arXiv:quant-ph/0603026v5 16 Dec 2006

DARK ENERGY: CASIMIR EFFECT, GENERALIZED HOMOGENEITY AND AXIONS

Walter F. Wreszinski Departamento de Física Matemática, Instituto de Física, Universidade de São Paulo, Caixa Postal 66318 - 05315-970 São Paulo - Brazil

Abstract — It has been recently remarked by Hollands and Wald that the holistic (local) aspects of quantum field theory fully explain the fact that the cosmological constant does not have the absurdly large value which is commonly assumed. There remains the quite different problem of why the cosmological constant leads to an absurdly small dark energy density when applying the field-theoretic Casimir effect to the Universe as a whole. In this paper we propose a local theory of the Casimir effect, following work of B.S. Kay, and recent papers with G. Scharf and L. Manzoni. The method uses the Poisson summation formula, which provides a neat identification of the necessary surface renormalization counterterms, first proposed by Symanzik, which must be added to the Hamiltonian density. Application to the dark energy problem uses the “cosmic-box” idea of E. Harrison in order to formulate a generalized homogeneity assumption, which is adequate for some problems of present quantum cosmology. In this framework it is shown that baryons and neutrinos do not explain the observed values of the dark energy density and pressure, but the hypothetical axions would, if their mass turned out to lie in an interval suggested in the literature.

1. Introduction

Dark energy X is the biggest challenge for the New Cosmology [1]. Together with, the distinguishing feature of emitting no light, it has large negative pressure p_X ,

p_X ∼ −ρ_X (1)

where ρ_X denotes “energy density of X ” with

ρ_X = 2.7 × 10^{−47} GeV^4 (2)

(thus being more “energy-like” than “matter-like p ≪ ρ”). Further,

it is approximately homogeneous (3)

that is, it does not cluster significantly with matter on scales at least as large as clusters of galaxies.

When considering the coupling to gravity, the vacuum energy density acts like a cosmological constant ([2],[3]). The vacuum expectation value < . >_{vac} of the energy momentum tensor T_{μν} has the form (for a curved metric) ⟨T_{μν} ⟩_{vac} = g_{μν} ρ_{vac} + higher curvature terms, with g_{μν} ≡ diag (1, −1, −1, −1) and ρ_{vac} denotes the quantum vacuum energy density. We shall ignore the higher curvature terms at the present time, assuming that the Universe is flat, which indicated by CMB (cosmic microwave background) anisotropy measurements [4]. The form ⟨T_{μν} ⟩_{vac} = g_{μν} ρ_{vac} (4) is mathematically equivalent to the cosmological constant being equal to

Λ = 8π G ρ_{vac} , (5)

([2],[3]), where G is the gravitational constant, thus leading to repulsive gravity and an accelerating Universe, as presently observed [3]. By (4) T_{μν} takes the perfect fluid form T_{μν} = diag (ρ_{vac}, p_{vac}, p_{vac}, p_{vac}) (6a) with p_{vac} = −ρ_{vac} (6b) and is precisely spatially uniform, being thus, by (1) and (6b), ”almost the perfect candidate for dark energy” [1]. (In fact, the near isotropy and homogeneity of the Universe which derives from the uniformity of the CMB and the fact that dark energy dominates the composition, equalling 2/3 of the full content, implies that its stress-energy tensor must to a good approximation, take the perfect fluid form (6a). Unifortunately, however, calculation of the ground state energy of a quantum field by summing over the “low energy modes” of frequency ω ≤ 1/ℓ_0 (where l_0 ∼ (Gℏ^2/c^3)^{1/2} may be taken as the Planck length) leads to a huge value for the cosmological constant ([2].[3]). The question has been analysed by Hollands and Wald [5] on the basis of the massless Klein-Gordon field in a 1 + 1 dimensional static spacetime of spatial topology S^1 (the circle) with metric of the form ds^2 = −dt^2 + L^2dθ^2 (7a) where the range of the θ-coordinate is [0, 2π). This model has been treated by B.S. Kay in an important paper [6], with the result for E_c = T_{00} ,

E_c = − 1 12 L

(7b)

The sum over low energy modes yields, however, in this case,

E^{l0}_c = L/ℓ_0∑

n=0 n 2L ≈ 1 4L (L/ℓ_0)^2 (7c)

which disagrees with (7b) not only in sign but also by the huge factor (L/l_0)^2 ≫ 1. It was shown in [5] that adjusting the zero of energy of the with mode by a quantity ∈_0 (n, L) , natural scaling requirements inherited from the quantum field yield ∈_0 (n, L) = c n L for some constant c, which cannot be made to agree with (7b) for any choice of c. A simple extension of these arguments [5] leads to the following conclusion: quantum field theory predicts that the stress energy tensor of a free quantum field in an adiabatic vacuum state in a slowly expanding 4-dimensional Universe should be of order

ρ_{vac} ≈ L^{−4}_H (8)

where L_H ≈ 10^{42}(GeV)^{−1} (9) (the “Hubble length”) denotes the size or radius of the Universe. Thus, 1/L_H ≈ 10^{−42} GeV, and (1/L_H )^4 ≈ (10^{−42})^4 GeV^4 ≪ ρ_x ≈ 10^{−47} GeV^4 given by (2). Thus, the effective cosmological constant obtained from (5), (8), (9) is rather much too small to explain dark energy!

In this paper we propose to remedy the above enigma by partitioning the Universe into “small” equal cubic cells of side L(t) where t labels the cosmic time, similar to the

“cosmic boxes” of Edward Harrison, which have been sucessful in explaining several phenomena, such as darkness at night and thermodynamics of the Universe ([7],[8],[9]).

The comoving faces of a single cube move apart with a velocity given by the Hubble law, i.e., the side L(t) of the cube is proportional to the scaling factor R(t) (see, e.g., [24]. Chap. 15, for the scaling factor)

Fig. 1: the cosmic box

L(t) = c R(t) (10a) (see Fig 1) where c is a time-independent constant. We shall fix the length of the cube C_0, of side L(t_0) = c R(t_0) = L_0 (10b) at the present time t_0 , by requirements dictated by (certain) given experimental data and a homogeneity assumption, as we now explain. The value of the energy density ϵ corresponding to cold dark matter is roughly one-half of the the dark energy density [1], i.e., ϵ = ρ_X 2 (10c) This suggests that the two quantities - dark matter and energy - may be connected, and we shall assume that they are both associated to one single (noninteracting, in first approximation) quantum field of unknown type, corresponding to particles of mass μ , whose lowest one-particle energies (matter is of low energy) yield the dark matter energy density ϵ , and whose vacuum energy density ρ_{vac} = ρ_X , with related pressure p_{vac} = −ρ_X where ρ_X is given by (2). From now on, ρ_{vac} and p_{vac} will denote the experimental data (1), (2).

Under the above assumption, the basic problem now is to calculate ϵ ,ρ_{vac} and p_{vac} in a simple, reasonable model. The most interesting feature of the model to be presented is that it predicts a definite range of values for the mass μ in order that the dark energy density be positive, an essential requirement for an accelerating Universe, as observed.

In order to arrive at the model, we are led to formulate a homogeneity assumption, which replaces the classical definition. Consider free classical particles of rest mass μ, with homogeneous energy density equal to the local value T_{00}(x) of the energy density tensor of a classical field. The classical vacuum energy is the value zero assumed by the configurations of minimum energy of the field. In quantum field theory the quantity which correponds to the latter is the vacuum expectation value of the Hamiltonian density operator, which is not defined pointwise: we must average it over a small region and therefore first resctrict the quantum fields to the cube C_0 of side given by (10b), adopting, for that purpose, specific boundary conditions (b.c) on C_0 (it should not and does not matter which). The word “small” refers to the particle mass scale, i.e., we assume that

L_0 ≪ 1 μ (10d)

The side L_0 will now be fixed in such a way that the lowest one-particle energies which equal √ 1 L^2_0

+ μ^2 ≈ 1 L_0

(10e)

(by (10d)) lead to a corresponding density in the cube

L^{−4}_0 = ϵ (10f)

where ϵ is given by (10c). this yields the value

L^{−4}_0 ≈ 10^{−47}GeV^4 (10g)

Now, the resulting density is not homogeneous over the cube [24], but we may average it over C_0 , obtaining a “local” vacuum energy density E_{vac}(L_0) and a “local” pressure p_{vac}(L_0), “local” meaning (10c). Speaking in a slightly more general fashion, if our fluid be characterized by only three thermodynamically intensive parameters, the vacuum energy density ρ_{vac}, the vacuum pressure p_{vac} and the mean particle energy ϵ of the (uniformly distributed fluid) of particles of mass μ, we define a perfect cosmic box C_0 by the three requirements: 1) E_{vac}(L_0) = ρ_{vac} ; 2) p_{vac}(L_0) = p_{vac} ; and 3) the mean energy over the box of the homogeneous fluid of particles is ϵ. In connection with the latter requirement, it may be worthwhile to remark that we are not stating that particles are being localized within the box (this would contradict (10c)) but only the energy (which is, in fact, the measured quantity). It is not a priori evident that requirements 1–3 are compatible, but it is clear that, if they are, any perfect cosmic box is such that the basic measured quantities in any such box have the same values as everywhere in the Universe (for the pressure see later) and, thus, any perfect box is “the Universe in a nutshell” [9]. Our generalized homogeneity assumption may thus be phrased: the basic observables assume the same value at each perfect cosmic box. Thus we are dealing with a “coarse-grained” Universe, with cells having a minimal dimension in order to reproduce given average values of certain observables. Of course, the observables may change from problem to problem, with corresponding change of the definition of perfect cosmic box. This homogeneity assumption replaces the pointwise homogeneity of classical physics, and is adequate for some aspects of the present quantum cosmology, e.g., the issue of dark energy, due to (3)^1: it implies that homogeneity need not hold at lower scales, because smaller boxes do not reproduce the same values of the basic observables, i.e., (10e) is no longer valid in our case. The resulting collection of perfect cosmic boxes forms a partition of the Universe as seen by a co-moving observer at fixed time (see Fig. 2) and suffers by definition, no distortion from the cubic shape under time evolution. Any (integer) multiple of L_0 (still satisfying (10c)) leads to the same values of the basic observables, because they are assumed to be thermodynamically intensive variables, and, in particular, ϵ and ρ_{vac} assume the same value when calculated for the partition in Fig. 2 as for an individual cube, because the one-particle and vacuum energies are additive, but for p_{vac} an additional argument is required and will be given later.

Our next problem is to calculate the vacuum (Casimir) energy density. For that purpose, we now consider a free quantum field restricted to a cube. In order to do so, we may impose Dirichlet, Neumann or mixed boundary condition (b.c) on the faces of the cube. For definiteness, we shall settle for Dirichlet b.c.^2. We now formulate the Casimir (vacuum) energy problem in this framework following [6]. Consider a (for definiteness massive) Klein-Gordon field Φ on a compact region K with boundary ∂K (e.g.,a closed cube)^3. We wish to calculate the expectation value of the Hamiltonian density operator T_{00}(x) , at the point x = (x_0, ⃗x ) , a local operation which involves only a small neighborhood-say N(x) of x , and is thus independent of the global topology of space-time [6].

Accordingly, our cosmic box must be sufficiently “small”. A necessary condition is:

L(t) ≪ L_H for all t ≤ t_0 (10h)

We may thus assume that H(x) behaves precisely as in globally flat-space-time, in which case there exists a prescription to define (and calculate) T_{00}(x) :

H(x) = T_{00}(x) = : h(x) : (11a)

where the dots indicate normal (or Wick) ordering of the Hamiltonian density h(x)(ℏ = c = 1) h(x) ≡ 1 2 [( ∂Φ(x) ∂x_0 )_2 + (∇Φ(x))^2 + μ^2Φ^2(x) ] (11b)

with μ the particle mass, Since, however, the state S of the system on K is different from the vacuum state ω of (infinite) globally flat space-time even restricted to N(x) (see [6], Appendix, for a discussion), the question arises: with respect to which state is the normal ordering (11a)? In [6] the following renormalization condition was imposed:

ω (T_{00}(x)) = 0 (11c)

for all x in Minkowski space-time.

This condition means that the double dots refer to the infinite-space Minkowski vacuum ω , and was motivated in [10], [11] and [12] by the fact that real boundaries consist of electrons and ions, and the field which interacts with them is quantized in infinite space, but one may also view (11c) as an independent “renormalization condition”, as done by B. Kay in [6].

The assumptions of local quantum theory [13] yield now a rigorous formula for S (T_{00}(x)) (see the appendix of [6]):

S (T_{00}(x)) = lim_{x1,x2→x} 1 2 ( ∂_{x01} ∂_{x02} + ∂_{⃗x1} ∂_{⃗x2} + μ^2 ) · · [S (Φ(x_1)Φ(x_2)) − ω (Φ(x_1)Φ(x_2))] (12)

For free fields, S is also a Fock state^4 and the procedure outlined above may be given a concrete form [12], which will be done in the following section.

2. The Casimir Effect for the Cube and Symanzik’s Surface Renormalization Counterterms

The field Φ(x) quantized in infinite space in p space dimensions may be written

Φ^{(p)}(x) = 1 (2π)^{p/2} ∫ d^pk √ 2ω_{⃗k} [ a(⃗k )e^{−ik·x} + a^+(⃗k )e^{ik·x} ] = Φ^{(p)}_− (x) + Φ^{(p)}_+ (x) (13a) where x ≡ (x_0, ⃗x ), k · x = k_0x_0 − ⃗k · ⃗x,

k_0 = ω_{⃗k} = (⃗k^2 + μ^2)^{1/2} (13b)

and Φ_−, Φ_+ refer to the negative and positive-frequency parts in (13a), i.e., those associated to a (resp. a^+), and satisfy [ Φ^{(p)}_− (x), Φ^{(p)}_+ (y) ] = 1 i D^{(+)}_{0,p} (x − y) . (13c)

with D^{(+)}_{0,p} (x) ≡ 1 (2π)^p ∫ d^pk 2ω_{⃗k} e^{−ik·x} (13d) Let h^{(p)}(x) = 1 2 [( ∂Φ^{(p)}(x) ∂x_0 )_2 + ( ∇Φ^{(p)}(x)

)_2

+ μ^2Φ^{(p)}(x)^2 ] (13e)

denote the corresponding Hamiltonian density, and

Φ ≡ Φ^{(3)} (13f)

Normal ordering (11a) is defined in momentum space. In order to go over to a geometry with boundaries, we formulate it in x-space by the point splitting technique (equivalently to the procedure of the appendix of [6], which yields (12)): : ( ∂Φ ∂x_0 )_2

: = lim_{y→x} : ∂Φ(x) ∂x_0 ∂Φ(y) ∂y_0 : =

= lim_{y→x} { ∂Φ(x) ∂x_0 ∂Φ(y) ∂y_0 + 1 i ∂^2 ∂x^2_0

D^{(+)}_{0,3} (x − y) } (14a)

Finally, from (11a), H(x) = lim_{y→x} { 1 2 [ ∂Φ(x) ∂x_0 ∂Φ(y) ∂y_0 + ∇Φ(x) · ∇Φ(y) + μ^2Φ(x)Φ(y) + 1 i ∂^2 ∂x^2_0

D^{(+)}_{0,3} (x − y) ]}

(14b)

where, by (12), (14b) is the Hamiltonian density describing the field, both free and with boundaries. In the latter case, however, the first three terms in (14b) must be defined in the adequate Fock space, i.e., the concrete representation of the field operator is dictated by the geometry. With Dirichlet b.c. on ∂K, Φ(x) may be expanded as follows

Φ(x) = ∑ ⃗n 1 √ 2ω_{⃗n} [ a_{⃗n} u_{⃗n}(⃗x )e^{−iω⃗nx0} + a^+_{⃗n} u_{⃗n}(⃗x )e^{iω⃗nx0} ] (14c) where u_{⃗n}(⃗n ∈ Z^3) are normalized real eigenfunctions of (−Δ + μ^2)^{1/2} in K , satisfying Dirichlet b.c., where ω_{⃗n} is given by (13b) with ⃗k = π L |⃗n | : (−Δ + μ^2)^{1/2} u_{⃗n}(⃗x ) = ω_{⃗n} u_{⃗n}(⃗x ) (14d)

Explicity, u_{⃗n}(⃗x ) = ( 2 L )_{3/2 3}∏ k=1 sin (π n_k x_k L ) , ⃗n ≡ (n_1, n_2, n_3) ,

n_i = 1, 2, . . . (14e) The concrete representation^4 is now specified by considering a^+_{⃗n} , a_{⃗n} as emission and absorption operators, [ a_{⃗n}, a^+_{⃗m} ] = δ_{⃗n, ⃗m} (14f) and defining the vacuum Ω by (⃗n given by (14e)):

a_{⃗n}Ω = 0 (14g)

We thus find, in this representation H(x) = 1 2 ; ( ∂ ∂x_0 Φ(x)

)_2 ; + 1 2 ; ∇Φ(x) · ∇Φ(x) ; + 1 2 μ^2 ; Φ^2(x) ; +

+ 1 2 lim_{y→x} ∂^2 ∂x^2_0 { D^{(+)}_{0,3} (x − y) − D^{(+)}_{K,3}(x, y) } (14h)

where

D^{(+)}_{K,3}(x, y) = D^{(+)}_{K,3} (x_0 − y_0, ⃗x, ⃗y) ≡ i ∑ ⃗n∈Z^3 1 2ω_{⃗n} u_{⃗n}(⃗x )u_{⃗n}(⃗y ) · e^{−iω⃗n(x0−y0)} (14i) and the semicolons in (14h) denote normal ordering with respect to the new emission and absorption operators a^+_{⃗n} and a_{⃗n} . We now define the (vacuum) energy density by

E^{vac}(x) = (Ω, H(x)Ω) = (14j) = 1 i lim_{y→x} ∂^2 ∂x^2_0 { D^{(+)}_{0,3} (x − y) − D^{(+)}_{K,3}(x, y) } (14k)

from (14g), (14h) and the definition of the semicolors. Unfortunately, in most of the interesting examples in physics, the limit on the r.h.s. of (14k) does not exist as a distribution or generalized function because it diverges at ∂K , and the divergence is such that the integral E^{vac} ≡ ∫ K E^{vac}(x_0, ⃗x )d^3x (14l) diverges, for all x_0 (see also in this conection ref. [40]). The physical reason for this is the sharp nature of Dirichlet (or Neumann or mixed) b.c., which are unphysical for quantum fields [31]. (See also [15] for the theory of the Casimir effect, and (part) of the huge number of important references on the subject). Thus, “softer” conditions must be used instead [32]. In our case, however, the boxes are used as a means to create a local partition, and soft boundaries are not tractable analytically ([33], [32]). We thus search for an equivalent “effective” theory with sharp boundaries, but satisfying the fundamental physical requirement E^{vac} < ∞, for any fixed t , where the r.h.s. of (14l) must be defined in a proper way, because E^{vac}(x_0, ⃗x) is a distribution, as we now show. Let { χ^{(n)}_K (·) } n=1,2... be a sequence of smooth functions approaching, as n → ∞ , the characteristic function of K , and such that

χ^{(n)}_K (⃗x ) = 1 for ⃗x ∈ K_0 ⋃ ∂K, ∀n = 1, 2, . . . (15a) where K_0 denotes the interior of K. Condition (15a) is imposed in order to ensure the existence of the forthcoming limit (15b): lim_{n→∞} ∫ d^3x χ^{(n)}_K (⃗x )E^{vac}(t, ⃗x) ≡ E^{vac} < ∞ (15b)

which we assume to be independent of t.

In order to satisfy (15b) we are led to introduce a renormalized Hamiltonian density with surface counterterms of the type proposed by K. Symanzik [34] in a wider framework which included interactions, and used the Schrödinger representation of quantum fields. We now take K to be the interior of a cube with side L and Dirichlet b.c. Let δ^{(2)}_i , i = 1, . . . , 6 denote the delta-functions associated to the six faces of the cube, and δ^{(1)}_i , 1 = 1, . . . , 12 the delta functions associated to its twelve edges (for delta-distributions and other singular functions associated to a regular surface, see ([30], Ch. 3, § 1). We introduce, as in [6], [12], a family of regularizations. In analogy to (13a), define regularized free quantum scalar fields of mass μ by

Φ^{(p)}_Λ (x) = (2π)^{−p/2} ∫ d^pk √ 2ω_{⃗k} [ a(⃗k )e^{−ik·x} + a^+(⃗k )e^{ik·x} ] C_Λ(⃗k ) (16a)

where C_Λ(·) is a smooth function depending on a (cutoff) parameter Λ of dimensions of length of the following form. Let C(·) be a smooth function on R such that

C(0) = 1 (16b) ∞∫ 0 C^{(k)}(x)dx < ∞ ∀k = 1, 2, . . . (16c)

We consider the class of regularizing functions in (16a) of the form

C_Λ(⃗k ) = C ( Λω_{⃗k} ) (16d)

where ω_{⃗k} is the frequency vector (13b). By (16b) and (16d),

lim_{Λ→0} C_Λ(⃗k ) = 1 ∀⃗k ∈ R^3 (16e)

In correspondence to (16a), we define h^{(p)}_Λ (x), H_Λ(x), E^{vac}_Λ (x) and E^{vac}_Λ the analogues of (13e), (14h), (14j) and (14l), respectively. Let, now,

I^{(1)}_{1,Λ} ≡ ( Ω^{(1)}, h^{(1)}_Λ (x)Ω^{(1)} ) = 1 2(2π) ∞∫ −∞ dkω_kC_Λ(k) (17a)

I^{(2)}_{1,Λ} ≡ ( Ω^{(2)}, h^{(2)}_Λ (x)Ω^{(2)} ) = 1 (2π)^2 ∫ d^2kω_{⃗k}C_Λ(⃗k) (17b)

where Ω^{(1)} and Ω^{(2)} denote the vacua of the one (resp. two) dimensional free field theories in infinite space, i.e., such that a ( f^{(1)} ) Ω^{(1)} = 0, f^{(1)} ∈ L^2(R) (17c) a ( f^{(2)} ) Ω^{(2)} = 0, f^{(2)} ∈ L^2(R^2 ) (17d)

Further, define I^Λ_1 = 1 2(2π)^3 ∫ d^3kω_{⃗k} C_Λ(⃗k ) (17e)

I^Λ_2 = 1 2 ∑ ⃗n∈Z^3 ω_{⃗n} u_{⃗n}(⃗x )^2 C_Λ(⃗n ) (17f)

We now define the renormalized Hamiltonian H_{ren,Λ}(x) with the surface renormalization counterterms:

H_{ren,Λ}(x) = 1 2 ; ( ∂ ∂x_0 Φ_Λ(x)

)_2 ; + 1 2 ; ∇Φ_Λ(x) · ∇Φ_Λ(x) ; + 1 2 μ^2 ; Φ_Λ(x)^2 ; (18a)

− I^Λ_1 + I^Λ_2 (18b) − 1 4 6∑ i=1 δ^{(2)}_i I^{(2)}_{1,Λ} (18c)

+ 1 16 12∑ i=1 δ^{(1)}_i I^{(1)}_{1,Λ} (18d)

Let E^{vac}_{ren,Λ} = (Ω, H_{ren,Λ}(x)Ω) (19a) where Ω is the vacuum (14g). Then, condition (15b) is now replaced by:

lim_{Λ→0} lim_{n→∞} ∫ d^3x χ^{(n)}_K (⃗x )E^{vac}_{ren,Λ}(x_0, ⃗x ) ≡ E^{vac}_{ren} (19b)

is independent of t and of the regularization (satisfying (16b), (16c) and (16d)).

By (18), a necessary and sufficient condition for (19) is the following. Let

I^Λ_2 − L^3 I^Λ_1 + 1 4 · 6 · L^2 I^{(2)}_{1,Λ}− − 1 16 · 12 L I^{(1)}_{1,Λ} ≡ E^{vac}_{ren,Λ} (20a) where ~I^Λ_2 ≡ 1 2 ∑ ⃗n ∈ Z^3 ω_{⃗n} C_Λ(⃗n ) (20b)

Then lim_{Λ→0} ·E^{vac}_{ren,Λ} ≡ E^{vac}_{ren} (21) exists and is independent of the regularization. Dependence of the regularization in the standard formalism was emphasized by Hagen [14].

We shall now attempt to prove (19), following the method of [12]. We shall see that the details are more delicate, but the method is nicely suited to identify the surfacerenormalization counter-terms.

We now choose for C in (16b), (16c), the function C(x) = e^{−x} x ≥ 0, x ∈ R (22) By (17e), (17f), and (20), we are led to define

E^{vac}_{Λ,L} = −I_1 + I_2 (23a)

where I_1 ≡

L^3 2(2π)^3 ∫ d^3k ω_{⃗k} e^{−Λω⃗k} (23b) and I_2 = 1 2 ∑ ⃗n ω_{⃗n} e^{−Λω⃗n} (23c) In (23c), ω_{⃗n} is given before (14d), and, by (14e),

⃗n ≡ (n_1, n_2, n_3) , where n_i = 1, 2, 3, . . . , (23d)

The sum (23c) on the octant (23d) may be written as 1 8 of the sum over all of Z^3 .

However, due to (23d), we must subtract the three coordinate planes n_1 = 0, n_2 = 0 and n_3 = 0. In so doing, we exclude the axes n_1 = n_2 = 0; n_1 = n_3 = 0 and n_2 = n_3 = 0 six times each, and we must add three one-dimensional sums to compensate for this. Finally, exclusion of the three axes excludes the origin three times, instead of one, and twice the value of the summand in (23c) at the origin must be added in order to compensate for this. We thus obtain

I_2 = 1 16 ( ∑ ⃗n ∈ Z^3 ω_{⃗n} e^{−Λω⃗n} − 3 ∑ ⃗n ∈ Z^2 ω_{⃗n} e^{−Λω⃗n} +

+ 3 ∑ n ∈ Z ω_n e^{−Λωn} + 2ω_{⃗0} e^{−Λω⃗0} ) (24)

Note that (71) of [12] contains an error in the last term, which was taken to be (−1) instead of (+2). In the massless case this constant yields zero in (71) of [12] upon derivation with respect to Λ, which is the correct contribution to the energy in the massless case. This error does not, therefore, affect any result in [12]. In the massive case, however we obtain the last term in (24), which will be crucial later on.

We use now on (24) the Poisson summation formula ([16], pg. 210). ∑ ⃗n ∈ Z^3 f(⃗n ) = ∑ ⃗m ∈ Z^3 C_{⃗m} = C_{⃗0} + ∑ ⃗m ∈ Z^3\{⃗0} C_{⃗m} (25a)

with C_{⃗m} ≡ ∫ d^3x e^{2πi ⃗m·⃗x}f(⃗x ) (25b) (and the analogous for Z^2 and Z), with f(⃗x ) ≡ ~ω_{⃗x} e^{−Λ~ω⃗x} (25c) where ~ω_{⃗x} ≡ ( α^2 ⃗x^2 + μ^2 )_{1/2} (25d) and α ≡ π L (25e) Corresponding to (24) and (25a), we write

I_2 ≡ I_{2,0} + ~I_2 (26a) where I_{2,0} corresponds to the ⃗m = ⃗0 term on the r.h.s. of (25a):

I_{2,0} = 1 16 (∫ d^3x ( α^2⃗x^2 + μ^2 )_{1/2} e^{−Λ}(^{α2⃗x2+μ2})^{1/2} −

−3 ∫ d^2x ( α^2⃗x^2 + μ^2 )_{1/2} e^{−Λ}(^{α2⃗x2+μ2})^{1/2} +

+3 ∫ dx ( α^2x^2 + μ^2 )_{1/2} e^{−Λ}(^{a2x2+μ2})^{1/2} + + 2μ e^{−Λμ} )

(26b)

On the first two integrals of (26b) we perform a change of variable |⃗x | = μ sinh Φ , which converts them into elementary integrals. The one-dimensional integral may be computed explicity from ([17], (26), pg. 16) in terms of the modified Bessel function K_ν ([18], pg. 374), yielding finally, with (23b):

I_{2,0} = I_1 −

3L^2 8π Λ^{−1} μ^2 e^{−Λμ} − − 3L^2 4π Λ^{−2}μ e^{−Λμ} − 3 4π L^2 Λ^{−3} e^{−Λμ} − 3L 8π μ^2 K^′_1(μΛ) +

+ 2μe^{−Λμ} (26c)

by (25a) and (26a) ~I_2 = ~I_{2,1} + ~I_{2,2} + ~I_{2,3} (27a)

where, since ⃗m ≠ 0, we may write ⃗m · ⃗x = mx cos θ , choosing the z-axis in the direction of ⃗m , obtaining after integration over the angles:

~I_{2,1} = 1 8α^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 m ( I^{(1)}_{m,α,Λ,μ} )

with I^{(1)}_{m,α,Λ,μ} ≡ ∞∫ 0 dr r sin ( 2πmr α ) ( r^2 + μ^2 )_{1/2} e^{−Λ}(^{r2+μ2})^{1/2} =

= − 1 2πm ∂ ∂w ∂^2 ∂Λ^2 ∞∫ 0 dr cos (2π m wr)(r^2 + μ^2)^{1/2}e^{−Λ}(^{r2+μ2})^{1/2} (27b)

where w ≡ 1 α = L π (27c)

Using, now, the formula ([17], (27), p.17)

A_{β,a,y} ≡ ∞∫ 0 dx cos(xy) ( x^2 + a^2 )_{−1/2} exp [ −β ( x^2 + a^2 )_{1/2}] = K_0 [ a ( β^2 + y^2 )_{1/2}]

y > 0, Re a > 0, Re β > 0 (27d) we arrive at a lengthy expression which allows the calculation of the Λ-independent term in the asymptotic expansion: ~I^{(ind)}_{2,1} = − Lμ^2 32 π^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 |⃗m |^2 · [K_0(2μ|⃗m |L) + K_2(2μ|⃗m |L)] −

− L^3μ 4π^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 8|⃗m |^3L^3 K_1(2μ|⃗m |L) (27e)

We now turn to the remaining terms in (26a), (27a).

~I_{2,2} = − 3 16 α^2 ∑ ⃗m ∈Z^2\{⃗0} ∫ d^2xe^{2πi} ⃗m α · ⃗x ·

(⃗x^2 + μ^2)^{1/2} e^{−Λ(⃗x2+μ2)1/2} =

− 3 16 α^2 ∑ ⃗m ∈Z^2\{⃗0} ∞∫ 0 dr r 2π∫ 0 dθ e^{−2πi} m α r cos θ ·

( r^2 + μ^2 )_{1/2} e^{−Λ}(^{r2+μ2})^{1/2} (28a)

The integral in parenthesis above is ( 2π J_0 ( 2π m α r )) , where J_0 denotes the zero-th order Bessel function and, by ([19], pg. 188), ∞∫ 0 dr r J_0 ( 2π m α ) e^{−Λ}(^{r2+μ2})^{1/2} =

= √ 2 π Λμ^{3/2} [ Λ^2 + ( 2π m α )_2]−3/4 K_{3/2} μ [ Λ^2 + ( 2π m α )_2]1/2 (28b)

By ([18], pg.44, 10.2, 17), √ π 2z K_{3/2} = π 2z e^{−z} ( 1 + z^{−1} ) (28c)

By (28a-c) we arrive finally at

~I_{2.2} = 3 8π L^2 μ^3 ∑ ⃗m ∈ Z^2\{⃗0} [ μ^{−2} ( Λ^2 + 4m^2L^2 )_{−1} +

+μ^{−3} ( Λ^2 + 4m^2 L^2 )_{−3/2}] e^{−μ}(^{Λ2+4m2 L2})^{1/2}

+ terms proportonal to Λ^2 (28d)

Finally, again from (25a) and (26a)

~I_{2,3} = 3 8α ∑ m ∈Z\{0} ∞∫ 0 dx cos ( 2π m α x ) ·

· ( x^2 + μ^2 )_{1/2} e^{−Λ}(^{x2+μ2})^{1/2} (29a)

By (27d) and (29a) we obtain ~I^{ind}_{2,3} = − 3μ 16π ∑ m ∈ Z\{0} K_1(2Lμ|m|)|m|^{−1} (29b)

By (23a), (26c), (27a), (27e), (28d) and (29b), we obtain, up to terms 0(Λ), E^{vac}_{Λ,L} = − 3L^2 8π Λ^{−1} μ^2 e^{−Λμ} −

3L^2 4π Λ^{−2} μe^{−Λμ} −

− 3 4π L^2Λ^{−3}e^{−Λμ} − 3L 8π μ^2K_1^′(μΛ) + μ 8 e^{−Λμ}

− Lμ^2 32π^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 |⃗m |^2 [K_0(2μ|⃗m |L)+

+ K_2(2μ|⃗m |L)] − L^3μ 4π^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 8|⃗m |^3L^3 K_1(2μ|⃗m |L) +

+ 3L^2μ^3 8π ∑ ⃗m ∈ Z^2\{⃗0} [ μ^{−2}(4|⃗m |^2L^2)^{−1} +

+μ^{−3}(4|⃗m |^2L^2)^{−3/2} ] e^{−μ(4| ⃗m |2L2)1/2} − − 3μ 16π ∑ m ∈Z\{0} K_1(2Lμ|m|)|m|^{−1} (30)

An important test of the validity of (30) is to perform the limit μ → 0+ on (30). Using K_ν (z) ∼ 1 2 Γ(ν) ( 1 2 z )_{−ν} ν = 1, 2, . . . (31a)

([18], 9.6.9, pg. 375), we obtain for the Λ-finite terms in (30):

E^{finite}_{vac} (μ → 0+) = L^{−1} − 1 64π^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 |⃗m |^4 −

− 1 64π^2 ∑ ⃗m ∈ Z^3\{⃗0} 1 |⃗m |^4 + 3 64π ∑ ⃗m ∈ Z^2\{⃗0} 1 |⃗m |^3 −

− 3 32π ∑ m ∈ Z\{0} |m|^{−2} (32)

which agrees precisely with (77) of [12] which, itself, agrees with great precision with the numerical result of [20], see [12]. The logarithmically divergent term in (30), denoted E^{log}_{vac}(Λ) is, due to ([18], 9.6.8, pg. 375 and 9.6.26, pg. 376)

K_0(z) ∼_{z→0} − lnz (31b)

K_1^′(z) = − 1 2 (K_0(z) + K_2(z)) (31c)

given by E^{log}_{vac} ≡ − 3Lμ^2 16π ln(Λ) (31d)

By the above, it is nonzero, in contrast to B. Kay’s very special example [6]. Note that, by (23a), (26c), and (27d) there is a logarithmic divergence in I_1 which is, as in Kay’s example, exactly cancelled by the sole prescription of renormalization. In the present case we need the surface renormalization counter-terms to cancel (31d), as we shall now see.

We now come back to (20a) and compare it with (23a), finding

E^{vac}_{ren,Λ} = E^{vac}_{Λ,L} + 3 2 L^2 I^{(2)}_{1,Λ} − 3 4 L I^{(1)}_{1,Λ} (33)

Comparing, now, I^{(2)}_{1,Λ} given by (17a) and I^{(1)}_{1,Λ}, given by (17b), with (26b), and the calculations following it, we find (performing the change of variable α⃗x = ⃗x^′ in the second of (26b), and αx = x^′in the third of (26b)):

I^{(2)}_{1,Λ} = 1 2(2π)^2 ( − 16 3 π^2 L^2 ) α (34a)

I^{(1)}_{1,Λ} = 1 2(2π) ( 16 3 π L ) β (34b)

where α ≡ − 3L^2 8π Λ^{−1}μ^2e^{−Λμ} −

3L^2 4π Λ^{−2} μe^{−Λμ} − 3 4π L^2Λ^{−3} e^{−Λμ} (34c) and β ≡ − 3L 8π μ^2 K^′_1(μΛ) (34d)

By (30), (33) and (34), we obtain (21), with

E^{vac}_{ren} ≡ μ 8 − E^{finite}_{vac} (35)

where

E^{finite}_{vac} ≡ − Lμ^2 32π^2 ∑ ⃗m∈Z^3\{⃗0} 1 |⃗m|^2 [K_0(2μ|⃗m|L) + K_2(2μ|⃗m|L)] −

− L^3μ 4π^2 ∑ ⃗m∈Z^3\{⃗0} 1 8|⃗m|^3L^3 K_1(2μ|⃗m|L) +

+ 3L^2μ^3 8π ∑ ⃗m∈Z^2\{⃗0} [μ^{−2}(4|⃗m|^2L^2)^{−1} +

+ μ^{−3}(4|⃗m|^2L^2)^{−3/2}]e^{−μ(4| ⃗m|2L2)1/2} − − 3μ 16π ∑ ⃗m∈Z\{⃗0} K_1(2Lμ|m|)|m|^{−1} (36)

Notice that the 0(Λ) terms in (30), lead to a divergent series (this may be shown by numerical simulations, but there is no rigorous proof), but they may be estimated by a Taylor series remainder term at a finite order, because the function is, under the hypothesis (16b) on C_Λ, infinitely differentiable in Λ. Thus (21) holds with E^{vac}_{ren} given by (35). Regularization independence of E^{vac}_{ren} was proved in ([12], Theorem pg. 319) for parallel plates, and the proof for the internal problem for the cube follows the same lines. For the sphere, regularization independence was proved in [21].

3. Application to the Dark Energy Problem

Fig. 2: a partition of the Universe

In order to apply (35), (36) to the dark-energy problem, we first take K to be the cube of side L = L_0 , where L_0 is given by (10b) (i.e., the present-time length), and the Casimir effect for a massive scalar field on K. Since the cosmic box is a self-influencing region, it is expected that only the inner Casimir effect is relevant. In order to test this, we insert the cosmic box of Fig.1, still at t = t_0 (L_0 = L) into a partition of the Universe as in Fig. 2. It is assumed that average quantities are calculated by summing over R ≫ L cubes of side L , and, by consistency it is expected that the same results for any individual box, e.g., the cube C_0 at the center of Fig. 2, are obtained for any average quantity. For ϵ and ρ_{vac} this has been discussed previously, but for the pressure we need the following argument. Although the pressure on a face such as F_0 of C_0 due to all boxes external to C_0 is positive, leading to a repulsive force [12], it is exactly compensated by the pressure on F_0 considered as a face of the adjourning cube C_1 due to all boxes external to C_1. There remains the inner pressure in each of the cubes, which is negative, yielding an attractive force, and is shown by the arrows in Fig. 2. This is perhaps the most striking feature of dark energy!

The length scale L_d deriving from (2) (using ρ_{vac} ≈ L_d^{−4}) L^{−1}_d ≈ [ 2.7 × 10^{−47} ]_{1/4} GeV ≈ (27)^{1/4} × 10^{−12}GeV (37)

is such that μL ≫ 1 for Baryons (μ ≈ 1 Gev) and even for neutrinos of a few eV (μL ≈ 10^6). By the exponential decay of K_ν [18] and (36), the corresponding Casimir pressure would be negligible. Consider, however, cold dark matter with energy density ϵ given by (10g),and assume that it consists (for simplicity entirely) of (low energy) hypothetical axions with μ_a ≈ 10^{−5+1}eV = 10^{−14+1}GeV (38) [32]. Assuming (10f) and (10g and (38, it follows that

μ_aL_0 ≈ 5 × (10^{−2} − 10^{−3}) , (39) which is also consistent with (10c). again due to the exponential decay of the K_ν , we may replace in (36) the corresponding pressure, calculated by the thermodynamic formula, by its limit as μ → 0, which equals [12] p = − 0.0157 3 10^{−47} (40)

which is only off (1), (2) by two orders of magnitude! It should be remarked that a possible connection between dark energy and axions has been conjectured along entirely different lines by S. Barr and D. Seckel [23]. See also [35]. We have thus shown that C_0 (as well as any cube with side given by a multiple of L_0 but still satisfying (10c)) is a perfect cosmic box, i.e., it satisfies requirements 1–3.

All is not so well, however because the energy density associated to (40) is just [12]

ρ_{vac} = −0.0157 L^{−4}_0 (41)

which is negative, not positive. This nonpositivity is in agreement with the theorem of Epstein, Glaser and Jaffe [25] according to which : H(⃗x) : , cannot be a positive operator – valued distribution, which applies rigorously to Kay’s example [6] where complete cancellation occurs and (7b) results. In the present case it should be recalled that we are using surface counterterms, which ammount to excluding several negative terms in (30). The energy density may, thus, be positive. In fact, although the limit μ → 0 may be performed in the terms of (36) involving the K_ν and the exponentials, there remains the term (μ 8 ) in (35) which is positive and does not contribute to the pressure. Imposing condition (1) we obtain − 0 · 0157

3L_0 = 0 · 0157 3L_0 − μ 8 (42) whence μ 8 = 2 3 · 0 · 0157 1 L_0 ⇒ μ = 16 3 · 0 · 0157 1 L_0

≈ 5 × 10^{−2} L^{−1}_0 (43) which is compatible with (39).The reader is asked to notice that baryons and neutrinos (with masses of a few eV) would yield a positive ρ_{vac} by (35), but do not fulfill the very delicate balance required by (42) - which requires (43)! This is the assertion of the abstract. Note that, although the particles have low energy, we are in the extreme quantum regime in which the vacuum fluctuation of the field and the mean particle energy are of the same order of magnitude (compare with (2.91) and (2.92) of the discussion in [49]) Even if the masses of the hypothetical axions vary somewhat around the interval (38), it does not seem therefore unreasonable to expect that

p_X = w_X ρ_X (44a)

with some negative w_X ; let us assume that w_X < − 1 2 (44b)

which is a necessary condition for accelerated expansion [26].

For negative ρ, the term (ρ + 3p) would be positive under assumption (1), leading to deceleration, as follows from Friedmann’s equations (see, e.g. [3]).

Up to now, we did not make use of (10a), just (10b). Applying now the first and second laws of thermodynamics to the cosmic box of Fig. 1, and taking into account that the motion is adiabatic (see [27]), p. 137–138, for a careful proof in the case of an ordinary perfect fluid), we obtain, with V = L^3 ≈ R^3 by (10a), and (44a),

V dρ_X + (w_X + 1) ρ_X dV = 0 (45a)

from which ρ_X ∼ R^{−3(1+wx)} (45b) and thus ρ_X /ρ_M ∼ R^{−3wX} −→_{t→+∞} ∞ under assumption (44b), where ρ_M ∼ R^{−3} is the matter density. Thus, dark energy will become dominant in the future and, in the words of Michael Turner [1] “holds the key to understanding our destiny”.

We refer to [46] for interesting recent related work.

4. Conclusions and Open Problems

In this paper, we have shown that the Casimir effect in a local formulation does explain several features of dark energy when applied to particles of very small mass, such as axions. It seems remarkable that a conjectured range of mass for the axions, which are thought to be constituents of “cold dark matter”, a sea of slowly moving elementary particles left over from the earliest moments, leads to such good values for dark energy!

This should be compared with the usual quantum field theory calculations which are off by a factor of 10^{55} (called by M. Turner “the greatest embarassment of theoretical physics” [1]), or by certain string theories with stable vacua (and sometimes unbroken supersymmetry) which yield a negative cosmological constant [42]! For an authoritative review of the subject from the point of view of string theory, see [43].

On the theoretical side, we have provided a rigorous mathematical theory of the inner Casimir effect for the cube, using Symanzik’s surface renormalization counterterms. These counterterms are neatly exhibited by the method of the Poisson summation formula ([10], [12]), and, by (17a), (17b), (18c) and (18d), are seen to be equivalent to the Hadamard prescription of the “partie finie”[44]. For parallel plates and a massless scalar field, it may be shown [45] that the limit Λ → 0 may be directly performed on the density, which then, upon Hadamard regularization and subsequent integration over the region between the plates, yields the usual expression for the energy per unit area. The same is expected for the massive case and parallel plates, and for the cube. Thus, the “partie infinie” remaining after the renormalization condition (11c) is applied is independent of the ultraviolet cutoff, just reflecting the sharpness of the surface. Since it has been shown in [33] for several examples that Hadamard regularization is equivalent to physically “soft” boundaries [32], we have achieved our aim of constructing an analytic effective theory of a “soft” surface.

Our assumption of local flatness, in common with [6], implies that curvature effects should be a small correction to the picture presented here if the box dimension is chosen sufficiently small, which was actually done in section 3. However, curvature did play a major role in the pre-inflationary era (see [36], § 5.11). Since inflation was partly designed to ensure (global) flatness, the evolution (47b) is restricted to the post-inflationary era (assuming flatness will continue to prevail). The future complete formalism should, therefore, embody curvature effects. This is an important open problem involving the Seeley coefficients of the operator √ −Δ + μ^2, where Δ is the Laplace-Beltrami operator [28], to which we plan to return elsewhere.

Our treatment seems to be one of the first to emphasize the role of the mass of the particles in the Casimir effect in connection with the positivity of the density, a basic requirement of a perfect classical fluid in general relativity.

Finally, Hadamard regularization should lead to a two-point function of the Hadamard form [37], [38], [39] which is equivalent to the “microlocal spectrum condition”, which replaces the spectral condition for quantum fields propagating on a curved space-time [39]. This topic certainly merits further study, because it may explain the “unreasonable effectiveness of mathematics in the natural sciences” quoted by Elizalde from Wigner in [33] when referring to the above-mentioned “miraculous” properties of the (additional) Hadamard regularization.

Acknowledgements — I am grateful to B. Schroer for acquainting me with ref. [5], as well as for illuminating discussions.

FOOTNOTES

1 It is clear that “irregularities”, e.g. horizons, are not amenable to this treatment. 2 Other b.c. are explicitly known to yield the same result ([12], [20]). For Neumann b.c. the surface renormalization counterterms have to be replaced, in (15c), by corresponding ones involving normal derivatives of the delta function. However, no general theorem can be invoked (as in statistical mechanics) to justify inependence of the result on the b.c., because we are not in a situation where the thermodynamic linit is applicable.

3 The calculation for fermions differs only in kinematic factors of order one from the one for a scalar field considered here, see [28].

4 The field representation is constructed on symmetric Fock space F_s(H) over the (one-particle) Hilbert space H given by H = { f = l.i.m. ∑ ⃗n C_{⃗n} u_{⃗n}(⃗x ) ; ∑ ⃗n |C_{⃗n} |^2 < ∞ }

where u_{⃗n}(⃗x ) and ⃗n are given by (14e), and the l.i.m. is in the sense of the topology of L^2(K). Clearly, the canonical commutation relations (CCR) are violated by this field; in particular, the commutator of the field at two different space-time points x, x^′ is zero not only if their separation is space-like, (x_0 − x_0^′)^2 − (⃗x − ⃗x^′)^2 < 0, but also whenever x and the mirror image of x^′ across any of the faces of the cube (or x^′ and the mirror image of x; multiple reflections being allowed) are space-like [47]. This is only true for Dirichlet b.c. For a general discussion of boundary conditions on quantum fields in locally covariant quantum field theory see [48].

5 In the equation const.

L^4_0

= given energy density, L_0 increases if the const. increases.

Since we seek a lower bound for L_0, the present “minimal” choice is appropriate, in particular because the particles have low energy.

REFERENCES

[1] Michael S. Turner — Séminaire Poincaré 1, 93–100 (2002). [2] S. Weinberg — Rev. Mod. Phys. 61. 1 (1989). [3] N. Straumann — Séminaire Poincaré 1, 3–39 (2002). [4] A. Riess et al, Astron. J. 116, 1009 (1998).

[5] S. Hollands and R.M. Wald — Gen. Rel. Grav. 36, 2595 (2004). [6] B.S. Kay — Phys. Rev. D20, 3052 (1979). [7] E. Harrison — Nature 204, 271 (1964).

[8] E. Harrison — Mon. Not. Roy. Astr. Soc. 131, 1 (1965). [9] E.R. Harrison — Cosmology – Cambridge University Press 1981. [10] G. Scharf and W.F. Wreszinski — Found. Phys. Lett. 5, 479 (1992). [11] L.A. Manzoni and W.F. Wreszinski — Phys. Lett. A292, 156 (2001). [12] L.A. Manzoni and W.F. Wreszinski — Eur. Phys. J. C25, 315 (2002). [13] R. Haag — Local Quantum Physics — Second Edition – Springer 1996. [14] C.R. Hagen — Eur. J. Phys. C19, 677 (2001).

[15] S.K. Lamoreaux — Am. J. Phys. 67, 850 (1999); K. Kirsten — Spectral Functions in Mathematics and in Physics (London: Chapman and Hall, 2001); V.M. Mostepanenko and N.N. Trunov— The Casimir Effect and its Applications — Oxford, Clarendon Press 1997.

[16] W. Rudin — Real and Complex Analysis - McGraw Hill 1966. [17] A. Erdélyi (ed.) — Tables of Integral Transform - Baterman Manuscript (1951). [18] M. Abramowitz and I. Stegun — Handbook of Mathematical Functions - Dover Publ. Inc. 1970.

[19] A.F. Prudnikov, Yu. A. Brychkov and O.I. Marichev — Integrals and Seriesvol.2 – Gordon and Breach 1986.

[20] J. Ambjorn and S. Wolfram — Ann. Phys. 147, 1 (1982). [21] M. Bordag, K. Kirsten, D. Vassilevich —Phys. Rev. D59, 085011 (1999). [22] M.S. Turner — Physica Scripta T85, 210 (2000). [23] S.M. Barr and D. Seckel — Phys. Rev. D64, 123513-1 (2001). [24] see, e.g., M. Ludvigsen — General Relativity A Geometric Approach - Cambridge University Press 1999.

[25] H. Epstein, V. Glaser and A. Jaffe – Nuovo Cim. 36, 1016 (1965). [26] M.S. Turner and M. White — Phys. Rev. 56, R4439 (1997).

[27] see R. Sexl and H. Urbantke — Gravitation und Kosmologie - B.I. Wissenschafts Verlag, 1975.

[28] K. Dietz — Physica Scripta T21, 65 (1988); Millack — Seeley-Koeffizienten und Determinanten von Schrödinger Operatoren – Diplomarbeit Bonn, Dezember 1984, unpublished.

[29] M. Reed and B. Simon — Methods of Modern Mathematical Physics, Vol. 2 – Academic Press, N.Y. 1975.

[30] I.M. Guelfand and G.E. Chilov — Les Distributions – Tome 1 – Dunod, Paris, 1962.

[31] D. Deutsch and P. Candelas — Phys. Rev. D20, 3063 (1979). [32] R.L. Jaffe – Unnatural Acts: Unphysical Consequences of Imposing Boundary Conditions on Quantum Fields – Preprint hep-th/0307014 (2003).

[33] E. Elizalde – J. Phys. A36, L567 (2003). [34] K. Symanzik – Nucl.Phys. B190 [FS3] 1 (1981). [35] F.W. Stecker and Q. Shafi – Phys. Rev. Lett. 50, 928 (1983). [36] J. Barmen - Bangs, Crunches, Whimpers and Shrieks – Oxford University Press, 1995.

[37] B.S. Kay and R.M. Wald – Phys. Rep. 207, 49 (1991).

[38] M.J. Radzikowski – The Hadamard Condition and Kay’s conjecture in (axiomatic) quantum field theory on curved space-time, Ph. D thesis, Princeton University, October 1992.

[39] R. Brunetti, K. Fredenhagen and M. Köhler – Comm. Math. Phys. 180, 633 (1996).

[40] H. Kühn – Thermische Observablen gekoppelter Felder in Casimir Effect – Diplomarbeit Hamburg, 6–1–2005 (unpublished).

[41] O. Bratelli and D.W. Robinson – Operator Algebras and Quantum Statistical Mechanics, vol.II – Springer (New York, Berlin, Heidelberg 1981).

[42] J. Maldacena – Adv. Theor. Math Phys. 2, 231 (1998).

[43] E. Witten – The Cosmological Constant from the Viewpoint of String Theory - arXiv: hep-ph/0002297 v2 (1-3-2000).

[44] L. Schwartz – Théorie des Distributions – Hermann, Paris 1966. [45] N. Kawakami, M.C. Nemes and W.F. Wreszinski – The Casimir Effect for Parallel Plates Revisited – math-ph/0611025.

[46] W. Godlowski, M. Szydlowski – Towards Observational Constraints on Negative (1 + z)^4 type Contribution in the Friedman Equation – astro-ph/0606731.

[47] P.W. Milonni – Phys. Rev. A25, 1315 (1982).

[48] Christian Sommer – Algebraische Charakterisierung von Randbedingungen in der Quantenfeldtheorie, Diplomarbeit, Universitaet Hamburg, 10/01/2006.

[49] J.J. Sakurai – Advanced Quantum mechanics – Addison Wesley 1957.