arXiv:gr-qc/0612193v2 31 Jan 2007

The affine theory of gravitation and electromagnetism I

Nikodem J. Popławski Department of Physics, Indiana University, 727 East Third Street, Bloomington, IN 47405, USA (Dated: January 31, 2007)

The affine variational principle of Eddington generates the Einstein field equations of general relativity in vacuum with a non-zero cosmological constant. We generalize this principle to include electromagnetism, obtaining the Einstein–Maxwell field equations and the Lorentz equation of motion. We vary the action with respect to the quantities that appear in the definition of the electromagnetic covariant derivative: the affine (nonsymmetric) connection and the electromagnetic potential, while the Lagrangian density is taken to be the square root of the determinant of a linear combination of the symmetrized Ricci tensor and the electromagnetic field tensor. This construction generates a symmetric metric tensor and a connection with torsion that depends only on the torsion vector. The whole formulation is valid only for very weak electromagnetic fields, on the order of the magnetic field in interstellar space.

PACS numbers: 04.50.+h, 04.20.Fy, 03.50.-z, 95.36.+x

I. INTRODUCTION

The fact that Einstein’s relativistic theory of gravitation [1] is based on the affine connection rather than the metric tensor was first noticed by Weyl [2]. Shortly after, this idea was developed by Eddington, who constructed the simplest pure–affine gravitational Lagrangian [3]. Schrödinger elucidated Eddington’s affine theory and generalized it to a nonsymmetric metric [4] which was introduced earlier by Einstein and Straus [5] to unify gravitation with electromagnetism.

The Eddington affine approach has the advantage over the Einstein–Hilbert and Palatini formulations because it automatically generates the cosmological term in the field equations [6]. In this formalism, the connection is the fundamental variable, analogous to the coordinates in relativistic mechanics. Consequently, the curvature corresponds to the four-dimensional velocities, and the metric corresponds to the generalized momenta [7]. Remarkably, this analogy can be completed by noticing that both the connection and the coordinates are not tensors, but their variations are (the coordinate variations are vectors by definition). The curvature and metric form tensors and so do the velocities and momenta.

The idea of the affine formulation of gravitation is that the metric tensor is generated by the Hamilton derivatives of a Lagrangian density that depends only on the affine connection [4, 6]. Therefore, we cannot use the metric tensor in the Lagrangian density. The Einstein–Hilbert action of general relativity, which contains the Ricci scalar depending on the metric tensor and its derivatives, must be replaced by a covariant quantity that depends only on tensors constructed from the connection. We also need to replace the metric definition of the energy–momentum tensor as the tensor conjugate to the metric tensor with the matter action as the generating function, since matter should enter the Lagrangian before the metric tensor is defined.

In this paper, we present the simplest form of an affine Lagrangian density, describing the electromagnetic field in the presence of the gravitational field with the cosmological constant. Although our formulation is valid only for very weak electromagnetic fields, on the order of the magnetic field in interstellar space, it provides some insights to the quest for the complete affine theory of gravity and matter.

II. AFFINE CONNECTION

The concept of a parallel translation of a vector introduces the linear affine connection Γ^ρ_{μ ν} which enters the definition of the covariant derivative of a contravariant vector:

V^μ_{;ν} = V^μ_{,ν} + Γ^μ_{ρ ν} V^ρ, (1)

where the comma denotes the usual partial derivative. The order of the two covariant indices in the connection coefficients is important since we do not restrict the connection to be symmetric [6]. The covariant derivative is assumed to obey the chain rule of differentiating products. The transformation law for a covariant vector results from the requirement of the covariant derivative of a scalar to be equal to the usual derivative of this scalar. The transformation law for an arbitrary tensor results from the definition of a tensor as the quantity which transforms like the corresponding product of vectors.

The pure–affine variational principle regards the 64 components of Γ^ρ_{μ ν} as the gravitational field variables [6]. Under inhomogeneous coordinate transformations x^μ → x^{μ′} (x^μ) the connection transforms according to:

Γ^{ρ′}_μ′_ν′ = ∂x^{ρ′} ∂x^ρ ∂x^μ ∂x^{μ′} ∂x^ν ∂x^{ν′} Γ^ρ_{μ ν} + ∂x^{ρ′} ∂x^ρ ∂^2x^ρ ∂x^μ ∂x^ν . (2) It follows that the connection is not a tensor, unlike its antisymmetric part which is the torsion tensor, S^ρ_{μν} = Γ^ρ_{[μ ν]}. (3) The contraction of the torsion tensor defines the torsion vector, S_μ = S^ν_{μν} . (4) We also introduce the modified connection (Schrödinger’s star-affinity) [4, 6] ∗Γ^ρ_{μ ν} = Γ^ρ_{μ ν} + 2 3 δ^ρ_μS_ν , (5) and the modified torsion tensor, ∗S^ρ_{μν} =^∗Γ^ρ_{[μ ν]}, (6) whose trace vanishes:

∗S_μ =^∗S^ν_{μν} = 0. (7) As in general relativity, the Riemann curvature tensor, R^ρ_{μσν} = Γ^ρ_{μ ν,σ} − Γ^ρ_{μ σ,ν} + Γ^κ_{μ ν} Γ^ρ_{κ σ} − Γ^κ_{μ σ} Γ^ρ_{κ ν} , (8) is defined through a parallel displacement of a vector V_μ along the boundary of an infinitesimal surface element Δf^{μν} [3]: ∮ δV_ρ = 1 2 R^σ_{ρμν} V_σ Δf^{μν} , (9) or by the commutator of the covariant derivatives:

V^ρ_{;νμ} − V^ρ_{;μν} = R^ρ_{σμν} V^σ + 2S^σ_{μν} V^ρ_{;σ} . (10) For a nonsymmetric connection, the curvature tensor is not antisymmetric in its first two indices which results in two possibilities of contraction [3]. The usual Ricci tensor is defined as R_{μν} = R^ρ_{μρν} , (11) which gives R_{μν} = Γ^ρ_{μ ν,ρ} − Γ^ρ_{μ ρ,ν} + Γ^κ_{μ ν} Γ^ρ_{κ ρ} − Γ^κ_{μ ρ}Γ^ρ_{κ ν} . (12) For a nonsymmetric connection, the tensor (12) is not symmetric. The second Ricci tensor is defined as Q_{μν} = R^ρ_{ρμν} , (13) from which it follows that this tensor is antisymmetric and has the form of a curl: Q_{μν} = Γ^ρ_{ρ ν,μ} − Γ^ρ_{ρ μ,ν} . (14)

III. THE EDDINGTON LAGRANGIAN

The condition for a Lagrangian density to be covariant is that it must be a product of a scalar and the square root of the determinant of a covariant tensor of rank two [6]. The simplest Lagrangian density of this form, depending only on tensors constructed from the affine connection,^1 was introduced by Eddington [3]:^2 L = 1 κΛ √ −detR_{(μν)}, (15)

where Λ is a positive constant of dimension m^{−2} and κ is Einstein’s gravitational constant. The gravitational action is given by S =^1_c ∫ d^4xL.^3 The metric structure associated with a pure–affine Lagrangian is obtained using the following prescription [3, 4, 6, 8]:

g^{μν} = −2κ ∂L ∂R_{μν} , (16)

where g^{μν} is the fundamental tensor density. The contravariant metric tensor is defined by^4 g^{μν} = g^{(μν)} √ −detg^{(ρσ)}

. (17)

The covariant metric tensor g_{μν} is related to the contravariant metric tensor by

g^{μν} g_{ρν} = δ^μ_ρ . (18)

The tensors g^{μν} and g_{μν} are used for raising and lowering indices. Since we chose L to depend only on the symmetric part of the Ricci tensor, δL = −^1_{2κ} g^{μν} δR_{(μν)} = −^1_{2κ} g^{(μν)}δR_{μν} . Consequently, the tensor density g^{μν} is symmetric and we do not need to symmetrize it in Eq. (17).^5

Substituting Eq. (15) into Eq. (16) yields [3] √ −detR_{(ρσ)}P^{μν} = −Λg^{μν} , (19)

where the symmetric tensor P^{μν} is reciprocal to the symmetrized Ricci tensor R_{(μν)}: P^{μν} R_{(ρν)} = δ^μ_ρ .^6 Eq. (19) is equivalent to

R_{(μν)} = −Λg_{μν} , (20)

which has the form of the Einstein field equations of general relativity with the cosmological constant Λ [6]. The antisymmetric part of the Ricci tensor will be determined by a variation principle. In order to find explicit partial differential equations for the metric tensor, we need a relation between g_{μν} and Γ^ρ_{μ ν} .

1 The most general covariant tensor of rank two, constructed from the connection through the curvature and torsion tensors (and their derivatives), is a linear combination of the tensors: R_{(μν)}, R_{[μν]}, Q_{μν} , S^ρ_{μν} S_ρ, S^ρ_{μν;ρ}, S_μS_ν , S_{(μ;ν)}, and S_{[μ;ν]} [9], while there are no scalars constructed this way. However, one can construct scalars and more covariant second-rank tensors using tensors reciprocal to the tensors listed above. For example, S_μS_ν P^{μν} , where P^{μν} is reciprocal to R_{(μν)}, is a scalar.

2 Eddington used the symmetric part Γ^ρ_{(μ ν)} of the connection, for which Q_{μν} = 2R_{[μν]}, and set −2κ = 1. 3 The quantity d^4x √ −detR_{μν} is referred to by Eddington as the generalized volume element [3].

4 Schrödinger pointed out that, if g^{μν} is not symmetric, there are four possible tensors that can play the part of the corresponding tensorial entity describing a gravitational field in general relativity: g_{(μν)}, g^{(μν)}, g_{(μν)}, and g^{(μν)} [6]. The difference between them corresponds to the order in which we tensorize (dividing a tensor density by its determinant), symmetrize, and inverse (which lowers indices) the fundamental tensor density g^{μν} . All four possibilities are different, but coincide in the limit when all the tensors are symmetric. The contracted Bianchi identities favor the second case which we adopt here [10].

5 Schrödinger used the Lagrangian density proportional to √ −detR_{μν} [4], for which g^{μν} is not symmetric.

6 We use the identity δ √ −detR_{(ρσ)} =^1_2 √ −detR_{ρσ} P^{μν} δR_{(μν)} .

IV. THE FIELD EQUATIONS FOR GRAVITATION

The dynamics of the gravitational field in the affine gravity is governed by the principle of least action δS = 0. The variation of the action corresponding to the Lagrangian (15) gives δS = − 1 2κc ∫ d^4x g^{μν} δR_{μν} , (21)

where we vary the action with respect to the connection through R_{μν} .^7 The variation of the Ricci tensor is given by the Palatini formula for the nonsymmetric connection [4, 11]:

δR_{μν} = δΓ^ρ_{μ ν;ρ} − δΓ^ρ_{μ ρ;ν} − 2S^σ_{ρν} δΓ^ρ_{μ σ} , (22)

which can be verified directly from Eq. (12) using the fact that δΓ^ρ_{μ ν} is a tensor [6].^8 Therefore, we obtain δS = − 1 2κc ∫ d^4x g^{μν} (δΓ^ρ_{μ ν;ρ} − δΓ^ρ_{μ ρ;ν} − 2S^σ_{ρν} δΓ^ρ_{μ σ}). (24)

The formula for the covariant derivative of a scalar density ℑ (such as √ −g) results from the covariant constancy of the Levi-Civita pseudotensor density, ϵ^{μνρσ}_{;κ} = 0 [6]:

ℑ_{;μ} = ℑ_{,μ} − Γ^ν_{ν μ}ℑ. (25)

Combining this formula with the Gauß theorem and the chain rule for the covariant differentiation of the product of a tensor and a scalar density, we can prove the identity [6] ∫ d^4x( √ −gV^μ)_{;μ} = 2 ∫ d^4x √ −gS_μV^μ. (26) Integrating Eq. (24) by parts and using (26) we obtain δS = − 1 2κc ∫ d^4x ( −g^{μν}_{;ρ}δΓ^ρ_{μ ν} + g^{μν}_{;ν} δΓ^ρ_{μ ρ} + 2g^{μν} S_ρδΓ^ρ_{μ ν} − 2g^{μν} S_ν δΓ^ρ_{μ ρ} − 2g^{μν} S^σ_{ρν} δΓ^ρ_{μ σ} )

= − 1 2κc ∫ d^4x ( −g^{μν}_{;ρ} + g^{μσ}_{;σ}δ^ν_ρ + 2g^{μν} S_ρ − 2g^{μσ}S_σ δ^ν_ρ − 2g^{μσ}S^ν_{ρσ} ) δΓ^ρ_{μ ν} . (27)

According to the principle of least action, the variation of the action (27) vanishes for an arbitrary variation δΓ^ρ_{μ ν} , which gives

g^{μν}_{;ρ} − g^{μσ}_{;σ} δ^ν_ρ − 2g^{μν} S_ρ + 2g^{μσ}S_σ δ^ν_ρ + 2g^{μσ}S^ν_{ρσ} = 0, (28)

or, equivalently,

g^{μν}_{;ρ} − 2g^{μν} S_ρ + 2g^{μσ} ( S^ν_{ρσ} + 1 3 S_σ δ^ν_ρ ) = 0. (29)

By means of Eqs. (5) and (25) we find

g^{μν}_{,ρ} +^∗Γ^μ_{σ ρ}g^{σν} +^∗Γ^ν_{ρ σ}g^{μσ} − 1 2 (^∗Γ^σ_{ρ σ} +^∗Γ^σ_{σ ρ})g^{μν} = 0, (30)

7 For the simplest metric gravity, the gravitational Lagrangian density is given by L = −^1_{2κ} g^{μν} R_{μν} , where g^{μν} is a quantity variationally independent of R_{μν} . Consequently, δS =^1_c δ ∫ d^4xL = −^1_{2κc} ( ∫ d^4x g^{μν} δR_{μν} + ∫ d^4x R_{μν} δg^{μν} ), and the variation with respect to g^{μν} leads to the equation R_{μν} = 0 which does not contain the cosmological constant.

8 The variation of the curvature tensor is given by

δR^ρ_{μσν} = δΓ^ρ_{μ ν;σ} − δΓ^ρ_{μ σ;ν} − 2S^κ_{σν} δΓ^ρ_{μ κ}. (23)

which is the desired field equation relating the metric to the connection [4, 6].^9

By contracting Eq. (30) once with respect to (μ, ρ), then with respect to (ν, ρ), and subtracting the resulting equations, we obtain g^{[μν]}_{,ν} + 1 2 g^{(μν)}(^∗Γ^ρ_{ρ ν} −^∗Γ^ρ_{ν ρ}) = 0, (31) which, using Eq. (7), gives [6] g^{[μν]}_{,ν} = 0. (32) This simple equation allows us to rewrite Eq. (30) as g^{μν}_{,ρ} +^∗Γ^μ_{σ ρ}g^{σν} +^∗Γ^ν_{ρ σ}g^{μσ} −^∗Γ^σ_{σ ρ}g^{μν} = 0. (33) Lastly, we substitute Eq. (5) into (20) to obtain [4, 6] ∗R_{(μν)} = −Λg_{μν} , (34) where the tensor^∗R_{μν} is composed of^∗Γ^κ_{ρ σ} the same way R_{μν} is composed of Γ^κ_{ρ σ} .

Because the fundamental tensor density g^{μν} is symmetric, from Eq. (33) it follows (by antisymmetrizing (μ, ν)) that g^{σμ ∗}S^ν_{σρ} − g^{σν ∗}S^μ_{σρ} = 0, (35) or ∗S_{μνρ} =^∗S_{νμρ}. (36) Eq. (36), together with the antisymmetry of the modified torsion tensor, means that this tensor vanishes:^∗S^ρ_{μν} = 0. Since^∗Γ^ρ_{μ ν} is symmetric, from Eq. (33) it follows that the star-affinity is the Christoffel connection of the metric tensor g_{μν} :

∗Γ^ρ_{μ ν} = {^ρ_{μ ν} }_g = 1 2 g^{ρσ} (g_{νσ,μ} + g_{μσ,ν} − g_{μν,σ} ), (37) and the affine connection is given by Γ^ρ_{μ ν} = {^ρ_{μ ν} }_g − 2 3 δ^ρ_μS_ν . (38) In this case,^∗R_{(μν)} = R_{(μν)}, and Eq. (34) becomes R_{μν} (g) = −Λg_{μν} , (39) where R_{μν} (g) is the Ricci tensor of general relativity. The antisymmetric part of the Ricci tensor is given by R_{[μν]} = 2 3 (S_{ν,μ} − S_{μ,ν} ). (40) Eqs. (38) and (40) contain an arbitrary vector S_μ, as in the Born–Infeld–Einstein theory in the Palatini formulation [12]. The case S_μ = 0 corresponds to general relativity with the cosmological constant.^{10}

9 If the fundamental tensor density g^{μν} is not symmetric and we define g^{μν} = g^{μν} / √ −detg^{ρσ}, Eqs. (30) and (32) lead to the relation between the nonsymmetric metric and the affine connection in Einstein’s generalized theory of gravitation: g_{μν,ρ} −^∗Γ^σ_{μ ρ}g_{σν} −^∗Γ^σ_{ρ ν} g_{μσ} = 0 [5].

10 The Einstein–Hilbert Lagrangian of general relativity, proportional to the general-relativistic Ricci scalar R_{μν} (g)g^{μν} , is invariant under a transformation [13] Γ^ρ_{μ ν} → Γ^ρ_{μ ν} + δ^ρ_μV_ν , (41) where V_ν is an arbitrary vector. This invariance allows us to bring the case S_μ ≠ 0 to the case S_μ = 0 by setting V_μ =^2_3 S_μ.

V. ELECTROMAGNETISM

Local gauge invariance is the basic principle of electrodynamics. It is related to the conservation of the electric charge and the fact that photons are massless [14]. Under a local gauge transformation of a complex scalar field ϕ: ϕ → ϕ^′ = e^{iqλ}ϕ, where q is the electromagnetic coupling constant and λ = λ(x^μ) is a function of the spacetime coordinates, the usual derivative of the scalar field is not gauge invariant. Adding a compensating field (electromagnetic potential) A_μ to the gradient operator:

D_μ = ∂_μ + iqA_μ, (42)

defines the electromagnetic covariant derivative which is gauge invariant, D_μϕ → D_μϕ^′ = e^{iqλ}D_μϕ, if the electromagnetic potential transforms as

A_μ → A^′_μ = A_μ − 1 q λ_{,μ}. (43)

The electromagnetic field tensor F_{μν} = A_{ν,μ} − A_{μ,ν} (44) is invariant under the transformation (43).

Let us now consider a local gauge transformation of a complex vector field V^μ:

V^μ → V^{′μ} = e^{iqλ}V^μ. (45)

One can easily show that the covariant derivative with the compensating electromagnetic potential:

D_μ = ∇_μ + iqA_μ, (46)

where the operator ∇_μ acting on a vector from the left means the same as_{;μ} acting from the right, is both relativistically covariant and gauge invariant. The commutator of the gauge-invariant covariant derivatives acting on V^μ is:

(D_μD_ν − D_ν D_μ)V^ρ = R^ρ_{σμν} V^σ + 2S^σ_{μν} D_σ V^ρ + iqF_{μν} V^ρ. (47)

In the Lagrangian density (15) we used the determinant of the symmetrized Ricci tensor which is the simplest covariant second-rank tensor we can build from the tensors appearing on the right-hand side of Eq. (47). To represent the electromagnetic field in the affine field theory, we need to include the covariant, second-rank tensor F_{μν} in this determinant.^{11} Let us consider the following Lagrangian density: L = 1 κΛ √ −det(R_{(μν)} + B_{μν} ), (48)

where B_{μν} = i √ κΛF_{μν} . Let us also assume |B_{μν} | ≪ |R_{(μν)}|, (49) where the bars denote the order of the largest (in magnitude) component of the corresponding tensor. Consequently, we can expand the Lagrangian density (48) in small terms B_{μν} . If s_{μν} is a symmetric tensor and a_{μν} is an antisymmetric tensor, the determinant of their sum is given by [15]

det(s_{μν} + a_{μν} ) = dets_{μν} ( 1 + 1 2 a_{αβ} a_{ρσ} s^{αρ}s^{βσ} + deta_{μν} dets_{μν} ) , (50)

where the tensor s^{μν} is reciprocal to s_{μν} . If we associate s_{μν} with R_{(μν)} and a_{μν} with B_{μν} , and neglect the last term in Eq. (50), we obtain

det(R_{(μν)} + B_{μν} ) = detR_{(μν)} ( 1 + 1 2 B_{αβ} B_{ρσ} P^{αρ}P^{βσ} ) . (51)

11 We could add to the expression (15) the determinant of the electromagnetic field tensor, √ −detF_{μν} . In this case, however, the electromagnetic field does not couple to the gravitational field since F_{μν} does not appear in Eq. (16). Moreover, √ −detF_{μν} = 1 8 ϵ^{μνρσ} F_{μν} F_{ρσ} =^1_4 (ϵ^{μνρσ} F_{ρσ}A_ν )_{,μ} [6] is a total divergence and does not contribute to the field equations [14].

In the same approximation, the Lagrangian density (48) becomes L = 1 κΛ √ −detR_{(μν)} ( 1 + 1 4 B_{αβ} B_{ρσ} P^{αρ}P^{βσ} ) . (52)

Eqs. (16) and (17) define the contravariant metric tensor,^{12} for which we find:^{13} √ −gg^{μν} = − 1 Λ √ −detR_{(μν)} [ P^{μν} ( 1 + 1 4 B_{αβ} B_{ρσ} P^{αρ}P^{βσ} ) −P^{αβ}B_{αρ}B_{βσ} P^{μρ}P^{νσ} ] , (53)

where g = detg_{μν} . In the terms containing B_{μν} and in the determinant^{14} we can use the relation P^{μν} = −Λ^{−1}g^{μν} (equivalent to Eq. (20) valid for B_{μν} = 0. As a result, we obtain

g^{μν} = −ΛP^{μν} + Λ^{−2} ( 1 4 g^{μν} B_{ρσ} B^{ρσ} − B^{μρ}B^ν_ρ ) . (54)

Introducing the energy–momentum tensor for the electromagnetic field:

T^{μν} = 1 4 g^{μν} F_{ρσ} F^{ρσ} − F^{μρ}F^ν_ρ (55)

brings Eq. (54) into

P^{μν} = −Λ^{−1}g^{μν} − κΛ^{−2}T^{μν} , (56)

which is equivalent (in the approximation of small B_{μν} ) to the Einstein equations of general relativity with the cosmological constant in the presence of the electromagnetic field:

R_{(μν)} = −Λg_{μν} + κT_{μν} . (57)

As in the case for the gravitational field only, R_{(μν)} = R_{μν} (g). The tensor (55) is traceless, from which it follows that R_{μν} (g) − 1 2 R(g)g_{μν} = Λg_{μν} + κT_{μν} . (58)

R_{[μν]} is proportional to the curl of an arbitrary vector S_μ.^{15}

Since the tensor R_{μν} (g) satisfies the contracted Bianchi identities: ( R_{μν} (g) − 1 2 R(g)g_{μν} )_{;ν} = 0, (59)

and g^{;ν}_{μν} = 0 because^∗Γ^ρ_{μ ν} = {^ρ_{μ ν} }_g, the tensor T_{μν} that appeared in Eq. (57) is covariantly conserved, T^{;ν}_{μν} = 0. As in the metric formulation of gravitation, this conservation results from the invariance of the action integral under the coordinate transformations [6].

To obtain the Maxwell equations in vacuum, we vary the action integral of the Lagrangian density (48) with respect to the electromagnetic potential and use the principle of least action for an arbitrary variation of A_μ: δS = 1 c ∫ d^4x ∂L ∂F_{μν} δF_{μν} = 2 c ∫ d^4x ∂L ∂F_{μν} δ(A_{ν,μ}) = − 2 c ∫ d^4x ( ∂L ∂F_{μν} ) ,μ δA_ν = 0, (60)

from which it follows that (^∂L_{∂Fμν} )_{,μ} = 0, or (√ −detR_{(αβ)}F_{ρσ} P^{μρ}P^{νσ} ) ,μ = 0. (61)

12 The tensor density g^{μν} remains symmetric since only the symmetrized Ricci tensor enters the Lagrangian. 13 We use the identity δP^{ρσ} = −δR_{μν} P^{ρμ}P^{σν} . 14 In our approximation, √ −detR_{(μν)} = Λ^2 √ −g, since, as we show below, R_{(μν)} = −Λg_{μν} + κT_{μν} which yields detR_{(μν)} − det(Λg_{μν} ) ∝ T_{μν} g^{μν} = 0.

15 The vector S_μ can again be brought to zero by the transformation (41).

In our approximation, where P^{μν} ∝ g^{μν} , Eq. (61) becomes ( √ −detg_{αβ}F^{μν} )_{,μ} = 0, (62)

which is equivalent to the covariant form:

F^{μν}_{;μ} = 0, (63)

since^∗Γ^ρ_{μ ν} = {^ρ_{μ ν} }_g. Eq. (63) is consistent with the Bianchi identities (59) applied to Eqs. (58) and (55).

To obtain the Lorentz equation of motion of a particle with mass m and charge e in the electromagnetic field, we vary with respect to the coordinates the action containing two terms [14]:^{16} S = − mc √ Λ ∫ ds_E − e c ∫ A_μdx^μ, (64)

where ds_E is Eddington’s affine interval [3]: ds_E = √ R_{μν} dx^μdx^ν . (65) This variation leads to mc √ Λ ( d^2x^μ ds^2_E + {^μ_{ν ρ}}_R dx^ν ds_E dx^ρ ds_E ) = e c F^μ_ν dx^ν ds_E , (66)

where the tensor {^μ_{ν ρ}}_R is composed of R_{(μν)} the same way {^μ_{ν ρ}}_g is composed of g_{μν} . In the approximation (49), Eq. (66) becomes the Lorentz equation: mc ( d^2x^μ ds^2 + {^μ_{ν ρ}}_g dx^ν ds dx^ρ ds ) = e c F^μ_ν dx^ν ds , (67)

where ds = √ g_{μν} dx^μdx^ν is the metric interval.

Eqs. (58) and (63) are the Einstein–Maxwell equations derived from a pure–afine Lagrangian in the approximation (49) which can also be written as κF^2 Λ ≪ 1, (68)

where F = |F_{μν} |. The magnetic field of the Earth is on the order of 10^{−5} T , which gives^{κF 2}_Λ ∼ 10^6.^{17} The threshold at which the approximation (68) ceases to hold occurs at the level of the magnetic field on the order of 10^{−8} T , i.e. in outer space of the Solar System. Thus, the presented affine theory of gravitation and electromagnetism is not valid for electromagnetic fields observed in common life, e.g., that of a small bar magnet, which is on the order of 0.01 T .^{18} On the other hand, this theory is valid for magnetic fields in interstellar space on the order of 10^{−10} T , for which κF^2 Λ ∼ 10^{−5}.

VI. SUMMARY

We presented the simplest form of an affine Lagrangian density, describing the electromagnetic field in the presence of the gravitational field with the cosmological constant. Since our formulation is valid only for very weak electromagnetic fields, on the order of the magnetic field in interstellar space, we need a Lagrangian density with the electromagnetic field tensor outside the square root of the determinant of a second-rank tensor. We could assume that Eq. (52), written as L = 1 κΛ √ −detR_{(μν)} − 1 4 √ −detR_{(μν)}F_{αβ} F_{ρσ} P^{αρ}P^{βσ}, (69)

16 The second term on the right-hand side of Eq. (64) generates the source for the Maxwell equations which become F^{μν}_{;ν} = j^μ, where j^μ is the electromagnetic current vector in curved spacetime [14].

17 The value of Λ is on the order of 10^{−52}m^{−2}.

18 For these fields, |B_{μν} | ≫ |R_{(μν)}|, and the Lagrangian density is approximately proportional to √ −detF_{μν} which cannot describe electromagnetism.

is not the weak-field approximation but represents the exact affine Lagrangian density corresponding to the electromagnetic and gravitational field with the cosmological constant. The second term on the right-hand side of Eq. (69) appears to be dynamically equivalent to the Maxwell–Einstein equations [8]. In the next paper, we will examine the equivalence of both terms on the right-hand side of Eq. (69) to the corresponding metric formulation, and its cosmological implications.

[1] Einstein A 1916 Ann. Phys. (Leipzig) 49 769 [2] Weyl H Space, Time, Matter (Methuen, 1922) [3] Eddington A S The Mathematical Theory of Relativity (Cambridge, 1924) [4] Schrödinger E 1947 Proc. R. Ir. Acad. A 51 163 [5] Einstein A and Straus E G 1946 Ann. Math. 47 731 [6] Schrödinger E Space-Time Structure (Cambridge, 1950) [7] Kijowski J 1978 Gen. Relativ. Gravit. 9 857 [8] Ferraris M and Kijowski J 1981 Lett. Math. Phys. 5 127 [9] Popławski N J 2006 gr-qc/0610132 [10] Kurşunoğlu B 1952 Phys. Rev. 88 1369

Hély J 1954 Compt. Rend. Acad. Sci. (Paris) 239 385 Johnson C R 1985 Phys. Rev. D 31 1236 [11] Palatini A 1919 Rend. Circ. Mat. (Palermo) 43 203 [12] Vollick D N 2005 Phys. Rev. D 72 084026 [13] Einstein A The Meaning of Relativity (Princeton, New Jersey, 1953) [14] Landau L D and Lifshitz E M The Classical Theory of Fields (Pergamon, Oxford, 1975) [15] Hlavatý V 1954 J. Rat. Mech. Analys. 3 103