arXiv:0906.1398v1 [astro-ph.CO] 8 Jun 2009

Generating Primordial Black Holes Via Hilltop-Type Inflation Models

Laila Alabidi^{1, ∗} and Kazunori Kohri^{2, †} 1Astronomy Unit, School of Mathematical Sciences, Queen Mary University of London, Mile End Road, London, E1 4NS, United Kingdom 2Department of Physics, University of Lancaster, Lancaster, LA1 4YB, United Kingdom

We find that for a limited range of parameters, a generic Hilltop-type single field model of inflation will lead to the production of Primordial Black Holes with a spectrum P_ζ ∼ 10^{−4}. We extend our analysis to the running mass model, and find constraints on its parameters.

PACS numbers:

I. INTRODUCTION

The temperature anisotropies of the Cosmic Microwave Background (CMB) have been measured by WMAP on angular scales down to θ ∼ 0.3^o, whereas they have yet to be measured to an effectual degree of accuracy on scales θ < 0.3^o [1]. In fact, CMB data naively allows for a very large spectrum on these scales, i.e. a spectrum a few orders of magnitude above the primordial spectrum of P_{ζ∗} ≃ 10^{−9}. One can, however, place an upper limit on the smaller scale spectrum by taking into account astrophysical and cosmological constraints on black holes [2, 3, 4, 5, 6, 7, 8, 9]. If this spectrum is in fact close to this upper limit, then the situation allows for ‘large’ fluctuations; large enough to collapse into black holes, known as Primordial Black Holes (PBHs) (c.f. [10, 11, 12, 13, 14, 15, 16]). Since the uncertainties in the primordial spectrum at such small scales are dominated by instrumental noise [1], as opposed to cosmic variance which is the dominant source of uncertainties at larger angular scales, it may be that these uncertainties can be reduced in future surveys. Therefore, the question of whether the spectrum of perturbations on small scales is large enough to form PBHs is one that can, in theory, be answered.

The θ ≳ 0.3^o spectrum has been used extensively in discriminating between models of inflation (c.f. [17, 18, 19, 20, 21, 22, 23]). These analyses are based on the assumption that the anisotropies in the CMB, and hence the origin of large scale structure, are sourced by quantum fluctuations in a scalar field during or straight after inflation. As such, we assume that the fluctuations which sourced the PBHs are also generated during inflation, specifically towards the end of inflation, as it is during this epoch that the small scale fluctuations exit the horizon. Measuring the θ < 0.3^o spectrum will therefore not only probe generic signatures of inflation [2, 24] but also act as an indicator for the shape of the inflationary potential [16, 25]. In this paper we aim to exploit the latter purpose of measuring the small scale spectrum, and in-

∗Electronic address: l.alabidi@qmul.ac.uk †Electronic address: k.kohri@lancaster.ac.uk

vestigate whether single field models of inflation can lead to the formation of PBHs.^1

To be specific, the primordial black hole (PBH) condition [6, 12, 13, 38, 39] can be expressed as:

P^{1/2}_{ζe} ≃ 0.03 = 10^3P^{1/2}_{ζ∗} (1.1)

where the subscripts e and ∗ refer to the end of inflation and horizon exit respectively. Assuming a constant spectral index then: n_s − 1 ≃ d ln P_ζ dN ≃ Δ ln P_ζ ΔN ≃ 14 ΔN . (1.2)

where we used (1.1) in the last semi-equality. ΔN ∼ N refers to the number of e−folds that elapse from the time when scales of cosmological interest leave the horizon till the end of inflation.

Taking a standard value of N ≃ 60, it then follows from (1.1) that n_s ≃ 1.3. This is beyond the upper limit of 0.993 allowed by the recent WMAP data, at 95% confidence limit with no tensor modes or running. Therefore we consider the variation in the spectrum up to second order, and assume that the spectral index depends on scale, i.e. P ∝ k^{ns(k)−1}, then: d ln P d ln k = (n_s − 1) + n^′_s ln k ln [ P_ζ (0) P_ζ (N) ] = N(n_s − 1) + 1 2 n^′_sN^2 (1.3)

= 14 (1.4)

where we used ln k = ln(aH) = N in the second step. Taking n_s ≃ 0.95 and N = 60 then requires n^′_s ≃ 0.0061 to satisfy the WMAP bounds and produce Primordial Black Holes.

We now wish to rewrite the Primordial Black Hole Condition (1.1) in terms of the slow roll parameters. Recalling that the spectrum can be written in terms

1 For multi-field or multi-stage inflation models to produce PBHs, see Refs. [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] and references therein.

of the potential V and the slow roll parameter ϵ = m^2_{Pl}(V^′/V )^2/2, then [40]:

P_ζ = 1 24π^2m^4_{Pl} V ϵ (1.5)

allowing us to express the PBH condition as: B = ϵ_e ϵ_∗ = 10^{−6} (1.6)

An ‘absolute’ upper bound on the spectrum is given by [8] as P^{1/2}_{ζe} ∼ 10^{−1}, which translates to a lower bound B > 10^{−8}.

The implication is that the inflationary potential must be flatter at the end of inflation than at horizon exit. This shape is satisfied by a phenomenological model akin to the one analysed in [41], and also the running mass model, first introduced in [42]. In these types of models, we require that the inflaton initially be sitting at around the top of the hill. This condition should not be unnatural but rather natural from the viewpoint of eternal inflation, which is supposed to occur at an earlier epoch and slow-roll inflation starts after the fluctuations displace the field value from the top of the hill. This makes the probability for the Hilltop-type inflation high [41]. We introduce these models in sections (II) and (III) respectively. We present our results in section (IV) and discuss them in section (V).

A. The Number of e−folds

In this paper we use the duration of inflation, otherwise known as the number of e−folds N, as a discriminator. It is defined as the ratio of the scale factor a at the end of inflation to a at the ‘beginning’ of inflation:

N = ln [ a_e a_∗ ] ≃ m^{−1}_{Pl} ∫_{ϕ∗} ϕ_e dϕ √ 2ϵ (1.7)

where the final semiequality comes from the slow roll approximation.

To get a proper handle on how long inflation lasted from the time of horizon exit, one needs a complete history of the Universe. At present though, we do not have an agreed upon mechanism of reheating. Therefore, one assumes an instant transition from inflation to a radiation dominated universe, and gets the bounds [43]:

10 ≲ N ≲ 110 (1.8)

The lower bound comes from the assumption that nucleosynthesis is well bounded, and the upper bound assumes that the universe underwent a few bouts of ‘fast’ roll inflation. We do note that these are extreme bounds, and that the limits N = 54 ± 7 are more widely acceptable (c.f. [18, 40, 43]).

B. Slow Roll and Cosmological Parameters

The lowest order slow order parameters are given by:

ϵ = m^2_{Pl} 2 ( V^′ V )_2 (1.9)

η = m^2_{Pl} V^{′′} V (1.10)

ξ^2 = m^4_{Pl} V^′V^{′′′} V^2

(1.11)

(1.12)

which we then use to compute the spectral index and the running:

n_s = 1 + 2η − 6ϵ (1.13)

n^′_s = dn d ln k = 16ϵη − 24ϵ^2 − 2ξ^2 (1.14)

We use the bounds on cosmological parameters given by the WMAP year 5, Baryon Acoustic Oscillations and Supernovae data sets [44]:

0.939 < n_s < 1.109 (1.15) −0.0728 < n^′_s < .0087 (1.16)

where a zero tensor mode was assumed in the prior. This prior is reasonable since we are considering small field models, characterised by a field variation that is smaller than the Planck mass Δϕ < m_{Pl}. In these models the gravitational wave signature will be small [45], and by small we mean well below the sensitivity of WMAP5 parameter estimation, so we do not calculate the associated parameter.

II. THE TREE LEVEL POTENTIAL

We consider the potential of the form:

V = V_0 ( 1 + η_p ( ϕ m_{Pl} )_p − η_q ( ϕ m_{Pl} )_q ) (2.1)

where p ≥ 2 and q > p, plotted in Fig. 1. The case p = 2 and q ≥ 4 can be generated from a flat direction in the Minimal Supersymmetric Model (MSSM) [46, 47, 48, 49, 50]. In this case q is the non-renormalizable operator that depends on the flat directions. One can also motivate the parameter range p = 2 and q ≥ 3 in [51, 52], in this scenario the inflaton higher order terms are not Planck suppressed, and one gets a lower energy scale inflation, on the order of the TeV – GUT scale.

In this setup we require that the potential at the end of inflation be flatter than it was at the time of horizon exit, so the inflaton must roll towards the origin. We denote the inflaton value at the maximum of the potential as

FIG. 1: For the figures on the left, increasing the variant decreases N, and the opposite is true for the variants defining the figures on the right.

ϕ_m, at horizon exit as ϕ_∗ and at the end of inflation as ϕ_e. We impose the conditions:

ϕ_∗ < ϕ_m (2.2) 0 < ϕ_e < ϕ_o (2.3)

where ϕ_o is the inflection point. ϕ_m and ϕ_o are then given by (2.1):

ϕ_m m_{Pl} = ( pη_p qη_q )_{1/(q−p)} (2.4)

ϕ_o = ϕ_m ( p − 1 q − 1 )_{1/(q−p)} (2.5)

III. THE RUNNING MASS MODEL

With the exception of p = 2 and integral values 3 ≤ q ≤ 9, the previous model is a phenomenological one. However the shape of potential does appear in a more theoretically motivated setup, the running mass model

[42, 53, 54, 55, 56, 57, 58, 59, 60] which has the potential:

V = V_0 [ 1 − 1 2 μ^2 ϕ^2 m^2_{Pl} ] (3.1)

where the mass of the inflaton is scale dependent and can be expressed as:

μ^2(ϕ) = μ^2_0 + A_0 [ 1 − 1 (1 + α ln (ϕ/m_{Pl}))^2 ] (3.2)

where μ^2_0 is the mass of the inflaton squared, A_0 is the gaugino mass squared in units of m_{Pl}, and α is related to the gauge coupling.

The potential can then be written as:

V = V_0 [ 1 − 1 2 B^2_0 ( ϕ m_{Pl}

)_2 + A_0 2(1 + α ln(ϕ/m_{Pl}))^2 ( ϕ m_{Pl}

)_2]

(3.3) and B^2_0 = μ^2_0 + A_0, with inflation occurring in the regime ϕ ≪ m_{Pl}. This potential has the shape in Fig. 2, and the parameters have theoretically motivated constraints [54]: 1 ≲ μ^2_0 ≲ O(10) 0 ≲ A_0 ≲ O(10) 10^{−3} ≲ α ≲ 10^{−1} (3.4)

FIG. 2: Plot of the running mass model. The solid line represents a larger α than the dashed-dotted line.

A. Linear Approximation

The linear approximation of the running mass potential is given by [25, 55]:

V V_0

= 1 − ϕ^2 2 (μ^2_∗ + c ln(ϕ/ϕ_m)) (3.5)

which is basically equation (3.3) expanded about the maximum of the potential. The terms c and μ^2_∗ are related to the theoretical parameters A_0, μ^2_0 and α by:

μ^2_∗ = μ^2_0 + A_0 [ 1 − 1 (1 + α ln(ϕ_m))^2 ]

c = 2αA_0 (1 + α ln(ϕ_m))^3

(3.6)

Since ϕ_m defines the maximum of the potential then μ^2_∗ = −c/2, this allows us to write:

N = − 1 c ln [ ln(ϕ_m/ϕ_∗) ln(ϕ_m/ϕ_e) ] (3.7) n − 1 2 = −c [ ln ( ϕ ϕ_m ) + 1 ] (3.8) = σe^{−cN} − c (3.9) where σ = −c ln(ϕ_e/ϕ_m).

This approximation is only valid near the maximum. We neither expect nor get reasonable values of ϕ_e using this estimate. However given ϕ_∗ and ϕ_e, we found that the linear approximation for N in (3.7) appears consistent with the numerical calculation.

FIG. 3: A plot of the maximum and minimum values of log(log(N)) versus p and q, from a range values of ηp and ηq .

FIG. 4: A plot of the minimum values of log(N) versus ηp and ηq , from a range values of p and q.

IV. RESULTS

A. Hilltop

For the tree level potential, Fig. 3 depicts the dependence of N on p and q, we note that N increases sharply as p increases, as expected. We then searched for the range of p and q parameters that satisfy the bounds 10 < N < 110 and found that the condition for PBH formation within this range is 2 ≤ p < 3 and p < q < 4. Larger values of p lead to N ≫ 110 while larger values of q/p do not satisfy the WMAP bounds, since they steepen the potential and result in an increased n^′. We also found that p ≃ 2 and q < 3 (note q ≠ 3) places N in the range N = 54 ± 7.

We then plot the dependence of N on η_p and η_q in Fig. 4. As expected N increases for decreasing η_p and vice versa for η_q. Once we have filtered out the reasonable values of N, we find that within the range {η_p, η_q } = {0, 1} PBH formation will occur. It seems that the stronger constraints for PBH formation with 10 < N < 110 come from p and q.

Next we consider the case of defining ϕ_∗ by the condition that n(ϕ_∗) = 0.95 and ϕ_e by N = 60 and N = 100. Fig. 5 shows that for both N = 60 and N = 100, the parameter ranges satisfy the WMAP bounds and the PBH constraints. However, for N = 60 integral values of p and q do not lead to the formation of PBHs, while for N = 100, the parameter set {p, q} = {2, 3} does.

B. The Running Mass Model

In this analysis we considered the parameter ranges in (3.4), for which we find that this model generates a large range of N values. In Fig. 6 we plot the allowed parameter space for 10 ≤ N ≤ 110 and N = 54 ± 7.

From Fig. 7 we find that in order to avoid the overproduction of primordial black holes, n > 1 would be ruled out for N = 45, and this bound is strengthened to ruling out n > 0.95 for N = 60. These bounds are slightly stronger than those found by [60] who rule out n ≳ 1.1 for N = 45.

However, there is a discrepancy between our spectral index contour lines and [60], which we found was resolved by evolving our system an extra ∼ 7 e−folds. Via a process of elimination, we think this may be due to the fact that Ref. [60] solved the background equations numerically without resorting to the slow roll approximation, while using the extended slow roll formalism of [61] to solve for the perturbations.

Either way, as our method underestimates the allowed parameter range for each n, then using ref. [60] method would strengthen our conclusions i.e.our bounds are conservative.

V. DISCUSSION AND CONCLUSIONS

In this paper we have investigated whether generic models of Hilltop inflation would lead to the production of primordial black holes with a spectrum P_ζ (0) ∼ 10^{−4}. We found that within the range of parameters allowed by the latest WMAP data, the Hilltop model (2.1) would lead to the formation of PBHs without violating astrophysical bounds for N > 60. We would also require that p ≃ 2 and p < q ≤ 3. If, however we were to allow N ≫ 100 the range of parameters that would lead to PBH formation would naturally be extended.

The allowed parameter range for the ‘safe’ production of primordial black holes in the running mass model is again dependent on N as can be seen from Fig. 6. We find that for α = 0.01 and μ^2_0 ≳ 1.1, black holes could form after N < 47 e−folds, and therefore before what can be considered a ‘reasonable’ end to inflation. This is problematic on two counts, if we assume that the PBHs formed prior to the end of inflation, then this could lead to the overclosure of the universe. On the same note, we know that on CMB scales the spectrum is too small to support PBH production. On the second count, assuming that the formation of the PBHs coincided with the end of inflation, then the arguments we presented in section (I A) apply. Thus, using N as a discriminator we rule out A_0 > 3 and μ^2_0 > 1.1 for α = 0.01, A_0 > 6 and μ^2_0 > 2.4 for α = 0.005, and A_0 > 5 and μ^2_0 > 8.75 for α = 0.001. As we mentioned in the text α = 0.1 is ruled out on WMAP consistency grounds.

Finally, we note that our generic results are consistent with the findings of [62]. They tackle the question of PBH production utilising the arising constraints to derive bounds on the cosmological parameters, and conclude that the PBH constraint is ‘strongly’ dependent on N and the spectrum at the end of inflation. Characteristics exhibited by our specific models.

VI. ACKNOWLEDGEMENTS

We thank Andrew Liddle, James Lidsey, Karim Malik, Hiranya Peiris, and David Seery for useful comments and discussion. LA is supported by the Science and Technologies Facilities Council (STFC) under Grant PP/E001440/1.

[1] M. R. Nolta et al. (WMAP), Astrophys. J. Suppl. 180, 296 (2009), 0803.0593.

[2] B. J. Carr, J. H. Gilbert, and J. E. Lidsey, Phys. Rev.

D50, 4853 (1994), astro-ph/9405027.

[3] H. I. Kim and C. H. Lee, Phys. Rev. D54, 6001 (1996). [4] A. M. Green and A. R. Liddle, Phys. Rev. D56, 6166 (1997), astro-ph/9704251.

[5] A. M. Green, Phys. Rev. D60, 063516 (1999), astroph/9903484.

[6] K. Kohri and J. Yokoyama, Phys. Rev. D61, 023501

(2000), astro-ph/9908160.

[7] M. Lemoine, Phys. Lett. B481, 333 (2000), hepph/0001238.

[8] A. S. Josan, A. M. Green, and K. A. Malik (2009), 0903.3184.

[9] B. Carr, K. Kohri, S. Sendouda, and J. Yokoyama, in preparation (2009).

[10] Y. B. Zel’Dovich and I. D. Novikov, Soviet Astronomy 10, 602 (1967).

[11] S. Hawking, Mon. Not. Roy. Astron. Soc. 152, 75 (1971).

[12] B. J. Carr and S. W. Hawking, Mon. Not. Roy. Astron.

Soc. 168, 399 (1974).

[13] B. J. Carr, Astrophys. J. 201, 1 (1975).

[14] M. Khlopov, B. A. Malomed, and I. B. Zeldovich, Mon.

Not. Roy. Astron. Soc. 215, 575 (1985).

[15] P. Ivanov, P. Naselsky, and I. Novikov, Phys. Rev. D50, 7173 (1994).

[16] J. Garcia-Bellido, A. D. Linde, and D. Wands, Phys. Rev.

D54, 6040 (1996), astro-ph/9605094.

[17] W. H. Kinney, E. W. Kolb, A. Melchiorri, and A. Riotto, Phys. Rev. D69, 103516 (2004), hep-ph/0305130.

[18] L. Alabidi and D. H. Lyth, JCAP 0605, 016 (2006), astro-ph/0510441.

[19] L. Alabidi and D. H. Lyth, JCAP 0608, 013 (2006), astro-ph/0603539.

[20] W. H. Kinney, E. W. Kolb, A. Melchiorri, and A. Riotto, Phys. Rev. D74, 023502 (2006), astro-ph/0605338.

[21] J. Martin and C. Ringeval, JCAP 0608, 009 (2006), astro-ph/0605367.

[22] W. H. Kinney, E. W. Kolb, A. Melchiorri, and A. Riotto, Phys. Rev. D78, 087302 (2008), 0805.2966.

[23] L. Alabidi and J. E. Lidsey, Phys. Rev. D78, 103519 (2008), 0807.2181.

[24] J. E. Lidsey, B. J. Carr, and J. H. Gilbert, Nucl. Phys.

Proc. Suppl. 43, 75 (1995).

[25] K. Kohri, D. H. Lyth, and A. Melchiorri, JCAP 0804, 038 (2008), 0711.5006.

[26] J. Yokoyama, Astron. Astrophys. 318, 673 (1997), astroph/9509027.

[27] M. Kawasaki, N. Sugiyama, and T. Yanagida, Phys. Rev.

D57, 6050 (1998), hep-ph/9710259.

[28] J. Yokoyama, Phys. Rev. D58, 083510 (1998), astroph/9802357.

[29] J. Yokoyama, Phys. Rept. 307, 133 (1998). [30] M. Kawasaki and T. Yanagida, Phys. Rev. D59, 043512 (1999), hep-ph/9807544.

[31] J. Yokoyama, Prog. Theor. Phys. Suppl. 136, 338 (1999). [32] T. Kanazawa, M. Kawasaki, and T. Yanagida, Phys.

Lett. B482, 174 (2000), hep-ph/0002236.

[33] M. Yamaguchi, Phys. Rev. D64, 063503 (2001), hepph/0105001.

[34] D. Blais, C. Kiefer, and D. Polarski, Phys. Lett. B535, 11 (2002), astro-ph/0203520.

[35] M. Kawasaki, T. Takayama, M. Yamaguchi, and J. Yokoyama, Mod. Phys. Lett. A22, 1911 (2007).

[36] T. Kawaguchi, M. Kawasaki, T. Takayama, M. Yamaguchi, and J. Yokoyama, Mon. Not. Roy. Astron. Soc. 388, 1426 (2008), 0711.3886.

[37] R. Saito, J. Yokoyama, and R. Nagata, JCAP 0806, 024

(2008), 0804.3470.

[38] B. J. Carr (2005), astro-ph/0504034.

[39] I. Zaballa, A. M. Green, K. A. Malik, and M. Sasaki, JCAP 0703, 010 (2007), astro-ph/0612379.

[40] A. R. Liddle and D. H. Lyth (2000).

[41] K. Kohri, C.-M. Lin, and D. H. Lyth, JCAP 0712, 004 (2007), 0707.3826.

[42] E. D. Stewart, Phys. Lett. B391, 34 (1997), hepph/9606241.

[43] A. R. Liddle and S. M. Leach, Phys. Rev. D68, 103503 (2003), astro-ph/0305263.

[44] E. Komatsu et al. (WMAP), Astrophys. J. Suppl. 180, 330 (2009), 0803.0547.

[45] D. H. Lyth, Phys. Rev. Lett. 78, 1861 (1997), hepph/9606387.

[46] R. Allahverdi, K. Enqvist, J. Garcia-Bellido, and A. Mazumdar, Phys. Rev. Lett. 97, 191304 (2006), hepph/0605035.

[47] D. H. Lyth, JCAP 0704, 006 (2007), hep-ph/0605283. [48] R. Allahverdi, K. Enqvist, J. Garcia-Bellido, A. Jokinen, and A. Mazumdar, JCAP 0706, 019 (2007), hepph/0610134.

[49] J. C. Bueno Sanchez, K. Dimopoulos, and D. H. Lyth, JCAP 0701, 015 (2007), hep-ph/0608299.

[50] C.-M. Lin and K. Cheung (2009), 0901.3280. [51] R. Allahverdi, A. Kusenko, and A. Mazumdar, JCAP 0707, 018 (2007), hep-ph/0608138.

[52] K. Kohri, A. Mazumdar, and N. Sahu (2009), 0905.1625. [53] E. D. Stewart, Phys. Rev. D56, 2019 (1997), hepph/9703232.

[54] L. Covi, D. H. Lyth, and L. Roszkowski, Phys. Rev. D60, 023509 (1999), hep-ph/9809310.

[55] L. Covi and D. H. Lyth, Phys. Rev. D59, 063515 (1999), hep-ph/9809562.

[56] L. Covi and D. H. Lyth, Mon. Not. Roy. Astron. Soc.

326, 885 (2001), astro-ph/0008165.

[57] D. H. Lyth and L. Covi, Phys. Rev. D62, 103504 (2000), astro-ph/0002397.

[58] L. Covi, D. H. Lyth, and A. Melchiorri, Phys. Rev. D67, 043507 (2003), hep-ph/0210395.

[59] L. Covi, D. H. Lyth, A. Melchiorri, and C. J. Odman, Phys. Rev. D70, 123521 (2004), astro-ph/0408129.

[60] S. M. Leach, I. J. Grivell, and A. R. Liddle, Phys. Rev.

D62, 043516 (2000), astro-ph/0004296.

[61] E. D. Stewart and D. H. Lyth, Phys. Lett. B302, 171 (1993), gr-qc/9302019.

[62] H. V. Peiris and R. Easther, JCAP 0807, 024 (2008), 0805.2154.

FIG. 5: Plot of log(B) versus log(n^′) for the Hilltop model with N = 60 (figure on left), N = 100 (figure on right) and ns = 0.95. The hatched region is excluded, representing log(n^′) > −2 and log(B) < −8. The region log(B) > −6 does not lead to the formation of PBHs, and is represented by the tan colour in the figure. PBHs can form in the region −8 ≤ log(B) ≤ −6 without violating astrophysical or cosmological bounds, and is represented by the light orange region. The yellow dots correspond to {p, q} = {3, 4}, the green dots to {p, q} = {2, 3} and the blue dots to {p, q} = {2, 2.5}.

FIG. 6: Contour plots of the number of e−folds produced in the running mass model for three values of the gauge coupling α = [0.001, 0.005, 0.01]. We found that α = 0.1 did not satisfy the WMAP bounds on ns and n^′. We have filtered out the allowed parameter space for 10 ≤ N ≤ 110, and coloured it in shades of green. The dashed regions in each plot correspond to the more ‘reasonable’ bound N = 54 ± 7

FIG. 7: In these plots we fix N and α, plotting contour lines of the spectral index (solid) and log(B) (dashed). Note that the contour lines do not exactly match Ref. [60], an anomaly that we discuss in the text. Parameter space below log(B) ∼ −8 is excluded.