arXiv:astro-ph/0510598 v2 20 Feb 2006

astro-ph/0510598

w and w^′ of Scalar Field Models of Dark Energy

Takeshi Chiba^{1, 2} 1 Department of Physics, College of Humanities and Sciences, Nihon University, Tokyo 156-8550, Japan 2Division of Theoretical Astronomy, National Astronomical Observatory of Japan, Tokyo 181-8588, Japan (Dated: February 20, 2006)

Important observables to reveal the nature of dark energy are the equation of state w and its time derivative in units of the Hubble time w^′. Recently, it is shown that the simplest scalar field models of dark energy (quintessence) occupy rather narrow regions in the w − w^′ plane. We extend the w − w^′ plane to w < −1 and derive bounds on w^′ as a function of w for tracker phantom dark energy. We also derive bounds on tracker k-essence. The observational window for w^′ for w < −1 is not narrow, σ(w^′) ≲ 6|1 + w|.

PACS numbers: 98.80.Cq; 98.80.Es

I. INTRODUCTION

The equation of state w = p/ρ of dark energy is a key observable to reveal the nature of dark energy which accelerates the Universe. w = −1 for the cosmological constant and w is in general a function of time for scalar field models of dark energy (quintessence). w and its time derivative in units of the Hubble time, w^′ = dw/d ln a, are currently constrained from the distance measurements of SNIa (assuming a prior on Ω_m) as w_0 = −1.31±^{0.22}_{0.28}, w^′_0 = −1.48±^{0.90}_{0.81} (at 95% confidence level) [1]. Important question is how much precisely we should determine the equation of state observationally.

In this respect, Caldwell and Linder have recently attempted an observation-oriented phase space analysis of quintessence [2]. Namely, instead of the scalar field and its time derivative, they numerically studied the dynamics in the w − w^′ plane and found that “phase space” of quintessence in the w − w^′ plane is narrow and that a desired measurement resolution should be σ(w^′) ≲ (1 + w). More recently, Scherrer derived analytically a tighter lower bound on w^′ [3]. In this paper, after reviewing the limits (Sec.2) and slightly updating the result in [3], we extend these results to phantom dark energy (Sec.3) and k-essence (Sec.4).

II. LIMITS OF QUINTESSENCE REVISITED

Firstly, we review the limit of tracker quintessence [3] to introduce the notation. Then we obtain a lower bound on w^′ for tracker quintessence models.

A. Generic Bound

We consider a flat universe consisting of (nonrelativistic) matter and scalar field dark energy ϕ (quintessence). The equation of motion of quintessence field ϕ is

ϕ̈ + 3Hϕ̇ + V_{,ϕ}(ϕ) = 0, (2.1)

where V_{,ϕ} = δV /δϕ. The equation of state w is given by w = ϕ̇^2/2 − V ϕ̇2/2 + V . (2.2)

Eq.(2.2) suggests that the equation of motion Eq.(2.1) may be rewritten by using w^′ = dw/d ln a. In fact, it is rewritten as [4]

∓ V_{,ϕ} V = √ 3κ^2(1 + w)

Ω_ϕ ( 1 + x^′ 6 ) , (2.3) where the minus sign corresponds to ϕ̇ > 0(V_{,ϕ} < 0) and the plus sign to the opposite and κ^2 = 8πG and Ω_ϕ is the density parameter of dark energy.. x is defined by

x = ln ( 1 + w 1 − w ) , (2.4)

and x^′ is the derivative of x with respect to ln a and is related with w^′ as

x^′ = 2w^′ (1 − w)(1 + w)

. (2.5)

Since the left-hand side of Eq.(2.3) is positive, 1 + x^′/6 > 0. In terms of w^′ by the use of Eq.(2.5), we obtain [3]

w^′ > −3(1 − w)(1 + w). (2.6)

This bound applies to a more general class of quintessence field which monotonically rolls down the potential.

B. Tracker Quintessence

The bound can be tightened for tracker fields which have nearly constant w initially and eventually evolve toward w = −1. Tracker fields have attractor-like solutions in the sense that a very wide range of initial conditions rapidly converge to a common cosmic evolutionary track [4]. Taking the derivative of Eq.(2.3) with respect to ϕ, we obtain [3, 5]

Γ − 1 =

3(w_B − w)(1 − Ω_ϕ)

(1 + w)(6 + x^′) − (1 − w)x^′ 2(1 + w)(6 + x^′) − 2x^{′′} (1 + w)(6 + x^′)^2

, (2.7)

where Γ = V V_{,ϕϕ}/V^2_{,ϕ}, w_B is the equation of state of background matter and x^{′′} is the second derivative of x with respect to ln a. Since w is a constant for tracker fields and Ω_ϕ is initially negligible, w is written in terms of Γ as w = w_B − 2(Γ − 1) 2(Γ − 1) + 1

. (2.8)

Since w^′ ≤ 0 for tracker fields, x^′ ≤ 0. However, since w asymptotically approaches toward −1, x^′ eventually stops decreases and then increases toward zero. The minimum of x^′, x^′_m gives the minimum of w^′ via Eq.(2.5). To find x^′_m, we put x^{′′} = 0 in Eq.(2.7) and find that

x^′_m = −6 w(1 − Ω_ϕ) + 2(1 + w)(Γ − 1) (1 − w) + 2(1 + w)(Γ − 1) > −6 2(1 + w)(Γ − 1) (1 − w) + 2(1 + w)(Γ − 1)

. (2.9)

Since x_m is an increasing function of w(< −1), a lower bound is given by w of the tracker solution Eq.(2.8) x^′_m > 6w 1 − 2w . (2.10)

From Eq.(2.5), in terms of w^′, we obtain a lower bound on w^′ w^′ > 3w 1 − 2w (1 − w)(1 + w) ≥ −(1 − w)(1 + w). (2.11)

The last inequality is the limit derived by Scherrer [3]. In [3], Γ > 1 is used to derive the final inequality. However, for tracker quintessence, Γ = 1 − w/2(1 + w)(> 1) and thus a slightly stronger bound is obtained. These bounds are shown in Fig.1 and Fig. 2.

III. LIMITS OF PHANTOM

We extend the range of w to w < −1. Phantom is scalar field dark energy with w < −1 [6]. Although there are several models of phantom, we consider a simple scalar field model with wrong sign of the kinetic term (ghost) [6]. We understand that there are several serious obstacle (eg. rapid gravitational decay of vacuum) for such a ghost field to be cosmologically relevant field [7]. Our intention here is more observation-oriented and to provide observables related with the dynamics of the field which behaves like phantom. After giving the generic lower bound for phantom dark energy, we derive an upper bound on w^′ for tracker phantom models.

FIG. 1: Bounds on w^′ as a function of w. For w > −1, curves are lower bounds: Solid curve is our lower bound while dotted curve is from Ref.[3]. Dashed curve is generic lower bound Eq.(2.6). The shaded region is bounded by lower and upper bounds for phantom. The loops in the shaded region are the trajectories for V = V0 log(κϕ).

A. Generic Bound

In this model, the energy density and the pressure of dark energy is given by ρ = −ϕ̇^2/2 + V, p = −ϕ̇^2/2 − V , respectively. We consider a non-negative V (ϕ). The equation of motion is given by

ϕ̈ + 3Hϕ̇ − V_{,ϕ} = 0. (3.1)

FIG. 2: Same as Fig. 1 but for narrower range of w. The loops on the shaded region are the trajectories for V = V0 √ κϕ.

Therefore, the scalar field rolls down the inverted potential −V (or rolls up the potential V ). Similar to quintessence, the phantom equation of motion can be rewritten as ∓ V_{,ϕ} V = √ −3κ^2(1 + w) Ω_ϕ ( −1 + x^′ 6 ) , (3.2)

where the minus sign for ϕ̇ > 0(V_{,ϕ} > 0) and the plus sign for the opposite. Since the left hand side is positive, we have an upper bound on x^′, x^′ < 6, which in turn gives a lower bound of w^′

w^′ > 3(1 − w)(1 + w). (3.3)

An interesting feature about this lower bound may be that it is not connected smoothly with the quintessential bound Eq.(2.6) since the kinetic term changes its sign across w = −1.

B. Tracker Phantom

The tracker equation for phantom field is given by

Γ − 1 =

3(w_B − w)(1 − Ω_ϕ) (1 + w)(6 − x^′) − (1 − w)x^′ 2(1 + w)(6 − x^′) + 2x^{′′} (1 + w)(6 − x^′)^2

. (3.4)

Therefore, for the tracker solution for which w is nearly constant and Ω_ϕ → 0, w is given by w = w_B − 2(Γ − 1) 2(Γ − 1) + 1

. (3.5)

Thus Γ < 1/2 is required for tracking phantom w < −1.

Another issue to be addressed is the stability of the tracker solution against perturbation. In the case of quintessence, positive effective mass squared V_{,ϕϕ} > 0 is required for the stability. For phantom the opposite condition V_{,ϕϕ} < 0 is required since phantom rolls down the inverted potential. For constant w, to which a tracker solution corresponds, it can be shown that V_{,ϕϕ} = − 9 4 H^2(1 − w) ((1 + Ω_ϕ)w + 2) . (3.6)

Thus, V_{,ϕϕ} < 0 implies −2 < w < −1 and in terms of Γ the condition is Γ < 0.

As tracker phantom models, we consider a solution in which w is initially nearly constant and then it evolves toward −1. Such solutions are obtained for convex V , V_{,ϕϕ} < 0 (a simple example is V ∝ √ ϕ). This is because if V_{,ϕϕ} < 0, then |V_{,ϕ}| decreases as ϕ climbs up the potential and |V_{,ϕ}| becomes negligible but H increases as phantom becomes dominated and the dynamics of ϕ is eventually dominated by the Hubble friction (ϕ̈ ≃ −3Hϕ̇) and ϕ ceases to move.

Since w^′ ≥ 0 for these tracker solutions, x^′ ≤ 0. As phantom is attracted toward w = −1, x^′ stops decreasing and then increases back to a value near zero, being similar to tracker quintessence [3]. The minimum value of x^′, x^′_m, gives an upper bound on w^′ through Eq.(2.5).

To find x^′_m, we put x^{′′} = 0 in Eq.(3.4) and find that

x^′_m = −6 w(1 − Ω_ϕ) + 2(1 + w)(Γ − 1) (1 − w) − 2(1 + w)(Γ − 1)

. (3.7)

Since x_m is an increasing function of w(< −1), a lower bound is given by w of the tracker solution Eq.(3.5):

x^′_m > 6wΩ_ϕ > 6w. (3.8)

From Eq.(2.5), in terms of w^′, we obtain an upper bound on w^′:

w^′ < 3w(1 − w)(1 + w). (3.9)

The bound is shown in Fig. 1 and Fig. 2. The trajectories of (w, w^′) for a logarithmic potential V = V_0 exp(−κ^2ϕ^2) (Fig. 1) and for V = V_0 √ κϕ (Fig. 2) are also shown for several initial conditions.

IV. LIMITS OF TRACKER K-ESSENCE

We finally give bounds on w^′ for k-essence with w > −1. K-essence is a scalar field model of dark energy which has non-canonical kinetic term [8, 9, 10]. The pressure of the scalar field ϕ, p, is given by the Lagrangian density p(ϕ, X) itself where X = −∂_μϕ∂^μϕ/2 and is equal to ϕ̇^2/2 for the Friedmann model. The energy density ρ is given by ρ = 2X∂p/∂X − p ≡ 2Xp_X − p. The equation of motion of the scalar field is given by ϕ̈ ( p_X + ϕ̇^2p_{XX} ) + 3Hp_Xϕ̇ + p_{Xϕ}ϕ̇^2 − p_ϕ = 0, (4.1) where p_ϕ = ∂p/∂ϕ, for example. For the factorized form of p(ϕ, X) = V (ϕ)W (X), (4.2) we can express the equation of motion of ϕ in alternative form similar to quintessence [12]:

∓ V_{,ϕ} V^{3/2} = κ 2 √ (1 + w)W_X

3Ω_ϕ

(6 + Ax^′) , (4.3) A = (XW_X − W )(2XW_{XX} + W_X ) XW^2_X − W W_X − XW W_{XX} = 1 − w c^2_s − w

, (4.4)

where the minus (plus) sign corresponds to ϕ̇ > 0(< 0), respectively. c^2_s is the speed of sound of k-essence defined by [11]

c^2_s = δp δρ = p_X p_X + 2Xp_{XX} = W_X W_X + 2XW_{XX} . (4.5)

A. Tracker K-Essence

Similar to quintessence, we define a dimensionless function Γ by Γ = V V_{,ϕϕ}/V^2_{,ϕ}. Taking the time derivative of Eq.(4.3), we obtain [12] Γ − 3 2 = − 1 (1 + w)(6 + Ax^′) [ 3(w − w_B )(1 − Ω_ϕ) +

(1 − w)^2 2(c^2_s − w) x^′ + 2(1 − w)(c^2_s − w)x^{′′} + 2 ( ẇ(1 − c^2_s) − (c^2_s)^·(1 − w) ) x^′/H (6 + Ax^′)(c^2_s − w)^2 ] . (4.6)

Eq.(4.6) might be called the k-essential counterpart of the tracker equation. Therefore for the tracker solution (assuming Γ ≃ const. and Ω_ϕ ≪ 1) we can write w in terms of Γ: w = w_B − 2(Γ − 3/2) 2(Γ − 3/2) + 1

≃ const. (4.7)

For tracker k-essence models with w > −1, w is nearly constant, so X is also constant since w only depends on X for the factorized p(ϕ, X), Eq.(4.2). Then the evolution of energy density depends only on V (ϕ), so ϕ̇ > 0(< 0) corresponds to V_{,ϕ} < 0(> 0) and the left hand side of Eq.(4.4) is positive. This implies 6 + Ax^′ > 0, which is written in terms of w^′ as

w^′ > −3(c^2_s − w)(1 + w). (4.8)

This bound is similar to Eq.(2.6). However, in deriving it, we restrict ourselves to tracker k-essence models.

Similar to tracker quintessence, we can sharpen the bound by considering the dynamics more carefully. Since w^′ ≤ 0 for tracker fields, x^′ ≤ 0. However, since w asymptotically approaches toward −1, x^′ eventually stops decreases and then increases toward zero. The minimum of x^′, x^′_m given the minimum of w^′ via Eq.(2.5). The analysis is the same as that of tracker quintessence and we only give the final result: w^′ > 3w 1 − 2w (c^2_s − w)(1 + w). (4.9)

This is the k-essential counterpart of the lower bound on w^′. If we impose the upper bound on the sound speed as c^2_s ≤ 1, then the above bound is reduced to that of tracker quintessence: w^′ > 3w 1 − 2w (1 − w)(1 + w). (4.10)

The sound speed of dark energy [13, 14, 15] is currently difficult to measure (see for example, [16]). Therefore, it seems difficult to distinguish quintessence from k-essence from the measurements of w and w^′.

V. SUMMARY

In this paper, we have extended and generalized bounds on dark energy models in the w − w^′ plane. First, we have slightly improved the lower bound for tracker quintessence. Second, we have derived both a lower bound for phantom and an upper bound for tracker phantom. Finally, we have obtained two lower bounds for k-essence. While the required observational accuracy of w^′ is similar for quintessence and k-essence, σ(w^′) ≲ (1 + w), the windows of w^′ for phantom may not be so narrow, σ(w^′) ≲ 6|1 + w|. Although the fate of the universe with w < −1 would be disastrous (the future big rip singularity and the disintegration of bound objects) [17, 18], be aware of the possibility.

Acknowledgments

This work was supported in part by a Grant-in-Aid for Scientific Research (No.15740152 and No.17204018) from the Japan Society for the Promotion of Science and in part by Nihon University.

[1] A.G. Riess et al., Astrophys. J. 607 665 (2004).

[2] R. R. Caldwell and E. V. Linder, Phys. Rev. Lett. 95, 141301 (2005) [arXiv:astro-ph/0505494]. [3] R. J. Scherrer, arXiv:astro-ph/0509890.

[4] B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988); C. Wetterich, Astron. Astrophys. 301, 321 (1995) [arXiv:hep-th/9408025]; P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999) [arXiv:astro-ph/9812313].

[5] C. Rubano, P. Scudellaro, E. Piedipalumbo, S. Capozziello and M. Capone, Phys. Rev. D 69, 103510 (2004) [arXiv:astro-ph/0311537].

[6] R.R. Caldwell, Phys. Lett. B 545, 23 (2002).

[7] S. M. Carroll, M. Hoffman and M. Trodden, Phys. Rev. D 68, 023509 (2003) [arXiv:astro-ph/0301273]; J. M. Cline, S. y. Jeon and G. D. Moore, Phys. Rev. D 70, 043543 (2004) [arXiv:hep-ph/0311312].

[8] C. Armendáriz-Picón, T. Damour and V. Mukhanov, Phys. Lett. B458, 209 (1999). [9] T. Chiba, T. Okabe and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000) [arXiv:astro-ph/9912463]. [10] C. Armendariz-Picon, V. Mukhanov, and P.J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000). [11] J. Garriga and V. F. Mukhanov, Phys. Lett. B 458, 219 (1999) [arXiv:hep-th/9904176]. [12] T. Chiba, Phys. Rev. D 66, 063514 (2002) [arXiv:astro-ph/0206298].

[13] T. Chiba, N. Sugiyama and T. Nakamura, Mon. Not. Roy. Astron. Soc. 301, 72 (1998) [arXiv:astro-ph/9806332]. [14] W. Hu, Astrophys. J. 506, 485 (1998) [arXiv:astro-ph/9801234].

[15] J. K. Erickson, R. R. Caldwell, P. J. Steinhardt, C. Armendariz-Picon and V. Mukhanov, Phys. Rev. Lett. 88, 121301 (2002) [arXiv:astro-ph/0112438].

[16] R. Bean and O. Dore, Phys. Rev. D 69, 083503 (2004) [arXiv:astro-ph/0307100]; S. Hannestad, Phys. Rev. D 71, 103519 (2005) [arXiv:astro-ph/0504017].

[17] R.R. Caldwell, M. Kamionkowski, and N.N. Weinberg, Phys. Rev. Lett. 91, 043503 (2003). [18] T. Chiba, R. Takahashi and N. Sugiyama, Class. Quant. Grav. 22, 3745 (2005) [arXiv:astro-ph/0501661].