arXiv:gr-qc/0610001v3 16 Apr 2009

The Spinor Connection and its Dynamical Effects

Ying-Qiu Gu^∗ School of Mathematical Science, Fudan University, Shanghai 200433, China (Dated: 12th April 2009) The current formalisms of covariant derivatives for a spinor take compact forms, and the geometrical and dynamical effects of the spinor connection are covered under the abstract symbols. The practical calculations for the spinor connection in these formalisms are usually a tiresome and fallible task. In this paper, we divide the spinor connection into two vectors Υ_μ and Ω_μ, where Υ_μ is mainly related to the geometrical calculations, but Ω_μ leads to gravimagnetic effects. The expression is valid for both the Weyl spinor and the Dirac bispinor, which is not only more convenient for calculation, but also highlights the physical meanings of the spinor connection. On this foundation, we derive the complete classical mechanics from the dynamical equation and get some interesting results. We find in the space-time with intrinsically nondiagonal metric, the orbit of a spinor deviates from the geodesic slightly, so the principle of equivalence is broken by the spinors moving at high speed.

Keywords: spinor connection, covariant derivative, gravimagnetic field, principle of equivalence

PACS numbers: 04.20.Cv, 04.20.-q, 04.20.Fy, 11.10.Ef

I. INTRODUCTION

The covariant derivatives of a spinor have been constructed by several authors[1, 2, 3, 4, 5], but their formalisms are in the compact form which are not convenient for calculation, and their geometrical and physical meanings are covered under the abstract symbols. In [6] we got some explicit representation of the vierbein formalism. Here we give some simplification for spnior connection and establish the classical mechanics of a spinor, and then analyze its

∗Electronic address: yqgu@fudan.edu.cn

dynamical effects of the spinor connection.

In this paper, we take ℏ = c = 1 as units, and choose the Pauli and Dirac matrices in flat space-time as follows σ^μ ≡ 1 0 0 1 , 0 1 1 0 , 0 −i i 0 , 1 0 0 −1

, (1.1)

~σ^μ ≡ (σ^0, −⃗σ), ⃗σ = (σ^1, σ^2, σ^3). (1.2)

γ^a ≡ 0 σ^a ~σ^a 0 = 0 I I 0 , 0 ⃗σ −⃗σ 0 . (1.3)

We use the index (a, b ∈ {0, 1, 2, 3}) for the flat space-time, (μ, ν ∈ {= 0, 1, 2, 3}) etc. for the curved space-time, and (j, k, l ∈ {1, 2, 3}) for the hyperplane or space.

In the flat space-time, the Dirac equation for free bispinor ϕ is equivalent to γ^ai∂_aϕ = mϕ, (1.4) Making transformation ϕ = ( ~ψ, ψ)^T , by (1.4), we get the dynamical equation for two Weyl spinors ψ and ~ψ, σ^ai∂_aψ = m ~ψ, ~σ^ai∂_a ~ψ = mψ. (1.5)

(1.5) is also the so-called chiral representation in gauge theory.

For the vierbein formalism in the curved space-time, assume x^μ to be the coordinates, dx̄^a the local frame, then we have

dx^μ = h^μ_adx̄^a, dx_μ = l^a_μ dx̄_a, h^μ_al^b_μ = h^b_kl^k_a = δ^b_a, (1.6)

or equivalently

g^{μν} = h^μ_a h^ν_b η^{ab}, g_{μν} = l^a_μl^b_ν η_{ab}, (1.7)

where η_{ab} = diag[1, −1, −1, −1] is the Minkowski metric. Denote the Pauli matrices in curved space-time by

ρ^μ = h^μ_aσ^a, ρ_μ = l^a_μ σ_a, ~ρ^μ = h^μ_a~σ^a, ~ρ_μ = l^a_μ ~σ_a, (1.8) then we have ρ^μ ~ρ^ν + ρ^ν ~ρ^μ = ~ρ^μρ^ν + ~ρ^ν ρ^μ = 2g^{μν}. In curved space-time, the field equation (1.5) becomes ρ^μi∇_μψ = m ~ψ, ~ρ^μi ~∇_μ ~ψ = mψ, (1.9)

where ∇_μ = ∂_μ + Γ_μ, ~∇_μ = ∂_μ + ~Γ_μ are the covariant derivatives of ψ and ~ψ, Γ_μ and ~Γ_μ are spinor affine connections satisfying[6]

Γ_μ =^1_4 (~ρ^α∂_μρ_α − Γ^α_{μα}) −^1_8 ∂_αg_{μβ}(~ρ^αρ^β − ~ρ^β ρ^α), ~Γ_μ =^1_4 (ρα∂_μ ~ρ_α − Γα_{μα}) −^1_8 ∂_αg_{μβ}(ρα ~ρβ − ρβ ~ρα). (1.10)

For Dirac equation, we define Dirac matrices in curved space-time by ϱ^μ ≡ h^μ_a γ^a, then ϱ^μ satisfies the Clifford algebra ϱ^μϱ^ν + ϱ^ν ϱ^μ = 2g^{μν}. For Dirac bispinor ϕ, we have ∇_μϕ = (∂_μ + Γ̄_μ)ϕ with connection

Γ̄_μ = 1 4 (ϱ^α∂_μϱ_α − Γ^α_{μα}) − 1 8 ∂_αg_{μβ}(ϱ^αϱ^β − ϱ^βϱ^α). (1.11)

II. SIMPLIFICATION OF THE SPINOR CONNECTION

For (1.9), we define the total connection of the spinors as

Γ ≡ ρ^μΓ_μ =^1_4 ρ^μ(~ρ^α∂_μρ_α − Γ^α_{μα}) −^1_8 ∂_αg_{μβ}ρ^μ(~ρ^αρ^β − ~ρ^β ρ^α), ~Γ ≡ ~ρμ ~Γ_μ =^1_4 ~ρμ(ρα∂_μ ~ρ_α − Γα_{μα}) −^1_8 ∂_αg_{μβ} ~ρμ(ρα ~ρβ − ρβ ~ρα). (2.1)

By the symmetry g_{μν} = g_{νμ}, we can easily check

Ω ≡^i_2 (Γ − Γ^+) =^i_8 (ρ^μ ~ρ^α∂_μρ_α − ∂_μρ_α ~ρ^αρ^μ), ~Ω ≡^i_2 (~Γ − ~Γ+) =^i_8 (~ρμρα∂_μ ~ρ_α − ∂_μ ~ρ_αρα ~ρμ). (2.2)

For the diagonal metric we have Ω = ~Ω = 0[6].

The Lagrangian corresponding to (1.9) is given by L_m = ℜ⟨ψ^+ρ^μi∇_μψ + ~ψ^+ ~ρ^μi ~∇_μ ~ψ⟩ − m( ~ψ^+ψ + ψ^+ ~ψ), =^1_2 [ψ^+ρ^μi∂_μψ + (i∂_μψ)^+ρ^μψ + ~ψ^+ ~ρ^μi∂_μ ~ψ + (i∂_μ ~ψ)^+ ~ρ^μ ~ψ]+ i 2 [ψ^+(Γ − Γ^+)ψ + ~ψ^+(~Γ − ~Γ^+) ~ψ] − m( ~ψ^+ψ + ψ^+ ~ψ), = ℜ⟨ψ^+ρ^μi∂_μψ + ~ψ^+ ~ρ^μi∂_μ ~ψ⟩ + ψ^+Ωψ + ~ψ^+ ~Ω ~ψ − m( ~ψ^+ψ + ψ^+ ~ψ). (2.3)

By the Variation of (2.3) with respect to ψ^+, we have 0 = δ(L_m √ g) √ gδψ^+ = ∂L_m ∂ψ^+ − 1 √ g ∂_α ( ∂L_m √ g ∂(∂_αψ^+) )

= 1 2 ρ^μi∂_μψ + Ωψ − m ~ψ − 1 2 √ g ∂_α ( ∂ ∂(∂_αψ^+)

[(i∂_μψ)^+ρ^μψ √ g] )

= ρ^μi∂_μψ + i 2 ρ^μ_{;μ}ψ + Ωψ − m ~ψ, (2.4) where ρ^μ_{;μ} = ∂_μρ^μ + Γ^μ_ν ρ^ν . Similar equation holds for ~ψ, so we get the dynamical equation

ρ^μi∂_μψ + (^i_2 ρ^μ_{;μ} + Ω)ψ = m ~ψ, ~ρ^μi∂_μ ~ψ + (^i_2 ~ρ^μ_{;μ} + ~Ω) ~ψ = mψ. (2.5)

Projecting ∂_μρ^μ to the basis ρ^μ, i.e. we define k_μ as follows

∂_μρ^μ = ∂_μh^μ_aσ^a ≡ k_μρ^μ = k_μh^μ_aσ^a, (2.6)

then by (1.6) we have ∂_μh^μ_a = k_μh^μ_a or k_μ = l^a_μ ∂_ν h^ν_a, thus

ρ^μ_{;μ} = ∂_μρ^μ + Γ^μ_ν ρ^ν = (l^a_μ∂_ν h^ν_a + ∂_μ ln √ g)ρ^μ. (2.7)

Hence we can define the geometrical part of connection as follows

Υ_μ ≡ 1 2 (l^a_μ∂_ν h^ν_a + ∂_μ ln √ g) = 1 2 h^ν_a(∂_μl^a_ν − ∂_ν l^a_μ). (2.8)

For any 3-dimensional vector ⃗A, ⃗B, it is easy to check (⃗σ · ⃗A)(⃗σ · ⃗B) = ⃗A · ⃗B + i⃗σ · ( ⃗A × ⃗B). (2.9) Denoting

ρ^α = h^α_0 + ⃗h^α · ⃗σ, ~ρ^α = h^α_0 − ⃗h^α · ⃗σ, ∂_μρ_α = ∂_μl^0_α − ⃗l_α · ⃗σ, (2.10)

where ⃗h^α = (h^α_1, h^α_2, h^α_3) and ⃗l_α = (l^1_α , l^2_α , l^3_α ), then we have

ρ^α ~ρ^β ∂_αρ_β = (h^α_0 + ⃗h^α · ⃗σ)(h^β_0 − ⃗h^β · ⃗σ)∂_αρ_β , = [(h^α_0h^β_0 − ⃗h^α · ⃗h^β ) − (h^α_0⃗h^β − h^β_0⃗h^α) · ⃗σ −i(⃗h^α × ⃗h^β) · ⃗σ](∂_αl^0_β − ∂_α⃗l_β · ⃗σ), = i[(⃗h^α × ⃗h^β ) · ∂_α⃗l_β − ∂_αl^0_β (⃗h^α × ⃗h^β) · ⃗σ +((h^α_0⃗h^β − h^β_0⃗h^α) × ∂_α⃗l_β) · ⃗σ] + Hermitian terms.

(2.11)

Substituting (2.11) into Ω, we get

Ω = − 1 4 ( (⃗h^α × ⃗h^β ) · ∂_α⃗l_β − ∂_αl^0_β (⃗h^α × ⃗h^β) · ⃗σ + [(h^α_0⃗h^β − h^β_0⃗h^α) × ∂_α⃗l_β] · ⃗σ ) . (2.12)

Projecting Ω to the basis ρ^μ, we have Ω = Ω_μρ^μ with

Ω_μ = − 1 4 ( (⃗h^α × ⃗h^β) · (l^0_μ ∂_α⃗l_β − ⃗l_μ∂_αl^0_β ) + ⃗l_μ · [(h^α_0⃗h^β − h^β_0⃗h^α) × ∂_α⃗l_β ] ) . (2.13)

(2.13) defines the dynamical part of the spinor connection. By (2.8) and (2.13), the dynamical equation (2.5) becomes

ρ^μ[i(∂_μ + Υ_μ) + Ω_μ]ψ = m ~ψ, ~ρ^μ[i(∂_μ + Υ_μ) + Ω_μ] ~ψ = mψ.

(2.14)

Correspondingly, the Dirac equation (1.4) in the curved space-time becomes

ϱ^μ[i(∂_μ + Υ_μ) + Ω_μ]ϕ = mϕ. (2.15)

The following discussion shows that, ∂_μ + Υ_μ as a whole operator is similar the covariant derivatives ∇_μ for tensors, but Ω_μ takes the position of the interactive potentials, and it leads to dynamical effects.

In the case of the diagonal metric, we have Ω = 0, and then covariant derivatives can be easily written out. We give two examples frequently used.

(E1). Dirac equation in Schwarzschild metric. Schwarzschild metric is given by

g_{μν} = diag(B(r), −A(r), −r^2, −r^2 sin^2 θ). (2.16)

In the diagonal metric, we have Ω_μ = 0, then

ϱ^μ = ( γ^0 √ B , γ^1 √ A , γ^2 r , γ^3 r sin θ ) , (2.17)

Υ_μ = ( 1, 1 r + B^′ 4B , 1 2 cot θ, 0 ) , (2.18)

we have Dirac equation as i [ γ^0 √ B ∂_t + γ^1 √ A ( ∂_r + 1 r + B^′ 4B ) + γ^2 r (∂_θ + 1 2 cot θ) + γ^3 r sin θ ∂_φ ] ϕ = mϕ. (2.19)

Set A = B = 1, we get Dirac equation in spherical coordinate system i [ γ^0∂_t + γ^1(∂_r + 1 r ) + γ^2 r (∂_θ + 1 2 cot θ) + γ^3 r sin θ ∂_φ ] ϕ = mϕ. (2.20)

(E2). Dirac equation in general diagonal metric. Assume the metric tensor as

g_{μν} = diag[N^2_0 , −N^2_1 , −N^2_2 , −N^2_3 ], (2.21)

where N_μ = N_μ(x^α).

ϱ^μ = ( γ^0 N_0 , γ^1 N_1 , γ^2 N_2 , γ^3 N_3 ) , (2.22)

Υ_k = 1 2 ( ∂_kN_0 N_0 + ∂_kN_1 N_1 + ∂_kN_2 N_2 + ∂_kN_3 N_3 − ∂_kN_k N_k ) , (2.23)

where k = 0, 1, 2, 3.

III. THE DYNAMICAL EFFECTS OF THE SPINOR CONNECTION

The separation of connection Υ_μ and Ω_μ has important physical meanings. The following analysis shows Υ_μ is only related with geometry, but Ω_μ has dynamical effects if the metric is the intrinsically non-diagonal. So in such space-time, we fail to find the Einstein’s lift for the spinors, the principle of equivalence is broken down by spinors.

In order to understand the physical meaning of the connection of the spinor Υ_μ and Ω_μ, we should use the Local Gaussian coordinate system(GCS) with metric diag(1, −g_{jk}), because only in this coordinate system we can define the simultaneity and then establish the Hamiltonian formalism. In GCS, we have

h^0 = l^0 = 1, ⃗h^0 = ⃗l_0 = 0. (3.1)

Then by (2.8) and (2.13), we get

Υ_μ = 1 2 ( ∂_t ln √ g, ⃗l_k · ∂_j⃗h^j + ∂_k ln √ g ) , (3.2)

Ω_μ = − 1 4 ( (⃗h^α × ⃗h^β) · ∂_α⃗l_β, ⃗l_k · (⃗h^β × ∂_t⃗l_β) ) . (3.3)

In GCS, to lift and lower the index of a vector means Υ^0 = Υ_0, Υ^k = −ḡ^{kl}Υ_l.

To make the conclusion more general and comparable, we consider the Dirac equation with electromagnetic interaction eA^μ, then (2.15) can be rewritten in the Hamiltonian formalism

i(∂_t + Υ_t)ϕ = Hϕ, (3.4) where the Hamiltonian is defined by

H = −α^k · [i(∂_k + ⃗Υ_k) − eA_k + ⃗Ω_k] + eA_0 − Ω_0 + mγ_0, (α^μ ≡ γ_0ϱ^μ). (3.5)

Similarly to the case in flat space-time, we define the central coordinate ⃗X and speed ⃗v of the spinor as follows[7], ⃗X = ∫ S^3 ⃗xq^0d^3x, ⃗v = d dt ⃗X, (3.6) where S^3 stands for the total simultaneous hyperplane, q^μ is the current

q^μ = ϕ^+α^μϕ = ~ψ^+ ~ρ^μ ~ψ + ψ^+ρ^μψ. (3.7)

By the definition (3.6) and the current conservation law q^μ_{;μ} = 0, it is easy to check ⃗v = ∫ S^3 ⃗x∂_t(q^0 √ g)d^3x = ∫ S^3 ⃗xq^0_{;t} √ gd^3x = − ∫ S^3 ⃗xq^k_{;k} √ gd^3x, = ∫ S^3 ⃗q √ gd^3x. (3.8)

With the normalizing condition ∫ S^3 q 0√ gd^3x = 1, we have the classical approximation, namely the point-particle model, q^μ → u^μ √ 1 − ḡ_{kl}v^kv^lδ^3(⃗x − ⃗X), u^μ ≡ dx^μ dτ = (1, ⃗v)/ √ 1 − ḡ_{kl}v^kv^l, (3.9)

where the Dirac-δ means ∫ S^3 δ 3(⃗x − ⃗X) √ gd^3x = 1 and δ^3(⃗x − ⃗X) = 0 if ⃗x ≠ ⃗X, τ is the proper time.

Define the 4-dimensional momentum of the spinor by

p^μ = ℜ ∫ S^3

ϕ^+p̂^μϕ √ gd^3x, p̂^μ ≡ i(∂^μ + Υ^μ) − eA^μ + Ω^μ. (3.10)

The spinor ϕ is a Lorentz spinor under local Lorentz transformation (frame transformation), but a scalar under spatial curvilinear coordinate transformation x^k → ~x^k. By the covariance of the point vector (3.10), for the spinor at energy eigenstate (namely the particle state), we have the classical approximation[7, 8]

p^μ = mu^μ, (3.11)

where m defines the classical mass of the spinor.

For any Hermite operator P̂ , by (3.4) we find the following generalized Ehrenfest theorem holds dP dt = d dt ∫ S^3 √ gϕ^+P̂ ϕd^3x = ℜ ∫ S^3 √ g ( ϕ^+(∂_tP̂ )ϕ + i(i∂_tϕ)^+P̂ ϕ − iϕ^+P̂ (i∂_tϕ) + ϕ^+P̂ ϕ∂_t ln √ g ) d^3x, = ℜ ∫ S^3 √ g ( ϕ^+(∂_tP̂ )ϕ + i(Hϕ)^+P̂ ϕ − iϕ^+P̂ Hϕ ) d^3x, = ℜ ∫ S^3 √ gϕ^+ ( ∂_tP̂ + (∂_kα^k + α^k∂_k ln √ g − 2α^kΥ_k)P̂ + i[H, P̂ ] ) ϕd^3x, = ℜ ∫ S^3 √ gϕ^+ ( ∂_tP̂ + i[H, P̂ ] ) ϕd^3x, (3.12)

where the Hermite operator P̂ means P = ∫ S^3 √ gϕ^+P̂ ϕd^3x is real for any ϕ. (3.12) clearly shows the connection Υ^μ has only geometrical effect, but Ω^μ probably has dynamical effect. Let P̂ = p̂_μ, by similar calculation in [7], we get d dt p_μ = ℜ ∫ S^3 ( [∂_μ(eA_ν − Ω_ν ) − ∂_ν (eA_μ − Ω_μ)]q^ν − ϕ^+(∂_μα^k)p̂_kϕ ) √ gd^3x. → [∂_μ(eA_ν − Ω_ν ) − ∂_ν (eA_μ − Ω_μ)]u^ν √ 1 − ḡ_{kl}v^kv^l − K_μ, (3.13)

where K_μ is the classical approximation of the last term ℜ ∫ S^3

ϕ^+(∂_μα^k)p̂_kϕ √ gd^3x → K_μ, if q^μ → v^μδ^3(⃗x − ⃗X). (3.14)

The first term in (3.13) gives the electromagnetic and gravimagnetic field, which is normal. To directly derive the classical approximation of K_μ is complicated, which should use the original dynamical equation (3.4) repeatedly to solve p̂_kϕ similarly to the manipulation in [7]. However, we can solve it by the following skill. Noticing the fact that for a linear spinor, we should have the condition^d_{dt} (p^μp_μ) = 0, by (3.13), we have 0 = d dt (g^{μν} p_μp_ν ) = p_μp_ν d dt g^{μν} + 2g^{μν} p_ν d dt p_μ = p_ν (p_μ d dt g^{μν} − 2g^{μν} K_μ). (3.15)

Obviously, by the definition, K_μ is a linear function of p_ν . Considering the arbitrary of p_ν , we have general solution as follows

K_μ = 1 2 g_{μβ}p_α(F^{αβ} √ 1 − ḡ_{kl}v^kv^l + d dt g^{αβ}), (3.16) where F^{αβ} = −F^{βα} is an antisymmetrical tensor. By the physical meaning of K_μ defined by (3.14), F^{αβ} should be the first order derivatives of the metric or vierbein, so we only have F^{αβ} = 0. Noticing the identity d dτ p_μ + 1 2 g_{μβ} p_α d dτ g^{αβ} = u^αp_{μ;α}, (3.17)

then substituting (3.16) and (3.17) into (3.13), we finally get the elegant classical mechanics for a spinor particle in curved space-time

p_{μ;ν} u^ν = [∂_μ(eA_ν − Ω_ν ) − ∂_ν (eA_μ − Ω_μ)]u^ν. (3.18)

Although we derive (3.18) in the local GCS, it obviously holds in all coordinate system due to the covariant form. In the space-time with intrinsically nondiagonal metric, (3.18) shows the principle of equivalence is broken by the spinors moving at high speed.

IV. CONCLUSION AND DISCUSSION

From the above calculation and results we learn that, To represent the spinor connection by Υ_μ and Ω_μ not only makes the calculation simple, but also highlights their different physical meanings. Υ_μ mainly corresponds to the geometrical calculations, but Ω_μ corresponds to the intrinsic curvature of the space-time, which leads to dynamical effects, namely the gravimagnetic field. The validity of the representation depends on the quaternion structure of the space-time.

In the space-time with intrinsic nondiagonal metric, the spinor particles do not move strictly along the geodesics, so the principle of equivalence is broken down by spinors. The other interaction potentials also lead to the deviation from the geodesics[8]. All these deviations are proportional to the speed of the particles.

In the space-time with the diagonal metric, we have Ω_μ = 0. This means a spinor particles without other interaction moves along geodesic. Noticing the arbitrary speed u^μ in (3.18), in this case we get

∂_μΩ_ν − ∂_ν Ω_μ = 0. (4.1)

So there exists a scalar function Φ, such that Ω_μ = ∂_μΦ. (4.1) actually provides a necessary condition for a metric can be transformed into the diagonal one, and it also seems to be the sufficient condition. This is an interesting byproduct.

Acknowledgments

The author is grateful to his supervisor Prof. Ta-Tsien Li and Prof. Han-Ji Shang for their encouragement, and Mrs. Cai-Di Ning for her support.

[1] M. Sachs, General relativity and matter (Ch.3), D. Reidel, 1982. [2] W. L. Bade, H. Jehle, Rev. Mod. Phys.25(3), (1953)714 [3] P. G. Bergmann, Phys. Rev. 107(2), (1957)624 [4] D. R. Brill, J. A. Wheeler, Rev. Mod. Phys. 29(3), (1957)465 [5] J. P. Crawford, Adv. Appl. Cliff. Alg. 2(1), (1992)75 [6] Y. Q. Gu, Representation of the Vierbein Formalism, arXiv:gr-qc/0612106. [7] Y. Q. Gu, New Approach to N-body Relativistic Quantum Mechanics, Int. J. Mod. Phys.

A22:2007-2020(2007), arXiv:hep-th/0610153 [8] Y. Q. Gu, Mass-Energy Relation of the Nonlinear Spinor, hep-th/0701030