arXiv:gr-qc/0605063 v2 25 Jun 2006

ON THE ENERGY OF THE UNIVERSE

Marcelo Samuel Berman Editora Albert Einstein Ltda Av. Candido Hartmann, 575 - # 17 and 80730-440 - Curitiba - PR - Brazil

Abstract

In Part One, we show that the total energy of the flat Robertson-Walker’s Universe, is null. We employ several pseudotensors: Einstein’s, Weinberg’s and Landau-Lifshitz’s. This calculation confirms other conjectures on the same problem.

In Part Two and Three, we give two counter-examples which show that, unless we employ Cartesian coordinates, we may get wrong result for the energy; the examples given work with spherical coordinates. In Part Four, we give a counter-counter-example, where the use of polar spherical coordinates does no harm. We remember that the zero total energy of the flat Universe has importance due to the inflationary scenario.

PACS: 04.20.-q ; 04.20.Cv ; 04.20.Fy ; 98.80.-k .

Keywords: Cosmology; Einstein; General Relativity; Energy; Pseudotensors.

ON THE ENERGY OF THE UNIVERSE

Marcelo Samuel Berman

The zero-total-energy of the Roberston-Walker’s Universe has been proved by many authors (Berman 2006, 2006a, 2006b, 2006c). It may be that the Universe might have origi-

nated from a vacuum quantum fluctuation. In support of this view, we shall show that the pseudotensor theory[1] points out to a null-energy for a Robertson-Walker-flat Universe, in a Cartesian-coordinates calculation. [6][7][9][10][11]. Next, we shall show that in spherical coordinates, we would obtain a wrong result, but see also references [15][16][17][18].

Part One - Flat Robertson-Walker’s Energy:

It has been generally accepted that the Universe has zero-total energy. The first such claim, as far as the present author recollects, was due to Feynman[12]. Lately, Berman[6][13] has proved this result by means of simple arguments involving Robertson-Walker’s metric for any value of the tri-curvature ( 0, -1, 1 ).

The pseudotensor t^μ_ν , also called Einstein’s pseudotensor, is such that, when summed with the energy-tensor of matter T^μ_ν , gives the following conservation law: [ √ −g (T^μ_ν + t^μ_ν )] ,_μ = 0 . (1)

In such case, the quantity

P_μ = {√ −g [ T^0_μ + t^0_μ ]} d^3x , (2)

is called the general-relativistic generalization of the energy-momentum four-vector of special relativity [1].

It can be proved that P_μ is conserved when:

a) T^μ_ν ≠ 0 only in a finite part of space; and, b) g_{μν} → η_{μν} when we approach infinity, where η_{μν} is the Minkowski metric tensor.

However, there is no reason to doubt that, even if the above conditions were not fulfilled, we might eventually get a constant P_μ , because the above conditions are sufficient, but not strictly necessary. In Part Three, we hint on the plausibility of other conditions, instead of a) and b) above.

Such a case will occur, for instance, when we have the integral in (2) equal to zero.

For R.W.’s flat metric, we get exactly this result, because, from Freud’s[2] formulae, we have

P_ν =^1_{2κ} ∫ √ −g{ [ δ^0_ν ( g^{βα}Γ^ρ_{βρ} − g^{βρ}Γ^α_{βρ} ) + δ^α_ν ( g^{βρ}Γ^0_{ρβ} − g^{0ρ}Γ^β_{ρβ} ) −

− ( g^{βα}Γ^0_{βν} − g^{β0}Γ^α_{βν} ) ]} ′_αd^3x (3)

From R.W.’s flat metric,

ds^2 = dt^2 − R^2(t)dσ^2 , (4)

we find that

g^{ii}Γ^0_{ii} ≡ g^{00}Γ^i_{0i} , (5)

and, then,

P_i = 0 ( i = 1, 2, 3 ) . (6)

On the other hand, considering only the non-vanishing Christoffel symbols, we would find:

P_0 =^1_{2κ} ∫ √ −g [ g^{jj} Γ^i_{ji} − g^{ii}Γ^j_{ii} ] ,_j d^3x . (7)

And from the last relation, and (4), we obtain,

P_0 = 0 . (8)

Because we found a constant result, we may say that the total energy of a flat R.W.’s Universe is null.

A different calculation, as follows, leads to the same result. Weinberg[3] defines: h_{μν} ≡ g_{μν} − η_{μν} , (9) and then solves for the 4-pseudo-momentum, obtaining: P^j = −^1_{16πG} ∫ { −^{∂hkk}_{∂t} δ^{ij} +^{∂hk0}_{∂xk} δ_{ij} −^{∂hj0}_{∂xi} +^{∂hij}_{∂t} } {n_ir^2dΩ} , (10) and, P^0 = −^1_{16πG} ∫ {_{∂hjj} ∂x^i − ∂h_{ij} ∂x^j } {n_ir^2dΩ} , (11) with dΩ = sin θdθdϕ , (12a) and, n_i ≡^{Xi}_r . (12b) Though (10) and (11) can be constants in the case considered in Weinberg’s book, it is evident that if the integrals in both (10) and (11) are null, we still can call the null result of (11) as a proof of the null energy of the R.W. flat Universe. And, in this case, P^i = P^0 = 0 ( i = 1, 2, 3 ) . (13) A similar result would be obtained from Landau-Lifshitz pseudotensor[5], where we have: P^ν_{LL} = ∫ (−g) [T^{ν0} + t^{ν0}_L ] d^3x , (14) where, (−g)t^{ik}_L =^1_{2κ} { g^{ik}′_l g^{lm}′_m − g^{il}′_l g^{km} +^1_2 g^{ik}g_{lm}g^{ln} ,_ρ g^{ρm}′_n − (g^{il}g_{mn}g^{kn}′_ρ g^{mρ}′_l + g^{kl}g_{mn}g^{in}′_ρ g^{mρ}′_l )+ + g_{lm}g^{nρ}g^{il}′_ng^{km}′_p +^1_8 (2g^{il}g^{km} − g^{ik}g^{lm})(2g_{nρ} g_{qr} − g_{ρq}g_{nr} )g^{nr}′_l g^{pq}′_m } , (in this last expression all indices run from 0 to 3). (17) A short calculation shows that:

P^ν_{LL} = 0 ( ν = 0, 1, 2, 3 ) . (16)

The above results could also follow from superpotential formulae[2]. For instance, from the Einstein’s superpotential:

P_ν = ∫ [ U^{[0σ]}ν ] , σ d^3x ,

where, 2κ √ −gU^{[μρ]}ν_{(E)} = g_{νσ} { g [ g^{μσ} g^{ρλ} − g^{μλ}g^{ρσ} ]} ,λ . Then, we find, for the Robertson-Walker’s metric,

U^{[0σ]}ν_{(E)} = 0 ( ν = 0, 1, 2, 3 ) .

Then, P_0 = 0 . Analogously, we would find P_i = 0 .

Part Two - Closed Robertson-Walker’s Counter-Example:

We can give a counter-example, showing that if we do not use Cartesian coordinates, but other system, say, spherical coordinates, the energy calculation becomes flawed[8], as it has been warned by Weinberg[3] and Adler, Bazin and Schiffer[1], among others.

Consider a closed Robertson-Walker’s metric:

ds^2 = −^{R2(t)}(_{1+ r24} )_2 [ dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2 ] + dt^2 . (17)

With the energy momentum tensor for a perfect fluid, whose comoving components are:

T^0_0 = ρ ,

T^1_1 = T^2_2 = T^3_3 = −p ,

T^μ_ν = 0 if μ ≠ ν ,

where ρ and p stand for energy density and cosmic pressure, respectivelly, and with a pseudo-tensor given by: √ −gt^α_β =^1_{2κ} [ δ^α_β U − g^{μν}′_β^{∂U}_{∂g}μν_{′α} ] , (18) where, U = √ −gg^{μν} [ Γ^β_{μα}Γ^α_{νβ} − Γ^α_{μν} Γ^β_{αβ} ] , (19)

we shall find a time-varying result for the energy.

If we consider Einstein’s field equations, with k = +1 , where k is the tricurvature, in particular we have:

3H^2 = κρ − 3R^{−2} , (20)

with,

H =^Ṙ (Hubble’s parameter) .

Then we find after a short calculation: U = √ −g [ 6H^2 −^2_{r2 R2} ( 1 −^{r2}_{R2}

)_2] , and, then we find:

P_0 =^{4π2}_κ R(t) .

P_1 = P_2 = P_3 = 0 .

The time-varying result for P_0 shows that only Cartesian coordinates must be employed when applying pseudotensors in General Relativity. In reference [9] it is stated that, for closed Universes, the only acceptable result is P_0 = 0 . See also Part Four below.

Parte Three - Flat Robertson-Walker’s Counter-Example:

We now repeat succintly the k = 0 calculation, employing polar spherical coordinates, finding the wrong result P_0 = ∞ .

Consider Einstein’s pseudotensor, as in Part One above. We shall find:

U = 6 √ −gH^2 −^2_{r2R2} ;

and, P_0 = ∫ √ −g [_3 κR^2 − 1 κr^2 R^2 ] d^3x , where, √ −g = R^3r^2 sin θ .

We find then,

P_0 = lim_{r→∞}

∫_{3Rr2 sin θ} κ [ 1 −^1_{3r2} ] d^3x = lim_{r→∞}

∫_{3Rr2 sin θ} κ [ 1 −^1_{3r2} ] r^2 sin θ dθ dϕ dr . In the process of integration we will find: ∞∫ 0 ( r^4 −^1_3 r^2 ) dr = ∞ .

This shows again, that Cartesian coordinates should be employed.

Parte Four - A Counter-counter example:

While we have shown that Cartesian coordinates yield acceptable results, and spherical

coordinates may lead to inconsistencies, we shall now show that LL pseudotensor yields a

correct zero result for the energy of a closed Robertson-Walker’s Universe, even if spherical

coordinates are used[8].

According to Landau-Lifchits pseudotensor, we would have:

P^μ = ∫ (−g) [ T^{μ0} + t^{μ0}_{LL} ] d^3x .

We apply now the superpotential: (−g) [ T^{μ0} + t^{μ0}_{LL} ] = U_{LL}^{μ[νσ]}_{, σ} , where, U_{LL}^{μ[νσ]} =^1_{2κ}^∂_{∂xλ} [ (−g) ( g^{μν} g^{σλ} − g^{μσ} g^{νσ} )] . We then find successively,

P^0 =^1_{2κ} ∫_{∂2} ∂x^σ∂x^λ [ (−g) ( g^{00}g^{σλ} − g^{0σ}g^{0λ} )] d^3x =

=^1_{2κ} ∫_{∂2} ∂r^2 [−g22g33] d

3x +^1_{2κ} ∫_{∂2} ∂θ^2 [−g11g33] d

3x = 0 , where we have made use of the following results: π∫ 0 ∂ ∂θ^2 ( sin^2 θ ) dθ = 2 π∫ 0 cos 2θdθ =^1_2 [sin 2θ]^π_0 = 0 .

and, { d dr r^4 [( 1+^{r2}_4

)_4] }_∞ 0 = { 4r^3 ( 1+^{r2}_4

)_4 − 2r^5 ( 1+^{r2}_4

)_5 }_∞ 0 = 0 .

Analogously we would find that the space components of the pseudomomentum are null.

Parte Five - Conclusions:

The importance of our results in Part One, lie in the fact that flat Universes enjoy a preferred status for the inflationary scenario[5]. The zero result for the spatial components of the energy-momentum-pseudotensor calculation, are equivalent to the choice of a center of Mass reference system in Newtonian theory, likewise the use of comoving observers in Cosmology. It is with this idea in mind, that we are led to the energy calculation, yielding zero total energy, for the Universe, as an acceptable result: we are assured that we chose the correct reference system; this is a response to the criticism made by some scientists which argue that pseudotensor calculations depend on the reference system, and thus, those calculations are devoid of physical meaning.

The counter-example of Part Two ( k = +1 ) shows, nevertheless, that Cartesian coordinates need to be used. In Part Three, a new counter-example ( k = 0 ) shows the same problem of Part Two. In Part Four, we find a counter-counter-example, where the use of spherical coordinates, although tragic earlier, does no harm in the Landau-Liftchits calculation. We thank J.Katz, for pointing out to us, from a previous version of this paper (gr-qc/0605063 v1) that the theory has been improved lately, in order to allow any kind of coordinates in energy calculations, and that superpotentials should be preferred, because our calculations would be simplified[15][16][17][18].

Acknowledgements

The author gratefuly thanks his intellectual mentors, Fernando de Mello Gomide and M(urari) M(ohan) Som, and also is grateful for the encouragement by Geni, Albert, and Paula, Marcelo Guimarães, Nelson Suga, Mauro Tonasse, Antonio Teixeira and Herman J. M. Cuesta.

References

1. Adler, R.; Bazin, M.; Schiffer, M. - Introduction to General Relativity , McGraw-Hill, 2nd. ed., N.Y., (1975).

2. Freud, P.H. - Ann. Math, 40, 417, (1939).

3. Weinberg, S. - Gravitation and Cosmology, Wiley, N.Y., (1972). 4. Landau, L.; Lifshitz, E. - The Classical Theory of Fields, 4th. Revised ed.; Pergamon, Oxford, (1975).

5. Guth, A. - Phys. Rev. D23, 347, (1981).

6. Berman, M. S. (2006) - Chapter 5 of: Trends in Black Hole Research, ed by Paul V. Kreitler, Nova Science, New York.

7. Rosen, N. - GRG 27, 313, (1995).

8. Berman, M. S. (unpublished) M.Sc. thesis, Instituto Tecnológico de Aeronáutica, São José dos Campos, Brazil, (1981).

9. York Jr, J.W. Energy and Momentum of the Gravitational Field, in A Festschrift for Abraham Taub, ed. by F.J. Tipler, Academic Press, N.Y., (1980).

10. Cooperstock, F.I. - GRG 26, 323, (1994).

11. Cooperstock, F.I.; Israelit, M. - Foundations of Physics, 25, 631, (1995). 12. Feynman, R.P. - Lectures on Gravitation , Addison-Wesley, Reading, (1962-3). 13. Berman, M. S. (2006a) - Chapter 5 of: New Developments in Black Hole Research, ed by Paul V. Kreitler, Nova Science, New York.

14. Berman, M. S. (2006b) - Introduction to General Relativistic and Scalar Tensor

Cosmologies , Nova Science, New York (to be published).

15. Katz, J. (2006) - Private communication.

16. Katz, J.; Ori, A. (1990) - Classical and Quantum Gravity 7, 787. 17. Katz, J.; Bičak, J.; Lynden-Bell, D. (1997) - Physical Review D55, 5957. 18. Katz, J. (1985) - Classical and Quantum Gravity 2, 423.

19. Berman, M. S. (2006c) - Introduction to General Relativity and the Cosmological

Constant Problem , Nova Science, New York (to be published).