quant-ph/9909017 4 Sep 1999

Efficient Algorithm for Perturbative Calculation of Multiloop Feynman Integrals

Boris Kastening^1 and Hagen Kleinert^{2∗} 1Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany 2Institut für Theoretische Physik, Freie Universität Berlin, Arnimallee 14, 14195 Berlin, Germany

We present an efficient algorithm for calculating multiloop Feynman integrals perturbatively.

1. Recently, a new method has been proposed to calculate Feynman integrals of multiloop diagrams perturbatively [1]. Together with the solution procedure for graphical recursion relations developed in Ref. [2], this should ultimately lead to the completely automatized computer generation of perturbation expansions of field theories up to high orders which are needed in all strongly coupled fluctuating field systems, for example those needed to explain critical phenomena [3]. So far, expansions have been limited to seven loops only [4,5], which are barely sufficient to yield critical exponents [6] with an accuracy comparable to experimental data [7].

In this note, we would like to show how the expansion can be performed most efficiently, such that it can be carried out on a computer to high orders in a limited time.

2. A Feynman integral with L-loops and n internal lines has the general form I^D_{ak} = ∫ d^Dp_1 (2π)^D · · · d^Dp_L (2π)^D n∏ k=1 1 (1 + q^2_k)^{ak}

, (1)

where a_k are integer-valued powers. The line momenta q_k are linear combinations of the loop momenta p_l. This is a special case I^D_{ak} = I^D_{ak} (1, 1) of a function

I^D_{ak} (η , c_k) = ∫ d^Dp_1 (2π)^D · · · d^Dp_L (2π)^D n∏ k=1 e^{(1−ck)ak}q^{2k} (1 + η q^2_k)^{ak/η}

. (2)

As in Ref. [1], we have introduced a parameter η which leads to a perturbation expansion in powers of η to be evaluated at the end at η = 1. In addition to Ref. [1], however, we have also introduced n extra parameters c_k, also to be set equal to unity at the end, which will serve as convenient source parameters for generating the desired expansion in a rotationally invariant way.

In order to set up the perturbation expansion we rewrite each propagator in an exponential form e^{(1−ck)ak}q^{2k} (1 + η q^2_k)^{ak /η} = e^{−ckak} q^{2−Sη (ak ,}q^{2k)}, (3) with a free “action” c_ka_kq^2_k, and an “interaction” S_η ( a_k, q^2_k ) = a_k [ 1 η ln ( 1 + η q^2_k ) − q^2_k ] = a_k ∞∑ m=2 (−η )^{m−1} m ( q^2_k )_m . Defining the sum of these for all line momenta as S_η ( {a_k, q^2_k} ) ≡ n∑ k=1 S_η ( a_k, q^2_k ) (4) we rewrite I^D_{ak} (η , c_k) as

I^D_{ak} (η , c_k) = ∫ d^Dp_1 (2π)^D · · · d^Dp_L (2π)^D exp [ − n∑ k=1 c_ka_kq^2_k − S_η ( {a_k, q^2_k} ) ] .

�Email: kleinert@physik.fu-berlin.de URL: http://www.physik.fu-berlin.de/~kleinert

We now take advantage of the source terms to take the “interaction” out of the integral in the form of a differential operator with respect to c_k:

I^D_{ak} (η , c_k) = exp [ −S_η ({ a_k, − 1 a_k ∂ ∂c_k })] ∫ d^Dp_1 (2π)^D · · · d^Dp_L (2π)^D exp ( − n∑ k=1 c_ka_kq^2_k ) , with S_η ({ a_k, − 1 a_k ∂ ∂c_k }) = − ∞∑ m=2 1 m n∑ k=1 ( η a_k )_{m−1} ( ∂ ∂c_k )_m . (5)

The Gaussian integral on the right-hand side can now be performed yielding the simple explicit expression

I^D_{ak} (η , c_k) = (2π)^{−LD/2} exp [ −S_η ({ a_k, − 1 a_k ∂ ∂c_k })] (det M )^{−D/2} (6)

where the diagonal matrix M is defined by 1 2 L∑ a,b=1 p_aM_{ab}p_b ≡ n∑ k=1 c_ka_kq^2_k. (7)

Inserting the power series expansion (5) into (6), and carrying out the differentiations we obtain for c_k = 1 the desired perturbation expansion for I^D_{ak} (η ) ≡ I^D_{ak} (η , 1).

Note that while the entries of the matrix M depend on the routing of the loop momenta through the different lines, det M is invariant except for trivial relabelings of the parameters a_k and c_k.

In principle, the derivatives on (det M )^{−D/2} can now be carried out directly. However, applying the derivatives to multiple derivatives of (det M )^{−D/2} is quite time-consuming. In the calculations it turns out that two successive derivatives of det M with respect to the same variable c_k always vanish. In addition, higher than L-th derivatives on det M vanish. Taking advantage of these properties, we write down the following formula, which, despite of its apparent complexity, is very useful for the practical calculations on a computer: ∂^{m1} ∂c^{m1}_1 · · · ∂^{mn} ∂c^{mn}_1 (det M )^{−D/2} = m_1! · · ·m_n!

× ∑ k12

(_{∂2 det M} ∂c1∂c2 )_{k12} k_{12}! · · · ∑ k_n�1_{,n}

(_{∂2 det M} ∂c_n�1∂c_n )_{kn}�_{1,n} k_{n−1,n}! ( n 2 ) summations

× ∑ k123

(_{∂3 det M} ∂c1∂c2∂c3 )_{k123}

k_{123}! · · · ∑ k_n�2_{,n}�1_{,n}

(_{∂3 det M} ∂c_n�2∂c_n�1∂c_n )_{kn}�_{2,n}�_{1,n} k_{n−2,n−1,n}! ( n 3 ) summations

× · · ·

× ∑ k1_{,...,L}

(_{∂L det M} ∂c1···∂c_L )_{k1,...,L} k_{1,...,L}! · · · ∑ k_n�_L+1_{,...,n}

(_{∂L det M} ∂c_n�_L+1···∂c_n )_{kn}�_{L+1,...,n} k_{n−L+1,...,n}! ( n L ) summations

× (_{∂ det M} ∂c1 )_{k1} k_1! · · · (_{∂ det M} ∂c_n )_{kn} k_n!

×C((k_1 + . . . + k_n ( n 1 ) terms

) + (k_{12} + . . . + k_{n,n−1} ( n 2 ) terms ) + (k_{123} + . . . + k_{n−2,n−1,n} ( n 3 ) terms ) + . . . + (k_{1,...,L} + . . . + k_{n−L+1,...,n} ( n L ) terms

)), (8)

where the symbol C(k) abbreviates the expression C(k) ≡ ( − D 2 ) ( − D 2 − 1 ) · · · ( − D 2 − k + 1 ) (det M )^{−D/2−k} =

Γ(−D/2 + 1) Γ(−D/2 − k + 1) (det M )^{−D/2−k}. (9)

The range of the summation indices k_{12}, k_{123} . . . can be specified by the followig relations to the numbers of derivatives on the left-hand side of (8) as follows:

k_1 = m_1 − (k_{12} + . . . + k_{1n} ( n−1 1 ) terms

) − (k_{123} + . . . + k_{1,n−1,n} ( n−1 2 ) terms ) − . . . − (k_{12,...,L} + . . . + k_{1,n−L+2,...,n} ( n−1 L ) terms )

. . k_n = m_n − (k_{1n} + . . . + k_{n−1,n}) ( n−1 1 ) terms − (k_{12n} + . . . + k_{n−2,n−1,n}) ( n−1 2 ) terms − . . . − (k_{1,2,...,L−1,n} + . . . + k_{n−L+1,n−L+2,...,n}) ( n−1 L ) terms

. (10)

The summations in (8) are restricted to nonnegative integers k_1, . . . , k_n.

3. As a first example, take the exactly solvable one-loop integral treated also in [1]:

I^D_a = ∫ d^Dp_1 (2π)^D 1 (1 + p^2_1)^a = 1 (4π)^{D/2} Γ(a − D/2) Γ(a)

. (11)

Its η -generalized version is also exactly solvable

I^D_a (η ) = ∫ d^Dp_1 (2π)^D 1 (1 + η p^2_1)^{a/η} = η^{−D/2} (4π)^{D/2} Γ(a/η − D/2) Γ(a/η ) . (12)

To make contact with the general formula (6), we identify

q_1 = p_1, a_1 = a, M = 2a_1(c_1), det M = 2a_1c_1. (13)

and find directly the perturbation expansion in any dimension D, which we may rewrite in an exponential (cumulant) form

I^D_a (η ) = 1 (4πa)^{D/2} exp { D(D + 2) [ 1 8a η + D + 1 48a^2 η^2 +

D(D + 2) 192a^3 η^3 +

(D + 1)(3D^2 + 6D − 4)

1920a^4 η^4 + D(D + 2)(D^2 + 2D − 2) 1920a^5 η^5 + O(η^6) ]} . (14)

This expansion can easily be continued to higher order. It can be verified by inserting Sterling’s formula for the Gamma functions at large arguments into the exact expression (12).

For even D it is easy to see that I^D_a (η ) is analytic at the origin of the complex η -plane, since there exists a simple product representation

I^{2n}_a (η ) = η^{−n} (4π)^n Γ(a/η − n) Γ(a/η ) = 1 (4πa)^n n∏ k=1 1 1 − kη /a . (15)

It’s expansion in η is convergent for nη < a. For η = 1, this translates into n < a, which is the condition for the original integral to be convergent.

4. As a nontrivial example, take the integral of the watermelon diagram treated in [1] only in D = 2 dimensions:

I^D = ¯˘ ˚ˇ � � s s_=^{∫ dDp1}_{(2π)D}^{dDp2}_{(2π)D}^{dDp3}_{(2π)D}^1_{1 + p21}^1_{1 + p2}^1_{1 + p23}^1_{1 + (p1 + p2 + p3)2 . (16)}

This integral has the powers

a_1 = a_2 = a_3 = a_4 = 1, (17)

and we identify the line momenta as

q_1 = p_1, q_2 = p_2, q_3 = p_3, q_4 = p_1 + p_2 + p_3, (18) such that the matrix M_{ab} is

M = 2 c_1 + c_4 c_4 c_4 c_4 c_2 + c_4 c_4 c_4 c_4 c_3 + c_4 , (19)

det M = 8(c_1c_2c_3 + c_1c_2c_4 + c_1c_3c_4 + c_2c_3c_4). (20)

The sum (8) is now nontrivial: ∂^{m1} ∂c^{m1}_1 · · · ∂^{m4} ∂c^{m4}_1 (det M )^{−D/2}

= m_1!m_2!m_3!m_4! × ∑ k12

(_{∂2 det M} ∂c1∂c2 )_{k12} k_{12}! ∑ k13

(_{∂2 det M} ∂c1∂c3 )_{k13} k_{13}! ∑ k14

(_{∂2 det M} ∂c1∂c4 )_{k14} k_{14}! ∑ k23

(_{∂2 det M} ∂c2∂c3 )_{k23} k_{23}! ∑ k24

(_{∂2 det M} ∂c2∂c4 )_{k24} k_{24}! ∑ k34

(_{∂2 det M} ∂c3∂c4 )_{k34} k_{34}!

× ∑ k123

(_{∂3 det M} ∂c1∂c2∂c3 )_{k123}

k_{123}! ∑ k124

(_{∂3 det M} ∂c1∂c2∂c4 )_{k124}

k_{124}! ∑ k134

(_{∂3 det M} ∂c1∂c3∂c4 )_{k134}

k_{134}! ∑ k234

(_{∂3 det M} ∂c2∂c3∂c4 )_{k234}

k_{234}!

× (_{∂ det M} ∂c1 )_{k1} k_1!

(_{∂ det M} ∂c2 )_{k2} k_2!

(_{∂ det M} ∂c3 )_{k3} k_3!

(_{∂ det M} ∂c4 )_{k4} k_4!

×C((k_1 + k_2 + k_3 + k_4) + (k_{12} + k_{13} + k_{14} + k_{23} + k_{24} + k_{34}) + (k_{123} + k_{124} + k_{134} + k_{234})) (21)

with

k_1 = m_1 − k_{12} − k_{13} − k_{14} − k_{123} − k_{124} − k_{134}, k_2 = m_2 − k_{12} − k_{23} − k_{24} − k_{123} − k_{124} − k_{234}, k_3 = m_3 − k_{13} − k_{23} − k_{34} − k_{123} − k_{134} − k_{234}, k_4 = m_4 − k_{14} − k_{24} − k_{34} − k_{124} − k_{134} − k_{234}, (22)

and the restriction that k_1, k_2, k_3, k_4, k_{12}, k_{13}, k_{14}, k_{23}, k_{24}, k_{34}, k_{123}, k_{124}, k_{134}, k_{234} are nonnegative.

The nonzero derivatives of det M are (l_1 ≠ l_2 ≠ l_3 ≠ l_1)

∂ det M ∂c_{l1} | | | |_{cl=1} = 24,

∂^2 det M ∂c_{l1} ∂c_{l2} | | | |_{cl=1} = 16,

∂^3 det M ∂c_{l1} ∂c_{l2} ∂c_{l3} | | | |_{cl=1} = 8. (23)

Using Eqs. (22) and (23), we can write (21) for c_k = 1 as ∂^{m1} ∂c^{m1}_1 · · · ∂^{m4} ∂c^{m4}_4 (det M )^{−D/2} | | | |_{cl=1} = 2^{−5D/2} ( 3 4 )_{m1+m2 +m3 +m4} m_1!m_2!m_3!m_4! × ∑ k123 ∑ k124 ∑ k134 ∑ k234 ( 16 27 )_{k123+k124 +k134+k234} ∑ k12 ∑ k13 ∑ k14 ∑ k23 ∑ k24 ∑ k34 ( 8 9 )_{k12+k13+k14 +k23+k24 +k34}

× 1 (m_1 − k_{12} − k_{13} − k_{14} − k_{123} − k_{124} − k_{134})!(m_2 − k_{12} − k_{23} − k_{24} − k_{123} − k_{124} − k_{234})! × 1 (m_3 − k_{13} − k_{23} − k_{34} − k_{123} − k_{134} − k_{234})!(m_4 − k_{14} − k_{24} − k_{34} − k_{124} − k_{134} − k_{234})! × Ĉ((m_1 + m_2 + m_3 + m_4) − (k_{12} + k_{13} + k_{14} + k_{23} + k_{24} + k_{34}) − 2(k_{123} + k_{124} + k_{134} + k_{234})) k_{12}!k_{13}!k_{14}!k_{23}!k_{24}!k_{34}!k_{123}!k_{124}!k_{134}!k_{234}!

, (24) where we have introduced a normalized version of the function C(k): Ĉ(k) ≡ ( − D 2 ) ( − D 2 − 1 ) · · · ( − D 2 − k + 1 ) = Γ(−D/2 + 1) Γ(−D/2 − k + 1) . (25)

All summation variables are again nonnegative, and

k_{12} + k_{13} + k_{14} + k_{123} + k_{124} + k_{134} ≤ m_1 , (26) k_{12} + k_{23} + k_{24} + k_{123} + k_{124} + k_{234} ≤ m_2 , (27) k_{13} + k_{23} + k_{34} + k_{123} + k_{134} + k_{234} ≤ m_3 , (28) k_{14} + k_{24} + k_{34} + k_{124} + k_{134} + k_{234} ≤ m_4 . (29)

For the function I^D_{ak} (η ) we then obtain in any dimension D the exponential (cumulant) form

I^D (η ) = 1 2^{4D}π^{3D/2} exp { D(D + 2) × [ 9 32 η + 9D + 3 256 η^2 +

27D^2 + 14D − 32

4096 η^3 +

243D^3 + 159D^2 − 298D + 1556 163840 η^4 + 243D^4 + 192D^3 + 46D^2 + 5028D + 2240 655360 η^5 + 2187D^5 + 2073D^4 + 5976D^3 + 74064D^2 − 105176D − 432080 22020096 η^6 + 6561D^6 + 7446D^5 + 38140D^4 + 224776D^3 − 1633504D^2 − 4689472D + 1139712 234881024 η^7 + 10935D^7 + 14775D^6 + 96890D^5 + 164620D^4 − 6136712D^3 − 6696176D^2 + 60667232D + 90828096 1342177280 η^8

+O(η^9) ]} . (30)

For D = 1 this reduces to

I^1(η ) = 1 2^4π^{3/2} exp [ 27 32 η + 9 64 η^2 + 27 4096 η^3 + 249 8192 η^4 +

23247 655360 η^5 −

16177 262144 η^6 −

14719023 234881024 η^7 +

20842449 67108864 η^8

+O(η^9) ] , (31)

and for D = 2 to

I^2(η ) = 1 2^8π^3 exp [ 9 4 η + 21 32 η^2 + 13 64 η^3 + 177 1024 η^4 +

1119 5120 η^5 − 581 8192 η^6 −

45729 114688 η^7 +

451137 524288 η^8 + O(η^9) ] , (32)

thus extending considerably the expansions in [1].

For D = 3, the expansion reads

I^3(η ) = 1 2^{12}π^{9/2} exp [ 135 32 η + 225 128 η^2 +

3795 4096 η^3 +

12981 16384 η^4 +

127815 131072 η^5 +

278455 524288 η^6 −

178194015 234881024 η^7 +

177655941 134217728 η^8

+O(η^9) ] . (33)

The Feynman integral diverges at large momenta. This manifests itself in a pole between η = 0 and η = 1 at η = 8/9, which shows up in a Padè approximation to the right-hand side.

5. The above method is capable of rendering perturbation expansions for Feynman integrals with many loops. After setting η = g_B/(1 + g_B ), reexpanding all series in powers of g_B , and inserting them into the perturbation expansions of g_Bϕ^4-field theories in powers of the bare coupling constant g_B, we obtain the new type of power series expansions in powers of g_B proposed in Ref. [1]. Their resummation at infinite coupling strength with the methods developed in [3] is expected to yield more accurate critical exponents than presently available. The perturbation expansions of two- and four-point functions will be sufficient [8] to obtain three independent critical exponents , which determine all others via scaling relations.

It is interesting to observe that the reexpansion of (30) in powers of g_B yields for not too large D alternating signs of the expansion coefficients. Indeed, the general reexpansion reads

I^D(g_B ) = 1 2^{4D}π^{3D/2} exp { D(D + 2)× [ 9 32 g_B +

3 (−23 + 3D) 256 g^2_B + ( 1024 − 274D + 27D^2 ) 4096 g^3_B + ( −34924 + 15302D − 3081D^2 + 243D^3 ) 163840 g^4_B + ( 100224 − 68924D + 23422D^2 − 3696D^3 + 243D^4 ) 655360 g^5_B + ( −1899728 + 1767688D − 1171488D^2 + 300312D^3 − 38751D^4 + 2187D^5 ) 22020096 g^6_B + ( 18241536 + 113600D + 12539168D^2 − 6092792D^3 + 1211836D^4 − 132522D^5 + 6561D^6 ) 234881024 g^7_B + ( −269435584 − 98265248D + 9942544D^2 + 48431928D^3 − 16125780D^4 + 2598410D^5 − 247665D^6 + 10935D^7 ) 1342177280 g^8_B

+O(g^9_B ) ]} , (34)

and becomes for D = 1, 2, 3:

I^1(g_B ) = 1 2^4π^{3/2} exp [ 27 32 g_B − 45 64 g^2_B +

2331 4096 g^3_B −

3369 8192 g^4_B +

153807 655360 g^5_B −

37135 262144 g^6_B +

77662161 234881024 g^7_B −

48463569 67108864 g^8_B

+O(g^9_B ) ] , (35)

I^2(g_B ) = 1 2^8π^3 exp [ 9 4 g_B − 51 32 g^2_B + 73 64 g^3_B − 735 1024 g^4_B +

1899 5120 g^5_B −

3565 8192 g^6_B +

138483 114688 g^7_B −

712671 524288 g^8_B + O(g^9_B ) ] , (36)

I^3(g_B ) = 1 2^{12}π^{9/2} exp [ 135 32 g_B − 315 128 g^2_B +

6675 4096 g^3_B −

15279 16384 g^4_B +

72423 131072 g^5_B −

585365 524288 g^6_B +

565024545 234881024 g^7_B + 2259201 134217728 g^8_B + O(g^9_B) ] . (37)

For D = 3 one finds the first nonalternating coefficient in front of g^8_B.

[1] H. Kleinert, Perturbative Calculation of Multi-Loop Feynman Diagrams. New Type of Expansions for Critical Exponents, Berlin Preprint 1999 (hep-th/9908078).

[2] H. Kleinert, A. Pelster, B. Kastening, M. Bachmann, Recursive Graphical Construction of Feynman Diagrams and Their Multiplicities in ϕ^4- and ϕ^2 A-Theory, Berlin Preprint 1999 (hep-th/9907168).

[3] H. Kleinert, Phys. Rev. D 57, 2264 (1998) (E-Print aps1997jun25 001); addendum (cond-mat/9803268). [4] D.B. Murray and B.G. Nickel, unpublished.

[5] H. Kleinert Seven Loop Critical Exponents from Strong-Coupling ϕ^4-Theory in Three Dimensions, FU-Berlin preprint 1998 (hep-th/9812197).

[6] H. Kleinert Theory and Satellite Experiment on Critical Exponent α of Specific Heat in Superfluid Helium, FU-Berlin preprint 1999 (cond-mat/9906107).

[7] J.A. Lipa, D.R. Swanson, J. Nissen, T.C.P. Chui and U.E. Israelson, Phys. Rev. Lett. 76, 944 (1996). [8] H. Kleinert, Critical Exponents without beta-Function, FU-Berlin preprint 1999 (cond-mat/9906359)