I. INTRODUCTION

The concept of entanglement naturally appears in quantum mechanics when the superposition principle is applied to composite systems. In this sense, a multipartite system is entangled when their physical properties cannot be described through a tensor product of density operators associated to their different parts which constitute the whole system. An immediate consequence of this important effect has its origin in theory of quantum measurement ref1: the entangled state of the multipartite system can reveal information on its constituent parts. However, this information is extremely sensitive to the dissipative coupling between the macroscopic meter and its environment. In fact, entangled states involving macroscopic meters are rapidly transformed into statistical mixtures of product states and this fast relaxation process characterizes the decoherence [2, 3, 4]. According to Raimond et al. [5]: “The decoherence itself involves entanglement since the meter gets entangled with its environment. As the information leaks into the environment, the meter’s state is obtained by tracing over the environment variables, leading to the final statistical mixture. This analysis is fully consistent with the Copenhagen description of a measurement”. Beyond these fundamental features, entangled states have potential applications for information processing and quantum computing [6, 7, 8, 9], quantum teleportation [10], dense coding [11], and quantum cryptographic schemes [12].

A feasible physical system to generate entangled states is given by the Jaynes-Cummings model (JCM) which describes the matter-field interaction [13, 14]. It is typically realized in cavity QED experiments involving Rydberg atoms crossing superconducting cavities (one by one) in different frequency regimes and configurations, with relaxation rates small and well understood [5]. Recently, many authors have investigated the two-mode and driven JCM in different contexts and predicted new interesting results [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. For instance, Solano et al. [26] have proposed a method of generating multipartite entanglement through the interaction of a system of N two-level atoms in a cavity of high quality factor with a strong classical driving field. Following the authors, the main advantage of this external field in the system under consideration is the great flexibility in generating entangled states, since it provides freedom in choosing the detuning and strength of the field. On the other hand, Wildfeuer and Schiller [27] have used the Schwinger’s oscillator model to obtain a mathematical solution for the generation of entangled N -photon states in the framework of the two-mode JCM. Here we develop a mathematical procedure which permits us to obtain compact solutions for atomic inversion and Wigner function in the framework of the driven JCM, considering any cavity and external fields. In particular, both solutions are expressed in the integral form with their integrands presenting a common term that describes the product of the Glauber-Sudarshan quasiprobability

FIG. 1: Experimental apparatus used in the description of the JCM with an external quantum field.

distributions [28] for each field, and a kernel responsible for the correlations. To illustrate our results we fix the cavity field in the even- and odd-coherent states [29], and the driving field in the coherent state. Furthermore, we show how the detuning and amplitude of the driving field modify the entanglement in the tripartite system via Wigner function.

The paper is organized as follows. In Section II we obtain the time-evolution operator and the matrix elements of the density operator for the driven JCM, with the cavity and external fields described in the diagonal representation of coherent states. Following, we fix the cavity field in the even- and odd-coherent states and the driving field in the coherent state to investigate, in Section III, the effects of amplitude of the driving field and detuning parameters upon the atomic inversion. In Section IV we derive a formal expression for the Wigner function associated with the cavity field which permits us to analyse how the entanglement is modified in the tripartite system. Moreover, we also obtain analytical expressions for the correct quantum-mechanical marginal distributions in phase space. Section V contains our summary and conclusions. Finally, Appendixes A and B contain the main steps to calculate the atomic inversion and Wigner function, respectively.

II. ALGEBRAIC ASPECTS OF THE JCM WITH AN EXTERNAL QUANTUM FIELD

In general, the driven JCM consists of a two-level atom interacting nonresonantly with a single-mode cavity field, and driven additionally by an external field through one open side of the cavity (the experimental scheme in the context of cavity QED is sketched in figure 1). Within the dipole and rotating-wave approximations, the dynamics of the atom-cavity system is governed by the Hamiltonian H = H_0 + V, where

H_0 = ℏω ( a^†a + b^†b ) + 1 2 ℏω σ_z , (1) V = 1 2 ℏδ σ_z + ℏκ_a ( a^†σ_− + aσ_+ ) + ℏκ_b ( b^†σ_− + bσ_+ ) . (2)

Here, ω is the cavity field frequency (we assume the resonance condition between the cavity and driving fields), ω_0 is the atomic transition frequency, δ = ω_0 −ω is the detuning frequency, and κ_{a(b)} is the coupling constant between the atom and the cavity (external) field. The atomic spin-flip operators σ_± and σ_z are defined as σ_+ = |e⟩⟨g|, σ_− = |g⟩⟨e|, and σ_z = |e⟩⟨e| − |g⟩⟨g| (|g⟩ and |e⟩ correspond to ground and excited states of the atom), with the following commutation relations: [σ_z, σ_±] = ±2σ_± and [σ_+, σ_−] = σ_z. Furthermore, a ( a^† ) and b ( b^† ) are the annihilation (creation) operators of the single-mode cavity and external fields, respectively. It is important to mention that the quantum nature of the fields used in many proposed schemes for quantum information processing present serious consequences in large scale quantum computations, since the uncertainty principle and the possibility of becoming entangled with the physical qubits represent possible limitations on quantum computing [30, 31, 32, 33, 34]. In this sense, van Enk and Kimble [31] have considered the interaction of atomic qubits laser fields and quantify atom-field entanglement in various situations of interest where, in particular, they found that the entanglement decreases with the mean number of photons ⟨n⟩ in a laser beam as E ∝ ⟨n⟩^{−1}log_2⟨n⟩ for ⟨n⟩ ≫ 1. Pursuing this line, Gea-Banacloche [32] has investigated the quantum nature of the laser fields used in the manipulation of quantum information, focusing especially on phase errors and their effects on error-correction schemes (for more details, see [33, 34]).

Now, let us define the quasi-mode operators A = ϵ_aa + ϵ_bb and B = ϵ_ba − ϵ_ab (where ϵ_{a(b)} = κ_{a(b)}/κ_{eff}, and κ^2_{eff} = κ^2_a + κ^2_b is an effective coupling constant), which satisfy the commutation relations [ A, A^† ] = 1 , [N_A, A] = −A , [ N_A, A^† ] = A^† , [ B, B^† ] = 1 , [N_B, B] = −B , [ N_B, B^† ] = B^† ,

[A, B] = 0 , [ A, B^† ] = 0 , [N_A, N_B] = 0 ,

being N_A = A^†A ( N_B = B^†B ) the number operator related to the quasi-mode operator A (B). Introducing the number-sum operator S = N_A + N_B and the number-difference D = N_A − N_B, we verify that: (i) S = n_a + n_b is a conserved quantity (n_a = a^†a and n_b = b^†b are the photon-number operators of the cavity and external fields);

(ii) the operator D can be written in terms of the generators {K_+, K_−, K_0} of the SU(2) Lie algebra,

D = 2 ( ϵ^2_a − ϵ^2_b ) K_0 + 2ϵ_aϵ_b (K_− + K_+) , (3)

where K_− = ab^†, K_+ = a^†b, and K_0 =^1_2 ( a^†a − b^†b ) , with [K_−, K_+] = −2K_0 and [K_0, K_±] = ±K_±;

(iii) the commutation relation between the operators S and D is null, i.e., [S, D] = 0; and consequently, (iv) the Hamiltonian H simplifies to

H_0 = ℏω S + 1 2 ℏω σ_z , (4) V = 1 2 ℏδ σ_z + ℏκ_{eff} ( A^†σ_− + Aσ_+ ) , (5)

with [H_0, V] = 0. This fact leads us to obtain the Hamiltonian H_{int} = V in the interaction picture, which describes the well-known nonresonant JCM Hamiltonian for an atom interacting with the quasi-mode A, and whose coupling constant is given by κ_{eff} . Thus, the unitary time-evolution operator is the usual nonresonant JCM time-evolution operator.

If one considers the time-evolution operator U(t) = exp (−iVt/ℏ) of the atom-cavity system written in the atomic basis, the elements U_{ij}(t) of the 2 × 2 matrix can be expressed as [30]

U_{11}(t) = cos ( t √ β_A ) − i δ 2 sin ( t √ β_A ) √ β_A

, (6)

U_{12}(t) = −iκ_{eff} sin ( t √ β_A ) √ β_A

A , (7)

U_{21}(t) = −iκ_{eff} A^† sin ( t √ β_A ) √ β_A

, (8)

U_{22}(t) = cos ( t √ φ_A ) + i δ 2 sin ( t √ φ_A ) √ φ_A

, (9)

where φ_A = κ^2_{eff} N_A + (_δ 2 )_2 1 and β_A = φ_A + κ^2_{eff} 1. This result permits us to determine the density operator ρ(t) = U(t)ρ(0)U^†(t), being ρ(0) the density operator of the system at time t = 0. For convenience in the calculations, we assume the atom is initially in the excited state and the cavity and external fields are in the diagonal representation of coherent states, i.e., ρ(0) = ρ_{at}(0) ⊗ ρ_{ab}(0) with ρ_{at}(0) = |e⟩⟨e| and

ρ_{ab}(0) = ρ_a(0) ⊗ ρ_b(0) = ∫∫ d^2α_ad^2α_b

π^2

P_a(α_a)P_b(α_b)|α_a, α_b⟩⟨α_a, α_b| , (10)

where P (α) represents the Glauber-Sudarshan quasiprobability distribution for each field, and |α_a, α_b⟩ ≡ |α_a⟩ ⊗ |α_b⟩. Consequently, the matrix elements ρ_{ij}(t) can be calculated through the expressions

ρ_{11}(t) = U_{11}(t) ρ_{ab}(0) U^†_{11}(t) , (11)

ρ_{12}(t) = U_{11}(t) ρ_{ab}(0) U^†_{21}(t) , (12)

ρ_{21}(t) = U_{21}(t) ρ_{ab}(0) U^†_{11}(t) , (13)

ρ_{22}(t) = U_{21}(t) ρ_{ab}(0) U^†_{21}(t) . (14)

Note that ρ(t) describes the exact solution of the Schrödinger equation in the interaction picture with the nonresonant driven-JCM Hamiltonian. Using this solution we can establish analytical expressions for the time evolution of various functions characterizing the quantum state of the cavity field, such as the atomic inversion, the moments associated to the photon-number operator, the Mandel’s Q parameter, the photon-number distribution and its respective entropy, the variances of the quadrature components, and the Wigner function. For simplicity, the initial state of the driving field will be fix in the coherent state throughout this paper (ρ_b(0) = |β⟩⟨β|), and the initial state of the cavity field will assume two different possibilities: the even- and odd-coherent states [29]. With respect to Glauber-Sudarshan quasiprobability distribution, these considerations are equivalent to P^{(c)}_b (α_b) = πδ^{(2)}(α_b − β) and

P^{(e)}_a (α_a) = π 4 exp ( |α_a|^2 ) cosh (|α|^2) [ δ^{(2)}(α_a − α) + δ^{(2)}(α_a + α) + 2 cosh ( α ∂ ∂α_a − α^∗ ∂ ∂α^∗_a ) δ^{(2)}(α_a) ] , P^{(o)}_a (α_a) = π 4 exp ( |α_a|^2 ) sinh (|α|^2) [ δ^{(2)}(α_a − α) + δ^{(2)}(α_a + α) − 2 cosh ( α ∂ ∂α_a − α^∗ ∂ ∂α^∗_a ) δ^{(2)}(α_a) ] , being δ^{(2)}(z) the two-dimensional delta function. According to Glauber [28]: “ If the singularities of P (α) are of types stronger than those of delta function, e.g., derivatives of delta function, the field represented will have no classical analog”. Thus, in the next sections we will investigate the influence of the amplitude of the driving field and detuning parameters on the nonclassical effects of the cavity field where, in particular, the atomic inversion and the Wigner function should be emphasized.

III. ATOMIC INVERSION

The atomic inversion I(t) ≡ Tr [ρ(t)σ_z] is a quantity of central interest in this section since it is easily accessible in experiments [31]. For the atom-cavity system described in the previous section, this function can be written in an integral form as (see appendix A for calculational details) I(t) = ∫∫ d^2α_ad^2α_b π^2

P_a(α_a)P_b(α_b) Ξ(α_a, α_b; t) , (15)

where

Ξ(α_a, α_b; t) = 1 − 2 exp ( − |ϵ_aα_a + ϵ_bα_b|^2 )^∞∑ n=0 |ϵ_aα_a + ϵ_bα_b|^{2n} n! |G_n(t)|^2 . Here, the function G_n(t) = −i(Ω_n/Δ_n) sin(Δ_nt/2) is responsible for the time evolution of the atomic inversion, being Δ^2_n = δ^2 + Ω^2_n and Ω_n = 2κ_{eff} √ n + 1 the effective Rabi frequency. Note that the Eq. (15) can be obtained for any states of the cavity and external electromagnetic fields. For instance, if one considers the both cavity and external fields in the coherent states, the atomic inversion coincides with Ξ(α, β; t). This situation was investigated by Dutra et al. [17] for the atomic excitation probability P_e(t) =^1_2 [I(t) + 1] and δ = 0 (resonance condition), where the authors have shown that P_e(t) is connected to Wigner characteristic function of the cavity field since the conditions κ_a ≫ κ_b, κ_bt ≪ 1, and |β| ≫ (κ_a/κ_b)κ_at (intense driving field) are satisfied. On the other hand, if one considers the cavity and external fields in the thermal and coherent states, respectively, the atomic inversion is given by

I_{th}(t) = 1 − 2 1 + ϵ^2_an̄ exp ( − ϵ^2_b|β|^2 1 + ϵ^2_an̄ )_∞∑ n=0 ( ϵ^2_an̄ 1 + ϵ^2_an̄ )_n L_n [ − ϵ^2_b|β|^2 ϵ^2_an̄(1 + ϵ^2_an̄) ] |G_n(t)|^2 . (16)

In this expression, n̄ is the mean number of thermal photons at time t = 0, and L_n(z) corresponds to a Laguerre polynomial. Furthermore, the parameter ϵ_{a(b)} represents a scale factor for n̄ (|β|). It is important mentioning that Eq. (16) corroborates the numerical investigations realized by Li and Gao [21] for the thermal states, and this fact leads us to proceed with the study of atomic inversion for the even- and odd-coherent states.

Let us consider the Glauber-Sudarshan quasiprobability distributions P^{(e)}a (α_a) and P^{(o)}a (α_a) for the even- and oddcoherent states into the Eq. (15), whose integrals in the complex α_a- and α_b-planes can be evaluated without technical difficulties. In both situations, the atomic inversion is expressed in the compact form

I_e(t) = 1 − 2 ∞∑ n=0 F^{(e)}_n (α, β)|G_n(t)|^2 , (17)

I_o(t) = 1 − 2 ∞∑ n=0 F^{(o)}_n (α, β)|G_n(t)|^2 , (18)

FIG. 2: Time evolution of the atomic inversion Ie(t) of the atom initially prepared in the excited state interacting with cavity and external fields in the even-coherent and coherent states, respectively. These pictures correspond to (a,c) δ = 0 (resonant) and (b,d) δ = 6κeff (nonresonant) for ϵa = 3/ √ 10, ϵb = 1/ √ 10, and |α| = 1 fixed, where two different values of amplitude of the driving field were considered: (a,b) |β| = 2 and (c,d) |β| = 20.

with F^{(e)}_n (α, β) and F^{(o)}_n (α, β) given by

F^{(e)}_n (α, β) = exp ( |α|^2 ) 4 cosh (|α|^2) { exp ( − |ϵ_aα + ϵ_bβ|^2 ) |ϵ_aα + ϵ_bβ|2n n! + exp ( − |ϵ_aα − ϵ_bβ|^2 ) |ϵ_aα − ϵ_bβ|2n n! + 2 exp ( −2|α|^2 ) Re [ exp [ (ϵ_aα + ϵ_bβ) (ϵ_aα − ϵ_bβ)^∗ ] [ − (ϵ_aα + ϵ_bβ) (ϵ_aα − ϵ_bβ)^∗ ]_n n! ]} ,

F^{(o)}_n (α, β) = exp ( |α|^2 ) 4 sinh (|α|^2) { exp ( − |ϵ_aα + ϵ_bβ|^2 ) |ϵ_aα + ϵ_bβ|2n n! + exp ( − |ϵ_aα − ϵ_bβ|^2 ) |ϵ_aα − ϵ_bβ|2n n! − 2 exp ( −2|α|^2 ) Re [ exp [ (ϵ_aα + ϵ_bβ) (ϵ_aα − ϵ_bβ)^∗ ] [ − (ϵ_aα + ϵ_bβ) (ϵ_aα − ϵ_bβ)^∗ ]_n n! ]} . Fig. 2 shows the plots of I_e(t) versus κ_{eff} t when the atom-cavity system is resonant (a,c) δ = 0 and nonresonant (b,d) δ = 6κ_{eff} for ϵ_a = 3/ √ 10, ϵ_b = 1/ √ 10, and |α| = 1 fixed, with two different values of amplitude of the driving field:

(a,b) |β| = 2 and (c,d) |β| = 20. Since the atom was initially prepared in the excited state, the value of the atomic inversion at the time origin is equal to one in all situations. In Fig. 2(a), we can perceive that I_e(t) behaves in a fairly irregular manner and the revivals are not well defined (in particular, the revivals are considered as a manifestation of the quantum nature of the electromagnetic field inside the cavity); while in Fig. 2(c), the collapses and revivals appear when the driving field is strong. Now, if one analyses the Figs. 2(b) and (d) we conclude that the collapses and revivals can be controlled by the detuning between the cavity (external) field and the atomic transition (in particular, the revivals have a regular structure and small amplitude). Similarly, Fig. 3 shows the plots of I_o(t) versus κ_{eff} t considering the same parameter set used in the previous figure, where we verify that: (i) different structures of collapses and revivals are present, and (ii) the effects of the parameters |β| and δ on the atomic inversion I_o(t) are completely analogous to the even-coherent states. Góra and Jedrzejek [32] have shown that in the usual JCM with the cavity field prepared initially in a coherent state with a small mean number of photons (i.e., ⟨n⟩_c ≈ 2 at time t = 0),

FIG. 3: Plots of Io (t) versus κeff t ∈ [0, 200] for (a,c) δ = 0 (resonant) and (b,d) δ = 6κeff (nonresonant), with ϵa = 3/ √ 10, ϵb = 1/ √ 10, and |α| = 1 fixed. In both situations were considered different values of amplitude of the driving field, i.e., (a,b) |β| = 2 and (c,d) |β| = 20.

the atomic inversion displays distinct collapses and revivals provided the atom and the field are slightly detuned, and the long-time behaviour of the model presents superstructures such as fractional revivals and superrevivals. In this sense, the Figs. 2(b) and 3(b) present a short-period behaviour with analogous superstructures and this fact is associated to the small mean number of photons used for both the cavity and external fields (⟨n_a(0)⟩_e ≈ 0.762 and ⟨n_a(0)⟩_o ≈ 1.313, with ⟨n_b(0)⟩_c ≈ 4 fixed), since the detuning is large as compared to the effective coupling constant (e.g., δ/2κ_{eff} = 3). Moreover, these superstructures disappear when we consider ⟨n_b(0)⟩_c ≈ 400 in Figs. 2(d) and 3(d). Summarizing, the amplitude of the driving field and the detuning parameter have a strong influence on the structures of collapses and revivals in the driven JCM, and this fact leads us to investigate its effects on the nonclassical properties of the cavity field via Wigner function.

IV. WIGNER FUNCTION

In many recent textbooks on quantum optics [35], the Wigner function is generally defined in terms of an auxiliary function (also denominated as Wigner characteristic function) which describes the symmetric ordering of creation and annihilation operators of the electromagnetic field, i.e., χ(ξ) ≡ Tr[ρD(ξ)] with D(ξ) = exp ( ξa^† − ξ^∗a ) being the displacement operator. The connection between both functions is established by means of a two-dimensional Fourier transform as follows:

W (γ) = ∫ d^2ξ π exp (γξ^∗ − γ^∗ξ) χ(ξ) . (19)

Thus, if one considers the cavity field in the framework of the driven JCM, its Wigner characteristic function can be defined in a similar form to atomic inversion, χ(ξ; t) = ∫∫ d^2α_ad^2α_b π^2

P_a(α_a)P_b(α_b) ~K_ξ(α_a, α_b; t) , (20)

FIG. 4: Plots of W^{(e)}a (γ; t) versus p ∈ [−7, 7] and q ∈ [−10, 4] for the atom-cavity system with two different values of detuning: (a,b) δ = 0 (resonant) and (c,d) δ = 10κeff (nonresonant), where the parameters |α| = 1 (⟨na⟩e ≈ 0.762) and κeff t = 100 were fixed in the present simulation. In both situations, the condition κ_{a(b)} = κ was established and the values of amplitude of the driving field (a,c) |β| = 2 (⟨nb⟩c = 4) and (b,d) |β| = 5 (⟨nb⟩c = 25) considered.

with ~K_ξ(α_a, α_b; t) given by

~K_ξ(α_a, α_b; t) = ⟨α_a, α_b|U^†_{11}(t)D_a(ξ)U_{11}(t)|α_a, α_b⟩ + ⟨α_a, α_b|U^†_{21}(t)D_a(ξ)U_{21}(t)|α_a, α_b⟩ .

Here, the displacement operator D_a(ξ) is associated with the cavity field. Now, substituting χ(ξ; t) into Eq. (19), the expression for the Wigner function is promptly obtained,

W_a(γ; t) = ∫∫ d^2α_ad^2α_b π^2

P_a(α_a)P_b(α_b) K_γ (α_a, α_b; t) , (21)

where the label γ corresponds to representation in the complex phase-space and

K_γ (α_a, α_b; t) = ∫ d^2ξ π exp (γξ^∗ − γ^∗ξ) ~K_ξ (α_a, α_b; t) . (22)

The functions ~K_ξ (α_a, α_b; t) and K_γ (α_a, α_b; t) were derived with details in the appendix B. In particular, when t = 0 the function K_γ (α_a, α_b; 0) = 2 exp(−2|γ − α_a|^2) does not depend of variables associated with the external field and this fact leads us to write the initial Wigner function as

W_a(γ; 0) = 2 ∫ d^2α_a π exp(−2|γ − α_a|^2)P_a(α_a) .

FIG. 5: The Wigner function W^{(o)}a (γ; t) is plotted assuming the same set of parameters established in the previous figure for the detuning frequency and amplitude of the driving field, with |α| = 1 (⟨na⟩o ≈ 1.313) and κeff t = 100 fixed. Note that the entanglement is maximum when δ = 0 (resonant regime), and minimum for δ = 10κeff (nonresonant regime).

This expression represents a Gaussian smoothing process of the integrand P_a(α_a) such that W_a(γ; 0) is a well-defined function in the phase space p = √ 2 Im(γ) and q = √ 2 Re(γ). On the other hand, for t > 0 the function K_γ (α_a, α_b; t) is responsible for the entanglement between the cavity and external fields (here represented by the Glauber-Sudarshan quasiprobability distributions P_a(α_a) and P_b(α_b), respectively) since the complex variables α_a and α_b are completely correlated. Furthermore, it is important mentioning that χ(ξ; t) and W_a(γ; t) can be evaluated for any states of the cavity and external fields (similar condition was established for atomic inversion) without restrictions on the different interaction times, and the expressions obtained analytically from this procedure generalize the results previously discussed in the literature [15, 17].

For instance, let us consider the Glauber-Sudarshan quasiprobability distributions for even- and odd-coherent states into the Eq. (21). After the integrations in the complex α_a- and α_b-planes, we get

W^{(e)}_a (γ; t) = exp(|α|^2) 4 cosh(|α|^2) [ K_γ (α, β; t) + K_γ (−α, β; t) + exp(−2|α|^2)K_γ (α, β; t) ] (23) and W^{(o)}_a (γ; t) = exp(|α|^2) 4 sinh(|α|^2) [ K_γ (α, β; t) + K_γ (−α, β; t) − exp(−2|α|^2)K_γ (α, β; t) ] , (24)

where

K_γ (α, β; t) = 2 exp(|α|^2) cosh ( α ∂ ∂α_a − α^∗ ∂ ∂α^∗_a ) [ exp(|α_a|^2)K_γ (α_a, β; t) ] | | | |_{αa=0} . (25)

Note that at time t = 0, the function exp(−2|α|^2)K_γ (α, β; 0) = 4 exp(−2|γ|^2) cos[4Im(γα^∗)] leads us to recover well-known expressions in the literature [29]:

W^{(e)}_a (γ; 0) = exp(|α|^2) cosh(|α|^2) exp(−2|γ|^2) { exp(−2|α|^2) cosh[4Re(γα^∗)] + cos[4Im(γα^∗)] }

and W^{(o)}_a (γ; 0) = exp(|α|^2) sinh(|α|^2) exp(−2|γ|^2) { exp(−2|α|^2) cosh[4Re(γα^∗)] − cos[4Im(γα^∗)] } . Figs. 4 and 5 show the three-dimensional plots of W^{(e)}_a (γ; t) and W^{(o)}_a (γ; t) versus p = √ 2 Im(γ) and q = √ 2 Re(γ), respectively, for the atom-cavity system resonant (a,b) δ = 0 and nonresonant (c,d) δ = 10κ_{eff}. In both simulations, we consider |α| = 1 and two different values of amplitude of the driving field: (a,c) |β| = 2 and (b,d) |β| = 5. Furthermore, we also fix the parameter κ_{eff} t = 100 which permits us to obtain a partial view of entanglement in the tripartite system. A first analysis of these pictures shows, via Wigner function, that the entanglement is sensitive to variations of the experimental parameters |β| and δ (this fact corroborates the previous results obtained for atomic inversion); being the detuning parameter responsible for the entanglement degree between the components involved in the system, since both the driving and cavity fields are in resonance. In this sense, although the Figs. 4(c)-(d) and 5(c)-(d) have similar structures, there are subtle differences between them: W^{(o)}_a (γ; t) assumes negative values due to initial sub-Poissonian photon statistics of the cavity field; while W^{(e)}_a (γ; t) is strictly positive, since the even-coherent state has super-Poissonian photon statistics for any initial value of ⟨n_a⟩_e (see Ref. [29] for more details). On the other hand, the increase of |β| in Figs. 4(b,d) and 5(b,d) shows an interesting effect on the Wigner functions: the interference patterns between the states of the driving and cavity fields turn to be more pronounced, and this effect modifies the shapes of W^{(e)}a (γ; t) and W^{(o)}a (γ; t). Similar analysis can be also applied if one considers both the external and cavity fields in the coherent states (see appendix B).

To conclude this section, we will determine the marginal probability distribution functions |ψ_a(q; t)|^2 and |φ_a(p; t)|^2 through the direct integration of Eq. (21) over the variables p or q, i.e.,

|ψ_a(q; t)|^2 = ∫∫ d^2α_ad^2α_b

π^2

P_a(α_a)P_b(α_b) U_q(α_a, α_b; t) , (26)

|φ_a(p; t)|^2 = ∫∫ d^2α_ad^2α_b

π^2

P_a(α_a)P_b(α_b) V_p(α_a, α_b; t) , (27)

with

U_q(α_a, α_b; t) = ∫_∞ −∞ dp √ 2π K_γ (α_a, α_b; t) and V_p(α_a, α_b; t) = ∫_∞ −∞ dq √ 2π K_γ (α_a, α_b; t) .

For this purpose, let us initially introduce the complex function

H^{(m,m′ )} μ (α_a, α_b) = {m,m^′ } ∑ k=0 (2k)!! L^{(m−k)}_k (0) L^{(m′ −k)}_k (0) [ ϵ^3_aα_a + ϵ^3_bα_b ϵ_aϵ_b(ϵ_bα_a + ϵ_aα_b) ]_k

× H_{m−k} ( μ − ν_a + ν^∗_b √ 2 ) H_m′_{−k} ( μ − ν_a + ν^∗_b √ 2 ) , where H_n(z) is the Hermite polynomial, ν_{a(b)} = ϵ_{a(b)} ( ϵ_{a(b)}α_a − ϵ_{b(a)}α_b ) , and {m, m^′} stands for the minor of m and m^′. In addition, we define the auxiliary functions Y^{(m,m′ )} μ (α_a, α_b; t) = H^{(m,m′ )}_μ (α_a, α_b) F_m(t)F^∗_m′ (t) + ϵ_aϵ_b 2 ϵ_bα_a + ϵ_aα_b ϵ_aα_a + ϵ_bα_b H^{(m+1,m′ +1)} μ (α_a, α_b) G_m(t)G^∗_m′ (t) √ (m + 1)(m^′ + 1) and A^{(m,m′ )} μ (α_a, α_b) = √ 2 exp [ − ( μ − ν_a + ν^∗_b √ 2 )_2 − |ϵ_aα_a + ϵ_bα_b|^2 ] [√ 2 ϵ_b (ϵ_bα_a + ϵ_aα_b) ]_m [√ 2 ϵ_a (ϵ_aα_a + ϵ_bα_b)^∗ ]_m^′ (2m)!! (2m^′)!! , which permit us to express the integrands U_q (α_a, α_b; t) and V_p(α_a, α_b; t) in compact forms as follows:

U_q(α_a, α_b; t) = ∞∑ m,m^′ =0 A^{(m,m′ )} q (α_a, α_b) Y^{(m,m′ )}_q (α_a, α_b; t) , (28)

V_p(α_a, α_b; t) = ∞∑ m,m^′ =0 A^{(m,m′ )} p (−iα_a, −iα_b) Y^{(m,m′ )}_p (−iα_a, −iα_b; t) . (29)

Consequently, the connection between Eqs. (28) and (29) can be promptly established through the mathematical relations U_q(α_a, α_b; t) = V_q(iα_a, iα_b; t) and V_p(α_a, α_b; t) = U_p(−iα_a, −iα_b; t).

In analogy to Wigner function, the marginal probability distribution functions do not depend on the driving field at time t = 0, since their expressions are reduced to

|ψ_a(q; 0)|^2 = √ 2 ∫ d^2α_a π exp{−[q − √ 2 Re(α_a)]^2} P_a(α_a) ,

|φ_a(p; 0)|^2 = √ 2 ∫ d^2α_a π exp{−[p − √ 2 Im(α_a)]^2} P_a(α_a) .

Now, if one considers both the external and cavity fields in the coherent states, we get |ψ_a(q; t)|^2 = U_q(α, β; t) and |φ_a(p; t)|^2 = V_p(α, β; t). In particular, this example shows that the marginal distributions represent an important additional tool in the qualitative study of entanglement, since the variables α and β are completely correlated.

V. SUMMARY AND CONCLUSIONS

In this paper, we have applied the decomposition formula for SU(2) Lie algebra on the driven Jaynes-Cummings model in order to calculate, for instance, the exact expressions for atomic inversion and Wigner function when the atom is initially prepared at the excited state. In fact, adopting the diagonal representation of coherent states, we have shown that these expressions can be written in the integral form, with their integrands presenting a commom term which describes the product of the Glauber-Sudarshan quasiprobability distribution functions for each field, and a kernel responsible for the entanglement. It is important mentioning that the mathematical procedure developed here does not present any restrictions on the states of the cavity and driving electromagnetic fields. Following, to illustrate these results we have fixed the driving field in the coherent state and assumed two different possibilities for the cavity field (i.e., the even- and odd-coherent states). In this way, we have verified that the amplitude of the external field and detuning parameter (i) perform a strong influence on the structures of collapses and revivals in the atomic inversion, (ii) control the entanglement degree in the tripartite system; and consequently, (iii) modify the shape of W_a(γ; t) since the interference patterns between the states of the driving and cavity fields turn to be more evident through the Wigner function. In addition, the formalism employed in the calculation of atomic inversion and Wigner function open new possibilities of future investigations in similar physical systems (e.g., see Refs. [26, 27]); or in the study of dissipative composite systems, where the decoherence effect has a central role in the quantum information processing. These considerations are under current research and will be published elsewhere. Summarizing, the work reported here is clearly the product of considerable effort and represents an original contribution to the wider field of entangled-state engineering with emphasis on quantum computation and related topics.

Acknowledgments

The authors are grateful to R.J. Napolitano and V. V. Dodonov for reading the manuscript and for providing valuable suggestions. MAM acknowledges financial support from FAPESP, São Paulo, Brazil, project no. 01/11209-0. RJM and JAR acknowledge financial support from CAPES and CNPq, respectively, both Brazilian agencies. This work was supported by FAPESP through the project no. 00/15084-5, and it is also linked to the Optics and Photonics Research Center.

APPENDIX A: THE INTEGRAL FORM OF THE ATOMIC INVERSION

With the help of the definition established in Sec. III for atomic inversion and the cyclic invariance property of the trace operation, we get

I(t) = Tr_{ab} { ρ_{ab}(0) [ U^†_{11}(t)U_{11}(t) − U^†_{21}(t)U_{21}(t) ]}

= Tr_{ab} { ρ_{ab}(0) [ cos ( 2t √ β_A ) + δ^2 2 sin^2 ( t √ β_A ) β_A ]} . (A1)

Employing the diagonal representation of ρ_{ab}(0) in the coherent states basis into the second equality of Eq. (A1), the integral form of the atomic inversion can be promptly obtained, i.e., I(t) = ∫∫ d^2α_ad^2α_b π^2

P_a(α_a)P_b(α_b) Ξ(α_a, α_b; t) (A2)

where

Ξ(α_a, α_b; t) = ⟨α_a, α_b| cos(2t √ β_A )|α_a, α_b⟩ + δ^2 2 ⟨α_a, α_b| sin^2(t √ β_A ) β_A

|α_a, α_b⟩ . (A3)

However, the effectiveness of the integral form (A2) is connected with the determination of an analytical expression for Eq. (A3).

To calculate the function Ξ(α_a, α_b; t), firstly we expand the operators cos(2t √ β_A ) and sin^2(t √ β_A )/β_A in a power series as follows:

cos(2t √ β_A ) = ∞∑ k=0 (−1)^k (2k)! ( √ 2κ_{eff} t)^{2k} d^k dx^k e^{2x(1+δ2/4κ2eff )} e^{xD} e^{xS} | | | |_{x=0} , and sin^2(t √ β_A ) β_A = 1 κ^2_{eff} ∞∑ k=0 (−1)^k [2(k + 1)]! ( √ 2κ_{eff} t)^{2(k+1)} d^k dx^k e^{2x(1+δ2/4κ2eff )} e^{xD} e^{xS} | | | | |_{x=0} . Secondly, we apply the antinormal-order decomposition formula for SU(2) Lie algebra on the operator e^{xD}, which leads us to obtain [38, 39, 40]

e^{xD} = e^{B+ K−} e^{B+ B0K+} e^{(ln B0)K0} ,

where

B_+ =

2ϵ_aϵ_b sinh x cosh x + (ϵ^2_a − ϵ^2_b) sinh x and B_0 = [ cosh x + (ϵ^2_a − ϵ^2_b) sinh x

]_2 . After lengthy calculations, the analytical expressions for the mean values

⟨α_a, α_b| cos(2t √ β_A )|α_a, α_b⟩ = exp ( − |ϵ_aα_a + ϵ_bα_b|^2 )^∞∑ n=0 |ϵ_aα_a + ϵ_bα_b|^{2n} n! cos(tΔ_n) (A4) and ⟨α_a, α_b| sin^2(t √ β_A ) β_A

|α_a, α_b⟩ = exp ( − |ϵ_aα_a + ϵ_bα_b|^2 )^∞∑ n=0 |ϵ_aα_a + ϵ_bα_b|^{2n} n! sin^2(tΔ_n/2)

(Δ_n/2)^2

(A5)

are determined, with Δ^2_n = δ^2 + Ω^2_n and Ω_n = 2κ_{eff} √ n + 1 the effective Rabi frequency. Now, substituting these results into Eq. (A3), we obtain

Ξ(α_a, α_b; t) = 1 − 2 exp ( − |ϵ_aα_a + ϵ_bα_b|^2 )^∞∑ n=0 |ϵ_aα_a + ϵ_bα_b|^{2n} n! |G_n(t)|^2 , (A6)

where G_n(t) = −i(Ω_n/Δ_n) sin(Δ_nt/2). Consequently, with the determination of the analytical expression for Ξ(α_a, α_b; t), the effectiveness of the integral form (A2) is guaranteed.

APPENDIX B: CALCULATIONAL DETAILS OF THE WIGNER FUNCTION

Initially, we will derive the means values

⟨α_a, α_b|U^†_{11}(t)D_a(ξ)U_{11}(t)|α_a, α_b⟩ = ∫∫ d^2β_ad^2β_b

π^2

⟨α_a, α_b|U^†_{11}(t)D_a(ξ)|β_a, β_b⟩⟨β_a, β_b|U_{11}(t)|α_a, α_b⟩ (B1) and ⟨α_a, α_b|U^†_{21}(t)D_a(ξ)U_{21}(t)|α_a, α_b⟩ = ∫∫ d^2β_ad^2β_b π^2

⟨α_a, α_b|U^†_{21}(t)D_a(ξ)|β_a, β_b⟩⟨β_a, β_b|U_{21}(t)|α_a, α_b⟩ , (B2)

by means of integrations in the complex variables β_a and β_b. Thus, let us substitute into Eqs. (B1) and (B2) the auxiliary mean values

⟨α_a, α_b|U^†_{11}(t)D_a(ξ)|β_a, β_b⟩ = exp [ 1 2 (ξβ^∗_a − ξ^∗β_a) ] (⟨β_a + ξ, β_b|U_{11}(t)|α_a, α_b⟩)^∗ ,

⟨α_a, α_b|U^†_{21}(t)D_a(ξ)|β_a, β_b⟩ = exp [ 1 2 (ξβ^∗_a − ξ^∗β_a) ] (⟨β_a + ξ, β_b|U_{21}(t)|α_a, α_b⟩)^∗ ,

⟨β_a, β_b|U_{11}(t)|α_a, α_b⟩ = ∞∑ m=0 F_m(t) Λ_m(α_a, α_b, β_a, β_b) ,

⟨β_a, β_b|U_{21}(t)|α_a, α_b⟩ = (ϵ_aβ_a + ϵ_bβ_b)^∗ ∞∑ m=0 G_m(t) √ m + 1

Λ_m(α_a, α_b, β_a, β_b) ,

with

Λ_m(α_a, α_b, β_a, β_b) = exp [ − 1 2 ( |α_a|^2 + |α_b|^2 + |β_a|^2 + |β_b|^2 ) + (ϵ_bα_a − ϵ_aα_b) (ϵ_bβ_a − ϵ_aβ_b)^∗ ]

× [ (ϵ_aα_a + ϵ_bα_b) (ϵ_aβ_a + ϵ_bβ_b)^∗ ]_m m! , and F_m(t) = cos(Δ_mt/2) − i(δ/Δ_m) sin(Δ_mt/2) (the function G_m(t) was previously defined in appendix A). Then, carrying out the integrations in the variables β_a and β_b, we get

⟨α_a, α_b|U^†_{11}(t)D_a(ξ)U_{11}(t)|α_a, α_b⟩ = ∞∑ m,m^′ =0 Υ^{(m,m′ )} ξ (α_a, α_b)I^{(m,m′ )}_ξ (α_a, α_b; t) (B3) and ⟨α_a, α_b|U^†_{21}(t)D_a(ξ)U_{21}(t)|α_a, α_b⟩ = ∞∑ m,m^′ =0 Υ^{(m,m′ )} ξ (α_a, α_b)J^{(m,m′ )}_ξ (α_a, α_b; t) , (B4)

where Υ^{(m,m′ )} ξ (α_a, α_b) = exp [ − |ξ|^2 2 − |ϵ_aα_a + ϵ_bα_b|^2 + ϵ_b (ϵ_bα_a − ϵ_aα_b)^∗ ξ − ϵ_a (ϵ_aα_a − ϵ_bα_b) ξ^∗ ]

× [ ϵ_a (ϵ_aα_a + ϵ_bα_b)^∗ ξ

]_m′_{−m} |ϵ_aα_a + ϵ_bα_b|^{2m} m^′! , I^{(m,m′ )} ξ (α_a, α_b; t) = L^{(m′ −m)}_m [ ϵ_aϵ_b ϵ_bα_a + ϵ_aα_b ϵ_aα_a + ϵ_bα_b |ξ|^2 ] F_m(t)F^∗_m′ (t) , J^{(m,m′ )} ξ (α_a, α_b; t) = √ m + 1 m^′ + 1 L^{(m′ −m)} m+1 [ ϵ_aϵ_b ϵ_bα_a + ϵ_aα_b ϵ_aα_a + ϵ_bα_b |ξ|^2 ] G_m(t)G^∗_m′ (t) . Consequently, the function ~K_ξ(α_a, α_b; t) which appears in the integrand of χ(ξ; t) can be determined as follows:

~K_ξ(α_a, α_b; t) =^∞ ∑ m,m^′ =0 Υ^{(m,m′ )} ξ (α_a, α_b)Γ^{(m,m′ )}_ξ (α_a, α_b; t) , (B5)

FIG. 6: Plots of W^{(c)}a (γ; t) = Kγ (α, β; t) versus p ∈ [−7, 7] and q ∈ [−10, 4] for the atom-cavity system resonant (a,b) δ = 0 (maximum entanglement) and nonresonant (c,d) δ = 10κeff (minimum entanglement), with |α| = 1 and κeff t = 100 fixed. We also have considered two different values of amplitude of the driving field: (a,c) |β| = 2 and (b,d) |β| = 5, where the condition κ_{a(b)} = κ was established in both situations.

being Γ^{(m,m′ )} ξ (α_a, α_b; t) = I^{(m,m′ )}_ξ (α_a, α_b; t) + J^{(m,m′ )}_ξ (α_a, α_b; t).

An immediate application of this result is the calculation of K_γ (α_a, α_b; t) since both functions are connected by a two-dimensional Fourier transform. Now, substituting (B5) into Eq. (22) and integrating in the complex variable ξ, we obtain as result the analytical expression

K_γ (α_a, α_b; t) = ∞∑ m,m^′ =0 C^{(m,m′ )} γ (α_a, α_b)M^{(m,m′ )}_γ (α_a, α_b; t) , (B6)

where C^{(m,m′ )} γ (α_a, α_b) = 2 exp ( − |ϵ_aα_a + ϵ_bα_b|^2 − 2γ_aγ^∗_b ) [ 2ϵ_a (ϵ_aα_a + ϵ_bα_b)^∗ γ_a ]_m′_{−m}

× [( ϵ^2_a − ϵ^2_b ) (ϵ_aα_a − ϵ_bα_b) (ϵ_aα_a + ϵ_bα_b)^∗ ]_m m^′! and M^{(m,m′ )} γ (α_a, α_b; t) = L^{(m′ −m)}_m [ − 4ϵ_aϵ_b ϵ^2_a − ϵ^2_b ϵ_bα_a + ϵ_aα_b ϵ_aα_a − ϵ_bα_b γ_aγ^∗_b ] F_m(t)F^∗_m′ (t) + √ m + 1 m^′ + 1 ( ϵ^2_a − ϵ^2_b

) ϵ_aα_a − ϵ_bα_b ϵ_aα_a + ϵ_bα_b × L^{(m′ −m)} m+1 [ − 4ϵ_aϵ_b ϵ^2_a − ϵ^2_b ϵ_bα_a + ϵ_aα_b ϵ_aα_a − ϵ_bα_b γ_aγ^∗_b ] G_m(t)G^∗_m′ (t) , with γ_{a(b)} = γ − ϵ_{a(b)} ( ϵ_{a(b)}α_a − ϵ_{b(a)}α_b ) . In particular, when κ_{a(b)} = κ the expression for K_γ (α_a, α_b; t) can be written in the simplified form

K_γ (α_a, α_b; t) = ∞∑ m,m^′ =0 O^{(m)}_γ (α_a, α_b) [ O^{(m′ )}_γ (α_a, α_b) ]_∗ R^{(m,m′ )} γ (α_a, α_b; t) , (B7)

where

O^{(m)}_γ (α_a, α_b) = √ 2 exp [ − 1 4 ( |α_a + α_b|^2 + |2γ − (α_a − α_b)|^2

)] {(α_a + α_b) [2γ − (α_a − α_b)]^∗}^m

2^mm! , R^{(m,m′ )} γ (α_a, α_b; t) = F_m(t)F^∗_m′ (t) + 1 2 |2γ − (α_a − α_b)|^2 G_m(t)G^∗_m′ (t) √ (m + 1)(m^′ + 1) . This solution is equivalent to consider that the interaction between atom and cavity (external) field has the same strength. Note that (B6) represents an important step in the process of investigation of the effects due the amplitude of the driving field and the detuning parameter on the nonclassical properties of the cavity field via Wigner function.

For instance, when the external and cavity fields were described by coherent states, the Wigner function coincides with K_γ (α, β; t) and for t = 0, we obtain the initial Wigner function W^{(c)}_a (γ; 0) = 2 exp(−2|γ − α|^2). Fig. 6 shows the three-dimensional plots of W^{(c)}a (γ; t) versus p = √ 2 Im(γ) and q = √ 2 Re(γ) considering the atom-cavity system resonant (a,b) δ = 0 and nonresonant (c,d) δ = 10κ_{eff} for |α| = 1 (⟨n_a⟩_c = 1) and κ_{eff}t = 100 fixed, with two different values of amplitude of the driving field: (a,c) |β| = 2 (⟨n_b⟩_c = 4) and (b,d) |β| = 5 (⟨n_b⟩_c = 25). The condition κ_{a(b)} = κ was established in both situations, and the infinite sums present in (B7) were substituted by finite sums as follows:

K_γ (α, β; t) = ℓ∑ m=0 | | |O^{(m)}_γ (α, β) | | |^2 R^{(m,m)} γ (α, β; t) + 2 Re [_{ℓ−1} ∑ m=0 ℓ∑ m^′ =m+1

O^{(m)}_γ (α, β) [ O^{(m′ )}_γ (α, β) ]_∗ R^{(m,m′ )} γ (α, β; t) ] , where ℓ is the maximum value which does guarantee the convergence of this expression (we have fixed ℓ = 50 in the numerical investigations). Since the time evolution of composite systems leads us to the essential concept of entanglement [5], the Figs. 6(a)-(d) reflect the effects of the driving field on the different forms of entanglement in the tripartite system for a specific value of κ_{eff} t (maximum entanglement when δ = 0, and minimum entanglement for δ = 10κ_{eff} ). For a global view of entanglement of the system under consideration, different values of κ_{eff} t and (|β|, δ) are necessary. Here, we give only a partial view of this important effect.

[1] Wheeler J A and Zurek W H 1983 Quantum Theory and Measurement (New Jersey: Princeton University Press) [2] Zurek W H 1991 Decoherence and the Transition from Quantum to Classical Phys. Today 44 36

Zurek W H 2003 Decoherence and the Transition from Quantum to Classical-Revisited Preprint quant-ph/0306072 Zurek W H 2003 Decoherence, einselection, and the quantum origins of the classical Rev. Mod. Phys. 75 715 [3] Caldeira A O and Leggett A J 1983 Path Integral Approach to Quantum Brownian Motion Physica A 121 587 Caldeira A O and Leggett A J 1983 Quantum Tunneling in a Dissipative System Ann. Phys. (NY) 149 374 Caldeira A O and Leggett A J 1985 Influence of Damping on Quantum Interference: An Exactly Soluble Model Phys. Rev. A 31 1059 [4] Omnès R 1994 The Interpretation of Quantum Mechanics (New Jersey: Princeton University Press) [5] Raimond J M, Brune M and Haroche S 2001 Colloquium: Manipulating quantum entanglement with atoms and photons in a cavity Rev. Mod. Phys. 73 565 and references therein [6] Brandt H E 1998 Qubits devices and the issue of quantum decoherence Prog. Quant. Electron. 22 257 [7] Braunstein S L 1999 Quantum Computing: Where do we want to go tomorrow? (New York: Wiley-VCH) Braunstein S L and Lo H-K 2001 Scalable Quantum Computers: Paving the Way to Realization (New York: Wiley-VCH) [8] Nielsen M A and Chuang I L 2000 Quantum Computation and Quantum Information (New York: Cambridge University Press) [9] Bouwmeester D, Ekert A and Zeilinger A 2000 The Physics of Quantum Information (Berlin: Springer-Verlag) [10] Bennett C H, Brassard G, Crépeau C, Jozsa R, Peres A and Wootters W K 1993 Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels Phys. Rev. Lett. 70 1895 [11] Bennett C H and Wiesner S J 1992 Communication via one- and two-particle operators on Einstein-Podolsky-Rosen states Phys. Rev. Lett. 69 2881 [12] Fuchs C A, Gisin N, Griffiths R B, Niu C-S and Peres A 1997 Optimal eavesdropping in quantum cryptography: I.

Information bound and optimal strategy Phys. Rev. A 56 1163

[13] Jaynes E T and Cummings F W 1963 Comparison of quantum and semiclassical radiation theories with application to the beam maser Proc. IEEE 51 89 [14] Shore B W and Knight P L 1993 Topical review: the Jaynes-Cummings model J. Mod. Opt. 40 1195 and references therein [15] Wilkens M and Meystre P 1991 Nonlinear atomic homodyne detection: A technique to detect macroscopic superpositions in a micromaser Phys. Rev. A 43 3832 [16] Alsing P M and Cardimona D A 1992 Suppression of fluorescence in a lossless cavity Phys. Rev. A 45 1793 Alsing P, Guo D-S and Carmichael H J 1992 Dynamic Stark effect for the Jaynes-Cummings system Phys. Rev. A 45 5135 [17] Dutra S M, Knight P L and Moya-Cessa H 1993 Discriminating field mixtures from macroscopic superpositions Phys. Rev.

A 48 3168 Dutra S M and Knight P L 1994 Atomic probe for quantum states of the electromagnetic field Phys. Rev. A 49 1506 Dutra S M, Knight P L and Moya-Cessa H 1994 Large-scale fluctuations in the driven Jaynes-Cummings model Phys. Rev. A 49 1993 [18] Jyotsna I V and Agarwal G S 1993 The Jaynes-Cummings model with continuous external pumping Opt. Comm. 99 344 [19] Deb B, Gangopadhyay G and Ray D S 1995 Generation of a class of arbitrary two-mode field states in a cavity Phys. Rev.

A 51 2651 [20] Chough Y T and Carmichael H J 1996 Nonlinear oscillator behaviour in the Jaynes-Cummings model Phys. Rev. A 54 1709 [21] Li F and Gao S 2000 Controlling nonclassical properties of the Jaynes-Cummings model by an external coherent field Phys.

Rev. A 62 043809 [22] Joshi A 2000 Nonlinear dynamical evolution of the driven two-photon Jaynes-Cummings model Phys. Rev. A 62 043812 [23] Nha H, Chough Y-T and An K 2000 Single-photon state in a driven Jaynes-Cummings system Phys. Rev. A 63 010301 [24] Abdalla M S, Abdel-Aty M and Obada A-S F 2002 Degree of entanglement for anisotropic coupled oscillators interacting with a single atom J. Opt. B: Quantum Semiclass. Opt. 4 396 [25] Gerry C C 2002 Conditional state generation in a dispersive atom-cavity field interaction with a continuous external pump field Phys. Rev. A 65 063801 [26] Solano E, Agarwal G S and Walther H 2003 Strong-Driving-Assisted Multipartite Entanglement in Cavity QED Phys.

Rev. Lett. 90 027903 [27] Wildfeuer C and Schiller D H 2003 Generation of entangled N-photon states in a two-mode Jaynes-Cummings model Phys.

Rev. A 67 053801 [28] Glauber R J 1963 The Quantum Theory of Optical Coherence Phys. Rev. 130 2529

Glauber R J 1963 Coherent and Incoherent States of the Radiation Field Phys. Rev. 131 2766 Sudarshan E C G 1963 Equivalence of Semiclassical and Quantum Mechanical Descriptions of Statistical Light Beams Phys. Rev. Lett. 10 277 Drummond P D and Gardiner C W 1980 Generalised P -representations in quantum optics J. Phys. A: Math. Gen. 13 2353 [29] Dodonov V V, Malkin I A and Man’ko V I 1974 Even and odd coherent states and excitations of a singular oscillator Physica 72 597 Bužek V, Vidiella-Barranco A, Knight P L 1992 Superpositions of coherent states: Squeezing and dissipation Phys. Rev. A 45 6570 Gerry C C 1993 Non-classical properties of even and odd coherent states J. Mod. Opt. 40 1053 Gerry C C and Knight P L 1997 Quantum superpositions and Schrödinger cat states in quantum optics Am. J. Phys. 65 964 [30] Barnes J P and Warren W S 1999 Decoherence and programmable quantum computation Phys. Rev. A 60 4363 [31] van Enk S J and Kimble H J 2001 On the classical character of control fields in quantum information processing Preprint quant-ph/0107088 [32] Gea-Banacloche J 2002 Some implications of the quantum nature of laser fields for quantum computation Phys. Rev. A 65 022308 [33] Itano W M 2003 Coment on ’Some implications of the quantum nature of laser fields for quantum computation Preprint quant-ph/0211165 [34] van Enk S J and Kimble H J 2003 Reply to coment on ’On the classical character of control fields in quantum information processing Preprint quant-ph/0212028 [35] Barnett S M, Radmore P M 1997 Methods in Theoretical Quantum Optics (New York: Oxford University Press) Scully M O, Zubairy M S 1997 Quantum Optics (New York: Cambridge University Press) Orszag M 2000 Quantum Optics (Berlin: Springer) [36] Rauschenbeutel A, Bertet P, Osnaghi S, Nogues G, Brune M, Raimond J M and Haroche S 2001 Controlled entanglement of two field modes in a cavity quantum electrodynamics experiment Phys. Rev. A 64 050301(R) [37] Góra P F and Jedrzejek C 1994 Revivals and superstructures in the Jaynes-Cummings model with a small number of photons Phys. Rev. A 49 3046 [38] Arecchi F T, Courtens E, Gilmore R and Thomas H 1972 Atomic Coherent States in Quantum Optics Phys. Rev. A 6 2211 [39] Wódkiewicz K and Eberly J H 1985 Coherent states, squeezed fluctuations, and the SU(2) and SU(1, 1) groups in quantumoptics applications J. Opt. Soc. Am. B 2 458 [40] Ban M 1993 Decomposition formulas for su(1, 1) and su(2) Lie algebras and their applications in quantum optics J. Opt.

Soc. Am. B 10 1347