quant-ph/9905038 11 May 1999

Gravity–Induced Interference and Continuous Quantum Measurements.

A. Camacho^� Astrophysikalisches Institut Potsdam.

An der Sternwarte 16, D–14482 Potsdam, Germany.

Abstract

Gravity–induced quantum interference is a remarkable effect that has already been confirmed experimentally, and it is a phenomenon in which quantum mechanics and gravity play simultaneously an important role. Additionally, a generalized version of this interference experiment could offer the possibility to confront against measurement outputs one of the formalisms that claim to give an explanation to the so called quantum measurement problem, namely the restricted path integral formalism. In this work we will analyze a possible extension of Colella, Overhauser, and Werner experiment and find that in the context of the restricted path integral formalism we obtain new interference terms that could be measured in an extended version of this experimental construction. These new terms not only show, as in the first experiment, that at the quantum level gravity is not a purely geometric effect, it still depends on mass, but also show that interference does depend on some parameters that appear in the restricted path integral formalism, thus offering the possibility to have a testing framework for its theoretical predictions.

�email: acamacho@aip.de

1 Introduction.

In the context of classical mechanics mass m does not appear in the motion equation of a particle trajectory, gravity in classical mechanics could be then considered a purely geometric effect. But this situation does not happen in quantum theory, here mass does no longer cancel, instead it always appears in the combination m/h̄ [1].

In order to detect nontrivial quantum–mechanical effects of gravity the corresponding experimental device must be able to analyze effects in which h̄ appears explicitly. The free fall of an elementary particle does not allow the study of this issue, because Ehrenfest theorem (where h̄ does not appear) suffices to account for it. Even the red shift effect of a photon in a gravitational field [2] does not offer this possibility, here only a frequency shift is measured, and once again h̄ does not appear explicitly.

But in 1975 a neutron interferometer was used in order to detect the quantum– mechanical phase shift of neutrons caused by their interaction with Earth’s gravitational field [3]. A nearly monoenergetic beam of thermal neutrons is split in two parts, each one of these new beams follow different paths in Earth’s gravitational field, and then they are brought together. A gravity–induced phase shift emerges which depends on (m/h̄)^2, being m the neutron mass. It is interesting to comment that this phase shift due to gravity is seen to be verified to well within one percent. An important point in the theoretical analysis of this phase shift lies in the fact that the wave function of the thermal neutrons is much smaller than the macroscopic dimension of the loop formed by the two alternate paths, therefore the concept of classical trayectory can be used in the derivation of the expression for the phase shift [1]. At this point we may wonder how this expression has to be reformulated if we do not consider this last condition.

It would be interesting to relate this gravity–induced interference with one of the most important problems in Quantum Theory (QT), namely the so called quantum measurement problem. In the attempts to solve this very old conundrum we may find several approaches, one of them is the so called Restricted Path Integral Formalism (RPIF) [4]. This formalism explains a continuous quantum measurement with the introduction of a restriction on the integration domain of the corresponding path integral. This last condition can also be reformulated in terms of a weight functional that has to be considered in the path integral.

Let us explain this point a little bit better, and suppose that we have a particle which shows one–dimensional movement. The amplitude A(q^{′′}, q^′) for this particle to move from the point q^′ to the point q^{′′} is called propagator. It is given by Feynman [5]

A(q^{′′}, q^′) = ∫ d[q]exp( i h̄ S[q]), (1)

here we must integrate over all the possible trajectories q(t) and S[q] is the action of the system, which is defined as S[q] = ∫_t00

t^0 dtL(q, q̇). (2) Let us now suppose that we perform a continuous measurement of the position of this particle, such that we obtain as result of this measurement process a certain output a(t). In other words, the measurement process gives the value a(t) for the coordinate q(t) at each time t, and this output has associated a certain error Δa, which is determined by the experimental resolution of the measuring device. The amplitude A_{[a]}(q^{′′}, q^′) can be now thought of as a probability amplitude for the continuous measurement process to give the result a(t). Taking the square modulus of this amplitude allows us to find the probability density for different measurement outputs.

Clearly, the integration in the Feynman path–integral should be restricted to those trajectories that match with the experimental output. RPIF says that this condition can be introduced by means of a weight functional ω_a[q] [4]. This means that expression (1) becomes now under a continuous measurement process

A_a = ∫ d[q]ω_a[q]exp(iS[q]). (3) The more probable the trajectory [q] is, according to the output a, the bigger that ω_a[q] becomes [4]. This means that the value of ω_a[q] is approximately one for all trajectories [q] that agree with the measurement output a and it is almost 0 for those that do not match with the result of the experiment. Clearly, the weight functional contains all the information about the interaction between measuring device and measured system.

This formalism has been employed in several situations, i.e., the analysis of the response of a gravitational wave antenna of Weber type [4], the measuring process of a gravitational wave in a laser–interferometer [6], or even to explain the emergence of the classical concept of time [7].

But even though there are already some theoretical predictions that could render a framework which could allow us to confront RPIF against experimental outputs [8], it is also true that more results are needed in this direction.

The idea in this work is to derive some results using RPIF in the context of a generalized gravity–induced interference scenario. We will consider a possible generalization of Colella, Overhauser, and Werner (COW) experiment, namely the condition around the size of the wave packets (they must be smaller than the dimensions of the loop of the two alternate paths) will not be introduced anymore, i.e., we can not analyze this interference process using the classical trayectories of the split beams. Each one of these split beams will also be subject to the continuous monitoring of its vertical coordinate, additionally we introduce the possibility that the whole experimental device could be mounted on an accelerated (but not rotating) coordinate system.

The interference pattern under these conditions will show a dependence not only on the mass of the respective particles, i.e., once again at the quantum level gravity is not a purely geometric effect, but it also depends on some parameters that appear in RPIF and therefore renders the possibility of confronting its theoretical predictions with a generalized version of COW experimental construction. Noninertial effects also emerge.

2 Generalized Gravity{Induced Interference.

Let us consider the case of a particle with mass m located in a region where the Earth’s gravitational field can be considered homogeneous, i.e., the gravitational acceleration g is a constant. Then the motion equation along the vertical direction Z with respect to an inertial reference frame is given by

mZ̈ + mg = 0. (4)

Now we observe this particle using a reference frame which has an acceleration along the vertical direction with respect to our previous inertial coordinate equal to g[f(t) − 1], where f(t) is an arbitrary function of time. Denoting by z the vertical coordinate on this accelerated reference system we obtain as motion equation the following expression mz̈ + mgf(t) = 0, (5)

and the corresponding Lagrangian is [9]

L = 1 2 m(ż)^2 − mgf(t)z + 1 2 m ( (ẋ)^2 + (ẏ)^2 ) . (6)

At this point we introduce a generalized version of COW experiment [3]. A beam of particles is split into two parts and then brought together. Each one of these two split beams follows a different path along the vertical direction z. We do not assume that the wave packets are much smaller than the dimension of the loop formed by the alternate paths. We also monitor continuously the z coordinate of each one of these two beams, and the whole experimental construction is at rest with respect to this accelerated reference frame that we have just introduced.

Under these conditions the associated restricted path integral for each one of the beams is

U_{[c(t)]}(z_2, z_1) = ∫ Ω ω_{[c(t)]}[z(τ )]d[z(τ )]exp(iS[z(τ )]/h̄), (7)

S = ∫_τ 00

τ^0 [ 1 2 m(ż)^2 − mgf(t)z]dτ. (8)

Here z_1 and z_2 are the endpoints of the motion along the vertical direction, ω_{[c(t)]}[z(τ )] is the corresponding weight functional which contains all the information concerning the measuring apparatus, c(t) the resulting measured trayectory, and Ω the set of all functions such that z(τ^′) = z_1 and z(τ^{′′}) = z_2. Of course, each beam has its particular c(t). The propagator contains also a contribution coming from x and y but it plays no role in this analysis.

At this point, in order to obtain theoretical predictions, we must choose a particular expression for ω_{[c(t)]}[z(τ )]. We know that the results coming from a Heaveside weight functional [10] and those coming from a gaussian one [11] coincide up to the order of magnitude. This last result allows us to consider as our weight functional a gaussian expression. But a sounder justification of this choice comes from the fact that there are measuring processes in which the weight functional has precisely a gaussian form [12]. In consequence we could think about a measuring device whose weight functional is very close to a gaussian behavior.

Thus we have that ω_{[c(t)]}[z(τ )] = exp{− 2 T Δc^2

∫_τ 00

τ^0

[z(τ ) − c(τ )]^2dτ }. (9)

Here T = τ^{′′} − τ^′ and Δc represents the error in the position measuring. The path integral of each beam is then

U_{[c(t)]}(z_2, z_1) = ∫ Ω d[z(τ )]exp{ i h̄ ∫_τ 00

τ^0 [ 1 2 m(ż)^2 − mgf(t)z]dτ } × exp{− 2 T Δc^2

∫_τ 00

τ^0

[z(τ ) − c(τ )]^2dτ }. (10)

This path integral is easily calculated [4]

U_{[c(t)]}(z_2, z_1) = exp ( −2 < c^2 > Δc^2 )√ mw 2πih̄sin(wT ) exp ( i h̄ S ) . (11)

Here exp ( −2^{<c2>}_{Δc2} ) =^1_T

∫_τ 00

τ^0 c

2(t)dt, and S is the classical action of a driven complex harmonic oscillator [13] defined by^1_2 m(ż)^2 −^m_2 w^2z^2 + F (t)z = 0, where F (t) = −mgf(t) − i^{4h̄}_{T Δc2} c(t) and w = √ −i^{4h̄}_{mT Δc2} .

S = mw 2sin(wT ) {[z^2_1 + z^2]cos(wT ) − 2z_1z_2 + 2z_2 mw ∫_τ 00

τ^0 F (t)sin[w(t − τ^′)]dt − 2z_1 mw ∫_τ 00

τ^0 F (t)sin[w(t − τ^{′′})]dt − 2 (mw)^2

∫_τ 00

τ^0 dt ∫_t τ^0 dsF (t) × sin[w(τ^{′′} − t)]F (s)sin[w(s − τ^′)]}. (12)

3 Interference Terms.

The resulting interference pattern at point z_2, which appears when the two beams are recombined is given by

|U_{[a(t)]}(z_2, z_1) + U_{[b(t)]}(z_2, z_1)|^2. (13) Here we denote the measurement outputs for the z coordinate of the beams by a(t) and b(t). If we re–write the actions of the two complex oscillators as S_{[a(t)]} = S^{(1)}_{[a(t)]} + iS^{(2)}_{[a(t)]} and S_{[b(t)]} = S^{(1)}_{[b(t)]} + iS^{(2)}_{[b(t)]}, where S^{(1)}_{[b(t)]}, S^{(2)}_{[b(t)]}, S^{(1)}_{[a(t)]}, and S^{(2)}_{[a(t)]} are real functions, then the interference term becomes I = cos ( 1 h̄ [S^{(1)}_{[a(t)]} − S^{(1)}_{[b(t)]}] ) . (14)

After a lengthy calculation we find that we may regroup the terms in S^{(1)}_{[a(t)]} −S^{(1)}_{[b(t)]} in five different contributions (S^{(1)}_{[a(t)]} − S^{(1)}_{[b(t)]} = I_1 + I_2 + I_3 + I_4 + I_5). The first two components are

I_1 = [z^2_1 + z^2 ] √ m 2h̄T (1 − e^{−4θ} + 2e^{−2θ} sin(2θ) 1 + e^{−4θ} − 2e^{−2θ} cos(2θ) 1 Δa − 1 − e^{−4ρ} + 2e^{−2ρ}sin(2ρ) 1 + e^{−4ρ} − 2e^{−2ρ}cos(2ρ) 1 Δb ) , (15)

I_2 = − √ 8m h̄T z_1z_2 ((1 − e^{−2θ})cos(θ) + (1 + e^{−2θ})sin(θ) e^θ[1 + e^{−4θ} − 2e^{−2θ}cos(2θ)] 1 Δa − (1 − e^{−2ρ})cos(ρ) + (1 + e^{−2ρ})sin(ρ) e^ρ[1 + e^{−4ρ} − 2e^{−2ρ}cos(2ρ)] 1 Δb ) . (16)

Here we have that θ = √_{2πh̄T} mΔa2 and ρ = √_{2πh̄T} mΔb2 . I1 and I2 show clearly, once again,

that at the quantum level gravity is not a purely geometric effect. Indeed, here we have the combination m/h̄, as in the usual case [1, 3]. But these contributions to the interference pattern depend also on Δa and on Δb. This fact means that if we measure the z coordinate of the beams using two different devices (the corresponding measuring errors are not the same, i.e., Δa ≠ Δb), then this difference will render a nonvanishing contribution to the interference pattern. This last result could allow us to test the theoretical predictions of RPIF against the measurements outputs coming from a generalized version of COW experiment.

The second pair of interference terms is

I_3 = − m h̄ z_1e^{−θ} 1 + e^{−4θ} − 2e^{−2θ} cos(2θ) {(1 − e^{−2θ})cos(θ) × ∫_τ 00

τ^0 e^{γ/√2}[ 4h̄ mT Δa^2 a(t)sin(γ/ √ 2)(1 + e^{−2γ/√2}) −gf(t)cos(γ/ √ 2)(1 − e^{−2γ/√2})]dt −(1 + e^{−2θ} )sin(θ) × ∫_τ 00

τ^0 e^{γ/√2}[ 4h̄ mT Δa^2 a(t)cos(γ/ √ 2)(1 − e^{−2γ/√2}) +gf(t)sin(γ/ √ 2)(1 + e^{−2γ/√2})]dt} + m h̄ z_1e^{−ρ} 1 + e^{−4ρ} − 2e^{−2ρ}cos(2ρ) {(1 − e^{−2ρ})cos(ρ) × ∫_τ 00

τ^0

e^{Γ/√2}[ 4h̄ mT Δb^2 b(t)sin(Γ/ √ 2)(1 + e^{−2Γ/√2}) −gf(t)cos(Γ/ √ 2)(1 − e^{−2Γ/√2})]dt −(1 + e^{−2ρ})sin(ρ) × ∫_τ 00

τ^0

e^{Γ/√2}[ 4h̄ mT Δb^2 b(t)cos(Γ/ √ 2)(1 − e^{−2Γ/√2}) +gf(t)sin(Γ/ √ 2)(1 + e^{−2Γ/√2})]dt}, (17)

I_4 = m h̄ z_2e^{−θ} 1 + e^{−4θ} − 2e^{−2θ}cos(2θ) {(1 − e^{−2θ})cos(θ) × ∫_τ 00

τ^0 e^{μ/√2}[ 4h̄ mT Δa^2 a(t)sin(μ/ √ 2)(1 + e^{−2μ/√2}) −gf(t)cos(μ/ √ 2)(1 − e^{−2μ/√2})]dt

−(1 + e^{−2θ})sin(θ) × ∫_τ 00

τ^0 e^{μ/} √ 2[ 4h̄ mT Δa^2 a(t)cos(μ/ √ 2)(1 − e^{−2μ/} √ 2) +gf(t)sin(μ/ √ 2)(1 + e^{−2μ/√2})]dt} − m h̄ z_2e^{−ρ} 1 + e^{−4ρ} − 2e^{−2ρ}cos(2ρ) {(1 − e^{−2ρ})cos(ρ) × ∫_τ 00

τ^0 e^{ν/√2}[ 4h̄ mT Δb^2 b(t)sin(ν/ √ 2)(1 + e^{−2ν/√2}) −gf(t)cos(ν/ √ 2)(1 − e^{−2ν/} √ 2)]dt −(1 + e^{−2ρ})sin(ρ) × ∫_τ 00

τ^0 e^{ν/√2}[ 4h̄ mT Δb^2 b(t)cos(ν/ √ 2)(1 − e^{−2ν/√2}) +gf(t)sin(ν/ √ 2)(1 + e^{−2ν/√2})]dt}. (18)

In these last two expressions we have introduced the following definitions γ =

√_{4h̄} mT Δa2 (t − τ ′′), Γ =

√_{4h̄} mT Δb2 (t − τ ′′), μ = √_{4h̄} mT Δa2 (t − τ ′), ν =

√_{4h̄} mT Δb2 (t − τ ′). Once again we may see that the factor m/h̄ appears in scene. The effects of performing the experiment on a noninertial reference frame emerge in these two expressions, i.e., f(t) is present in both of them. If the alternate paths are not the same, then an additional term contributes to the interference pattern, i.e., a(t) and b(t) appear explicitly. Of course, as in I_1 and I_2, we have a dependence on the measuring errors Δa and Δb, a difference in the measuring errors is an interference source.

The presence of f(t) and the fact that a(t) ≠ b(t) render a second possibility to confront RPIF theoretical predictions against a generalized COW experiment.

The last contribution to the interference term is

I_5 = m h̄ T e^{−θ} θ[1 + e^{−4θ} − 2e^{−2θ}cos(2θ)] {−[(1 − e^{−2θ})cos(θ) −(1 + e^{−2θ} )sin(θ)] × ∫_τ 00

τ^0 ∫_t τ^0 e^{(σ+ϵ)/2} 2 ( [g^2(f(t) + f(s)) −( 4h̄ mT Δa^2 )^2(a(t) + a(s))][cos( ϵ − σ √ 2 ) × (e^{−√2σ} + e^{−√2ϵ}) − cos( ϵ + σ √ 2 )(1 + e^{−√2(σ+ϵ)})]

+ 4h̄ mT Δa^2 g[f(t)a(s) + f(s)a(t)][sin( ϵ + σ √ 2 )(1 − e^{−√2(σ+ϵ)}) +(−e^{−√2σ} + e^{−√2ϵ})sin( ϵ − σ √ 2 )] ) dtds + [(1 − e^{−2θ})cos(θ) +(1 + e^{−2θ})sin(θ)]

∫_τ 00

τ^0 ∫_t τ^0 e^{(σ+ϵ)/2} 2 ( [g^2(f(t) + f(s)) −( 4h̄ mT Δa^2 )^2(a(t) + a(s))][sin( ϵ − σ √ 2 )(−e^− √ 2σ + e^− √ 2ϵ) +sin( ϵ + σ √ 2 )(1 − e^{−√2(σ+ϵ)})] − 4h̄ mT Δa^2 g[f(t)a(s) + f(s)a(t)][−cos( ϵ + σ √ 2 )(1 + e^{−√2(σ+ϵ)}) +(e^{−√2σ} + e^{−√2ϵ})cos( ϵ − σ √ 2 )] ) dtds} − m h̄ T e^{−ρ} ρ[1 + e^{−4ρ} − 2e^{−2ρ}cos(2ρ)] {−[(1 − e^{−2ρ})cos(ρ) −(1 + e^{−2ρ})sin(ρ)] × ∫_τ 00

τ^0 ∫_t τ^0 e^{(α+β)/2} 2 ( [g^2(f(t) + f(s)) −( 4h̄ mT Δb^2 )^2(b(t) + b(s))][cos( β − α √ 2 ) × (e^− √ 2α + e^− √ 2β ) − cos( β + α √ 2 )(1 + e^− √ 2(α+β))] + 4h̄ mT Δb^2 g[f(t)b(s) + f(s)b(t)][sin( β + α √ 2 )(1 − e^− √ 2(α+β)) +(−e^{−√2α} + e^{−√2β} )sin( β − α √ 2 )] ) dtds + [(1 − e^{−2ρ})cos(ρ) +(1 + e^{−2ρ})sin(ρ)]

∫_τ 00

τ^0 ∫_t τ^0 e^{(α+β)/2} 2 ( [g^2(f(t) + f(s)) −( 4h̄ mT Δb^2 )^2(b(t) + b(s))][sin( β − α √ 2 )(−e^{−√2α} + e^{−√2β} ) +sin( β + α √ 2 )(1 − e^{−√2(α+β)})] − 4h̄ mT Δb^2 g[f(t)b(s) + f(s)b(t)][−cos( β + α √ 2 )(1 + e^{−√2(α+β)}) +(e^{−√2α} + e^{−√2β} )cos( β − α √ 2 )] ) dtds}. (19)

In this last expression we have defined ϵ =

√_{4h̄} mT Δa2 (τ ′′ − t), σ = √_{4h̄} mT Δa2 (s − τ ′), α = √_{4h̄} mT Δb2 (s − τ ′), and finally β =

√_{4h̄} mT Δb2 (τ ′′ − t). Once again the term m/h̄ emerges, as well as the dependence on the measuring errors Δb and Δa and on the alternate paths a(t) and b(t). Here a new feature appears, namely there are terms in I_5 which result from the multiplication of f(t) and the alternate paths.

4 Conclusions.

We have analyzed, in the context of RPIF, a possible generalization of COW gravity– induced interference experiment in which the vertical coordinate of the two involved split beams is continuously measured. Mass emerges in the interference terms once again in the form m/h̄, i.e., gravity is at the quantum level, as was already shown in COW experiment, not a purely geometric effect. We have also seen that interference depends not only on the alternate paths of the split beams, as in the original experiment, but also on the measuring error of the experimental devices. In other words, if we measure the vertical coordinate of the beams with experimental devices that have different measuring errors, then this difference will be an interference source.

It must also be mentioned that using Hawking’s approach no quantum gravity effect appears in connection with the here discussed problem [14].

Summing up, from this analysis we could conclude that RPIF theoretical predictions could be confronted against the measurement outputs of a generalized version of COW gravity–induced interference experiment.

Acknowledgments.

The author would like to thank A. Camacho–Galván and A. A. Cuevas–Sosa for their help, and D.-E. Liebscher for the fruitful discussions on the subject. The hospitality of the Astrophysikalisches Institut Potsdam is also kindly acknowledged. This work was supported by CONACYT Posdoctoral Grant No. 983023.

References

[1] J. J. Sakurai, “Modern Quantum Mechanics”, Addison-Wesley Publishing Company, Reading, Mass. (1995).

[2] R. V. Pound and G. A. Rebka, Phys. Rev. Lett. 4, 337 (1960); R. V. Pound and J. L. Snider, Phys. Rev. B140, 788 (1965).

[3] R. Colella, A. W. Overhauser, and S. A. Werner, Phys. Rev. Lett. 34, 1472 (1975).

[4] M. B. Mensky, “Continuous Quantum Measurements and Path Integrals”, IOP, Bristol and Philadelphia (1993).

[5] R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948); R. P. Feynman and A. R. Hibbs, “Quantum Mechanics and Path Integrals”, Mac Graw Hill, New York (1965).

[6] A. Camacho, “The role of the quantum properties of gravitational radiation in the detection of gravitational waves”, International Journal of Modern Physics

A, in press.

[7] M. B. Mensky, Class. Quantum Grav. 7, 2317 (1990); A. Camacho, Decoherence and Time Emergence, in “Proceedings of the International Seminar on Mathematical Cosmology, Potsdam 1998”, H. J. Schmidt and M. Rainer eds., World Scientific Co., Singapore (1998).

[8] A. Camacho and A. Camacho–Galván, Phys. Lett. A247, 373 (1998); J. Audretsch, M. B. Mensky, and V. Namiot, Phys. Letts. A237, 1 (1997).

[9] L. D. Landau and E. M. Lifshitz, “Mechanics”, Addison–Wesley, Reading, Mass.

(1960).

[10] M. B. Mensky, Phys. Rev. D20, 384 (1979).

[11] M. B. Mensky, Sov. Phys. JETP. 50, 667 (1979).

[12] M. B. Mensky, Physics–Uspekhi 41, 923 (1998).

[13] W. Dittrich and M. Reuter, “Classical and Quantum Dynamics”, Springer, Berlin (1996).

[14] S. W. Hawking, in “300 Years of Gravitation”, S. W. Hawking and W. Israel eds., Cambridge University Press, Cambridge (1987).