arXiv:quant-ph/0701095v5 23 Feb 2007

Breaking of Energy Conservation in Quantum Field on Subwavelength Scale

S.V. Kukhlevsky Department of Physics, University of Pécs, Ifjúság u. 6, H-7624 Pécs, Hungary

Recently, we have predicted that the creation and destruction of energy in a wave field by classical or quantum interference break the energy conservation law in any subwavelength system. Here, we present a quantum reformulation of our model. The Hamiltonian describing the non-conservation of energy in a quantum electromagnetic field on subwavelength scale is derived.

PACS numbers: 03.70.+k, 03.75.-b, 03.50.-z

It is generally accepted that energy can be converted from one form to another, but it cannot be created or destroyed. According to the energy conservation law, which is the most important of conservation laws in physics, the total amount of energy in an isolated system remains constant. The conservation law affects consideration of all physical phenomena without exceptions, for an example, the energy variation in classical and quantum electromagnetic fields [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Recently, the creation and destruction of energy in a wave field on subwavelength scale, by classical or quantum interference, have been predicted [11]. Here, we present a quantum reformulation of our model. The Hamiltonian describing the non-conservation of energy in a quantum electromagnetic field on subwavelength scale is derived.

With the objective of quantizing the electromagnetic (EM) field, it is convenient to begin with the consideration of the Hamiltonian of the classical field based on Maxwell’s equations [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Let us first consider a single-mode EM field in free space, which is a superposition of N time-harmonic plane waves having different phases. The vector potential of the nth linearly polarized wave is assumed to be A_n(r, t) = a_ke^{ikr+iφn} + a^∗_ke^{−ikr−iφn} , where k ≡ (k_x, k_y, k_z) is the wave vector and φ_n is the wave phase. The vector potential A(r, t) = ∑_N n=1 A_n(r, t) determines the electric E(r, t) = −^1_c Ȧ and magnetic H(r, t) = ∇ × A components of the field. One can easily find the Hamiltonian H of the field by calculating the field energy E =^1_{8π} ∫ (E^2 + H^2)dV : H = 1 2 N∑ n=1 N∑ m=1 (P_nP_m + ω^2Q_nQ_m) = (1)

= N∑ n=1 H_{nn} + N∑ n≠m N∑ m≠n H_{nm}, (2) where

Q_n = ( V 4πc^2 )_{1/2} (a_ke^{ikr+iφn} + a^∗_ke^{−ikr−iφn} ) (3) and P_n = −iω ( V 4πc^2 )_{1/2} (a_ke^{ikr+iφn} − a^∗_ke^{−ikr−iφn} ) (4) are the canonical variables, and V is the volume. To calculate the Hamiltonian of spherical waves, in the potential A_n(r, t), the term e^{±ikr±iφn} should be replaced by r^{−1}e^{±ikr±iφn} . The first term in the expression (2) is the traditional Hamiltonian of a classical single-mode EM field [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. The Hamiltonian does not take into account the interference (correlation) between the waves. The total energy of an ensemble of the non-correlated (non-coherent) waves, which are described by this Hamiltonian, is always conserved: ⟨H⟩ = ∑_N n=1 ⟨H⟩_{nn} = NE_1. The positive or negative cross-correlation energy (second term) is responsible for the energy non-conservation associated with the phase correlation between the waves. The energy can be created or completely destroyed in an ensemble of coherent waves (0 ≤ ⟨H⟩ ≤ N^2E_1) by modification of the wave phases φ_n. At appropriate conditions, the phase modification may require an amount of energy that is negligible compared to the energy of waves. In such a case, the interference (”mixing”) of waves completely destroys the energy if the waves interfere destructively in all points of a physical system. The interference creates the energy if waves interfere only constructively.

The usual form of the Hamiltonian for the quantum field Â is

Ĥ = 1 8π ∫ (Ê^2 + Ĥ^2)dV. (5)

The quantum form of the Hamiltonian (1) can be found by using the standard procedure [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] based on the replacement of the canonical variables (3) and (4) by the operators Q̂_n and P̂_n:

Ĥ = h̄ω 2 N∑ n=1 N∑ m=1 (â^†_ke^{−iφm}â_ke^{iφn} + â_ke^{iφm}â^†_ke^{−iφn} ), (6)

where â^†_k and â_k are Dirac creation and destruction operators, respectively. Here, we used the non-conventional commutation relations to take into account the interference correlation between the waves: [â_{kn}, â^†_{km}]=1 and [â_{kn}, â_{km}]=[â^†_{kn}, â^†_{km}]=0.

The Hamiltonian can be written also in the more convenient form:

Ĥ =^N ∑ n=1 Ĥ_{nn} +^N ∑ n≠m N∑ m≠n Ĥ_{nm}, (7)

where Ĥ_{nn} = h̄ω ( N̂_k + 1 2 ) (8) and Ĥ_{nm} = h̄ω 2 [N̂_ke^{−iφm+iφn} + +(N̂_k + 1)e^{iφm−iφn} ]. (9)

Here, N̂_k = â^†_kâ_k is the photon number operator. Notice that the vacuum-energy part in Eq. (9) is a real value under the commutation relations: [â_{kn}, â^†_{km}] = ±e^{−iφm+iφn} and [â_{kn}, â_{km}]=[â^†_{kn}, â^†_{km}]=0.

The quantum electric and magnetic fields are determined by the quantized vector potential that has the form:

Â_n = â_kA_k + â^†_kA_k^∗_k, (10)

where

A_k = ( 2πc^2 h̄ωV )_{1/2} e^{ih̄kr+iφn} . (11) The first term in Eq. 7 is the traditional Hamiltonian of a quantum single-mode EM field [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. The Hamiltonian does not take into account the quantum interference between the different waves. The total energy of an ensemble of the N waves describing by the traditional Hamiltonian is ⟨E⟩ = Nh̄ω(⟨N_k⟩+^1_2 ). The field corresponding to this Hamiltonian is usually considered as a linear superposition of N⟨N_k⟩ particles, Einstein’s photons having the energy h̄ω and momentum h̄k. The wave function of the field is a linear superposition of Fock’s (number) noncorrelated states |n⟩. According to our model, however, the field should be considered as a linear superposition of N correlated (entangled) states each of which has the energy ⟨N_k⟩h̄ω and momentum ⟨N_k⟩h̄k. In such a representation, the each state of N correlated waves contains ⟨N_k⟩ entangled photon states |n⟩. The two representations are equivalent in the field model describing by the traditional Hamiltonian. In the frame of such a model, the energy ⟨E⟩ = Nh̄ω(⟨N_k⟩ +^1_2 ) and the total number N⟨N_k⟩ of photons are conserved under interfering (”mixing”) the quantum states. There are always nonzero fluctuations of energy about its zero ensemble average even for a vacuum state, ⟨E⟩ = Nh̄ω/2.

The situation is completely different in the case of the field describing by the full Hamiltonian (7). The second term in the expression (7), which is responsible for the energy non-conservation associated with the phase correlations between the waves, provides the positive or negative cross-correlation energy. The energy can be created or completely destroyed by interfering ( ”mixing”) the N quantum waves, 0 ≤ ⟨E⟩ ≤ N^2h̄ω(⟨N_k⟩ +^1_2 ). The respective number of photons varies from zero to N^2⟨N_k⟩. At the appropriate phase conditions the zero fluctuations in the field energy can be obtained in both the vacuum and non-vacuum states. According to the Hamiltonian (7), the total energy of an ensemble of N non-correlated waves containing ⟨N_k⟩ non-correlated photons is always conserved, ⟨E⟩ = Nh̄ω(⟨N_k⟩ +^1_2 ). The total number of non-correlated photons N⟨N_k⟩ is constant.

So far we have considered a superposition of the single-mode waves. To find the energy of a multimode classical or quantum field one should use the above model for the multimode vector potential having the form A(r, t) = ∑ k A_k(r, t), where A_k(r, t) = ∑_{Nk} n=1 a_ke^{ikr+iφnk} + a^∗_ke^{−ikr−iφnk} . The summation is performed over a set of values of the wave vector k; the values are determined by the boundary conditions. For the sake of simplicity, we present the quantum Hamiltonian (5) for the two-mode (k_1 ≠ k_2) field A(r, t) = A_{k1} (r, t) + A_{k2} (r, t):

Ĥ = h̄ω_1 ( N̂_{k1} + 1 2 ) + h̄ω_2 ( N̂_{k2} + 1 2 ) +(12) + h̄(ω_1ω_2)^{1/2} 2 ( â^†_{k1}â_{k2} V ∫ e^{−ik1r−iφ1} e^{ik2r+iφ2} dV ) +(13)

+ h̄(ω_1ω_2)^{1/2} 2 ( â_{k1}â^†_{k2} V ∫ e^{ik1r+iφ1} e^{−ik2r−iφ2} dV ) +(14)

+ h̄(ω_1ω_2)^{1/2} 2 ( â^†_{k2}â_{k1} V ∫ e^{−ik2r−iφ2} e^{ik1r+iφ1} dV ) +(15)

+ h̄(ω_1ω_2)^{1/2} 2 ( â_{k2}â^†_{k1} V ∫ e^{ik2 r+iφ2} e^{−ik1r−iφ1} dV ) .(16)

Here, we used the non-conventional commutation relations to take into account the interference correlation between the modes: [â_{k1} , â^†_{k2} ]=1 and [â_{k1} , â_{k2} ]=[â^†_{k1} , â^†_{k2} ]=0. The Hamiltonian describes the non-conservation of energy and momentum in a quantum electromagnetic field. The term (12) is the traditional Hamiltonian of a quantum multimode EM field [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. The term is responsible for the interference of the modes with themselves. The terms (13-16) describe the mode-mode correlation interference phenomenon. A simple analysis shows that the terms are responsible for the positive and negative correlation energies and for the negative [4] and positive probabilities in the quantum field. Notice that [â_k, â^†_k] ≈ 0 for the big values of ⟨N_k⟩. In such a case, the energy calculated by the quantum Hamiltonians (6, 12-16) has the classical value (1). We have presented the formulas for the coherent classical and quantum waves. The equations (1-16) can be easily rewrited for the particular cases of non-coherent or partially coherent classical or quantum waves. Notice that according to the Hamiltonian (6, 12-16) the zero fluctuations in the field energy are obtained in the vacuum state of non-coherent waves.

Let us now demonstrate that the creation and destruction of energy in EM field do associate with several basic physical phenomena. We start with consideration of classical EM fields. Analysis of Eqs. (1-4) shows that the experimental realization of the phase conditions required for the creation or destruction of energy is practically impossible in conventional physical systems (see also the study [12] and references therein). In the study [11], however, we have showed that the waves generated by the point-like sources separated by the distance Λ < λ (for example, subwavelength gratings) satisfy the phase conditions in the far-field diffraction zone. The creation and destruction of energy on the subwavelength scale are associated with the recently discovered extraordinary transmission of light through subwavelength apertures in metal screens [17]. Indeed, in such experiments the wave vectors of light waves produced by the subwavelength apertures are practically the same, k_n ≈ k. The cross correlation term in Eq. (1) creates or destroys the field energy. Another example is the creation or destruction of energy in a classical light pulse (wavepacket) propagating in a dispersive medium in the same direction (k_n/k_n = k/k). The wave phases of the different Fourier k-components of the wavepacket change under the propagation. According to Eqs. (1-4) the phase modification leads to variation of the pulse energy. The energy can be created or destroyed if the amount of energy spent on the phase modification is smaller than the energy of the Fourier components. The phenomenon is relevant to the recent investigations of the momentum of light in a material medium [16] and the energy of ultra-short light pulses scattered by subwavelength apertures [18]. Taking into account the cross correlation energy can be important for understanding the energy conservation in other wave processes (for example, see the studies [12, 13, 14, 15] and references therein). Notice that the cross correlation energy term vanishes if the light waves have the spatial dependence appropriate for a cavity resonator. The resonator modes are orthogonal to each other.

We now demonstrate that the creation and destruction of energy in quantum EM field do associate with several basic quantum phenomena. Let us consider the energy of two photons. It is generally accepted that the energy of two photons is always constant. A simple analysis of the Hamiltonian (12-16) shows that the energy of two coherent photons (correlated photons or a biphoton) with h̄ω_1 = h̄ω_2 = h̄ω depends on the wave vectors and phases, 0 ≤ ⟨E⟩ ≤ 4h̄ω. The energy of two non-correlated photons only is preserved, ⟨E⟩ = 2h̄ω. The fact that energy (wavelength λ = 2πh̄c/⟨E⟩) of a biphoton depends on the experimental configuration of the biphoton generation, in our model on the wave vectors and phases of the correlated photons, is well known. In Ref. [11], we have predicted the breaking of energy conservation law in any subwavelength physical system by taking into account the interference properties of Young’s double-source subwavelength system. It is important to consider the quantum interference properties using the Hamiltonian (12- 16). In conventional Young’s setup, the two plane waves generated by the two pinholes separated by the distance Λ >> λ have different wave vectors, k_1 ≠ k_2 [11]. According to the expressions (13-16), the cross correlation term vanishes. Respectively, the energy of photons is conserved. In the case of Young’s subwavelength system: Λ << λ and k_1 = k_2. Thus, the interference completely destroys the energy at the phase condition φ_1 − φ_2 = π. The system creates energy in the case of φ_1 − φ_2 = 0. It is interesting that according to the Hamiltonian (12- 16) the interference of a single photon with itselve does not create or destroy energy. In such a case, one of the plane waves characterized by the wave vector k_1 or k_2 does not contain the photon. In the case of diffraction of two coherent (correlated) photons, the biphoton energy (0 ≤ ⟨E⟩ ≤ 4h̄ω) depends on the wave phases φ_1 and φ_2. Finally, a simple analysis of the Hamiltonian (12- 16) shows that a quantum entangled state of photons is preserved on passage through an aperture array. The propagation of a correlated (entangled) state through an optically thick lens, however, destroys the correlation by the well-known modification of the wave vectors k and phases φ_k. Such a behavior is in agreement with the recent experiment [20].

We now present examples of the creation and destruction of energy in other basic quantum systems. Let us consider a Dicke superradiance quantum model [19] of emission of a subwavelength ensemble of atoms. In the model, the wave vectors of the light waves produced by the atoms in the far-field zone are practically the same, k_n ≈ k. According to Ref. [19] and the Hamiltonian (12-16) the energy scales like ⟨E⟩ = N^2h̄ω, where N is the number of the correlated atoms (photons). In addition, our model predicts the destruction of energy in the Dicke ensemble of atoms at the condition φ_1 − φ_2 = π for the atom (photon) pairs. In the present paper, we investigated the photon fields. Nevertheless, one can easily demonstrate the creation and destruction of energy in an ensemble of material particles. Let us consider the Bose- Einstein condensation in a Bose gas using the well-known equivalence between a Bose gas of N particles and a set of N quantized harmonic oscillators [10]. The Bose-Einstein condensation of the non-correlated particles leads to the phase correlation between them. According to the aforementioned equivalence and the Hamiltonian (12-16), the condensation leads to the phase transition from the noncorrelated state having the energy ⟨E⟩ = N⟨E⟩_1 to the correlated state with the energy ⟨E⟩ = N^2⟨E⟩_1. The phase transition is accompanied with the increase of the system energy leading to a sudden explosion of the system like that in the so-called ”bosenova” process. At the phase condition φ_1 − φ_2 = π for the boson pairs the original atoms in the condensate have to be vanished [21]. At the same phase conditions our model predicts the gas superfluidity associated with the condensation [22, 23], ⟨E⟩ = 0. For a Fermi electron gas, the phase transition can lead to the superconductivity of the gas. Indeed, the non-correlated electron state having the energy ⟨E⟩ = ⟨E⟩_{F ermi} can transit to the correlated state with the energy ⟨E⟩ = 0 at the appropriate phase conditions. The Fermion field analog of the Hamiltonian (12- 16), which will be presented in our next paper, shows that the electrons in the Cooper pairs should satisfy the phase condition φ_1 − φ_2 = π.

In conclusion, we presented a quantum model of the creation and destruction of energy in an electromagnetic field. The Hamiltonian describing the non-conservation of energy was derived. We have showed that the energy non-conservation is associated with many basic physical phenomena, such as the extraordinary transmission of light through subwavelength apertures, scattering of entangled photons in Young’s two-slit experiment, Dicke’s quantum superradiance, Bose-Einstein condensation, bosenova effect, zero energy of Cooper’s electron pairs, and Feynman’s negative probabilities in quantum fields.

This study was supported in part by the Hungarian Scientific Research Foundation (OTKA, Contract No T046811).

[1] P.A. Dirac, Proc. Roy. Soc. 114, 243 (1927).

[2] E. Fermi, Re. Mod. Phys. 4, 87 (1932).

[3] L.D. Landau and E.M. Lifshitz, Classical Theory of Fields (Moscow, Nauka, 1972).

[4] R. Feynman, Comments on negative probabilities, in Negative Probabilities in Quantum Mechanics, Ed. B. Hiley and F. Peat (Routledge, London, 1978).

[5] V.B. Beresteckii, E.M. Lifshits, and L.P. Pitaevskii, Quantum Electrodynamics (Moscow, Nauka, 1980).

[6] R. Loudon, The Quantum Theory of Light (Oxford University Press, New York, 1983).

[7] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Atom-Photon Interection (Wiley, New York, 1992).

[8] S. Weinberg, Theory of Quantum Fields (Cambridge, London, 1995).

[9] E.R. Pike and S. Sarkar, Quantum Theory of Radiation (Cambridge, London, 1995).

[10] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge University Press, New York, 1997).

[11] S.V. Kukhlevsky, arxive/physics/0602190, arxive/physics/0606055, and arxive/physics/0610008.

[12] E. Notte-Cuello and W. A. Rodrigues, arxive/mathph/0612036v4.

[13] N. Gauthler, Am. J. Phys. 71, 787 (2003). [14] R. Gordon, J. Opt. A: Pure Appl. Opt. 8 L1 (2006). [15] R.W. Schoonover and T.D. Visser, Opt. Commun. 271 323 (2007).

[16] U. Leonhardt, Nature (London) 444, 823 (2006). [17] T.W. Ebbesen et al., Nature (London) 391, 667 (1998). [18] S.V. Kukhlevsky et al., Phys. Rev. B 70, 195428 (2004). [19] R.H. Dicke, Phys. Rev. Lett. 93, 439 (1954). [20] E. Altewischer, et al., Nature (London) 418, 304 (2002). [21] E.A. Donleye, et al., Nature (London) 412, 295 (2001). [22] M.H. Anderson, et al., Science 269, 198 (1995). [23] K.B. Davis, et al., Phys. Rev. Lett. 75, 3969 (1995).