arXiv:solv-int/9910012 28 Oct 1999

Form factors of the SU (2) invariant massive Thirring model with boundary reflection

H. Furutsu^�, T. Kojima^� and Y.-H. Quano^y

�Department of Mathematices, College of Science and Technology, Nihon University, Chiyoda-ku, Tokyo 101-0062, Japan yDepartment of Medical Electronics, Suzuka University of Medical Science Kishioka-cho, Suzuka 510-0293, Japan

Abstract

The SU(2) invariant massive Thirring model with a boundary is considered on the basis of the

vertex operator approach. The bosonic formulae are presented for the vacuum vector and its dual in the presence of the boundary. The integral representations are also given for form factors of the present model.

1 Introduction

Integrable two dimensional field theory posesses an infinite set of mutually commuting integrals of motion. For bulk (i.e., without boundary) massive theories, the integrability is ensured by the factorized scattering condition or the Yang–Baxter equation, in addition to the unitarity and crossing symmetry condition [1]. Cherednik [2] showed that the integrability in the presence of reflecting boundary is ensured by the boundary Yang–Baxter equation (the reflection equation) and the Yang–Baxter equation for bulk theory. A systematic treatment of determining the spectrum of integrable models with boundary reflection was initiated by Sklyanin [3] in the framework of the algebraic Bethe ansatz.

The earliest studies on off-shell quantities such as correlation functions of integrable models with non trivial boundary condition involved the Ising model [4, 5]. Correlation functions for an impenetrable Bose gas with Neumann/Dirichlet boundary conditions were obtained in [6]. However, the success in the Ising model and the impenetrable Bose gas model is rather special because they are equivalent to the free fermion theory.

In 1994 the method to extract off-shell quantities was found for other integrable models with a boundary. The boundary crossing symmetry condition was proposed in [7] on the basis of the boundary bootstrap approach, in order to obtain the boundary vacuum vectors. Jimbo et al. [8] developed this idea to obtain correlation functions of the XXZ spin chain with a boundary magnetic field, using the vertex operator approach [9, 10, 11]. The U_q ( ^sl_n)-generalization of [8] was given in [12]. The generalization to the face model was given in [13]. Throughout the studies on the integral formulae of form factors for bulk sine-Gorodon models Smirnov found three axioms that form factors should satisfy [14]. The boundary analogue of Smirnov’s axioms were formulated in [15].

Let us briefly remind you of the boundary crossing symmetry condition. This condition is the equation involving the boundary S-matrix (K-matrix) and the generators of the Zamolodchikov–Faddev(ZF) algebra [1, 16], which determines the boundary state, the vacuum of integrable models with boundary reflection. In [7] the ZF generators in the condition are the asymptotic operators, corresponding to the type II vertex operators in the terminology of [9]. When the transfer matrix of boundary integrable model is expressed in terms of the type I vertex operators and K-matirx, the asymptotic operators in the condition should be replaced by the type I vertex operators in order to get integral formulae for correlations. Concerning the XXZ chain, its U_q ( ^sl_n)-generalization and the face-model, see [8, 12, 13].

In this paper we study the SU (2) invariant massive Thirring model with a boundary. In [17] Lukaynov constructed two kinds of generators of the ZF algebra: the asymptotic operators and the local operators, the analogue of the type II and I vertex operators, respectively. He also obtained the integral formulae of form factors for the SU (2) invariant massive Thirring model and the sine-Gordon model in the bulk case [17], which satisfy Smirnov’s axioms [14]. In [18] the boundary crossing symmetry condition involving the local operators (the analogue of the type I vertex operators) was solved for the SU (2) invariant massive Thirring model to construct the boundary states in terms of free bosons. The physical meaning of their boundary state is thus unclear. In [19] form factors satisfying the boundary analogue of Smirnov’s axioms [15] were obtained for the sine-Gordon model with a boundary.

The rest of this paper is organized as follows. In section 2 we review the ZF algebra for the present case, and give the asymptotic and the local operators in terms of free boson. In section 3 solving the boundary crossing symmetry condition involving the asymptotic operators (the analogue of the type II vertex operators), we construct boundary state and its dual of the SU (2) invariant massive Thirring model with a boundary. In section 4 we present explicit integral formulae for form factors of the model.

2 Formulation of the problem

The purpose of this section is to set up the problem, thereby fixing the notation.

2.1 The model

The SU (2) invariant massive Thirring model with boundary reflection is defined by describing its boundary S-matrix (K-matrix) in addition to the bulk S-matrix. The bulk S-matrix S(β) of the model is given by

S(β) = Γ (_1 2 +^β_{2πi} ) Γ ( −^β_{2πi} ) Γ (_1 2 −^β_{2πi} ) Γ (_β 2πi ) 1 β β−πi − πi β−πi −^{πi}_{β−πi}^β_{β−πi} 1 . (2.1)

The S-matrix satisfies the Yang–Baxter equation:

S_{12}(β_1 − β_2)S_{13}(β_1 − β_3)S_{23}(β_2 − β_3) = S_{23}(β_2 − β_3)S_{13}(β_1 − β_3)S_{12}(β_1 − β_2); (2.2)

the unitarity symmetry:

S_{12}(β)S_{21}(−β) = 1; (2.3)

and the crossing symmetry:

S_{12}(πi − β) = C_1^{t1}S_{12}(β) C_1, C = 0 1 −1 0

. (2.4)

The Zamolodchikov–Faddeev(ZF) operators Z^∗_a (β), Z^a(β) (a = ±) generate the following algebra:

Z^∗_a (β_1)Z^∗_b (β_2) = ∑ cd S^{cd}_{ab} (β_1 − β_2)Z^∗_d (β_2)Z^∗_c (β_1),

Z^a(β_1)Z^b(β_2) = ∑ cd Z^d(β_2)Z^c(β_1)S^{ab}_{cd} (β_1 − β_2),

Z^a(β_1)Z^∗_b (β_2) = ∑ cd Z^∗_d (β_2)S^{da}_{bc} (β_1 − β_2)Z^c(β_1) + gδ^a_b δ(β_1 − β_2),

(2.5)

where g is a constant. The boundary S-matrix (K-matrix) K(β) is given by

K(β) = h(−β) h(β) 1_{μ−β} μ+β , h(β) = Γ ( −^μ_{2πi} −^β_{2πi} ) Γ (_1 4 −^β_{2πi} ) Γ (_1 2 −^μ_{2πi} −^β_{2πi} ) Γ ( −^β_{2πi} ) . (2.6)

The K-matrix satisfies the boundary Yang–Baxter equation (reflection equation) [2]:

K_2(β_2)S_{21}(β_1 + β_2)K_1(β_1)S_{12}(β_1 − β_2) = S_{21}(β_1 − β_2)K_1(β_1)S_{12}(β_1 + β_2)K_2(β_2), (2.7)

the boundary unitarity symmetry:

K(β)K(−β) = 1, (2.8)

and the boundary crossing symmetry [7]: C_{a −a}K^{−a}_{−a} ( πi 2 − β ) = ∑ c=± S^{a −a}_{c −c} (2β)C_{−c c}K^c_c ( πi 2 + β ) . (2.9)

From the same argument in [7, 8] the boundary state |B⟩ and its dual state ⟨B| should satisfy Z^∗_a (β)|B⟩ = K^a_a (β)Z^∗_a (−β)|B⟩, ⟨B|Z^a(−β) = ⟨B|Z^a(β)K^a_a (β), (2.10)

where Z^∗_a (β) and Z^a(β) is connected by

Z^a(β) = ∑ b=± C^{ab}Z^∗_b (πi + β). (2.11)

2.2 Ultraviolet regularization

Following Lukyanov [17] we consider the ultraviolet regularization of the original model such that the bosonic field has the oscillator decomposition.

Let us fix the parameter ϵ > 0. In what follows we use the abbreviations, x = e^{− πϵ2} , ζ = e^{iϵβ}, w = e^{iϵγ} and r = e^{iϵμ}. We also use the symbol

(z; p_1, · · · , p_m)_∞ := ∏ i1,···i_m =0 (1 − zp^{i1}_1 · · · p^{im}_m ), |p_i| < 1 (1 5 i 5 m).

The q-analog of Γ function is defined by

Γ_q (z) = (1 − q)^{1−z} (q; q)_∞ (q^z; q)_∞

. (2.12)

You can easily see that Γ_q(z) −→ Γ(z) as q → 1.

The regularized bulk S-matrix S_ϵ(β) is given by

S_ϵ(β) = 1 √ ζ g_ϵ(−β) g_ϵ(β)

1 sinh^{iϵβ}_2 sinh^{iϵ(iπ−β)}_2 − sinh^{πϵ}_2 sinh^{iϵ(iπ−β)}_2 − sinh^{πϵ}_2 sinh^{iϵ(iπ−β)}_2 sinh^{iϵβ}_2 sinh^{iϵ(iπ−β)}_2 1

, g_ϵ(β) =

(ζ^{−1}; x^4)_∞ (x^2ζ^{−1}; x^4)_∞

. (2.13)

The regularized boundary S-matrix (K-matrix) is given by

K_ϵ(β) = h_ϵ(−β) h_ϵ(β) 1 ζ − r 1 − rζ , h_ϵ(β) = (x^2r^{−1}ζ^{−1}; x^4)^∞(ζ^{−2}; x^8)^∞ (r^{−1}ζ^{−1}; x^4)_∞(x^2ζ^{−2}; x^8)_∞

. (2.14)

In the limit ϵ → 0, these regularized matrices behave like S_ϵ^{cd}_{ab}(β) −→ (−1)^{1+ a+d2} S^{cd}_{ab} (β), K_ϵ(β) −→ K(β). (2.15) 2.3 Bosonizations of the ZF algebra

Let us consider the following free boson [17]

ϕ_ϵ(β) = 1 √ 2 (Q − ϵβP ) + ∑ m≠0 2a_mζ^m i(x^{−2m} − x^{2m}) , (2.16)

where the oscilator modes a_m and zero modes P , Q satisfy the commutation relations

[a_m, a_n] = (x^m − x^{−m})(x^{2m} − x^{−2m})x^{−|m|} 4m δ_{m+n,0}, [P, Q] = 1 i . (2.17)

Let ϕ^+_ϵ (β) and ϕ^−_ϵ (β) denote the positive and negative frequency part of ϕ_ϵ(β), respectively. Then we have

[ϕ^+_ϵ (β_1), ϕ^−_ϵ (β_2)] = − log g_ϵ(β_2 − β_1). (2.18)

We now introduce the elementary vertex operators

V (β) = ζ^{− 14} : e^{iϕϵ(β)} :, V̄ (γ) = w^{−1} : e^{−iϕ̄ϵ(γ)} :, (2.19)

where ϕ̄_ϵ(γ) = ϕ_ϵ(γ +^π_2 i) + ϕ_ϵ(γ −^π_2 i) = √ 2(Q − ϵγP ) + ∑ m≠0 2a_mw^m i(x^{−m} − x^m) . (2.20)

The positive and negative frequency part of ϕ̄_ϵ(γ), ϕ̄^+_ϵ (γ) and ϕ̄^−_ϵ (γ) are also defined. Lukyanov [17] prove that the bosonizations of the asymptotic operators of the ZF algebra (the analogue of the type II vertex operators) are given as follows:

Z^∗_{ϵ+}(β) = ζ^{14} V (β), Z^∗_{ϵ−}(β) = c_ϵζ^{− 14} ∫ π_ϵ −^π_ϵ dγ 2π (¯ V (γ)V (β) + xV (β)V̄ (γ) )

= c_ϵ(x − x^{−1}) ∫ π_ϵ −^π_ϵ dγ 2π ζ^{34} (1 − w/(xζ)) (1 − ζ/(xw)) : V̄ (γ)V (β) :, (2.21)

where c_ϵ is an irrelevant constant.

In order to construct the local operators of the ZF algebra (the analogue of the type I vertex operators), let us also consider the fields

ϕ^′_ϵ(α) = − 1 √ 2 (Q − ϵαP ) − ∑ m≠0 2x^{|m|}a_m i(x^{−2m} − x^{2m}) ξ^m, ϕ̄′_ϵ(δ) = ϕ′_ϵ(δ +^π_2 i) + ϕ′_ϵ(δ −^π_2 i) = − √ 2(Q − ϵδP ) − ∑ m>0 2x^m(a_mv^m − a_{−m}v^{−m}) i(x^{−m} − x^m) , (2.22)

where ξ = e^{iϵα} and v = e^{iϵδ}. We now define the local operators Z^′_a(α) (a = ±)

Z^′_{ϵ+}(α) = ξV^′(α), Z^′_{ϵ−}(α) = ic^′_ϵ ∫ π_ϵ −^π_ϵ dδ 2π v (¯ V^′(δ)V^′(α) + V^′(α)V̄^′(δ) ) , (2.23)

where c^′_ϵ is another irrelevant constant, and

V^′(α) =: e^{iϕ}

0_{ϵ(α)}

:, V̄^′(δ) = v^{−1} : e^{−iϕ̄}

0_{ϵ(δ)}

: . (2.24)

Those local operators satisfy the following commutation relations [17]:

Z^′_{ϵa}(α_1)Z^′_{ϵb}(α_2) = − ∑ cd S^{cd}_{ab} (α_2 − α_1)Z^′_{ϵd}(α_2)Z^′_{ϵc}(α_1) Z^∗_{ϵa}(α)Z^′_{ϵb}(β) = ab tan (_π 4 + i^{β−α}_2 ) Z^′_{ϵb}(β)Z^∗_{ϵa} (α). (2.25)

The generators (2.21) and (2.23) act on the regularized Fock space F_ϵ, whose vacuum vector |0⟩ is characterized as follows: P |0⟩ = 0, a_m|0⟩ = 0, (m > 0).

2.4 Observable local fields of the model

In this paper we are interested in the soliton form factors of the observable local field O given by G^O_{ϵ a1···an} (β_1, · · · , β_n) = ⟨B|OZ^∗_{ϵa1} (β_1) · · · Z^∗_{ϵan} (β_n)|B⟩ ⟨B|B⟩ . (2.26)

The space of observable local fileds are identified with the set of fields commuting with the type II vertex operators [10], or the asymptotic operators of the ZF algebra [17] up to a phase factor. In [17] the set of observable local fields are introduced in terms of the local operators of the ZF algebra (the analogue of the type I vertex operators) as follows:

Λ_m(α) = i η^′ 1^{2 12} 1 a 2 b 2 m −1 Z^′_{ϵa}(α + i π 2 )Z^′_{ϵb}(α − i π 2 ), (2.27)

where the Clebsch-Gordan coefficients are given by

1^{2 12} 1 a 2 b 2 ±1 −1 = δ_{a+b,±1}, (2.28)

1^{2 12} 1 a 2 b 2 0 −1 = (−1)^1

�a_2 δ_{a+b,0} √ 2 . (2.29)

The fields Λ_m(α)’s are expressed in terms of bosons [17]

Λ_1(α) = ξ ~V^′(α),

Λ_0(α) = i √ 2 ∫ π_ϵ −^π_ϵ dδ 2π vξ ( V̄^′(δ) ~V^′(α) − ~V^′(α)V̄^′(δ) ) , Λ_{−1}(α) = 1 2 ∫ π_ϵ −^π_ϵ dδ_1 2π ∫ π_ϵ −^π_ϵ dδ_2 2π v_1v_2ξ ( V̄^′(δ_1)V̄^′(δ_2) ~V^′(α)

−2V̄^′(δ_1) ~V^′(α)V̄^′(δ_2) + ~V^′(α)V̄^′(δ_1)V̄^′(δ_2) ) ,

(2.30)

where

~V^′(α) = ξ^{−1} : e^{iϕ̄}0ϵ^{(α)} : . (2.31)

The fields Λ_m’s (anti-)commute with the asymptotic operators:

Λ_m(α)Z^∗_{ϵa}(β) = (−1)^mZ^∗_{ϵa}(β)Λ_m(α). (2.32)

3 Boundary states

In this section we wish to determine the boundary state satisfying the relation [7, 8] Z^∗_{ϵ a}(β)|B_ϵ⟩ = K_ϵ^a(β)Z^∗_{ϵ a}(−β)|B_ϵ⟩, (a = ±). (3.1) In order to solve (3.1) we make the ansatz that the boundary state has the following form |B_ϵ⟩ = e^{Bϵ} |0⟩, B_ϵ = 1 2 ∞∑ m=1 α_m [a_m, a_{−m}] a^2_{−m} + ∞∑ m=1 β_m [a_m, a_{−m}] a_{−m}. (3.2)

Note that [a_m, a_{−m}] appearing in the denominator is a c-number because of (2.17). From the boundary Yang–Baxter equation, the coefficients α_m, β_m do not depend on the spectral parameter β. The presence of e^{Bϵ} has the effect of a Bogoliubov transformation e^{−Bϵ} a_ne^{Bϵ} = a_n + α_na_{−n} + β_n, e^{−Bϵ} a_{−n}e^{Bϵ} = a_{−n}, (3.3) for n > 0. Using the bosonization formulae, eq. (3.1) for a = + reduces to e^{iϕ+(β)}|B_ϵ⟩ = h_ϵ(−β)e^{iϕ}�^{(−β)}|B_ϵ⟩. (3.4) By straightforward calculation, the coefficients α_m, β_m are to be found α_m = −1, β_m = 1 2m (1 − x^{2m})x^{−2m}r^{−m} − 1 2m θ_m(1 − x^m)(1 − x^{2m})x^{−2m}, (3.5) where θ_m =

1, m : even, 0, m : odd.

(3.6) Let us prove (3.1) for a = −. From (2.20) and (3.2) we have e^{−iϕ̄+(γ)}|B_ϵ⟩ = I_ϵ(γ)e^{−iϕ̄}�^{(−γ)}|B_ϵ⟩, (3.7) where I_ϵ(γ) = (1 − w^2)(1 − w/(xr)). (3.8) Thus eq. (3.1) for a = − reduces to ∫ π_ϵ −^π_ϵ dγ I_ϵ(γ)(1 − rζ) w(1 − w/(xζ))(1 − 1/(xwζ))(1 − w/(xζ)) e^{−iϕ̄}�^{(γ)−iϕ̄}�^{(−γ)}|B_ϵ⟩ = (ζ ↔ ζ^{−1}). (3.9) Here we change the integral variable γ → −γ in both sides and add it to the original one. Then (3.9) holds if the following the relation concerning the integrand I_ϵ(γ) I_ϵ(−γ) = −w^2 (1 − w/(xr)) (1 − 1/(xrw)) . (3.10) Since (3.10) is compatible with (3.8), we have (3.9), which implies (3.1) for a = −.

The dual boundary state ⟨B_ϵ| is determined by ⟨B_ϵ|Z^a_ϵ (−β) = ⟨B_ϵ|Z^a_ϵ (β)K^a_{ϵ a}(β), (a = ±). (3.11) In order to solve (3.11) we make the ansatz that the dual boundary state has the following form ⟨B_ϵ| = ⟨0|e^{Gϵ} , G_ϵ = 1 2 ∞∑ m=1 γ_m [a_m, a_{−m}] a^2_m + ∞∑ m=1 δ_m [a_m, a_{−m}] a_m. (3.12) ¿From the same arguments as before, the coefficients γ_m, δ_m are to be found γ_m = −x^{4m}, δ_m = 1 2m (1 − x^{2m})x^{2m}r^{−m} + 1 2m θ_m(1 − x^m)(1 − x^{2m}). (3.13)

The action of the elementary operators to the dual boundary state sre given by ⟨B_ϵ|e^{iϕ}�^{(iπ−β)} = (1 − r^{−1}ζ)h_ϵ(−β)⟨B_ϵ |e^{iϕ+(iπ+β)}, (3.14) ⟨B_ϵ|e^{−iϕ̄}�^{(iπ+γ)} = I^∗_ϵ (γ)⟨B_ϵ |e^{−iϕ̄+(iπ−γ)}, (3.15) where I^∗_ϵ (γ) =

1 − 1/(w^2) 1 − x/(rw) . (3.16) Note that our boundary states are differnt from the ones constructed by Chao et al. [18], because they solved the condition Z^′_{ϵ a}(β)|B^′_ϵ⟩ = K_ϵ^a(β)Z^′_{ϵ a}(−β)|B^′_ϵ⟩, ⟨B^′_ϵ|Z^{′a∗}_ϵ (−β) = ⟨B^′_ϵ|Z^{′a∗}_ϵ (β)K^a_{ϵ a}(β), (3.17) instead of (2.10). In order to compute form factors one should identify |B_ϵ⟩ and ⟨B_ϵ| satisfying (2.10) with the vauum and its dual of the present model.

4 Form Factors

Let us consider the form factor of the form G^{m1···mk} ϵ a1···a_n (α1, · · · , αk|β1, · · · , βn) = ⟨B_ϵ|Λ_{m1} (α_1) · · · Λ_{mk} (α_k)Z^∗_{ϵa1} (β_1) · · · Z^∗_{ϵan} (β_n)|B_ϵ⟩ ⟨B_ϵ|B_ϵ⟩ , (4.1) where Λ_m(α) (m = 0, ±1) are the observable local fields of the present model introduced in section 2.4.

In what follows we use the following abbreviations: ξ_j = e^{iϵαj} , v_j = e^{iϵδj} , ζ_j = e^{iϵβj} , w_j = e^{iϵγj} . (4.2) Let A_± and M_m (m = 0, ±1) signify the sets such that A_± := {a_j|a_j = ±}, M_m := {m_j |m_j = m}, and r = #(A_−), p = 2#(M_{−1}) + #(M_0). Then we find the integral formula for the form factor (4.1) as follows: G^{m1···mk} ϵ a1···a_n (α1, · · · , αk|β1, · · · , βn) = ∏ a∈A� ∫ π_ϵ −^π_ϵ dγ_a 2π c_ϵζ^{− 14}_a (P_ϵ(ζ_a, w_a) + x) n∏ j=a+1 P_ϵ(ζ_j , w_a) × ∏ m∈M�1 ∫ π_ϵ −^π_ϵ dδ^1_m 2π ∫ π_ϵ −^π_ϵ dδ^2_m 2π ξ_mv^1_mv^2_m ( P^′_ϵ(ξ_m, v^1_m)P^′_ϵ(ξ_m, v^2_m) − 2P^′_ϵ(ξ_m, v^1_m) + 1 )

× k∏ j=m+1 P^′_ϵ(ξ_j , v^1_m)P^′_ϵ(ξ_j , v^2_m) ∏ m0_{∈M0} ∫ π_ϵ −^π_ϵ dδ_m0 2π ξ_m0 v_m0 (P^′_ϵ(ξ_m0 , v_m0) − 1) k∏ j=m0_{+1}

P^′_ϵ(ξ_j , v_m0 ) × R_ϵ(α_1, · · · , α_k|{δ^1_m, δ^2_m}_{m∈M}�_1 , {δ_m0 }_m0_{∈M0} |β_1, · · · , β_n|{γ_a}_{a∈A}� )

(4.3)

where P_ϵ(ζ, w) := ζ − xw w − xζ , P^′_ϵ(ξ, v) := xξ − x^{−1}v x^{−1}ξ − xv , (4.4) and the auxiliary function R_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r) (4.5) = ⟨B_ϵ| ~V^′(α_k) · · · ~V^′(α_1)V̄^′(δ_p) · · · V̄^′(δ_1)V (β_n) · · · V (β_1)V̄ (γ_r ) · · · V̄ (γ_1)|B_ϵ⟩ ⟨B_ϵ|B_ϵ⟩ . Taking the normal ordering, we have R_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r) = δ_{2k−2p+n−2r,0} ∏ 15j<l5n g_ϵ(β_j − β_l) k∏ j=1 ξ^{2p+n−2r−1} j p∏ j=1 v^{−n+2r−1} j r∏ j=1 w^{−1}_j n∏ j=1 ζ^{r− 14}_j × ∏ 15j<l5k (1 − x^2ξ_l/ξ_j)(1 − ξ_l/ξ_j) ∏ 15j<l5p (1 − x^2v_l/v_j)(1 − v_l/v_j) ∏ 15j<l5r (1 − w_l/w_j)(1 − w_l/(x^2w_j))

× p∏ j=1 k∏ l=1 (1 − x^2ξ_l/v_j)(1 − ξ_l/v_j) r∏ j=1 k∏ l=1 (1 − xξ_l/w_j)(1 − ξ_l/(xw_j)) n∏ j=1 p∏ l=1 (1 − v_l/ζ_j ) n∏ j=1 k∏ l=1 (1 − ξ_l/ζ_j ) r∏ j=1 p∏ l=1 (1 − xv_l/w_j)(1 − v_l/(xw_j)) r∏ j=1 n∏ l=1 (1 − ζ_l/(xw_j)) × I_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r). (4.6) Here I_ϵ is defined as I_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r) = ⟨0|e^{Gϵ} exp ( ∑_∞ m=1 a_{−m}X_m) exp (− ∑_∞ m=1 a_mY_m) e^{Bϵ} |0⟩ ⟨0|e^{Gϵ} e^{Bϵ} |0⟩ , (4.7)

where

X_m = 2 1 − x^{2m} x^{2m} k∑ j=1 ξ^{−m}_j − x^{2m} p∑ j=1 v^{−m}_j + x^m r∑ j=1 w^{−m}_j + 2 1 − x^{4m} −x^{2m} n∑ j=1 ζ^{−m}_j ,

Y_m = 2 1 − x^{2m} x^{2m} k∑ j=1 ξ^m_j − x^{2m} p∑ j=1 v^m_j + x^m r∑ j=1 w^m_j + 2 1 − x^{4m} −x^{2m} n∑ j=1 ζ^m_j . (4.8) The vacuum expectation value (4.7) becomes I_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_l) = exp (_∞ ∑ m=1 [a_m, a_{−m}] 1 1 − α_mγ_m { 1 2 γ_mX^2_m + 1 2 α_mY^2_m − α_mγ_mX_mY_m }

+ ∞∑ m=1 1 1 − α_mγ_m {(δ_m + γ_mβ_m)X_m − (β_m + α_mδ_m)Y_m} ) , (4.9)

In order to derive the formulae of the vacuum expectation value (4.9) we prepare the coherent states, |η⟩ = exp (_∞ ∑ m=1 η_ma_{−m} [a_m, a_{−m}] ) |0⟩, ⟨η̄| = ⟨0| exp (_∞ ∑ m=1 η̄_ma_m [a_m, a_{−m}] ) , (4.10)

which enjoy the following properties: a_n|η⟩ = η_n|η⟩, ⟨η̄|a_{−n} = η̄_n⟨η̄|. (4.11)

The completeness relation id = ∫ ∏ m>0 dη_mdη̄_m [a_m, a_{−m}] exp ( − ∞∑ m=1 η_mη̄_m [a_m, a_{−m}] ) |η⟩⟨η̄|, (4.12)

can be easily proved. Here the integral ∫ dηdη̄ implies 1 2i ∫_∞ −∞ ∫_∞ −∞ dxdy. By using the Bogoliubov transformation, we obtain ⟨0|e^{Gϵ} exp (_∞ ∑ m=1 a_{−m}X_m ) exp ( − ∞∑ m=1 a_mY_m ) e^{Bϵ} |0⟩ = ⟨0|e^{Gϵ} e^{Bϵ} exp (_∞ ∑ m=1 a_{−m} (X_m − α_mY_m) ) |0⟩ × exp ( − ∞∑ m=1 β_mY_m ) exp ( 1 2 ∞∑ m=1 [a_m, a_{−m}]α_mY^2_m ) . (4.13)

Inserting the completeness relation between e^{Gϵ} and e^{Bϵ} and calculating the Gaussian-type integral, we have (4.9), and ⟨B_ϵ|B_ϵ⟩ = ∞∏ m=1 1 √ 1 − α_mγ_m exp ( 1 2 ∞∑ m=1 1 1 − α_mγ_m 1 [a_m, a_{−m}] ( α_mδ^2_m + γ_mβ^2_m + 2β_mδ_m ) ) (4.14)

The vacuum expectation value (4.9) is evaluated by exp ( − ∞∑ m=1 1 m z^m (1 − p^m_1 ) · · · (1 − p^m_n ) ) = (z; p_1, · · · , p_n)_∞, |p_i| < 1 (1 5 i 5 n). (4.15)

The norm of the vacuums is given as ⟨B_ϵ|B_ϵ⟩ = (x^2r^{−2}; x^4)_∞(x^{10}r^{−2}; x^8)_∞ (x^6; x^8)_∞(x^8r^{−2}; x^8)_∞

. (4.16)

The integral I_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r) is given by I_ϵ(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r) = (x^4; x^2)^{k+p}_∞ (x^2; x^2)^r_∞ ( (x^4; x^4, x^4)_∞ (x^6; x^4, x^4)_∞ )_n

× k∏ j=1 (x^2ξ^2_j ; x^4)_∞(x^6ξ^{−2}_j ; x^4)_∞ p∏ j=1 (v^2_j ; x^4)_∞(x^4v^{−2}_j ; x^4)_∞ r∏ j=1 (w^2_j ; x^4)_∞(x^4w^{−2}_j ; x^4)_∞

× n∏ j=1 (ζ^{2j} ; x^4, x^4)^∞(x^4ζ^{−2j} ; x^4, x^4)^∞(ζ^{2j} ; x^8)^∞(x^4ζ^{−2j} ; x^8)^∞ (x^2ζ^2_j ; x^4, x^4)_∞(x^6ζ^{−2}_j ; x^4, x^4)_∞(x^2ζ^2_j ; x^8)_∞(x^6ζ^{−2}_j ; x^8)_∞ × k∏ j=1 (1 − r^{−1}ξ_j ) p∏ j=1 1 1 − r^{−1}v_j r∏ j=1 (1 − r^{−1}x^{−1}w_j) n∏ j=1 (x^2r^{−1}ζ_j; x^4)_∞ (r^{−1}ζ_j; x^4)_∞ × ∏ 15i<j5k (ξ_iξ_j ; x^2)_∞(x^4ξ^{−1}_i ξ^{−1}_j ; x^2)_∞(x^4ξ_iξ^{−1}_j ; x^2)_∞(x^4ξ^{−1}_i ξ_j ; x^2) × ∏ 15i<j5p (v_iv_j ; x^2)_∞(x^4v^{−1}_i v^{−1}_j ; x^2)_∞(x^4v_iv^{−1}_j ; x^2)_∞(x^4v^{−1}_i v_j ; x^2) × ∏ 15i<j5r (x^{−2}w_iw_j; x^2)_∞(x^2w^{−1}_i w^{−1}_j ; x^2)_∞(x^2w_iw^{−1}_j ; x^2)_∞(x^2w^{−1}_i w_j ; x^2)

× ∏ 15i<j5n (ζ_iζ_j; x^4, x^4)_∞(x^4ζ^{−1}_i ζ^{−1}_j ; x^4, x^4)_∞(x^4ζ^{−1}_i ζ_j ; x^4, x^4)_∞(x^4ζ_iζ^{−1}_j ; x^4, x^4)_∞ (x^2ζ_iζ_j; x^4, x^4)_∞(x^6ζ^{−1}_i ζ^{−1}_j ; x^4, x^4)_∞(x^6ζ^{−1}_i ζ_j; x^4, x^4)_∞(x^6ζ_iζ^{−1}_j ; x^4, x^4)_∞ × k∏ i=1 p∏ j=1 { (ξ_iv_j; x^2)(x^4ξ^{−1}_i v^{−1}_j ; x^2)_∞(x^4ξ^{−1}_i v_j; x^2)_∞(x^4ξ_iv^{−1}_j ; x^2)_∞ }_{−1}

× k∏ i=1 r∏ j=1 (x^{−1}ξ_iw_j; x^2)(x^3ξ^{−1}_i w^{−1}_j ; x^2)_∞(x^3ξ^{−1}_i w_j; x^2)_∞(x^3ξ_iw^{−1}_j ; x^2)_∞ × p∏ i=1 r∏ j=1 { (x^{−1}v_iw_j; x^2)(x^3v^{−1}_i w^{−1}_j ; x^2)_∞(x^3v^{−1}_i w_j; x^2)_∞(x^3v_iw^{−1}_j ; x^2)_∞ }_{−1}

× k∏ i=1 n∏ j=1 { (ξ_iζ_j; x^4)(x^4ξ^{−1}_i ζ^{−1}_j ; x^4)_∞(x^4ξ^{−1}_i ζ_j; x^4)_∞(x^4xi_iζ^{−1}_j ; x^4)_∞ }_{−1}

× p∏ i=1 n∏ j=1 (v_iζ_j; x^4)(x^4v^{−1}_i ζ^{−1}_j ; x^4)_∞(x^4v^{−1}_i ζ_j ; x^4)_∞(x^4v_iζ^{−1}_j ; x^4)_∞ × r∏ i=1 n∏ j=1 { (x^{−1}w_iζ_j; x^4)(x^3w^{−1}_i ζ^{−1}_j ; x^4)_∞(x^3w^{−1}_i ζ_j ; x^4)_∞(x^3w_iζ^{−1}_j ; x^4)_∞ }_{−1} .

(4.17)

Here we have obtained the integral representation of the form factor in the ultraviolet regularization scheme. Next we consider the original problem by taking the limit ϵ → 0 of (4.3).

Let us set the function

Q_ϵ(β) := γ(ζ^2) (x; x^4)_∞

, (4.18)

where γ(ζ^2) =

(ζ^2; x^4, x^4)_∞(x^4ζ^{−2}; x^4, x^4)_∞ (x^2ζ^2; x^4, x^4)_∞(x^6ζ^{−2}; x^4, x^4)_∞ . Then as ϵ → 0 the function Q_ϵ(β) behave like

Q_ϵ(β) ∼ exp − ∫_∞ 0 dy y e^{πy/2} ( sh^2 (_{iβ+π} 2 y ) − sh^{2 πy}_4 ) shπych^{πy}_2

=: Q(β). (4.19)

In the limit ϵ → 0, the integral (4.17) thus behaves like I_ϵ ∼ k∏ j=1 1 Γ(^1_2 +^{αj}_{πi} )Γ(^3_2 −^{αj}_{πi} ) p∏ j=1 1 Γ(^{δj}_{πi} )Γ(1 −^{δj}_{πi} )

× r∏ j=1 1 Γ(^{γj}_{πi} )Γ(1 −^{γj}_{πi} ) n∏ j=1 Γ(^14 +^{βj}2πi )Γ(^34 −^{βj}2πi ) Γ(^{βj}_{2πi} )Γ(^1_2 −^{βj}_{2πi} )

Q(β_j )

× k∏ j=1 (α_j − μ) p∏ j=1 1 δ_j − μ r∏ j=1 (γ_j − μ − πi 2 ) n∏ j=1 Γ(^{βj −μ}_{2πi} ) Γ(^1_2 +^{βj −μ}_{2πi} ) × ∏ 15i<j5k 1 Γ(^{αi+αj}_{πi} )Γ(2 −^{αi+αj}_{πi} )Γ(2 +^{αi−αj}_{πi} )Γ(2 −^{αi−αj}_{πi} ) × ∏ 15i<j5p 1 Γ(^{δi+δj}_{πi} )Γ(2 −^{δi+δj}_{πi} )Γ(2 +^{δi−δj}_{πi} )Γ(2 −^{δi−δj}_{πi} ) × ∏ 15i<j5r 1 Γ(−1 +^{γi +γj}_{πi} )Γ(1 −^{γi+γj}_{πi} )Γ(1 +^{γi−γj}_{πi} )Γ(1 −^{γi−γj}_{πi} ) × ∏ 15i<j5n Γ(^{βi−βj}_{2πi} ) Γ(^1_2 +^{βi−βj}_{2πi} ) Q ( β_i + β_j 2 ) Q ( β_i − β_j 2 )

× k∏ i=1 p∏ j=1 Γ ( α_i + δ_j πi ) Γ ( 2 − α_i + δ_j πi ) Γ ( 2 + α_i − δ_j πi ) Γ ( 2 − α_i − δ_j πi )

× k∏ i=1 r∏ j=1 1 Γ(−^1_2 +^{αi+γj}_{πi} )Γ(^3_2 −^{αi+γj}_{πi} )Γ(^3_2 +^{αi−γj}_{πi} )Γ(^3_2 −^{αi−γj}_{πi} ) × p∏ i=1 r∏ j=1 Γ ( − 1 2 + δ_i + γ_j πi ) Γ ( 3 2 − δ_i + γ_j πi ) Γ ( 3 2 + δ_i − γ_j πi ) Γ ( 3 2 − δ_i − γ_j πi )

× k∏ i=1 n∏ j=1 Γ( α_i + β_j 2πi )Γ(1 − α_i + β_j 2πi )Γ(1 + α_i − β_j 2πi )Γ(1 − α_i − β_j 2πi )

× p∏ i=1 n∏ j=1 1 Γ(^{δi+βj}_{2πi} )Γ(1 −^{δi +βj}_{2πi} )Γ(1 +^{δi−βj}_{2πi} )Γ(1 −^{δi −βj}_{2πi} ) × r∏ i=1 n∏ j=1 Γ ( − 1 4 + γ_i + β_j 2πi ) Γ ( 3 4 − γ_i + β_j 2πi ) Γ ( 3 4 + γ_i − β_j 2πi ) Γ ( 3 4 − γ_i − β_j 2πi )

=: I(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r ).

(4.20)

Note that as ϵ → 0, P_ϵ(ζ, w) −→ P (β − γ), P^′_ϵ(ξ, v) −→ P^′(α − δ), where P (β) = − iβ +^π_2 iβ −^π_2 , P^′(α) = iα − π iα + π . After all, we obtain the following integral representation of the form factor for the SU (2) invariant massive Thirring model with boundary reflection: G^{m1···mk} a1···a_n (α1, · · · , αk|β1, · · · , βn) = δ_{2k−2p+n−2r,0} ∏ a∈A� ∫_∞ −∞ dγ_a 2π (P (β_a − γ_a) + x) n∏ j=a+1 P (β_j − γ_a) × ∏ m∈M�1 ∫_∞ −∞ dδ^1_m 2π ∫_∞ −∞ dδ^2_m 2π ξ_mv^1_mv^2_m ( P^′(α_m − δ^1_m)P^′(α_m − δ^2_m) − 2P^′(α_m − δ^1_m) + 1 )

× k∏ j=m+1 P^′(α_m − δ^1_m)P^′(α_m − δ^2_m) ∏ m0_{∈M0} ∫_∞ −∞ dδ_m0 2π ξ_m0 v_m0 (P^′(α_m0 − δ_m0 ) − 1)

× k∏ j=m0_{+1}

P^′(α_j − δ_m0 ) ∏ 15j<l5n Γ(^1_2 −^{βj −βl}_{2πi} ) Γ(−^{βj −βl}_{2πi} ) ∏ 15j<l5k (π − i(α_l − α_j ))i(α_j − α_l) × ∏ 15j<l5p (π − i(δ_l − δ_j ))i(δ_j − δ_l ) ∏ 15j<l5r i(γ_l − γ_j )(π + i(γ_l − γ_j ))

× p∏ j=1 k∏ l=1 (π − i(α_l − δ_j ))i(δ_j − α_l) r∏ j=1 k∏ l=1 (π − i(α_l − δ_j ))i(δ_j − α_l) n∏ j=1 p∏ l=1 i(β_j − δ_l) n∏ j=1 k∏ l=1 (β_j − α_l) r∏ j=1 p∏ l=1 ( π 2 − i(δ_l − γ_j ))(− π 2 − i(δ_l − γ_j )) r∏ j=1 n∏ l=1 (− π 2 − i(β_l − γ_j )) × I(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r),

(4.21)

where I(α_1, · · · , α_k|δ_1, · · · , δ_p|β_1, · · · , β_n|γ_1, · · · , γ_r) is defined in (4.20).

In this paper we have obtained the boundary state and its dual of the boundary SU (2) invariant massive Thirring model, by solving the boundary crossing symmetry condition. We have also presented the integral formulae of the soliton form factor of the model. For an application of our integral formulae, the asymptotic behaviors of the soliton form factors may be evaluated along the line of Smirnov’s pioneering work [14].

It is known that the SU (2) invariant massive Thirring model can be obtained from the sine-Gordon model by taking the limit such that an appropriate parameter of the latter model goes to infinity [14]. Nevertheless, it is not easy to see that our expression (4.21) is reduced from the corresponding form factor obtained in [19]. A part of technical reasons of the difficulty is as follows. For the boundary sine- Gordon model the integral contour for the asymptotic generators of the ZF algebra is more complicated than that for the local generators. On the other hand, for the present case, the integral contours for both the asymptotic and local generators of the ZF algebra can be taken on the real line.

In this paper we used the diagonal solution of the boundary Yang–Baxter equation. It may be interesting to study a nondiagonal boundary condition case.

Acknowledgements TK was partly supported by Grant-in-Aid for Encouragements for Young Scientists (A) from Japan Society for the Promotion of Science. (11740099)

References

[1] Zamolodchikov A B and Zamolodchikov Al B: Factorized S-matrices in two dimensions at the exact solutions of certain relativistic quantum field theory models, Ann. Phys. 120 (1979) 253–291.

[2] Cherednik I V: Factorizing particles on a half line and root systems, Theor. Math. Phys. 61 (1984) 977–983.

[3] Sklyanin E K: Boundary conditions for integrable quantum systems, J. Phys. A21 Math. Gen.

(1988) 2357–2389.

[4] McCoy B M and Wu T T: Two-dimensional Ising model, Harvard University Press, Cambridge, 1973, and referrences therein.

[5] Bariev B Z: Correlation functions of semi-infinite two-dimensional Ising model I, Theor. Math.

Phys. 40 (1979) 623–626.

[6] Kojima T: Ground-State Correlation Functions for an impenetrable Bose Gas with Neumann or Dirichlet Boundary Conditions, J. Stat. Phys. V88, N3/4 (1997) 713–743.

[7] Ghoshal S and Zamolodchikov A: Boundary S-matrix and boundary state in two-dimensional integrable quantum field theory, Int. J. Mod. Phys. A9 (1994) 3841–86; Erratum ibid. 4353.

[8] Jimbo M, Kedem R, Kojima T, Konno H and Miwa T: XXZ model with a boundary, Nucl. Phys.

B441[FS] (1995) 437–470.

[9] Davies B, Foda O, Jimbo M, Miwa T and Nakayashiki, A: Diagonalization of the XXZ Hamiltonian by Vertex Operators, Commun. Math. Phys. 151 (1993) 89–153.

[10] Jimbo M and Miwa T: Algebraic analysis of solvable lattice models, CBMS Regional Conferences Series in Mathematics, 1994.

[11] Jimbo M, Miki K, Miwa T and Nakayashiki A: Correlation functions of the XXZ model for Δ < −1, Phys. Lett. 168A (1992) 256–263.

[12] Furutsu H and Kojima T: U_q( ^sl_n)-analog of the XXZ chain with a boundary, solv-int/9905009. [13] Miwa T and Weston R: Boundary ABF models, Nucl. Phys.B[PM] (1997) 517–545. [14] Smirnov, F. A., Form Factors in Completely Integrable Models of Quantum Field Theory, World Scientific, Singapore, 1992.

[15] Jimbo M, Kedem R, Konno H, Miwa T and Weston R: Difference equations in spin chain with a boundary, Nucl. Phys. B448[FS] (1995) 429–456.

[16] Faddeev L D: Quantum completely integrable models in field theory, Sov. Sci. Rev. Math. Phys.

1C (1980) 107–155.

[17] Lukaynov S: Free field representation for massive integrable models, Commun. Math. Phys. 167 (1995)183–226.

[18] Chao L, Hou B Y, Shi K J, Wang Y S and Yang W L: Bosonic realization of boundary operators in SU (2)-invariant Thirring model, Int. J. Mod. Phys. A10 (1995) 4469–4482.

[19] Hou B Y, Shi K J, Wang Y S and Yang W L: Bosonization of quantum sine-Gordon field with boundary, Int. J. Mod. Phys. A12 (1997) 1711–1741.