arXiv:gr-qc/0510005 v1 2 Oct 2005

The Kasner Brane.

Mark D. Roberts, University of Surrey, GU2 7XH, phx1mr@surrey.ac.uk, http://www.ph.surrey.ac.uk/∼phx1mr October 4, 2005

Abstract Solutions are found to field equations constructed from the Pauli, Bach and Gauss-Bonnet quadratic tensors to the Kasner and Kasner brane spacetimes in up to five dimensions.

Contents

1 Introduction 1 2 Kasner spacetime in two dimensions. 2 3 Kasner spacetime in three dimensions. 3 4 Kasner spacetime in four dimensions. 4 5 Kasner spacetime in five dimensions. 5 6 The Kasner one brane. 6 7 The Kasner two brane. 6 8 The Kasner three brane. 7 9 The Kasner four brane. 7 10 Conclusion. 8

1 Introduction

Randall and Sundrum [6] considered models where four dimensional spacetime is multiplied by a conformal factor which has dependence on the fifth dimension. Originally the four dimensional spacetime was taken to be flat and the dependence on the fifth dimension such that overall the space was five dimensional anti-deSitter space. Apart from flat four dimensional spacetime, four dimensional Gödel spacetime Barrow and Tsagas [2] and four dimensional Bianchi type IX cosmologies van den Hoogen, Coley and He

[3] have been considered. Here, instead of four dimensional flat spacetime, Kasner spacetime in various dimensions is considered, with a view to seeing what sort of field equations can be obeyed. The field equations that are looked at are those involving quadratic curvature, as such field equations often occur in fundamental theories such as string theories. There is a choice of using field equations from Lagrangians involving the Ricci scalar squared, the Ricci tensor squared, and the Riemann tensor squared, or equivalently using the Pauli, Bach and Gauss-Bonnet tensors. The later has the advantage that interpretation of the tensors is more immediate. The Pauli tensor [5] comes from varying a Ricci scalar squared Lagrangian and is defined by

P_{ab} = 2R_{;a;b} − 2RR_{ab} + g_{ab}(R^2/2 − 2□R), (1)

as it comes from varying the simplest quadratic scalar it is the most frequantly studied. The Bach tensor [1] comes from varying the Weyl squared Lagrangian and is defined by B_{ab} = 2C^{cd}_{a..b}R_{cd} + 4C^{cd}_{a..b;c;d}, (2) it has several unusual properties such as: trace-free, conformal invariance, asymptotically increasing (i.e. exp(+kr)) spherically symmetric linearization, faster-than-light linearization. The Bach tensor often occurs in quantum theories where it cancels out divergent one-loop terms. The Gauss- Bonnet invariant [8] is GB = R_{cdef} R^{cdef} − 4R_{cd}R^{cd} + R^2, (3) variation gives the Gauss-Bonnet tensor GB_{ab} = 4R_{acde}R^{cde}_b − 8R_{cd}R^{c d}_{a b} − 8R_{ac}R^c_b + 4RR_{ab} − g_{ab}GB, (4) it vanishes in four dimensions, but could be the dominant low energy quadratic curvature contribution from string theory.

Calculations were done using grtensor2/maple9 [4].

2 Kasner spacetime in two dimensions.

In two dimensions the line element is

ds^2 = −dt^2 + t^pdx^2, (5) x is a Killing coordinate, but not t. The Weyl, Bach and Gauss-Bonnet tensors either vanish or are not defined. The Ricci tensor is given by R_{ab} = p(p − 1) t^2 ( t^{2p} 0 0 −1 ) . (6)

The Pauli tensor is given by P_{ab} = 2p(p − 1)(p + 3)

t^4 ( −(p − 4)t^{2p} 0 0 p ) , (7)

so that when p = −3 there is a non-flat solution to the vacuum Pauli equations, this contrasts to the p = 1 case where the Ricci tensor vanishes but the spacetime is flat. The curvature invariants are R = 2p(p − 1) t^2 , RicciSq = 1 2 R^2, RiemSq = R^2, (8) when p = 1 the spacetime is flat, otherwise there is one degree of freedom. For a vector field

v^a ≡ δ^a_t , norm[v] = −1, v_a = [0, −1], v̇^a = 0,^vΘ=^p_t , ω_{ab} = 0, σ =^{2p}_{3t} , σ_{ab} = δ^{xx}_{ab}^2_3 t^{(2p−1)}. (9)

3 Kasner spacetime in three dimensions.

The line element is

ds^2 = −dt^2 + t^{2p1} dx^2 + t^{2p2} dy^2, (10)

The Weyl, Bach and Gauss-Bonnet tensors either vanish or are not defined. The Ricci tensor, scalar and Pauli tensor up to symmetry in x and y are:

R_{xx} = (p_1 + p_2 − 1)t^{(2p1−2)}, R_{tt} = −^1_{t2} (−p_1 − p_2 + p^2_1 + p^2), R =^2_{t2} (p^2_1 + p^2 + 2p_1p_2 − p_1 − p_2), (11) P_{xx} =^R_{t2} (p_1 − p^2_1 − p_1p_2 + p^2 − 5p_2 + 12), P_{tt} =^R_{t2} (3p_1 + p^2_1 + 3p_2 + p^2 − p_1p_2).

No solutions for this line element have been found at all. The traditional constraints p_1 + p_2 = 1, p^2_1 + p^2 = 1, here reduces to p_1 = 0, p_2 = 1, which gives vanishing RiemSq.

4 Kasner spacetime in four dimensions.

The metric is ds^2 = −dt^2 + t^{2p1} dx^2 + t^{2p2} dy^2 + t^{2p3} dz^2, (12) Let b ≡ p_1 + p_2 + p_3, a^2 ≡ p^2_1 + p^2 + p^2_3, (13) then 2(p_1p_2 + p_1p_3 + p_2p_3) = b^2 − a^2. (14) The Ricci tensor is given by R_{xx} = (b − 1)p_1t^{(2p1−2)}, R_{tt} = (b − a^2)t^{−2}, (15) where the y and z components are given by symmetry. The Bach tensor is B_{xx} = t^{p1} 3t^4

(2a^2 − 3 + 2b − b^2)(3a^2 − b^2 − 4b − 4p^2_1 + 12p_1 + 4p_2p_3), B_{tt} = 1 3t^4

(2a^2 − 3 + 2b − b^2)(3a^2 − b^2). (16)

For the vector field v^a = δ^a_t , (17) the acceleration, vorticity, and magnetic part of the Weyl tensor all vanish, but the expansion is_v Θ= b t , (18) the shear tensor is σ_{xx} = − t^{2p1 −1} 3 (−2p_1 + p_2 + p_3), σ_{tt} = 0, (19)

the shear scalar is σ = √ 3a^2 − b^2 √ 3t . (20)

When a^2 = b = 1 both the Ricci tensor and the Bach tensor vanish, and the curvature invariants are Ricciscalar = 0, RicciSq = 0, W eylSq = RiemSq = − 16p^2_3(p_3 − 1) t^4 , (21) this is the traditional solution; however the Bach tensor also vanishes when

2a^2 − 3 + 2b − b^2 = 0 or b = 1 ± √ 2a^2 − 2, (22)

and this combination of constants has other solutions. For example: the expansion-free case when b = 0 & 2a^2 = 3, 18 shows the expansion vanishes and 20 shows non-vanishing shear scalar, this has curvature products

R =^3_{2t2} , RicciSq =^{15}_{4t4} , W eylSq = −^6_{t4} (−1 − 3p_3 + 4p^3), RiemSq = −^3_{4t4} (−24p_3 + 32p^3 − 17), (23)

and the shear-free case when a^2 = b = 3, 20 shows there is vanishing shear scalar and 18 shows non-vanishing expansion, this has curvature products R = 6 t^2 , RicciSq = 12 t^4 , W eylSq = 0, RiemSq = 12 t^4

. (24)

5 Kasner spacetime in five dimensions.

The line element is

ds^2 = −dt^2 + t^{2p1} dx^2 + t^{2p2} dy^2 + t^{2p3} dz^2 + t^{2p4} dw^2, (25)

There is the traditional type solution, with

p_1 + p_2 + p_3 + p_4 = 1, p^2_1 + p^2 + p^2_3 + p^2_4 = 1, (26)

the Ricci, Pauli and Bach tensors all vanish. The invariants are RiemSq = W eylSq = −^8_{t4} × (27) (−2p_3p_4 + p^2_3p_4 + p^3p_4 + p^2_4p_3 + p^3_4p_3 + 2p^3 + 2p^3_4 − 2p^2_3 − 2p^2_4 + p^2_3p4^2).

For the constraints p_3 = p_4 = 0, p_1 + p_2 = 1 (28) the Gauss-Bonnet tensor vanishes and the invariants are R = 2p_2(p_2 − 1)

t^2 , RiemSq = 3R^2, RicciSq = R^2, W eylSq = 11 6 R^2, (29) this is the same pattern as some scalar five dimensional solutions [7]. No other five dimensional Kasner solution has been found.

6 The Kasner one brane.

The line element is

ds^2 = − exp( χ √ α )dt^2 + dχ^2, (30)

this line element obeys the vacuum Einstein equations G_{ab} = 0, and has curvature invariants R = − 1 2α , RiemSq = R^2, RicciSq = 1 2 R^2. (31)

7 The Kasner two brane.

The line element is taken to be

ds^2 = exp( χ √ α ) ( −dt^2 + t^{2p}dx^2 ) + dχ^2. (32)

The only solution found is when p = 1 and G_{ab} + 2α 3 P_{ab} = 0, (33)

where the non-vanishing tensors can be calculated from

R_{xx} = −^{t2}_{2α} exp(^{χ√}_α ), R_{tt} =^1_2 exp(^{χ√}_α ), R_{χχ} = −^1_{2α} ,

R = −^3_{2α} , RiemSq = RiccSq =^1_3 R^2. (34)

For a vector field

v^a = δ^a_t , v_a = [0, 0, − exp(^{χ√}_α )], norm[v] = − exp(^{χ√}_α ), (35)

v̇^a = δ^a_χ^1_2√_α exp(^χ√_α ),^vΘ=^1_t , ω_{tχ} = −^1_4√_α exp(+^χ√_α ) ( −2 + exp(+^χ√_α ) ) , note in particular the non-vanishing vorticity between the time and fifth dimensional coordinates. The pattern for the above Kasner two brane vector field is similar in higher dimensions. No solutions for the ‘mixed up‘ brane line element

ds^2 = exp( χ √ α ) ( −dt^2 + t^{2p1}dx^2 ) + t^{2p2}dχ^2. (36)

have been found for p_2 ≠ 0.

8 The Kasner three brane.

The line element is taken to be

ds^2 = exp( χ √ α ) ( −dt^2 + t^{2p1} dx^2 + t^{2p2} dy^2 ) + dχ^2. (37)

No solution has been found unless either p_1 or p_2 vanish, so take p_1 = p, p_2 = 0. For p = 1 (38)

both the vacuum-Pauli and vacuum-Bach equations are obeyed and the curvature invariants are R = − 3 α , RiemSq = 1 3 R^2, RicciSq = 1 4 R^2, W eylSq = 0. (39) For p = −3 (40)

the vacuum-Bach equations are obeyed and the invariants are

R =^3_{αt2} ( −t^2 + 8α exp(−^χ√_α ) , W eylSq = 192t^{−4} exp(−^{2χ}√_α ),

RiemSq =^1_6 R^2 +^5_2 W eylSq, RicciSq =^1_4 R^2 +^3_4 W eylSq. (41)

9 The Kasner four brane.

The line element is taken to be

ds^2_5 = exp ( χ √ α ) ds^2_{d=4kasner} + dχ^2, (42) with ds^2_{d=4kasner} given by 12. The metric is not Ricci-flat for any values of the p’s as the exp(χ/ √ α) term always occurs. For the traditional constraints a, b = 1, the curvature products are

R = −^5_α , RicciSq =^1_5 R^2, (43)

W eylSq =^{16p23(1−p3)}_{t4} exp(2^χ√_α ), RiemSq = W eylSq +^1_{10} R^2.

The Bach tensor so far has proved too difficult to compute. The field equations G_{ab} − 3P_{ab}/5 = 0, (44) and G_{ab} + αGB_{ab} + αδ^{χχ}_{ab} W eylSq = 0, (45) are obeyed. For the expansion-free constraints b = 0 & 2a^2 = 3 and the shear-free constraints a^2 = b = 3 the Bach tensor is non-vanishing, but no field equations have been found to be obeyed.

10 Conclusion.

The d = 2 Kasner spacetime 7 has a vacuum-Pauli solution when p = −3. No solutions to d = 3 Kasner spacetime have been found. The d = 4 Kasner spacetime is a vacuum-Einstein solution when the p’s obey the traditional constraints, however there are additional vacuum-Bach solutions when the p’s obey expansion-free or shear-free constraints 22. The d = 5 Kasner spacetime has a solution similar to the traditional d = 4 solution 26, and also a simple solution which has vanishing Gauss-Bonnet tensor 28. The Kasner one brane 30 is a solution to the vacuum-Einstein equations. The Kasner two brane is a solution to the Pauli-Einstein equations 33 when p = 1. The Kasner three brane is a solution when p_1 = p, p_2 = 0, for p = +1 it is a solution to both the vacuum-Pauli and vacuum-Bach equations 38, for p = −3 it is a solution to the vacuum-Bach equations 40. The Kasner four brane has a solutions to the Pauli-Einstein 44 and also to the Gauss-Bonnet- Einstein equations 45.

References

[1] R. Bach Math.Zeit.9(1921),110.

[2] John D. Barrow & Christos G. Tsagas The Gödel Brane, gr-qc/0309030 Phys.Rev.D69(2004)064007.

[3] R.J. van den Hoogen, A.A. Coley, Y. He Bianchi type IX brane-world cosmologies. Phys.Rev.D68(2003)023502.

[4] Peter Musgrave, Dennis Pollney & Kayll Lake (1996) GRTensorII, http://astro.queens.ca/∼grtensor/

[5] W. Pauli Physik.Zeit.(1919),20,457,eq.50.

[6] L. Randall & R. Sundrum

Phys.Rev.Lett.83(1999)3370,4690. hep-th/9906064

[7] Mark D. Roberts Interacting with the fifth dimension. gr-qc/0412051

[8] Barton Zwiebach Curvature squared terms and string theories. Phys.Lett.B156(1985)1315.