arXiv:quant-ph/0507019 v1 3 Jul 2005

Wave Packets Propagation in Quantum Gravity

Kourosh Nozari^{1,2} and S. Hamid Mehdipour^1

1Department of Physics, Faculty of Basic Sciences, University of Mazandaran, P. O. Box 47416-1467, Babolsar, IRAN 2Research Institute for Astronomy and Astrophysics of Maragha, P. O. Box 55134-441, Maragha, IRAN e-mail: knozari@umz.ac.ir

Abstract

Wave packet broadening in usual quantum mechanics is a consequence of dispersion behavior of the medium which the wave propagates in it. In this paper, we consider the problem of wave packet broadening in the framework of Generalized Uncertainty Principle(GUP) of quantum gravity. New dispersion relations are derived in the context of GUP and it has been shown that there exists a gravitational induced dispersion which leads to more broadening of the wave packets. As a result of these dispersion relations, a generalized Klein-Gordon equation is obtained and its interpretation is given.

PACS: 03.65.-w, 04.60.-m , 42.50.Nn Key Words: Quantum Gravity, Generalized Uncertainty Principle, Dispersion Relations, Wave Packet Broadening

1 Introduction

In probabilistic interpretation of usual quantum mechanics, wave packet broadening is described as reduction of the probability of finding a particle in a given volume at a given time. This reduction of probability or broadening is related to dispersive nature of the medium which wave propagates in it[1]. Consider a more realistic situation which incorporates gravity with quantum theory. This situation has very important candidates such as early Universe and massive black holes interior. In this circumstances the usual uncertainty principle of Heisenberg should be generalized to incorporate gravitational uncertainty from very beginning . This generalized uncertainty principle (or more reasonable terminology of Gravitational Uncertainty Principle) leads to many interesting results in Planck scale physics[2-15]. In this paper we consider the problem of wave packet propagation in GUP. We will show that there is an additional broadening due to gravitational effects and this is a consequence of generalized dispersion relation in GUP. Such a modified dispersion relation leads to a modified form of Klein-Gordon equation. Generalized form of Klein-Gordon equation suggests that one can define a generalized momentum operator and this generalization of momentum operator can be interpreted as generalized De Broglie principle which is the foundation of quantum theory. The other possible interpretation of this generalized momentum operator is related to the fact that h̄ may be a varying ”constant” with wave vector. Our calculations show that in Planck scale, the group velocity of the wave packet can be greater than light velocity and this is not surprising since recently variation of fundamental constants of the nature is accepted, at least for fine structure constant which contains both light velocity and h̄[16-20]. The structure of the paper is as follows: in section 2 first we give a short outline to wave packet propagation in usual quantum mechanics and then our calculation for wave propagation in GUP is given. Section 3 gives a generalized Klein-Gordon equation and a generalized Momentum operator. Summary and Conclusions are given in section 4.

2 Wave Packet Propagation

2.1 Wave Packet Propagation in Ordinary Quantum Mechanics

Consider the following plane wave profile, f(x, t) ∝ e^{ikx−iωt}. (1)

Since ω = 2πν, k =^{2π}_λ and ν =^c_λ , this equation can be written as f(x, t) ∝ e^{ik(x−ct)}. Now the superposition of these plane waves with amplitude g(k) can be written as, f(x, t) = ∫_∞ −∞ dk g(k) e^{ik(x−ct)} = f(x − ct) (2) where g(k) can have Gaussian profile. This wave packet is localized at x − ct = 0. In the absence dispersion properties for the medium, wave packet will not suffers any broadening with time. In this case the relation ω = kc holds. In general the medium has dispersion properties and therefore ω becomes a function of wave number, ω = ω(k). In this situation equation (2) becomes, f(x, t) = ∫ dk g(k) e^{ikx−iω(k)t}. (3) Suppose that g(k) = e^{−α(k−k0 )2} . With expansion of ω(k) around k = k_0, one find

ω(k) ≈ ω(k_0) + (k − k_0) ( dω dk ) k_0 + 1 2 (k − k_0)^2 (d^2ω dk^2 ) k_0

, (4)

where using the definitions, ( dω dk ) k_0 = v_g, 1 2 ( d^2ω dk^2 ) k_0

= β, k − k_0 = k^′. (5)

equation (3) can be written as, f(x, t) = e^{ik0x−iω(k0 )t} ∫_∞ −∞ dk^′ e^{−αk′2} e^{ik′(x−vg t)} e^{−ik′2 βt} = e^{ik0 x−iω(k0)t} ∫_∞ −∞ dk^′ e^{ik′(x−vg t)} e^{−(α+iβt)k′2} . (6) Now completing the square root in exponent and integration gives, f(x, t) = e^i[^{k0 x−ω(k0 )t}] ( π α + iβt ) 1_2 e^−[^{(x−vg t)} 2 4(α+iβt) ]. (7) Therefore one find, |f(x, t)|^2 = ( π^2 α^2 + β^2t^2

) 1_2 e^−[^{α(x−vg t)} 2 2(α2+β2 t2) ], (8)

which is the profile of the wave in position space. The quantity which in t = 0 was α, now has became α +^{β2t2}_α and this is the notion of broadening. Therefore, Broadening ∝ ( 1 + β^2t^2 α^2

) 1_2

. (9)

This relation shows that a wave packet with width (Δx)_0 in t = 0 after propagation will have the following width, (Δx)_t = (Δx)_0 ( 1 + β^2t^2 α^2

) 1_2

. (10)

2.2 Wave Packet Propagation in Quantum Gravity

As has been indicated, when one considers gravitational effects, usual uncertainty relation of Heisenberg should be replaced by, Δx ≥ h̄ Δp + α^′l^2_pΔp h̄ . (11)

It is important to note that there are more generalization which contain further terms in right hand side of equation (11)( see[14]), but in some sense equation (11) has more powerful physical grounds. So as a first step analysis we consider the above simple form of GUP. Suppose that Δx ∼ x, Δp ∼ p, p = h̄k, x = λ̄ = λ 2π . Therefore one can write,

λ̄ = 1 k + α^′l^2_p k and ω = c λ̄. (12)

In this situation the dispersion relation becomes,

ω = ω(k) = kc 1 + α^′l^2_p k^2

. (13)

This relation can be described in another viewpoint. By expansion of ( 1 + α^′l^2_p k^2 )_{−1} and neglecting second and higher order terms of α^′, we find that ω = kc(1 − α^′l^2_p k^2). This can be considered as ω = k^′c where k^′ = k(1 − α^′l^2_p k^2). Now one can define a generalized momentum as p = h̄k^′ = h̄k(1−α^′l^2_p k^2). It is possible to consider this equation as p = h̄^′k where h̄^′ = h̄(1 − α^′l^2_p k^2). So one can interpret it as a wave number dependent Planck ”constant”. In the same manner group velocity becomes,

v_g = dω dk | | | |_{k=k0} =

c(1 − α^′l^2_p k^2) (1 + α^′l^2_p k^2)^2 | | | |_{k=k0} . (14)

Up to first order in α^′ this relation reduces to v_g ≈ c(1 − 3α^′l^2_pk^2_0 ). A little algebra gives β as follow β = 1 2 (d^2ω dk^2 )| | |_{k=k0} =

−3α^′l^2_pc k(1 + α^′l^2_p k^2)^2 + 4α^{′2}l^4_pc k^3(1 + α^′l^2_p k^2) (1 + α^′l^2_p k^2)^4 | | | |_{k=k0} , (15)

which up to first order in α^′ reduces to β ≈ −3α^′l^2_pck_0. It is evident that when α^′ → 0 then β → 0 and v_g → c. The same analysis which has leads us to equation (10), now gives the following result,

(Δx)_t = (Δx)_0 ( 1 + 1 α^2

( −3α^′l^2_pc k_0(1 + α^′l^2_p k^2_0 )^2 + 4α^{′2}l^4_pc k^3_0 (1 + α^′l^2_p k^2_0 ) (1 + α^′l^2_p k^2_0 )^4

)_2

t^2

) 1_2

. (16)

If one accepts that α^′ is negative constant ( α^′ < 0), then group velocity of the wave packet becomes greater than light velocity. This is evident from equation (14) and is reasonable from varying speed of light models. In fact if |α^′|k^2l^2_p ≪ 1, one recover usual quantum mechanics but when |α^′|k^2l^2_p ≈ 1, Planck scale quantum mechanics will be achieved. Based on this argument, equation (16) shows that in quantum gravity there exists a more broadening of wave packet due to gravitational effects. Up to first order in α^′, this equation becomes,

(Δx)_t = (Δx)_0 ( 1 − 3α^′l^2_pc k_0t^2

α^2

) 1_2

. (17)

Now using equation (13), one can write the dispersion relation as the following form also, ω(p) = h̄pc h̄^2 + α^′l^2_p p^2

, (18) or E^′ = h̄ω(p) = pc 1 + α^′ (_{lpp} h̄ )_2 . (19)

It is evident that if α^′ −→ 0 Then E^′ −→ E = pc and ω(p) −→ ω =^{pc}_{h̄} . These dispersion relations provide a framework for definition of generalized momentum operator and generalized Klein-Gordon equation.

3 A Generalized Klein-Gordon Equation

Now consider the following integral which has been used heuristically by Schrödinger to find his equation[1], ψ(x, t) = 1 √ 2πh̄ ∫ dp ϕ(p)e^{i(px−E′t)/h̄}. (20) Differentiation twice relative to x gives, ∂^2ψ(x, t) ∂x^2 = − 1 h̄^2 × 1 √ 2πh̄ ∫ dp p^2 ϕ(p)e^{i(px−E′t)/h̄}, (21) while differentiation relative to t leads to ∂^2ψ(x, t) ∂t^2 = − c^2 h̄^2 × 1 √ 2πh̄ ∫ dp ( p 1 + α^′ (_{lpp} h̄ )_2

)_2 ϕ(p)e^{i(px−E′t)/h̄}. (22)

It is evident that if α^′ −→ 0, then^{∂2ψ(x,t)}_{∂t2} = c^{2 ∂2ψ(x,t)}_{∂x2} which is the usual wave equation. Now expansion of integrand in equations (19) and (20) gives, ∂^2ψ(x, t) ∂t^2 = − c^2 h̄^2 × 1 √ 2πh̄ ∫ dp p^2 ( 1 − α^′ ( l_pp h̄ )_2 + O(α^{′2}) − · · · )_2 ϕ(p)e^{i(px−E′t)/h̄}

= − c^2 h̄^2 × 1 √ 2πh̄ ∫ dp ( p^2 −

2α^′l^2_p h̄^2 p^4 + O(α^{′2}) + · · · ) ϕ(p)e^{i(px−E′t)/h̄}. (23) The first order terms in α^′, satisfy the following equation, ∂^2ψ(x, t) ∂t^2 = c^2 ∂^2ψ(x, t) ∂x^2 − 2α^′l^2_pc^2 ∂^4ψ(x, t) ∂x^4 . (24)

This is a generalized wave equation and in some sense can be considered as generalized Klein-Gordon equation for a massless particle. The solution of this equation gives the correct profile of the wave in Planck scale. Adler and Santiago in their paper[21] have indicated that: ”It has long been a supposed fact of life that the differential equations of physics are first or second order. This is well born out by experiences in that classical mechanics, classical electromagnetism, general relativity, non-relativistic quantum mechanics, relativistic quantum mechanics, and all the equations of the standard model of particles are at most of second order. But it may well be that we also have developed an unjustified bias in favor of second order equations due to mathematical convenience. As such it is particularly interesting to consider higher order equations with all their inherent dangers and difficulties with boundary conditions”. In our opinion equation (22) is one of the mentioned higher derivative equations. For a massive particle(or field), equation (22) can be written as, −h̄^2 ∂^2ψ(x, t) ∂t^2 = ( − h̄^2c^2

∂^2 ∂x^2 + 2α^′h̄^2l^2_pc^2

∂^4 ∂x^4 + m^2_0c^4 ) ψ(x, t). (25) Note that this is only the first order approximation equation since we have considered only the first order term in (22).

In the language of operators, usual Klein-Gordon equation can be written as, −h̄^2 ∂^2ψ(x, t) ∂t^2 = ( c^2p^2_{op} + m^2_0c^4 ) ψ(x, t), (26) where p_{op} =^{h̄}_i^∂_{∂x} . Now the generalized momentum operator in GUP up to first order in β^′, takes the following form, p^{(GU P )} op = h̄ i ( 1 + β^′ (h̄ i ∂ ∂x )_2 ) ∂ ∂x , (27)

or ( p^{(GU P )} op )_2

= −h̄^2

∂^2 ∂x^2 + 2β^′h̄^4

∂^4 ∂x^4 (28)

and this operator immediately gives (25) with β^′ = α^{′ l2p}_{h̄2} . The generalization to 3- dimensional case is straightforward. It is important to note that one can consider from the beginning a generalized form of momentum operator. In this case equation p = h̄k should be replaced by p = h̄k^′ where k^′ = k(1 − α^′l^2_p k^2). In this situation equation (20) should be modified by this generalized momentum and we find ordinary Klein-Gordon equation but now with generalized operators.

4 Summary and Conclusions

In this paper we have shown that:

1- In quantum gravity, wave packet broadening is more than corresponding broadening of wave packet in usual quantum mechanics because of inherent gravitational uncertainties.

2- There are generalized dispersion relations in quantum gravity which lead to generalized group velocity, generalized momentum operator and generalized Klein-Gordon equation.

3- One can describe the generalized dispersion relations being as a consequence of generalized de Broglie principle or varying Planck constant( as a function of momentum ). 4- Our analysis shows that gravitational uncertainty principle leads to varying speed of light scenario in such a way that speed of light in early universe was greater than its present value.

5- It seems that in Planck scale quantum mechanics, higher order derivatives will be appear in equations. This is seen in generalized Klein-Gordon equation and is a result of generalized momentum operator.

6- Our approach provides foundations for constructing a gravitational quantum mechanics. This is the subject of our forthcoming work.

Acknowledgment This Work has been supported partially by Research Institute for Astronomy and Astrophysics of Maragha, Iran.

References

[1] S. Gasiorowicz, Quantum Physics, John Weily, 3rd Edition, 2003 [2] G. Veneziano, Europhys. Lett. 2 (1986) 199; D. Amati, M. Ciafaloni, and G.

Veneziano, Phys. Lett. B197 (1987) 81; Int. J. Mod. Phys. A3 (1988) 1615; Phys. Lett. B216 (1989) 41; Nucl. Phys. B347 (1990) 530; D. J. Gross and P. F. Mende, Phys. Lett. B197 (1987) 129; Nucl. Phys. B303 (1988) 407; K. Konishi, G. Paffuti, and P. Provero, Phys. Lett. B234 (1990) 276; R. Guida, K. Konishi, and P. Provero, Mod. Phys. Lett. A6 (1991) 1487; L. J. Garay, Int. J. Mod. Phys. A10 (1995) 145.

[3] M. Maggiore, Phys. Lett. B304 (1993) 65. [4] C. Castro, Found. Phys. Lett. 10 (1997) 273. [5] A. Camacho, Gen. Rel. Grav. 34 (2002) 1839.

[6] P. Chen, Proceedings of International Symposium on Frontiers of Science in Celebration of the 80th Birthday of Chen Ning Yang, June 17-19, 2002, Beijing, China.

[7] S. Capozziello, G. Lambiase, G. Scarpetta, Int.J.Theor.Phys. 39 (2000) 15. [8] M. Maggiore, Phys. Rev. D49 (1994) 5182. [9] M. Maggiore, Phys. Lett. B319 (1993) 83. [10] S. Kalyana Rama, Phys.Lett. B 519 (2001) 103. [11] A. Camacho, Gen. Rel. Grav. 35 (2003) 1153.

[12] P. Chen, R. J. Adler, Nucl. Phys. Proc. Supll. 124 (2003) 103 . [13] F. Scardigli, R. Casadio, Class. Quantum Grav. 20 (2003) 3915.

[14] A.Kempf, et al., Phys. Rev. D52 (1995) 1108 [15] A. Camacho, gr-qc/0302096, preprint,(2003). [16] A. Albrecht, J. Magueijo, Phys. Rev.D59 (1999) 043516. [17] J. Magueijo, Phys. Rev. D62 (2000) 103521.

[18] J. D. Barrow and J. Magueijo, Phys. Lett. B443 (1998) 104; Phys. Lett. B447 (1999) 246; Class. Quant. Grav. 16 (1999) 1435.

[19] J. Magueijo, Phys. Rev. D63 (2001) 043502. [20] J. D. Barrow, Phys. Rev. D59 (1999) 043515. [21] R. J. Adler, D. I. Santiago, arXiv:hep-th/9908073 v1