arXiv:0906.0689v1 [gr-qc] 3 Jun 2009

Asia Pacific Center for Theoretical Physics Osaka City University Yukawa Institute for Theoretical Physics

APCTP-Pre2009-004 OCU-PHYS-311 AP-GR-65 YITP-09-33

Hoop Conjecture and the Horizon Formation Cross-Section in Kaluza-Klein Spacetimes

Chul-Moon Yoo,^{1, ∗} Hideki Ishihara,^{2, †} Masashi Kimura,^{2, ‡} and Sugure Tanzawa^{3, §} 1 Asia Pacific Center for Theoretical Physics, Pohang University of Science and Technology, Pohang 790-784, Korea 2 Department of Mathematics and Physics, Graduate School of Science, Osaka City University, 3-3-138 Sugimoto, Sumiyoshi, Osaka 558-8585, Japan 3 Yukawa Institute for Theoretical Physics, Kyoto University Kyoto 606-8502, Japan (Dated: June 3, 2009) We analyze momentarily static initial data sets of the gravitational field produced by two-point sources in five-dimensional Kaluza-Klein spacetimes which are characterized by mass, separation of sources, and size of a extra dimension. Using these initial data sets, we discuss a condition for black hole formation, and propose a new conjecture which is a hybrid of four-dimensional hoop conjecture and five-dimensional hyperhoop conjecture. By using the new conjecture, we estimate the cross-section of black hole formation by collisions of particles in Kaluza-Klein spacetimes. We show that the mass dependence of the cross-section gives us the information of the size and numbers of compactified extra dimensions.

∗Electronic address: c˙m˙yoo@apctp.org †Electronic address: ishihara@sci.osaka-cu.ac.jp ‡Electronic address: mkimura@sci.osaka-cu.ac.jp §Electronic address: tanzawa@yukawa.kyoto-u.ac.jp

I. INTRODUCTION

Classical general relativity in higher dimensions gathers much attention since the brane world scenario inspired possibility of large extra dimensions [1, 2]. Black holes in this framework would be believed as key objects for verification of extra dimensions. In a view point of classical geometry, it has been clarified that higher dimensional black holes with asymptotically flat space have richer structure than the four-dimensional one [3, 4, 5, 6] (see also [7]). In a phenomenological view point, it is suggested that higher dimensional miniblack holes are produced in future accelerators [8, 9, 10, 11, 12, 13, 14] and in cosmic ray events [15, 16, 17]. Such black holes, which would evaporate by the Hawking radiation, are expected to play crucial roles in the yet unaccomplished theoretical development to reconcile gravitational interactions with quantum description of nature.

If extra dimensions are compactified, it is an interesting issue to clarify the effect of the size of them. By use of approximate Kaluza-Klein black hole solutions that asymptote to four-dimensional Minkowski spacetime times a circle, thermodynamics and existence of phase structure of the system are shown [18, 19]. By use of exact Kaluza-Klein black hole solutions that have a twisted circle as an extra dimension [20, 21, 22, 23, 24], some physical properties: thermodynamics [25, 26, 27, 28], Hawking radiation [29, 30], and stability [31, 32] are studied. All of them are related to the finite size of the extra dimension.

Black hole formation process highly depends on the existence of extra dimensions. In higher dimensions, hyperhoop conjecture, which is the extended version of original Thorne’s hoop conjecture [33] in four-dimensions, is proposed as a condition for black hole formation [34, 35, 36]. On the other hand, apparent horizon formation is analyzed in collision of two point particles, and then higher dimensional black hole formation rate in an accelerator is predicted [37, 38, 39]. If the extra dimensions have finite size, should the condition for black hole formation be changed? Does black hole formation rate give us any information of the size of extra dimensions?

In a D-dimensional spacetime with an asymptotically Euclidean spatial section, the typical black hole has the horizon radius ∼ (G_DM)^{1/(D−3)}, where G_D and M are the gravitational constant and the mass of the black holes, respectively. In this case, the mass dependence of the cross-section for black hole formation σ_p is^1

σ_p ∝ M^{2/(D−3)}, (1)

(see recent review Ref. [40] and references therein). If the space has compactified direction, this dependence should be modified. Suppose that n-dimensional directions in D-dimension are compactified into the scale l. If l ≫ (G_DM)^{1/(D−3)}, the mass dependence of σ_p is the same as the asymptotically Euclidean case. On the other hand, if l ≪ (G_DM)^{1/(D−3)}, we expect that the compactified direction can be neglected, and σ_p is given by the horizon radius of the typical (D − n)-dimensional black hole (G_{D−n}M)^{1/(D−n−3)}, namely, the mass dependence of σ_p behaves as σ_p ∝ M^{2/(D−n−3)}. (2) This transition of the mass dependence of σ_p might give us the information of compactification scale l.

In this paper, we consider systems of two point particles in a five-dimensional Kaluza- Klein spacetime where the extra S^1 is twisted on a base space. We use, concretely, the four-dimensional Euclidean Taub-NUT space [41] for the spatial section which has the nontrivial Kaluza-Klein like structure. We construct initial conditions of gravitational field around two point particles including separation of particles as a parameter on this space. As varying the separation parameter, we inspect existence of apparent horizon using the technique as same as the one used in Ref. [42]. We will show that there is the maximum separation of two particles which has a cover-all apparent horizon, and we consider this apparent horizon indicates the compactness of the system for black hole formation. From the shape of this apparent horizon, we will obtain the condition for black hole formation in the higher dimensional spacetime with a compactified extra-dimension.

We consider the four-dimensional space of twisted S^1 fiber bundle over three-dimensional base space as a time slice in this paper, though most people would consider the simplest space with a compactified dimension is direct product of three-dimensional base space with S^1. Let us consider a spherically symmetric black hole in the four-dimensional asymptotically Euclidean space. The geometry admits SO(4) isotropy. If we impose the periodic

1 In the brane scenario, since particles of matter are confined on a three-brane, it would be useful to consider the cross-section which has the dimension of (length)^2.

identification in a direction, which causes S^1 compactification of direct product, the isotropy reduces to SO(3). In contrast, the black hole in the twisted S^1 bundle over three-dimensional space can have SO(3)×U(1) symmetry [22]. Similarly, in the system of two point sources on the base space, the symmetry is U(1) in the direct product space while U(1)×U(1) in twisted S^1 bundle case. The space of twisted S^1 bundle structure can have more symmetry than the simple direct product space. By use of this advantage, recently, black hole solutions with non-trivial asymptotic structure are studied in the five-dimensional Einstein-Maxwell theory [43, 44, 45, 46, 47, 48]. This advantage makes it possible to search for apparent horizons by solving ordinary differential equations in the space of twisted S^1 bundle structure[42].

In a five-dimensional Kaluza-Klein spacetime we propose a new condition of horizon formation which is a hybrid of four-dimensional hoop conjecture and five-dimensional hyperhoop conjecture. Using the new proposal we estimate cross-section of black hole formation by collision of particles as a function of mass scale. We show that as the mass increases the mass dependence of the cross-section changes when the mass scale becomes comparable to the scale of extra dimension. The organization of the paper is as follows. The method for constructing the initial data sets are shown in §II. In §III, hyperhoop conjecture in the spacetime with a compactified extra dimension is discussed. Effects of compactification size of extra dimension on the black hole production cross-section are discussed in §IV, and summary and discussions are given in §V.

II. MOMENTARILY STATIC INITIAL DATA IN KALUZA-KLEIN SPACES

In this section, as a preparation to discuss the hyperhoop conjecture in Kaluza-Klein space, we construct the initial data set for two point sources with a compactified extra dimension, and discuss the geometrical properties.

A. Construction of initial data

Let us consider an initial data set of the induced metric and the extrinsic curvature (h_{ij} , K_{ij}) on a four-dimensional spacelike hypersurface Σ, which satisfies the Hamiltonian and momentum constraints,

R − K_{ij}K^{ij} + K^2 = 16πG_5ρ_m, (3) D_j ( K^{ij} − h^{ij} K ) = 8πG_5J^i_m, (4)

where ρ_m and J^i_m are the energy density and energy flux of matter, and D_i and R are the covariant derivative within Σ and the scalar curvature with respect to h_{ij}.

We restrict ourselves to the case of momentarily static, i.e.,

K_{ij} = 0, (5)

and assume the induced metric has the form of

h_{ij} dx^idx^j = F^2ds^2_{RF}, (6)

where ds^2_{RF} is a Ricci flat metric. In this case, the vacuum momentum constraint is trivially satisfied and the vacuum Hamiltonian constraint reduces to

△_{RF}F = 0, (7)

where △_{RF} is the Laplace operator of the Ricci flat metric.

For the purpose of considering two point sources in the Kaluza-Klein space, we take the two-center Taub-NUT metric, which is Ricci flat, in the Gibbons-Hawking(GH) form[41]

ds^2_{GH} = V^{−1}ds^2_{3dE} + V 4 l^2 (dψ + ω_ϕdϕ)^2 , (8) ds^2_{3dE} = dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2, (9) V^{−1} = 1 + l 2 ( 1 √ r^2 + a^2 − 2ar cos θ + 1 √ r^2 + a^2 + 2ar cos θ ) , (10)

ω_ϕ = r cos θ − a √ r^2 + a^2 − 2ar cos θ + r cos θ + a √ r^2 + a^2 + 2ar cos θ

. (11)

The range of angular coordinates are 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, 0 ≤ ψ ≤ 4π. We consider two point sources locate at the two centers of (8) which are fixed points of the action of isometry generated by the Killing vector ∂_ψ . Then, we can assume that the function F has the same symmetry, i.e., F does not depend on ψ. In this case, the equation (7) reduces to

△_{3dE}F = 0, (12) where △_{3dE} is the Laplace operator on the three-dimensional Euclidean metric of (9). The solution of (12) for two point sources is

F = 1 + m_1/l √ r^2 + a^2 − 2ar cos θ + m_2/l √ r^2 + a^2 + 2ar cos θ

. (13)

In the limit r → ∞, we have F → 1, V^{−1} → 1, ω_ϕ → 2 cos θ, then we can see asymptotic form of h_{ij} as

h_{ij} dx^idx^j → dr^2 + r^2(dθ^2 + sin^2 θdϕ^2) + l^2 ( dψ 2 + cos θdϕ )_2

. (14)

Thus, we can regard the extra dimension, twisted S^1 spanned by ψ, is compactified in the size l at the asymptotic region. The r =constant surface of the space with the metric (14) is topologically lens space L(2; 1) = S^3/Z_2 [42, 44, 46].

The Abbott-Deser mass[49] of the initial metric (6) with (8)-(11) and (13) can be calculated as G_5M = 3π(m_1 + m_2), (15)

where we have used the metric

ds^2 = ( 1 + l r ) ( dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2 ) + l^2 ( 1 + l r )_{−1} ( dψ 2 + cos θdϕ )_2 , (16)

which is the a = 0 case of (8) as the reference metric^2. For simplicity, hereafter, we set

m_1 = m_2 = m. (17)

The mass parameter m has the dimension of length square. Hereafter, non-dimensional parameter m/l^2 is the key parameter.

B. Apparent horizon

Before considering the a ≠ 0 case, it is useful to see the a = 0 case, where we can calculate the horizon radius analytically. Putting a = 0 in (6) with (8)-(11) and (13), we have the

2 The reference metric is different from the one used in Refs.[25, 27] because the topology of r = const.

surface at infinity is not S^3 but S^3/Z_2 in our case. The reference metric is the same as the induced metric of a static slice in the Gross-Perry-Sorkin(GPS) monopole solution [50, 51] except for the factor 1/2 in front of dψ.

induced metric in the form h_{ij} dx^idx^j = ( 1 + 2m lr )_2 [ ( 1 + l r ) ( dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2 )

+ ( 1 + l r )_{−1} l^2 ( dψ 2 + cos θdϕ )_2 ] . (18)

Then, due to the symmetry, the horizon is given as a r = const. surface. The area of a r = const. three-dimensional surface A(r) is given by

A(r) = 8π^2F^3V^{−1/2}r^2l =

8π^2 √ l + r(2m + lr)^3 l^2r^{3/2}

. (19)

Since the initial hypersurface is momentarily static, i.e., K_{ij} = 0, the apparent horizon is equivalent to the minimal surface. Then, we can obtain the horizon radius r_h as the solution of the equation dA(r) dr | | | |_{r=rh} = 0. (20)

The solution of this equation is given by

r_h = 1 8l [ −3l^2 + 4m + √ 9l^4 + 72ml^2 + 16m^2 ] . (21)

The horizon radius is evaluated as

r_h ≃ m l for m l^2 ≫ 1, 2m l for m l^2 ≪ 1. (22)

In the a ≠ 0 case, the geometry given by (6) with (8)-(11) and (13) becomes less symmetric compare to the a = 0 case. But, it still has U(1)×U(1) isometry generated by commuting Killing vectors ∂_ϕ and ∂_ψ. Then the apparent horizon, if there exists, should be given by the surface in the form r = r_h(θ). (23)

This simplicity comes from the fact that we use the two-center Taub-NUT space as the base space. So, we have to solve the ordinary differential equation for the minimal surface in the form r^{′′}_h − 3r^′_h^2 r_h

− 2r_h + (r^2_h + r^′_h^2) { r^′_h r^2_h cot θ − ( G_r(r_h, θ) − r^′_h r^2_h

G_θ(r_h, θ) )} = 0, (24)

where a prime ′ means derivative with respect to θ and functions G_r(r, θ) and G_θ(r, θ) are G_r(r, θ) := ∂_r ( 3 ln F +^1_2 ln V^{−1} ) , (25) G_θ(r, θ) := ∂_θ ( 3 ln F +^1_2 ln V^{−1} ) . (26)

The apparent horizons are described by smooth closed curves in two-dimensional plane (r, θ) which are solutions of (24). Typical graphs of the apparent horizons are plotted in Fig.1.

FIG. 1: Apparent horizons for m^2/l = 0.0025 and a = 0.02m^{1/2}, 0.07m^{1/2} and 0.08m^{1/2} from left to right. Solid lines represent coverall horizons, and dashed lines represent each independent horizons of two point sources. In the right figure of a = 0.08m^{1/2}, no coverall horizon exists.

The horizontal and vertical axes represent x = r sin θ and z = r cos θ respectively.

III. TEST OF HYPERHOOP CONJECTURE IN KALUZA-KLEIN SPACES

A. Hyperhoop conjecture

The black hole production rate by collisions of particles in accelerators or high energy cosmic rays are often evaluated by using the notion of Thorne’s hoop conjecture[33] or the hyperhoop conjecture in higher dimensions[34, 35, 36]. Here we check whether this conjecture is true in the case of higher dimensions with compactified directions.

The hyperhoop conjecture is as follows: Black holes with horizons form when and only when a mass M gets compacted into a region whose (D − 3)-dimensional volume in every direction is V_{D−3} ≲ α_DG_DM, (27) where α_D is a numerical factor and G_D is the gravitational constant in D-dimensional theory of gravity, and the (D − 3)-dimensional volume means the volume of (D − 3)-dimensional closed submanifold of a spacelike hypersurface.

It should be noted that this conjecture has some ambiguities such as the definition of the mass and the (D − 3)-dimensional closed submanifold. In this paper, we interpret M as the total mass of a system, and V_{D−3} as a typical (D − 3)-dimensional volume of closed submanifold which represents the compactness of the system.

In the Thorne’s original hoop conjecture, the one-dimensional circumference is used as an indicator of compactness of the system. However, in the five-dimensional Einstein gravity, we know the black string solutions have hoops with infinite length. In addition, D. Ida and K. Nakao showed that the one-dimensional circumference of apparent horizons which are produced by uniform line sources can be infinitely long. Instead, they proposed that the circumferential volume of hyperhoop, (D − 3)-dimensional closed surface[34].

In the case that asymptotic structure is the Kaluza-Klein space, where the extra dimensions have finite size, it is non-trivial whether the volume of (D − 3)-dimensional hyperhoop can give us the appropriate criterion for black hole formation or not. When the size of black hole is much smaller than the size of extra dimensions, the hyperhoop conjecture would be true for black hole formation. However, when the black hole is as large as the extra dimensions, validity of the hyperhoop conjecture is not clear. Then, we check whether the hyperhoop works in Kaluza-Klein spaces in the next subsection.

B. Test of hyperhoop conjecture in Kaluza-Klein spaces

The authors in Ref.[35, 36] studied the criterion of black hole formation in relation to the compactness of explicit matter source distributions. On the other hand, we consider source system consists of only two points, in which geometrical information is only distance between them. Since the (hyper) hoop conjecture claims that any length scale characterizing black hole should be less than a critical scale determined by the mass of black hole, then we use the size of coverall apparent horizon surround two point sources, if it exists, to measure the typical length scale for black hole formation, and use the Abbott-Deser mass as the total mass M.

We have constructed the initial data of gravitational field of two point-sources with the separation parameter a in the previous section. Now, we discuss the criterion of black hole formation by introducing a geometrical quantity V (a), a function of the separation parameter a, which measures the compactness of coverall apparent horizon. At present, we do not restrict the dimension of hoop. We require the inequality

V (a) ≲ ( critical size) (28)

for existent apparent horizons, where “critical size” in the right-hand side is a quantity related to the Abbott-Deser mass.

According to the numerical calculations, there exists a critical value of separation parameter a_{cr} such that coverall horizon exists if a < a_{cr}. Then, we can expect that V (a) and the “critical size” satisfy following two properties:

(i) V (a) is a monotonic increasing function of a at least in the vicinity of a_{cr}.

(ii) V (a_{cr}) ∼(critical size).

First, we check the hyperhoop conjecture in the form (27) for D = 5. The quantity V (a) in the left-hand side of (28) is the area of a two-dimensional closed surface V_2(a). We consider closed geodetic 2-surfaces A on a coverall horizon which characterize the shape of horizon. We take the surface which has maximum area among A as V_2(a).

We fix the numerical value of α in (27), equivalently “critical size” in (28), for fivedimensional case, using gravitational radius of five-dimensional Schwarzschild black holes

r_{Sch} = √ 8G_5M 3π . (29)

Setting (27) hold equality in the case of Schwarzschild black holes, i.e.,

critical size = 4πr^2_{Sch} = 32 3 G_5M, , (30)

then we have

V_2(a) ≲ 32 3 G_5M. (31)

Because the initial geometries have isometry group generated by ∂_ϕ and ∂_ψ, and a discreet isometry θ → π − θ, typical closed geodetic 2-surfaces A on horizons, considered here, are listed as

A_{θ=π/2} : area of θ = π 2 surface, (32) A_{ϕ=0} : area of ϕ = 0 surface, (33) A_{ψ=0} : area of ψ = 0 surface. (34)

As is noted before, we define

V_2(a) = max { A_{θ=π/2}, A_{ϕ=0}, A_{ψ=0} } . (35)

The values of A’s are depicted as functions of a in some cases of m/l^2 in Fig.2. As can be

FIG. 2: Areas of the two dimensional geodetic surfaces A on apparent horizons are depicted as functions of a/m^{1/2} in the cases of m/l^2 = 0.0025, 1, 4 and 100. V_2 = A_{ψ=0}, the maximum value of A is is not a monotonic increasing function of a/m^{1/2} in the cases m/l^2 = 1, 4, 100. The critical values of A_{ψ=0} become much larger than the critical size 32G_5M/3 in these cases.

seen in the Fig.2, V_2 = A_{ϕ=0} in the m/l^2 = 0.0025 case and V_2 = A_{ψ=0} in the other cases. In the cases of m/l^2 ≳ 1, V_2 is not monotonic increasing function of a. We can see also V_2(a_{cr}) becomes much larger than the critical size, 32G_5M/3. Namely, both of conditions (i) and (ii) are not satisfied. In contrast, we show that these two conditions are satisfied in asymptotically Euclidean cases in AppendixA.

It should be noted that we cannot give the complete counterexample for the hyperhoop conjecture in a non-trivial asymptotic structure in this paper. Because there are ambiguities in the definition of V_{D−3} and the mass which should be used in the Eq.(27), and also in the interpretation of the “≲”. Nevertheless, we found the completely different feature from asymptotically Euclidean cases which suggests the hyperhoop conjecture cannot be extended straightforwardly to the case with the Kaluza-Klein asymptotic structure.

C. Criterion for large black hole formation

Next, let us focus on the m/l^2 ≫ 1 case, where V_2 are not appropriate for the lefthand-side of the condition (27). In this case, the size of the black hole is much larger than that of the extra-dimension, and the gravitational field outside horizon is effectively fourdimensional. Then, we can expect the ordinary four-dimensional hoop conjecture with the inequality in the form of (27) for D = 4,

V_1 ≲ 4πG_4M (36)

is true, where the constant α has been determined by using four-dimensional Schwarzschild black holes. Then we take one-dimensional hoop V_1(a) as V (a) in (28). Since effective four-dimensional gravitational constant G_4 is related to five-dimensional one G_5 as

G_4 ∼

G_5 2πl , (37)

we rewrite (28) as

V_1(a) ≲

2G_5M l . (38)

In order to estimate V_1(a), we consider typical closed geodesic curves C on horizons,

C^{ϕ=0}_{ψ=0} : length of ϕ = 0 and ψ = 0 curve, (39) C^{θ=π/2} ψ=0 : length of θ = π 2 and ψ = 0 curve, (40) C^{θ=0}_{ψ=0} : length of θ = 0 and ψ = 0 curve, (41) C^{θ=π/2} ϕ=0 : length of θ = π 2 and ϕ = 0 curve, (42)

and we define

V_1(a) = max { C^{ϕ=0}_{ψ=0}, C^{θ=π/2}_{ψ=0} , C^{θ=0}_{ψ=0}, C^{θ=π/2}_{ϕ=0} } . (43)

FIG. 3: Length of closed one-dimensional geodesic curves C on apparent horizons are depicted as functions of a/m^{1/2} in the cases of m/l^2 = 0.0025, 1, 4 and 100. The critical values of V_1 = C^{ϕ=0}_{ψ=0} become much larger than the critical size 2G_5M/l^2 in the m/l^2 = 0.0025 case.

Here, we have taken the isometry of the horizon geometry into account as before. If V_1 gives measure for black hole formation, the properties (i) and (ii) should be satisfied.

The values of C’s are depicted as functions of a in some cases of m/l^2 in Fig.3. As can be seen in the Fig.3, the maximal one is C^{ϕ=0}_{ψ=0} in all cases, then V_1 = C^{ϕ=0}_{ψ=0}. Though V_1 is monotonic increasing function of a for all cases of m/l^2, but V_1(a_{cr}) becomes much larger than the critical size, 2G_5M/l, in the case of m/l^2 = 0.0025.

TABLE I: Inequalities and properties for black hole formation. Inequality V_2 ≲ 32G_5M/3 V_1 ≲ 2G_5M/l W ≲ 32G_5M/3 Property (i) (ii) (i) (ii) (i) (ii) m/l^2 ≫ 1 No No Yes Yes Yes Yes m/l^2 ≪ 1 Yes Yes Yes No Yes Yes

The results of test are summarized in Table I. We find from this table that V_2 gives appropriate measure for the criterion of horizon formation only for m/l^2 ≲ 1, while V_1 does only for m/l^2 ≳ 1.

D. Hybrid condition

The results noted above suggest that a combination of V_1 and V_2 provides a good measure in all range of mass scale for horizon formation in Kaluza-Klein space. Since V_2 works in m/l^2 ≲ 1, and V_1 works in m/l^2 ≳ 1, then we propose a new condition for horizon formation: W ≲ 32 3 G_5M (44)

with the following definition of W : 1 W := 3 16lV_1 + 1 V_2

. (45)

FIG. 4: Values of W are depicted as functions of al/m for the cases of m/l^2 = 0.0025, 1, 4, 100. W is a monotonic increasing function of al/m and W (a_{cr}) ∼ 1 in all cases.

We plot W as a function of a in Fig.4. We can see from this figure that W satisfies two properties: (i) W is a monotonic increasing function of a; and (ii) W (a_{cr}) ∼^{32}_3 G_5M. Of course, in the asymptotically Euclidean case, i.e., l → ∞, (44) reduces to the inequality (31), and in the limit l → 0 it reduces to (38). Then, the condition (44) with (45) is a hybrid of four-dimensional hoop conjecture and five-dimensional hyperhoop conjecture^3.

We should note that there is a significant difference between W and V_2. The hyperhoop V_2 is just a geometrical quantity which represents the typical size of the horizon, while W contains the size of extra dimension l which is related to the asymptotic property.

Extrapolating this idea to general dimensions D, we can consider the following extended version of hyperhoop conjecture: Black holes with horizons form in D-dimensional spacetime when and only when a mass M gets compacted into a region whose n-dimensional volume V_n (n = 1, 2, ..., D − 3) in every direction satisfy (_n ∑ i 1 β_iV_i ∏_{D−i−3} k l_k )_{−1} ≲ G_DM, (46) where β_i are numerical factors and l_n, (l_1 ≤ l_2 · · · ≤ l_{D−4}) are the compactification scales of each compactified direction, and the n-dimensional volume means the volume of n-dimensional closed submanifold of a spacelike hyper-surface.

IV. CROSS-SECTION OF BLACK HOLE PRODUCTION IN KALUZA-KLEIN SPACES

In this section, on the basis of the new conjecture proposed in the previous section, we discuss the mass dependence of the cross-section of black hole formation by collision of particles.

A. Case of five-dimensions

In the five-dimensional case, the black hole production condition could be given by (44) with (45). In the case of collision of particles, we expect that black holes, not black string, would be formed. Then, the cross-section σ_p likely to be given by

σ_p ∼ π ( V_1 2π )_2 ∼ π ( V_2 4π ) . (47)

3 In fig.4, W does not tend to 1 in a → 0 limit eventhough m ≪ l^2 or m ≫ l^2. This would be because the horizon topology is not S^3. Furthermore, the geometry of initial surface differs from a time slice of the squashed black hole solution in the case m ≫ l^2.

Based on this assumption, we can estimate σ_p using (44) with (45) as follows. We replace V_1 and V_2 in (45) by using (47), and set W =^{32}_3 G_5M, then we get 3 16l √ 4πσ_p + 1 4σ_p = 3 32G_5M

. (48)

We can solve this equation with respect to σ_p as

σ_p/l^2 = 8 3 G_5M/l^2 + 1 2π (G_5M/l^2)^2 + 1 2π G_5M/l^2 √ 32π 3 G_5M/l^2 + (G_5M/l^2)^2. (49)

The value of σ_p are plotted in Fig.5 as a function of G_5M/l^2. The numerical values of V^2_1 (a_{cr})/4π in five cases of m/l^2 = G_5M/(6πl^2) are superposed in Fig.5.

We can see a transition of power-law dependence of the cross-section on the mass scale from σ_p ∝ G_5M to σ_p ∝ (G_5M)^2 as M increases. The total mass can be regarded as the center of mass energy in the high energy particle collision. The mass dependence of the cross-section comes from the mass dependence of size and shape of the horizons. Actually, we can see the mass dependence of apparent horizon size of initial data in the a = 0 case as shown in Appendix B. Although the values of V^2_1 (a_{cr})/4π are somewhat deviated from the line of σ_p, these are still same order, and the plots follow the transition of σ_p.

FIG. 5: The cross-section of five-dimensional Kaluza-Klein black hole formation σ_p which is estimated by the hybrid hoop conjecture is depicted as a function of G_5M/l^2.

B. Case of arbitrary dimension

It is interesting to consider a compactification which has different compactification scales. At least, one of these scales contributes to resolving the hierarchy problem, then it should be much larger than the length scale ∼ 10^{−17}cm for TeV gravity scenarios. We can consider a possiblity that other compactification scales take intermediate scales. It would be possible that the energy scale of colliding particles may be the same order of the intermediate compactification scales. In this case, we can obtain the information of the numbers of compactified dimensions and the size of them from the mass dependence of the black hole production rate.

To see this, let us consider that compact n_∗-dimensions have a size l_∗, compact n_ldimensions are larger than l_∗, and other compact dimensions are much smaller than l_∗. For a black hole with mass M, if its horizon size is smaller than l_∗ the effective dimensions is D_{eff} = 4+n_l +n_∗, i.e., we should consider the black hole is in a (4+n_l +n_∗)-dimensions, where we assume the sizes of other extra dimensions are much smaller than the horizon size. On the other hand, if the horizon is larger than l_∗, the effective dimension is D_{eff} = 4+n_l because n_∗-dimensions become ineffective, i.e., the black hole is effectively in (4 + n_l)-dimensions.

The condition of black hole formation in D_{eff} -dimension would be given by

V_{Deff −3} ≲ α_{Deff} G_{Deff} M, (50)

where α_D = 16π D − 2 Ω_{D−3} Ω_{D−2} , (51) and Ω_D is D-dimensional area of the unit D-sphere. For smaller black holes, D_{eff} = 4+n_l+n_∗, and for larger black holes D_{eff} = 4 + n_l. As is done in (47), we estimate σ_p by

V_{(1+nl+n∗)} = ( σ_p 4π )_{(1+nl+n∗)/2} Ω_{(1+nl+n∗)}, V_{(1+nl)} = ( σ_p 4π )_{(1+nl)/2} Ω_{(1+nl)}. (52)

Then, the mass dependence of the cross-section for small black holes is

σ_p = 4π ( 16πG_{(4+nl+n∗)} (2 + n_l + n_∗)Ω_{(2+nl+n∗)} M )_{2/(1+nl+n∗)} , (53)

and for large black holes

σ_p = 4π ( 16πG_{(4+nl)} (2 + n_l)Ω_{(2+nl)} M )_{2/(1+nl)}

. (54)

Therefore, by log σ_p − log M plot, we obtain directly the numbers of dimensions (1 + n_l + n_∗), (1 + n_l), and effective gravitational constants G_{(4+nl+n∗)} and G_{(4+nl)}. Then, we can estimate l_∗ and the volume of extra dimensions larger than l_∗, say Vol_{nl} , by 2πl_∗ ∼ ( G_{(4+nl+n∗)} G_{(4+nl)} )_{1/n∗} , Vol_{nl} ∼

G_{(4+nl)}

G_4

. (55)

From the crossover point M_∗, σ_{p∗} of the cross-section from (53) to (54) we can also estimate l_∗ and Vol_{nl} as 2πl_∗ ∼ ( 2 + n_l + n_∗

2 + n_l

Ω_{(2+nl+n∗)} Ω_{(2+nl)} )_{1/n∗} ( σ^∗_p π )_{1/2} , (56)

Vol_{nl} ∼

(2 + n_l)Ω_{(2+nl)} 16πG_4M_∗ ( σ^∗_p π )_{(1+nl)/2}

. (57)

As a demonstration, we show the M dependence of σ_p in the case of total dimension D = 10 and compact dimension is 6 in Fig.6.

V. SUMMARY AND DISCUSSIONS

We have constructed initial data sets of the gravitational field produced by two pointparticle sources on four-dimensional two-center Taub-NUT space which represents Kaluza- Klein space in the asymptotically far region. These systems are characterized by the size of compactified dimension l, mass scale m, and separation of particles a. By use of these initial data we have investigated the geometry of apparent horizon and condition of horizon formation in five-dimensional Kaluza-Klein spacetime. Furthermore, we have discussed cross-section of black hole production by two particle systems.

If a spacetime has asymptotically Euclidean spatial section, the hoop conjecture in which one-dimensional closed curve V_1 gives the condition of black hole formation in four-dimension would be true, and the hyperhoop conjecture in which two-dimensional closed surface V_2 gives in five-dimension would also be true. However, we have shown that the hyperhoop conjecture in five-dimension is not valid in the case of asymptotically Kaluza-Klein space where the size of a extra dimension l is comparable to the scale of black hole horizon. Instead, we have proposed an alternative condition (see (44)) for horizon formation using a geometrical value W which is defined as harmonic average of lV_1 and V_2 (exact definition

FIG. 6: The cross-section of black hole formation σ_p which is estimated by the hybrid hoop conjecture is depicted as a function of the center of mass energy M. The total dimension is 10 and six of them are compactified in each scale. Two directions, which contribute to resolving the hierarchy problem, are compactified in 10^{−2}cm. Other two of compactified directions have the size 10^{−15}cm and remaining two dimensions have the size 10^{−17}cm. The power exponent of the cross-section changes around σ_p = 20π^2/3 × (10^{−15}cm)^2 and σ_p = 21π^2/3 × (10^{−17}cm)^2 which is given by Eq.(56). The numbers of effective dimensions D_{eff} are given by 6, 8, 10 in the regions I, II and III, respectively. The power exponent of σ_p in each region is given by 2/(D_{eff} − 3) on the mass scale.

is given by Eq.(45)). Then new criterion for five-dimensional Kaluza-Klein spacetimes is a hybrid of four-dimensional hoop conjecture and five-dimensional hyperhoop conjecture. The quantity W contains the quantities which represent compactness of the system, V_1, V_2 and the size of the compactified dimension l which is related to the asymptotic geometry.

Using the value of W , we have investigated the mass dependence of cross-section of black hole formation σ_p ( see (49)). As expected, in five-dimensions, σ_p is proportional to the mass when the mass scale is much less than the scale of compact dimension, G_5M/l^2 ≪ 1, while σ_p is in proportion to the mass square when the mass scale is much larger than the compact dimension, G_5M/l^2 ≫ 1. We have shown that the transition of σ_p actually occurs. We can obtain the information of the size of extra-dimensions by observing the mass dependence of the black hole production rate. If the total dimension is larger than 5, and extra dimensions have different compactification scales, we prospect from the hybrid hoop conjecture that the mass dependence of the black hole production rate tells us the the numbers of large compact dimensions and the size of them.

Because the larger energy makes larger size of black hole, then it gives us the information of larger extra dimensions. Even though energy scale in laboratories is too small to verify this effect, we hope that information of the large extra dimensions is given by active phenomena in astrophysics through the mass dependence of black hole production rate.

Acknowledgement

We are grateful to Dr.Yasunari Kurita, Professor Ken-ich Nakao, and Professor Misao Sasaki for helpful discussions and comments. This work is supported in part by JSPS Grantin-Aid for Scientific Research No. 19540305 and for Scientific Research(B) No. 17340075. MK is supported by the JSPS Grant-in-Aid for Scientific Research No. 20·7858.

APPENDIX A: TEST OF HYPERHOOP CONJECTURE IN ASYMPTOTICALLY EUCLIDEAN SPACE

Let us consider the case of the asymptotically Euclidean space metric. We can write the conformal flat induced metric as h_{ij} dx^idx^j = F^2 [ dr^2 + r^2 ( dθ^2 + sin^2 θ ( dϕ^2 + sin^2 ϕ dψ^2 ))] , (A1) where the range of angular coordinates is given by 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ π, 0 ≤ ψ ≤ 2π.

The vacuum Hamiltonian constraint becomes △_{4dE}F = 0, (A2) where △_{4dE} is the Laplace operator on the four-dimensional Euclidean metric. The solution of this equation which has two point sources is given by F = 1 +

2m_1 r^2 + a^2 − 2ar cos θ + 2m_2 r^2 + a^2 + 2ar cos θ

, (A3) where m_1, m_2 are mass parameters of particles and a is separation parameter. For this initial data, we can calculate ADM mass as G_5M_{AD} = 3π(m_1 + m_2). (A4) Hereafter, we set m_1 = m_2 = m. Using the initial data, we obtain the apparent horizons r = r_h(θ) by the same way in §II. We consider the following typical closed geodetic 2-surfaces on the horizons: A_{θ=π/2} : area of θ = π 2 surface, (A5) A_{ψ=0} : area of ψ = 0 surface, (A6) and the hyperhoop V_2(a) V_2(a) = max { A_{θ=π/2}, A_{ψ=0} } . (A7) The values of A’s are depicted as functions of a/ √ m in Fig.7.

FIG. 7: A: Areas of the two dimensional geodetic surfaces on apparent horizons.

As shown in this figures, V_2 = A_{ψ=0} is a monotonic increasing function of a. In addition, 3V_2(a_{cr})/(32πG_5M) ∼ 1. That is, V_2(a) satisfies the two properties (i) and (ii) in the text, we accept V_2(a) as an appropriate indicator for the criterion of horizon formation.

APPENDIX B: MASS DEPENDENCE OF THE HORIZON SIZE IN THE a = 0 CASE

In a = 0 case, as noted in §II, we easily found the apparent horizon. We can calculate the areas of the closed geodetic 2-surfaces A’s and length of the closed geodesics C’s on the apparent horizons analytically, as Table II, where r_h is given by (21) and we have carefully chosen the integral ranges of the angular coordinates for the surfaces and curves to be closed.

TABLE II: Closed geodetic surfaces, where F_{a=0} = 1 +^{2m}_{lrh} , V^{−1}_{a=0} = 1 +^l_{rh} and E[x] is the complete

elliptic integral of second kind defined by E[x] :=

∫^π_2 0 √ 1 − x sin^2 θdθ.

Name C^{ϕ=0}_{ψ=0} C^{θ=π/2}_{ψ=0} C^{θ=0}_{ψ=0} C^{θ=π/2}_{ϕ=0}

Definition ψ, ϕ =0 θ = π/2, ψ =0 θ = 0, ψ =0 θ = π/2, ϕ =0

Period 0 ≤ θ ≤ 2π 0 ≤ ϕ ≤ 2π 0 ≤ ϕ ≤ 2π 0 ≤ ψ ≤ 4π

Length (a = 0) 2πr_hF_{a=0}V_{a=0}^{−1/2} 2πr_hF_{a=0}V_{a=0}^{−1/2} 2πlF_{a=0}V_{a=0}^{1/2} 2πlF_{a=0}V_{a=0}^{1/2} m/l^2 ≫ 1 6πm/l 6πm/l 6πl 6πl m/l^2 ≪ 1 4π √ 2m 4π √ 2m 4π √ 2m 4π √ 2m Name A_{θ=π/2} A_{ϕ=0} A_{ψ=0}

Definition θ = π/2 ϕ =0 ψ =0

Period 0 ≤ ϕ ≤ 2π, 0 ≤ ψ ≤ 4π 0 ≤ θ ≤ 2π, 0 ≤ ψ ≤ 4π 0 ≤ θ ≤ 2π, 0 ≤ ϕ ≤ 2π

Area (a = 0) 4π^2r_hlF_{a=0}^2 4π^2r_hlF_{a=0}^2 8πr_hlF_{a=0}^2E [ −^{rh}_l (_{rh} l + 2 )] m/l^2 ≫ 1 36π^2m 36π^2m 72π(m/l)^2

m/l^2 ≪ 1 32π^2m 32π^2m 32π^2m

The topology of the horizon surface is the squashed lens space, and the ratio of the size of S^1 fiber to the size of S^2 base is given by C^{θ=0}_{ψ=0} C^{ϕ=0}_{ψ=0} = ( 1 + l r_h )_{−1} l r_h

. (B1)

If we consider the case of m/l^2 ≫ 1, then r_h ≃ m/l. The hoop V_1 and hyperhoop V_2 given by (43) and (35) behave as

V_1 ≃ 6πm l , (B2)

V_2 ≃

72π^2m^2 l^2

. (B3)

On the other hand, if we consider the case of m/l^2 ≪ 1, then r_h ≃ 2m/l and

V_1 ≃ C^{ϕ=0}_{ψ=0} | | |_{a=0} = C^{θ=π/2}_{ψ=0} | | |_{a=0} ≃ C^{θ=0}_{ψ=0} | | |_{a=0} = C^{θ=π/2}_{ϕ=0} | | |_{a=0} ≃ 4π √ 2m, (B4) V_2 ≃ A_{θ=π/2} | |_{a=0} = Aϕ=0 | |_{a=0} ≃ Aψ=0 | |_{a=0} ≃ 32π^2m. (B5)

They means that the apparent horizons are round.

[1] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B429, 263 (1998), hepph/9803315.

[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B436, 257 (1998), hep-ph/9804398.

[3] M.-l. Cai and G. J. Galloway, Class. Quant. Grav. 18, 2707 (2001), hep-th/0102149. [4] R. C. Myers and M. J. Perry, Ann. Phys. 172, 304 (1986).

[5] R. Emparan and H. S. Reall, Phys. Rev. Lett. 88, 101101 (2002), hep-th/0110260. [6] G. J. Galloway and R. Schoen, Commun. Math. Phys. 266, 571 (2006), gr-qc/0509107. [7] H. S. R. Roberto Emparan, Living Reviews in Relativity 11 (2008), URL

http://www.livingreviews.org/lrr-2008-6.

[8] T. Banks and W. Fischler, (1999), hep-th/9906038.

[9] S. Dimopoulos and G. L. Landsberg, Phys. Rev. Lett. 87, 161602 (2001), hep-ph/0106295. [10] S. B. Giddings and S. D. Thomas, Phys. Rev. D65, 056010 (2002), hep-ph/0106219. [11] D. Ida, K.-y. Oda, and S. C. Park, Phys. Rev. D67, 064025 (2003), hep-th/0212108. [12] D. Ida, K.-y. Oda, and S. C. Park, Phys. Rev. D 69, 049901 (2004). [13] D. Ida, K.-y. Oda, and S. C. Park, Phys. Rev. D71, 124039 (2005), hep-th/0503052. [14] D. Ida, K.-y. Oda, and S. C. Park, Phys. Rev. D73, 124022 (2006), hep-th/0602188. [15] P. C. Argyres, S. Dimopoulos, and J. March-Russell, Phys. Lett. B441, 96 (1998), hepth/9808138.

[16] J. L. Feng and A. D. Shapere, Phys. Rev. Lett. 88, 021303 (2002), hep-ph/0109106. [17] L. A. Anchordoqui, J. L. Feng, H. Goldberg, and A. D. Shapere, Phys. Rev. D65, 124027 (2002), hep-ph/0112247.

[18] T. Harmark and N. A. Obers, Nucl. Phys. B684, 183 (2004), hep-th/0309230. [19] B. Kol, E. Sorkin, and T. Piran, Phys. Rev. D69, 064031 (2004), hep-th/0309190. [20] P. Dobiasch and D. Maison, Gen. Rel. Grav. 14, 231 (1982). [21] G. W. Gibbons and D. L. Wiltshire, Ann. Phys. 167, 201 (1986). [22] H. Ishihara and K. Matsuno, Prog. Theor. Phys. 116, 417 (2006), hep-th/0510094. [23] T. Nakagawa, H. Ishihara, K. Matsuno, and S. Tomizawa, Phys. Rev. D77, 044040 (2008),

0801.0164.

[24] S. Tomizawa, H. Ishihara, K. Matsuno, and T. Nakagawa (2008), 0803.3873. [25] R.-G. Cai, L.-M. Cao, and N. Ohta, Phys. Lett. B639, 354 (2006), hep-th/0603197. [26] Y. Kurita and H. Ishihara, Class. Quant. Grav. 24, 4525 (2007), 0705.0307. [27] Y. Kurita and H. Ishihara, Class. Quant. Grav. 25, 085006 (2008), 0801.2842. [28] C. Stelea, K. Schleich, and D. Witt, Phys. Rev. D78, 124006 (2008), 0807.4338. [29] H. Ishihara and J. Soda, Phys. Rev. D76, 064022 (2007), hep-th/0702180. [30] S. Chen, B. Wang, and R. Su, Phys. Rev. D77, 124011 (2008), 0801.2053. [31] M. Kimura, K. Murata, H. Ishihara, and J. Soda, Phys. Rev. D77, 064015 (2008), 0712.4202. [32] H. Ishihara et al., Phys. Rev. D77, 084019 (2008), 0802.0655.

[33] K. S. Thorne (1972), in *J R Klauder, Magic Without Magic*, San Francisco 1972, 231-258. [34] D. Ida and K.-i. Nakao, Phys. Rev. D66, 064026 (2002), gr-qc/0204082. [35] C. Barrabes, V. P. Frolov, and E. Lesigne, Phys. Rev. D69, 101501 (2004), gr-qc/0402081. [36] C.-M. Yoo, K.-i. Nakao, and D. Ida, Phys. Rev. D71, 104014 (2005), gr-qc/0503008. [37] H. Yoshino, T. Shiromizu, and M. Shibata, Phys. Rev. D72, 084020 (2005), gr-qc/0508063. [38] H. Yoshino and V. S. Rychkov, Phys. Rev. D71, 104028 (2005), hep-th/0503171. [39] H. Yoshino and Y. Nambu, Phys. Rev. D67, 024009 (2003), gr-qc/0209003. [40] P. Kanti, Lect. Notes Phys. 769, 387 (2009), 0802.2218. [41] G. W. Gibbons and S. W. Hawking, Phys. Lett. B78, 430 (1978).

[42] C.-M. Yoo, H. Ishihara, M. Kimura, K. Matsuno, and S. Tomizawa, Class. Quant. Grav. 25, 095017 (2008), 0708.0708.

[43] H. Ishihara, M. Kimura, K. Matsuno, and S. Tomizawa, Class. Quant. Grav. 23, 6919 (2006), hep-th/0605030.

[44] H. Ishihara, M. Kimura, K. Matsuno, and S. Tomizawa, Phys. Rev. D74, 047501 (2006), hep-th/0607035.

[45] M. Kimura, Phys. Rev. D78, 047504 (2008), 0805.1125.

[46] H. Ishihara, M. Kimura, and S. Tomizawa, Class. Quant. Grav. 23, L89 (2006), hepth/0609165.

[47] D. Ida, H. Ishihara, M. Kimura, K. Matsuno, Y. Morisawa, and S. Tomizawa, Class. Quant.

Grav. 24, 3141 (2007), hep-th/0702148.

[48] K. Matsuno, H. Ishihara, M. Kimura, and S. Tomizawa, Phys. Rev. D76, 104037 (2007),

0707.1757.

[49] L. F. Abbott and S. Deser, Nucl. Phys. B195, 76 (1982). [50] D. J. Gross and M. J. Perry, Nucl. Phys. B226, 29 (1983). [51] R. d. Sorkin, Phys. Rev. Lett. 51, 87 (1983).