arXiv:quant-ph/9608014 v5 24 Aug 2001

Born–Infeld theory of electroweak and gravitational fields

Dmitriy Palatnik^∗

Abstract

Suggested a generalization of Born–Infeld action [1] (1932) on case of electroweak and gravitational fields. One deals with Dirac matrices and connections, given in representation of spinors Ψ and scalars Φ. The action contains a characteristic length, ℓ ≈ 10^{−32} cm, as a parameter and possesses a symmetry with respect to transformations of Lorentz group imposed on pairs of Dirac matrices, γ_a, and dimensionless operators, π_a = −iℓ∇_a, where ∇_a is a covariant derivative.

∗Address: S.E.L., Northwestern University Library, Evanston, IL 60208-3530, USA; e-mail:

palatnik@ripco.com

I. INTRODUCTION

As it is put in [3], ‘The present educated view of the standard model, and of general relativity, is ... that these are the leading terms in effective field theories.’ Nonlinear modifications of gravitational and electromagnetic theories were studied with different corrections, e.g., Born–Infeld (BI) electromagnetic action coupled to Einstein–Hilbert action [4–7]; nonlinear in curvature tensor gravitational actions of BI type [8,10]. This paper suggests a generalization of BI theory, initially formulated for electromagnetic fields [1] (1932), on case of electroweak and gravitational fields.

Introduce the following operators. (α) Dirac operators, γ_a, submitted to relations

γ_{(a} γ_{b)} = g_{ab}^1 , (1.1)

where g_{ab} is a covariant tensor of the second rank; (β) dimensionless operators,

π_a = −iℓ∇_a , (1.2)

where ∇_a is a covariant derivative. Action of (1.2) on spinors, scalars, or Dirac matrices is specified in following text. For spinors, for example, one obtains, π_aΨ = −iℓ (∂_aΨ − Γ_aΨ); (γ) dimensionless curvature tensor:

ρ_{ab} = 2π_{[a}π_{b]} = 2ℓ^2 ( ∂_{[a}Γ_{b]} − Γ_{[a}Γ_{b]} ) . (1.3)

One assumes, that connections, Γ^c_{ab}, associated with the covariant derivative are symmetric in lower indices.

II. GRAVITATION AND ELECTROMAGNETISM

Consider a model consisting of electromagnetic and gravitational fields. One may take for connections, Γ_a, the following decomposition:

Γ_a = Γ_a + i e ch̄ A_a^1_4 . (2.1)

Here Γ_a are connections (4 × 4 matrices) pertaining to gravitational fields only, and A_a are electromagnetic potentials. Notation ^1_N is reserved for the unit matrix N × N. From (1.3), (2.1) follows expression for the curvature tensor operator:

ρ_{ab} = ρ_{ab} + iℓ^2 e ch̄ F_{ab}^1_4 , (2.2)

where ρ_{ab} is constructed via Γ_a similarly to (1.3), and F_{ab} is the tensor of electromagnetic fields. In order to construct BI action, consider following steps. (i) Define a tensorial operator,

ϕ_{ab} = γ_{[a}γ_{b]} − π_{[a}π_{b]} ; (2.3)

(ii) define a scalar density,^∗ ϕ = 1 4! N e^{abcd} e^{efgh} T r {ϕ_{ae} ϕ_{bf} ϕ_{cg} ϕ_{dh}} . (2.4) Here e^{abcd} is the absolute antisymmetric symbol, e^{0123} = 1. (iii) Define action, S = K ∫ dΩ √ −ϕ . (2.5)

Expanding (2.5) in parameter ℓ and using formula,

e^{abcd} e^{efgh} γ_{[a}γ_{e]} γ_{[b}γ_{f ]} γ_{[c}γ_{g]} = 10 g γ^{[h}γ^{d]} , (2.6)

following from (1.1),^† one obtains for the action’s expansion, S = √ 5K ∫ dΩ √ −g { 1 + ℓ^2 24 R + ℓ^4e^2 80c^2h̄^2 F_{ab}F^{ab} + O ( ℓ^4 )} . (2.7)

Here R denotes expression, R = 1 2ℓ^2 T r { γ^aγ^b ρ_{ab} } . (2.8)

In one of following sections it’ll be shown, that expression (2.8) is equivalent (neglecting terms of order ℓ^2) to the scalar curvature (equal to the Ricci tensor contracted with g^{ab}).

Thus, one obtains necessary action terms for both types of fields, plus the ‘Λ–term’ (i.e., the first term in the right side of (2.7)). If one takes care of the ‘Λ–term’, then the goal is achieved: a simple and elegant action (2.5) transforms into classical one in the limit ℓ → 0. Comparing (2.7) with standard expressions, one may find both constants: K = − 9 20 √ 5π e^2c^5 k^2h̄^2

; (2.9) ℓ = √ 10 3 √ kh̄ ec = √ 10 3α ℓ_∗ . (2.10)

Here α is the fine structure constant for electron, and ℓ_∗ is the Planck’s length. From (2.10) follows, ℓ ≈ 10^{−32} cm.

III. SYMMETRY UNDER LORENTZ GROUP

One can easily show that action (2.5) is form-invariant with respect to substitutions

∗ This definition is given in general case of matrices N × N.

† Here γ^a = g^{ab} γ_b.

γ_a → cosh θ γ_a + sinh θ π_a , (3.1) π_a → sinh θ γ_a + cosh θ π_a . (3.2)

One should remark, that in general action is constructed from invariants of symmetry group. Higher the symmetry—the more restricted class of invariants enters the action. Ultimately, incorporating the complete symmetry group (not known yet), one would, probably, obtain unique lagrangian. This idea represents a motive for developing BI theory. One may set the following problems: (α) to find compensation for the ‘Λ–term’; (β) to incorporate spinorial fields. One assumes, that both corrections should possess symmetry with respect to (3.1), (3.2). Also, it seems natural to incorporate electroweak interactions instead of electromagnetic ones.

IV. REVIEW OF THE MODEL

Consider a system including electron, neutrino, electroweak and gravitational fields, together with some scalar fields. For spinorial basis take 16-plet (N = 16),

Ψ = [ν_L , e_L , ν_R , e_R]^T = [L_{el} , R_{el}]^T . (4.1)

Here e_L, (e_R) and ν_L, (ν_R) represent 4-spinors for the left- (right-) handed electron and neutrino, respectively;^‡ subscript el reminds that respective spinors do belong to electron’s flavor. Introduce a quadruplet of scalar fields,

Φ = [u, u^′, v, v^′]^T = [U , V ]^T . (4.2)

One may specify action of π_a on these fields. π_aL_{el} = −iℓ ( ∂_a + i 2 g^′ σ_k ⊗ ^1_4 W^k_a + i 2 g^{′′} Y_L ⊗ ^1_4 B_a − ^1_2 ⊗ Γ_a ) L_{el} , (4.3) π_aR_{el} = −iℓ ( ∂_a + i 2 g^{′′} Y_R ⊗ ^1_4 B_a − ^1_2 ⊗ Γ_a ) R_{el} , (4.4) π_aU = −iℓ ( ∂_a + i 2 g^′ σ_k W^k_a + i 2 g^{′′} Y_W B_a ) U , (4.5) π_aV = −iℓ∂_a V . (4.6) Here B_a and W^k_a (k = 1, 2, 3) are potentials of electroweak fields; Y_L = diag (−1, −1), Y_R = diag (0, −2), and Y_W = diag(1, 1) are hypercharge operators (matrices 2 × 2); σ_k (k = 1, 2, 3) are standard (2 × 2) Pauli matrices; g^′ and g^{′′} are interaction constants. Connections Γ_a (matrices 4 × 4) pertain to gravitational fields only. A ⊗ B denotes the Kronecker product of matrices A and B. Dirac operators, γ_a, have the following structure:

γ_a = diag (γ_a , γ_a , γ_a , γ_a ) = ^1_4 ⊗ γ_a , (4.7)

‡ Introduced right-handed neutrino interacts with matter only via gravitational field.

where γ_a are Dirac matrices 4 × 4. To be more specific about gravitational sector, one might introduce 4 standard Dirac matrices 4 × 4, Δ_A, A = 0, 1, 2, 3:

Δ_0 = ( 0 ^1_2 ^1_2 0 ) , Δ_k = ( 0 σ_k −σ_k 0 ) , k = 1, 2, 3. (4.8)

Then, the following decompositions take place:

γ_a = e^A_a Δ_A , (4.9) Γ_a = f^{AB}_a Δ_{[A}Δ_{B]} , (4.10)

where e^A_a is a tetrad, and f^{AB}_a = f^{[AB]}_a are six gauge vector fields, associated with the Ricci rotation coefficients [2].

To compensate the ‘Λ–term’, one should create invariant (under (3.1) and (3.2)) scalar density, reducing to √ −g in the limit ℓ → 0. One may take √ −χ, where χ = det |χ_{ab}|, and

χ_{ab} = φn{γ_{(a}γ_{b)} − π_{(a}π_{b)}}φ (4.11) = g_{ab} − φnπ_{(a}π_{b)}φ . (4.12)

Here normalized scalars (φnφ = 1) are introduced: φ = Φ √ ΦnΦ , φ = Φ √ ΦnΦ , (4.13)

where ΦnΦ = vv + v^′v^′ − uu − u^′u^′. Matrix n = diag(−1, −1, 1, 1) is introduced with aim to attach correct sign to terms associated with W^±-bosons’ rest masses. One can’t substitute scalars Φ (Φ) with spinors, since in that case one would obtain second (or even higher) order differential equations for spinorial fields. One may not survive without scalars at all, since the operator embraced by scalars in (4.11) is differential one. Since one is ‘forced’ to use scalar fields, one may use them, implementing symmetry breaking mechanism in order to generate masses for vector bozons and fermions. Thus, one assumes, Φ(x^a) = Φ_0 + δΦ(x^a), (and analogous expression for Φ(x^a)). From the structure of (4.11) follows that differential equations for scalar fields Φ and Φ do contain higher than second order derivatives of Φ. One can remove this obstacle by associating covariant derivative with χ_{ab} as a metric, i.e., by demanding that ∇_cχ_{ab} = 0, or

∇_cg_{ab} + ℓ^2∇_c{φn∇_{(a}∇_{b)}φ} = 0 . (4.14)

Equation (4.14) might be solved with respect to Γ^c_{ab} by decomposing it into row in ℓ^2, i.e., Γ^._. = Γ^._{.(0)} + ℓ^2Γ^._{.(2)} + ... Expanding scalar density √ −χ in ℓ, one obtains, √ −χ = √ −g{1 − 1 2 φnπ_aπ^aφ} + O(ℓ^4) = √ −g{1 + ℓ^2 2 φ_0nΓ^′_aΓ^{a′}φ_0 + O(ℓ^4) + O(δΦ, δΦ)} , (4.15)

where indices a, b, ... are raised (lowered) with the metrics g^{ab} (g_{ab}), defined in (1.1). Substituting (4.2), (4.5), (4.6) into (4.15), one obtains,

√ −χ = √ −g + √ −g ℓ^2 8 p^2 q^2 − p^2 g^{′2} ( W^1_a − iW^2_a ) ( W^{1a} + iW^{2a} )

+ √ −g ℓ^2 8 p^2 q^2 − p^2 ( g^′W^3_a − g^{′′}B_a ) ( g^′W^{3a} − g^{′′}B^a ) + · · · (4.16)

Here one assumes, that scalars have only following components in equilibrium:

Φ_0 = [0 , p , q , 0]^T ; Φ_0 = [0 , p , q , 0] . (4.17)

Similarly, expanding (2.4) into row in powers of ℓ, one obtains, √ −ϕ = √ 5 √ −g + √ 5 48 √ −gT r{γ^aγ^bρ_{ab}} + √ 5ℓ^4 640 √ −g ( g^{′2}W^{ab}_k W^k_{ab} + 3g^{′′2}B^{ab}B_{ab} ) + O(ℓ^4) . (4.18)

Only terms, pertaining to known components of Standard Model action are extracted. Here W^k_{ab} = ∂_aW^k_b − ∂_bW^k_a − g^′ϵ^k_{lm}W^l_aW^m_b and B_{ab} = ∂_aB_b − ∂_bB_a are electroweak gauge fields.^§ Comparing (4.18) and (4.16), one finds action for fields,

S_f = K ∫ dΩ ( Υ √ −ϕ − √ −χ ) . (4.19)

Here Υ contains the potential, implementing symmetry-breaking mechanism: Υ = 1 √ 5 + Ṽ (ΦΦ) , (4.20)

where Ṽ (ΦΦ) is the ‘potential energy’. Comparing expansion of (4.19) in ℓ with standard action, one obtains^{∗∗} following expressions for constants:

ℓ^2 = 80 3 k c^4g^{′2}

, (4.21) K = − 9 160π c^7g^{′2} k^2

, (4.22) p^2 q^2 − p^2 = 1 3 m^2_W k h̄^2c^2g^{′2}

, (4.23)

where m_W denotes the W^± vector bozons’ rest mass. From (4.18) follows, that g^′ = √ 3g^{′′}; this leads to the value sin^2θ_W =^1_4 for Weinberg mixing angle [9].

§ Indices k, l, m ... are raised and lowered with δ_{km} = δ^{km} = diag(1, 1, 1).

∗∗ Values of constants should, anyway, be modified after inclusion of the strong interaction into scheme.

V. ACTION FOR SPINORS

Relevant tensors, invariant with respect to (3.1) and (3.2), are: ϕ^{dh} = 1 3!ϕ e^{abcd}e^{efgh} ϕ_{ae} ϕ_{bf} ϕ_{cg} ; (5.1) Σ_{ab} = γ_{[a}π_{b]} − π_{[a}γ_{b]} . (5.2)

Then, action for fermions may be constructed as follows:

S_Ψ = C ∫ dΩ √ −ϕ [ Ψ ϕ^{ab} Σ_{ab}Ψ + λ ( L_{el}e_RU + U e_RL_{el} )] . (5.3)

Expanding (5.3) in powers of ℓ, one obtains,

S_Ψ = 2 √ 5ℓC h̄ ∫ dΩ √ −g [ Ψ γ^ap_aΨ + h̄λp 2ℓ (e_Le_R + e_Re_L) ] + · · · (5.4)

Here p_a = −ih̄(∂_a − Γ_a) is momentum operator.

One should mention another possibility for the action (see [11]). Consider (4.19) with corrected potential, Υ → Υ + λ^′ ( L_{el}e_RU + U e_RL_{el} ) , and corrected tensor,^{††} ϕ_{ab} → ϕ_{ab} + C^′Σ_{ab}ΨΨ. This alternative for action seems more appealing, but the price to be payed is nonlinearity of Dirac equations in spinorial fields.

VI. GRAVITATIONAL SECTOR

It’ll be shown, that gravitational part of the action (4.19) in vacuum (in the limit ℓ → 0) is equivalent to the Einstein–Hilbert action in general relativity. First, extract the action of gravitational field from expansion of (4.19) in powers of ℓ:

S_g = κ^{−1} ∫ dΩ √ −g T r { γ^a γ^b ρ_{ab} } , (6.1)

Varying (6.1) with respect to γ_a and Γ_a, one obtains equations, [ γ^b , ρ_{ab} ] − 1 N γ_a T r{γ^c γ^d ρ_{cd}} = 0 , (6.2) 1 √ −g ∂_b (√ −g γ^{[a} γ^{b]} ) − [ Γ_b , γ^{[a} γ^{b]} ] = 0 . (6.3)

Equations (6.3) are equivalent to following: ( γ^{[a} γ^{b]} ) ; b = 0 , (6.4)

where semicolon denotes covariant derivative. For covariant derivative of γ_a one obtains,

†† Here ΨΨ denotes an operator, opposite to a scalar ΨΨ.

γ_{a ; b} = ∂_bγ_a − Γ^c_{ab}γ_c − [Γ_b , γ_a] ; (6.5)

here Γ^c_{ab} = Γ^c_{(ab)} is Christoffel symbol, associated with g_{ab}. From (6.4) follows (as one possible solution),

γ_{a ; b} = 0 . (6.6)

Applying antisymmetrized product of covariant derivatives to γ_b, one obtains, R^a_{bcd} γ_a = 1 ℓ^2

[γ_b , ρ_{cd}] , (6.7)

where R^a_{bcd} is the Riemann tensor,

R^a_{bcd} = 2 ( ∂_{[c|}Γ^a_{b|d]} − Γ^e_{b[c|}Γ^a_{e|d]} ) . (6.8)

(Note, that from (6.7) follows T r (γ_a) = 0.) For scalar curvature and Ricci tensor one obtains, respectively, R = 2 ℓ^2N T r { γ^a γ^b ρ_{ab} } , (6.9)

R_{bd} = 1 ℓ^2N T r {γ^a[γ_b , ρ_{ad}]} . (6.10) Multiplying (6.2) by γ_c and taking trace (T r), one obtains vacuum Einstein equations, R_{ac} − 1 2 g_{ac}R = 0 , (6.11)

where definitions (6.10) and (6.9) are used for Ricci tensor and scalar curvature in ‘ρ–γ’ representation. Note, that on classical level, when matter lagrangian doesn’t depend on Γ_a, equations (6.11) are still valid, if add stress-energy tensor for matter to the right part of (6.11). In [10] equations for vacuum gravitational field are obtained, and static spherically symmetric solutions are considered. It is shown that exterior solution, corresponding to Schwarzschild solution at r → ∞ doesn’t possess singularity at r = 0. Instead, there is a massive ball with finite density of order of magnitude of Planck’s density.

VII. CONCLUSION

In summary, if one takes the symmetry principle (3.1), (3.2), as a foundation of theory, one achieves the following results. First, suggested invariants (2.3), (2.4) cause natural appearance of action terms for both gravitational and electroweak fields.

Second, follows natural introduction of scalar fields, which are necessary for generation of vector bosons’ rest masses. The respective term in the action does appear as a result of compensation of the ‘Λ–term’, and due to the fact that the metric should be substituted by a more complex structure (4.11).

Both sets of fields, electroweak and gravitational, enter the curvature tensor on equal footing. One cannot claim, though, unification of both sets of interactions.

Imposed symmetry principle doesn’t have explicit physical content; it should rather be considered as an instruction for selecting lagrangians by restricting class of invariants entering the action.

REFERENCES

[1] M. Born, L. Infeld, Proc. Roy. Soc. A, 144, 425 (1934). [2] V. A. Fok, Zs. f. Phys., 57, 261 (1929). [3] S. Weinberg, LANL e-archive, hep-th/9702027.

[4] M. Wirschins, A. Sood, J. Kunz, Phys. Rev. D, 63, 084002 (2001). [5] E. Ayon-Beato, A. Garcia, Gen. Rel. Grav., 31, 629 (1999). [6] E. Ayon-Beato, A. Garcia, Phys. Lett. B, 464, 25 (1999). [7] E. Ayon-Beato, A. Garcia, Phys. Rev. Lett., 80, 5056 (1998). [8] J. A. Feigenbaum, P. G. O. Freund, M. Pigli, Phys. Rev. D, 57, 4738 (1998). [9] F. Halzen, A.D. Martin, Quarks and Leptons, N.Y. 1984. [10] D. Palatnik, Phys. Lett. B, 432, 287 (1998). [11] D. Palatnik, LANL e-archive, quant-ph/9511021.