arXiv:gr-qc/0703088v3 10 Mar 2009

Schwarzschild or Kerr solution in 3-dim space and N-dim time

Dimitry Palatnik^∗

March 11, 2009

Abstract In this note Schwarzschild or Kerr solution is constructed in 3-dim space and N-dim time Solutions do possess symmetry with respect to rotations in time volume

1 Rotations in time plane

In paper [1] authors obtained spherically symmetric solution for metric for 2-dim time and 3-dim space in frames of Kaluza-Klein theory For interval they obtained

dS^2 = dS^2_∗ + ( 1 − J r ) dt^2 + ( 1 − C r ) du^2 + 2P r dudt (1) where dS^2_∗ = − ( 1 − R r )_{−1} dr^2 − r^2(dθ^2 + sin^2 θdϕ^2) (2)

Here u and t are time coordinates (speed of light c = 1) and R, J, C and P are constants satisfying relations

R = J + C ; P^2 = JC (3)

Substituting P = √ JC (where square root takes any of two signs) in (1) one obtains

dS^2 = dS^2_∗ + dt^2 + du^2 − 1 r (√ Jdt − √ Cdu )_2 (4) Consider rotation in time plane

t = + cos τt̃ + sin τũ ; (5) u = − sin τt̃ + cos τũ (6)

Metric (4) preserves its form under rotation (5) and (6) being provided with tilde quantities √ J̃ = + √ J cos τ + √ C sin τ ; (7) √ C̃ = − √ J sin τ + √ C cos τ (8)

Note that under rotation (7) (8) R̃ = J̃ + C̃ = J + C = R (9)

From (3) it follows P̃ = P cos 2τ + 1 2 (C − J) sin 2τ (10)

In particular taking

tan τ = √ C J (11)

∗The Waterford 7445 N Sheridan Chicago IL 60626-1818 US

one obtains for interval dS^2 = dS^2_∗ + ( 1 − R r ) dt̃^2 + dũ^2 (12)

and in (12) one recognises standard Schwarzschild solution in 4-dim spacetime with cylinderical extension on 2-nd time dimension which is also solution of Einstein equations in Ricci-flat 5-dim spacetime One may interpret worldline corresponding to {ũ; r; θ; ϕ} = constant as one of uncharged black hole and rotation inverse to (5) (6) corresponds to situation when black hole has momentum along both time coordinates t and u which in Kaluza-Klein theory is adequate to motion of charged object In other words if one observer (frame of reference t̃; ũ; r_o; θ_o; ϕ_o) sees uncharged black hole then another observer (frame of reference t; u; r_o; θ_o; ϕ_o) sees same object as electrically charged These observations suggest insight for construction of analogous solution in case of N-dim of time volume

2 Schwarzschild solution for N-dim time

One may show that generalizing solution (1) on N-dim time one obtains following expression for interval

dS^2 = ( δ_{ik} − √ m_im_k r ) du^idu^k − ( 1 − M r )_{−1} dr^2 − r^2(dθ^2 + sin^2 θdϕ^2) (13)

Here {u^k} k = 1...N are time coordinates; δ_{ik} = diag(1, 1, ..., 1) is unit matrix N × N ; √ m_k (= ± √ m_k) are constants as well as M Really consider orthogonal transformation of time coordinates u^k ; u_i = δ_{ik}u^k

u_i = Ω^k_i ũ_k ; u^k = Ω^k_iũ^i (14)

here Ω^k_i Ω^i_l = Ω^k_iΩ^i_l = δ^k_l (15) Taking √ m_k = √ MΩ^1_k (16) and using (15) one obtains for interval

dS^2 = ( 1 − M r ) (dũ^1)^2 + (dũ^2)^2 + · · · + (dũ^N )^2 − ( 1 − M r )_{−1} dr^2 − r^2(dθ^2 + sin^2 θdϕ^2) (17)

Evidently (17) is solution of Einstein equations hence (13) is solution as well

3 Kerr solution for N-dim time volume

Kerr solution in covariant and contravariant components [2] is

ds^2 = ( 1 − r_g r ρ^2 ) dt^2 + 2r_g ra ρ^2 sin^2 θdtdϕ − ρ^2 Δ dr^2 − ρ^2dθ^2 − ( r^2 + a^2 + r_g ra^2 ρ^2 sin^2 θ ) sin^2 θdϕ^2 ; (18) g^{ab}∂_a∂_b = 1 Δ ( r^2 + a^2 + r_g ra^2 ρ^2 sin^2 θ ) (∂_t)^2 + 2r_g ra ρ^2Δ ∂_t∂_ϕ − Δ ρ^2

(∂_r)^2 − 1 ρ^2

(∂_θ)^2 − 1 Δ sin^2 θ ( 1 − r_g r ρ^2 ) (∂_ϕ)^2 (19)

Here

ρ^2 = r^2 + a^2 cos^2 θ ; (20) Δ = r^2 + a^2 − r_g r (21)

Take cylinderical extension of (18) on N-dim time (ũ^1...ũ^N ) (ũ^1 ≡ t) which is also solution of Ricci-flat Einstein equations

dS^2 = ( 1 − r_g r ρ^2 ) (dũ^1)^2 + (dũ^2)^2 + · · · + (dũ^N )^2 + 2r_g ra ρ^2 sin^2 θdũ^1dϕ − ρ^2 Δ dr^2 − ρ^2dθ^2 − ( r^2 + a^2 + r_g ra^2 ρ^2 sin^2 θ ) sin^2 θdϕ^2 (22)

Consider rotation (14) (15) in time volume according to which dũ^l = Ω^l_k du^k Then interval (22) may be rewritten as follows

dS^2 = ( δ_{kl} − r_g r ρ^2

Ω^1_k Ω^1_l ) du^kdu^l + 2r_gra ρ^2

Ω^1_k sin^2 θdϕdu^k − ρ^2 Δ dr^2 − ρ^2dθ^2 − ( r^2 + a^2 + r_g ra^2 ρ^2 sin^2 θ ) sin^2 θdϕ^2 (23)

Here δ_{kl} = diag(1, 1, ..., 1) is unit matrix N × N Solution (23) corresponds to charged rotating black hole

References

[1] J Kocinski M Wierzbicki arXiv: gr-qc/0110075

[2] L D Landau E M Lifshits The Classical Theory of Fields Pergamon Press 1975