arXiv:0907.3240v1 [gr-qc] 18 Jul 2009

The Hilbert space of Chern-Simons theory on the cylinder. A Loop Qantum Gravity approach

Clisthenis P. Constantinidis^{∗,1}, Gabriel Luchini^{∗,2} and Olivier Piguet^{∗,1}

July 21, 2009

1Departamento de Física, Universidade Federal do Espirito Santo (UFES) Vitória, ES, Brazil 2Instituto de Física de São Carlos (IFSC), Universidade de São Paulo (USP) São Carlos, SP, Brasil

E-mails: cpconstantinidis@pq.cnpq.br, gabriel.luchini@ursa.ifsc.usp.br,
                        opiguet@pq.cnpq.br

Abstract

We consider the canonical quantization of three-dimensional Chern-Simons theory on a space with the topology of a cylinder. Working within the loop quantization formalism, we define at the quantum level the constraints appearing in the canonical approach and solve them, thus constructing the gauge and diffeomorphism invariant physical Hilbert space of the theory. This space is infinite dimensional, but separable.

1 Introduction

Chern-Simons (CS) topological theory [1, 2, 3] is one of the simplest field theoretic systems showing general covariance, i.e. full invariance under space-time diffeomorphisms, which charaterizes it as a backgound independent theory. Far simpler than

∗Work supported in part by the Conselho Nacional de Desenvolvimento Científico e Tecnológico – CNPq (Brazil) and by the PRONEX project No. 35885149/2006 from FAPES – CNPq (Brazil).

genuine gravitation theory in higher dimensional space-times and already very well studied [1, 2, 3, 4, 5], this 3-dimensional topological theory however deserves a study in the “loop quantization” framework introduced for the canonical quantization of General Relativity and described in the books and review papers [6, 7, 8, 9], where references to the numerous original papers can be found. As far as the authors know, the application of this scheme to the CS theory has not yet appeared in the literature, although it has been successfully applyed to various other topological models of the Schwarz type [3], such as BF theories [10], and to low dimensional gravitation theories [11, 12, 13] – which are also Schwarz topological theories.

The starting point is the canonical quantization program of Dirac [14, 15] which, in the case of a generally covariant theory, involves a Hamiltonian purely made of constraints. One first constructs a kinematical Hilbert space where the fields are represented by operators, and then selects the physical states as the vectors satisfying the constraints. Since the constraint operators generate the gauge invariances of the theory, the physical states are in fact the gauge invariant vectors.

A pecularity of CS theory is that the space components of the gauge connection A form a pair of conjugate variables [4], so that the wave functional Ψ in the Schrödinger picture is a function of one of these components, let us say A_1. Then A_2 is represented by a functional derivative. On the other hand, in topological theories of the Schwarz type, diffeomormism invariance is a simple consequence of gauge invariance [2], at least at the classical level. One would therefore expect that, applying the Gauss constraint which ensures spatial gauge invariance, one would automatically ensure invariance under spatial diffeomorphisms and thus determine the physical Hilbert space. We will however see that, due to the necessity of choosing which component of A plays the role of a coordinate and which one plays the role of a momentum, diffeomorphism invariance is not automatic and must be implemented at the end as another constraint.

The canonical formalism requires the space-time topology to be that of IR × Σ where IR stands for the time dimension and Σ for a space slice. In order to proceed with some details a topology for space must also be specified. We will choose that of a cylinder: Σ = IR × S^1.

Let us remind that the aproach of the present paper is of the type “quantize first and then apply the constraints” and has been applyed to CS theory by various authors (see [3]), in particular by [4, 5]. It has to be contrasted with the approach “reduce first the classical phase space by imposing the constraints there, and then quantize”, which has been used in particular by Witten in his pioneering paper [1]. These approaches turn out to be inequivalent. Whereas the latter leads to a finite dimensional physical Hilbert space [1], the former approach leads to an infinite dimensional physical Hilbert space – for the chosen space topology – as we will see.

We will essentially follow Ref. [4] for the statement of the problem and will use some of its results and notations. Our own contribution is an explicit construction of the kinematical and physical Hilbert spaces with a well defined internal product. We will restrict ourselves to a compact semi-simple Lie group of gauge invariance, typically SU(2), in order to avoid the difficulties which may arise in the noncompact case in the definition of the internal product [16].

After briefly recalling in Section 2 some basic facts on the classical CS theory in the canonical framework, we proceed to the construction of the quantum state space in Section 3. Concluding remarks are presented in Section 4.

A more detailed and pedagogical version of this work is available in [17].

2 Classical Chern-Simons theory à la Dirac

Chern-Simons theory, being a fully constrained theory, may conveniently be treated using Dirac’s method [14, 15, 18], which in turn, arises from the canonical point of view. In this Section devoted to the classical theory, we follow Ref. [4]. The action is given by S = −κ ∫ M d^3x ϵ^{μνρ} Tr ( A_μ∂_ν A_ρ + 2 3 A_μA_ν A_ρ ) . (2.1)

The dynamical field A = A^I_μτ_I dx^μ with μ = 0, 1, 2, is a Lie algebra valued connection 1-form. The gauge Lie group G will be assumed to be compact and semi-simple. The generators of the Lie algebra^1 satisfy the product [τ_I , τ_J ] = f_{IJ}^K τ_k, where f_{IJ}^K are the algebra’s structure constants and Tr(τ_I τ_J ) = −^1_2 δ_{IJ} . The tensor f_{IJK} is completely antisymmetric in its three indices. The κ appearing in the above equation is the coupling constant which is well-known to be quantized, κ =^n_{4π} , due the gauge invariance of the quantum path integral.

The model is a generally covariant theory, integration in (2.1) being performed on a “space-time” 3-manifold M without metric structure. Hence there is no a priori notion of “time”. However, in a canonical approach, a time variable is introduced through the hypothesis that space-time has the topological structure of Σ×IR, where “space” is given by the 2-dimensional hypersurface Σ and “time” by the real line IR. The action then reads S = −κ ∫ IR ∫ Σ dt d^2x ϵ^{ab} Tr ( Ȧ_aA_b + A_0F_{ab} ) , (2.2)

whith the spatial curvature given by F^I_{ab} = ∂_aA^I_b − ∂_bA^I_a + f_{JK}^I A^J_a A^K_b , a, b, · · · = 1, 2.

1In the case of the SU(2) group which will be used throughout this paper, one has τ_I = −^i_2 σ_I (I=1,2,3), and f_{IJ}^K = ϵ_{IJK} .

An analysis according to the Dirac-Bergman’s algorithm [14, 15] leads to a symplectic structure corresponding to the following Dirac brackets:

{A^I_a(x), A^J_b (y)} =^1_κ ϵ_{ab}δ^{IJ} δ^2(x − y) , (2.3)

and to the Hamiltonian

H = G(ε) := ∫ Σ d^2x ε^I (x)G^I (x) ≈ 0 , (2.4)

where ε^I is an arbitrary test function and G^I the Gauss constraint

G^I := − κ 2 ϵ^{ab}F^I_{ab} ≈ 0 . (2.5)

We see that this is a completely constrained system and that the space components A^I_1 and A^I_2 form a pair of conjugate variables. The Gauss constraint is first class and its Dirac bracket algebra reproduces the Lie algebra of the gauge group:

{G(ε), G(ε^′)} = G(ε × ε^′) , (ε × ε^′)^I := f_{JK}^I ε^J ε^{′K} . (2.6)

It generates the space gauge transformations

{A^I_a(x), G(ε^I )} = D_aε^I (x) = ∂_aε^I (x) + f_{JK}^I A^J_a (x)ε^K (x) . (2.7)

We finally remember that diffeomorphism invariance – which is explicitly verified by the original action (2.1), can be shown to follow directly from gauge invariance. In particular, implementation of the Gauss constraint guaranties invariance under spatial diffeomorphisms. Indeed, such a diffeomorphism is given in the infinitesimal form by the Lie derivative L_ξ along a spatial vector field ξ = (ξ^z, ξ^θ), and one easily checks that it is equal to a gauge transformation of parameter ξ^aA^I_a, up to a term proportional to the Gauss constraint:

L_ξA_a = ξ^bF_{ba} + D_a(ξ^bA_b) ≈ D_a(ξ^bA_b) . (2.8)

3 Construction of the Hilbert space

Quantization à la Dirac is performed in two steps, namely construct first a kinematical Hilbert space H_{kin} based on the phase space coordinates provided by the gauge connection, more precisely its space compoments A_a, and then select the physical states through the constraints which, in the present case, are given by (2.5).

3.1 The kinematical Hilbert space

Working in the Schrödinger picture, we choose the spatial components A^I_θ := A^I_1 as the generalized coordinates and A^I_z := A^I_2 as the generalized momenta obeying, as operators, the canonical commutation relations

[Â^I_θ(x), Â^J_z (y)] = i κ δ^{IJ} δ^2(x − y) (3.1)

corresponding to the Dirac bracket relations (2.3) of the classical theory^2. The indices z and θ refer to a special choice of coordinates z ∈ IR and θ (0 ≤ θ ≤ 2π) adapted to the topological configuration we are demanding for the 2-dimensional space Σ, namely that of a cylinder IR × S^1. States are described by wave functionals – in Dirac’s notation: Ψ[A_θ] = ⟨A_θ| Ψ⟩. The field operators act on these states as ⟨A_θ| Â^I_θ(x) |Ψ⟩ = A^I_θ(x)Ψ[A_θ] , ⟨A_θ| Â^I_z(x) |Ψ⟩ = 1 iκ δ δA^I_θ(x) Ψ[A_θ] . (3.2)

Up to now everything we have written remains purely formal until we define an integration measure in configuration space allowing us to define an internal product between the state vectors |Ψ⟩. Before doing this, let us already examine the effect of the Gauss constraint at this formal level. It acts on the wave funcionals as the operator

Ĝ^I Ψ[A_θ] = i ( ∂ ∂θ δ δA^I_θ + f_{IJ}^K A^J_θ δ δA^K_θ ) Ψ[A_θ] + κ ( ∂ ∂z A^I_θ ) Ψ[A_θ] . (3.3)

A particular solution of the Gauss constraint

Ĝ^I Ψ[A_θ] = 0 , (3.4)

is provided by the phase [4] Ψ_∘[A_θ] = e^{2πiα∘} , (3.5) with α_∘ = 4πκ ∫ Σ̃ d^3x w(g) − κ 2π ∫ Σ d^2x Tr(A_θg^{−1}∂_z g) ,

where the first integral is performed on a 3-dimensional manifold Σ̃ whose boundary is space Σ, and g ∈ G is defined in terms of A_θ by A_θ = g^{−1}∂_θg. The integral of w over Σ̃, ∫ Σ̃ d^3x w := 1 24π^2 ∫ Σ̃ d^3x ( ϵ^{μνρ}Tr(g^{−1}∂_μg g^{−1}∂_ν g g^{−1}∂_ρg) ) , (3.6)

called the Wess-Zumino-Witten action, is an integer for the case where G is a nonabelian compact group, and consequently, an singlevalued wave functional requires then the quantization of the coupling constant: κ = n 4π , n ∈ Z . (3.7) 2We take ℏ = 1.

Moreover [4], the general solution of (3.4) is given by

Ψ[A_θ] = Ψ_∘[A_θ]ψ^{inv}[A_θ] , (3.8)

where ψ^{inv}[A_θ] – the “reduced functional” – is “θ-gauge invariant”, i.e., obeys the condition i ( ∂ ∂θ δ δA^I_θ + f_{IJ}^K A^J_θ δ δA^K_θ ) ψ^{inv}[A_θ] = 0 , (3.9)

where the functional derivative operator in the left-hand side is the first part of the Gauss constraint operator (3.3), which generates the θ-gauge transformation

δA_θ = D_θε , δA_z = 0 . (3.10)

Before going to the construction of the the reduced functionals ψ^{inv} in (3.8), let us proceed to the definition of the kinematical Hilbert space H_{kin} and of the field operators acting in it. In order to have a Hilbert space we need a well defined scalar product, ⟨Ψ_1| Ψ_2⟩ := ∫ DA Ψ_1[A]Ψ_2[A] ,

with an integration measure DA in the space of the connections defined in such a way that the scalar product is compatible with the Gauss constraint partially solved by Eq. (3.8). We therefore write

Ψ[A_θ] = Ψ_∘[A_θ]ψ[A_θ] , (3.11)

and will look for ψ[A_θ]. In the spirit of LQG, we change the focus from the Lie algebra-valued connection A_θ, which transforms inhomogeneously under gauge transformations accordingly to (3.10), to the holonomies of A_θ, which are elements of the gauge group. An holonomy h(γ_{z,θ1,θ2} ) is defined over some constant z path γ = [θ_1, θ_2] in Σ as h(γ_{z,θ1,θ2} ) = Pe ∫_{θ2} θ1 dθ A^I_θ (θ,z)τ^I , (3.12)

where P stands for “path ordered product”. This choice is motivated by the fact that under a gauge transformation of A_θ, this holonomy transforms homogeneously: h(γ_{z,θ1,θ2} ) −→ g^{−1}(z, θ_2) h(γ_{z,θ1,θ2} ) g(z, θ_1) (3.13) We have to restrict to constant z paths because any other paths would involve the component A_z, which does not enter as an argument of the wave functional.

Let us now define the space Cyl consisting of all the wave functionals of the form (3.11) with ψ given by arbitrary finite linear combinations of complex valued functions f of the holonomies:

ψ_{Γ,f} [A_θ] = f ( h(γ_{z1,θ1,θ}′_1 ), · · · , h(γ_{zk,θk,θ}′_k ), · · · , h(γ_{zN ,θN ,θ}′_N ) ) , (3.14) where Γ denotes the “graph” defined as the (finite) set of paths Γ = {γ_{zk,θk,θ}′_k , k = 1, · · · , N} . (3.15) Elements of Cyl are called “cylindrical functions”. A cylindrical function is thus a functional of A_θ which, apart from the phase factor Ψ_∘, depends only on the values that its argument takes on the graph Γ.

Since we are dealing with wave functionals of the form (3.11) or (3.14) where now ψ = ψ_{Γ,f} is a function of a finite number of holonomies, which in turn are elements of the gauge group, we can now count on the invariant Haar measure of the gauge group G to define a scalar product in Cyl. Let us first define it for two state vectors^3 |Γ, f⟩ and |Γ, f^′⟩ associated with the same graph Γ (3.15), f and f^′ being two arbitrary integrable functions on G^{×N} : ⟨Γ, f| Γ, f^′⟩ = ∫ N∏ k=1 dh_k f(h_1 · · · h_N ) f^′(h_1 · · · h_N ) , (3.16)

where dh_k is the Haar measure used to integrate over the group element h_k. The Haar measure being normalizable for a compact group, the scalar product is well defined, provided the functions f on the group defining the cylindrical functions as in (3.14), are integrable.

In the general case where the two vectors are associated to two distinct graphs Γ and Γ^′, we can still apply the definition (3.16), but for the graph Γ^{′′} = Γ∪Γ^′. Indeed, the functions f(h_1 · · · h_N ) and f^′(h_1 · · · h_N ′ ) may be considered both as functions of the N^{′′} arguments corresponding to the paths of Γ^{′′}.

Finally, the kinematical Hilbert space H_{kin} is the Cauchy completion Cyl of Cyl with respect to the scalar product we have just defined.

Remarks

• Our definition of the scalar product is independent of the phase Ψ_∘ in (3.11), as it should.

• By construction, the scalar product is gauge invariant and it is also invariant under the diffeomorphisms which preserve the polarization choice.

3.2 A basis for the kinematical Hilbert space

From the Peter-Weyl theorem [19], the wave functional corresponding to a graph Γ and to a function f according to (3.14) can be expanded in terms of a group

3We use Dirac’s notation, where the wave functional may be written as Ψ_{Γ,f} [A_θ] = ⟨A_θ|Γ, f⟩.

representation basis as^4:

Ψ_{Γ,f} [A_θ] = Ψ_∘[A_θ]f ( h(γ_{z1,θ1,θ}′_1 ), · · · , h(γ_{zk,θk,θ}′_k ), · · · , h(γ_{zN ,θN ,θ}′_N ) )

= Ψ_∘[A_θ] ∑ ⃗j,⃗α,⃗β c^{α1···αN} β_1···β_N ,j_1···j_N R j_1,β_1 α_1 (h(γz1,θ1,θ^′_1 )) · · · R j_N ,β_N α_N (h(γzN ,θN ,θ^′_N )) , (3.17) where R^{j,β}_α (h) is a matrix element of the spin j unitary irreducible representation of the group element h. Thus, to every path γ_{zk,θk,θ}′_k of the graph Γ we associate a spin j_k representation of G = SU(2).

Moreover, the terms in the right-hand-side form an orthonormal system of vectors | | |Γ,⃗j, ⃗α, ⃗β ⟩ : ⟨ Γ,⃗j, ⃗α, ⃗β | Γ,⃗j^′, ⃗α^′, ⃗β^′ ⟩

= ∫ N∏ k=1 dh_k R^{j1,β1}α_1 (h_1) · · · R^{jN ,βN}α_N (h_N ) R^{j′1,β′1}_α′_1 (h_1) · · · R^{j′N ,β′N}_α′_N (h_N ) = δ_{⃗j⃗j}′ δ_{⃗α⃗α}′ δ_{⃗β ⃗β′} . (3.18)

The contribution corresponding to a graph with a spin 0 path is equal to the contribution corresponding to the smaller graph obtained by erasing this path. In order to avoid a double counting, we will only include in the summation (3.17), from now on, terms where all the j_k are different from zero. In view of this restriction, it is clear that the set of vectors { | |Γ,⃗j, ⃗α, ⃗β ⟩ ; ∀Γ, ∀(⃗j, ⃗α, ⃗β) } (3.19)

is an orthonormal basis of the kinematical Hilbert space H_{kin}. As a consequence of the Peter-Weyl formula (3.18), valid for any spin including spin 0, vectors associated to different graphs are orthogonal. Thus the kinematical Hilbert space is a direct sum:

H_{kin} = ⨁ Γ H_Γ ,

where H_Γ is the Hilbert space associated with the graph Γ, and the summation is made over all possible graphs. Whereas each H_Γ is a separable Hilbert space, this is obviously not the case for H_{kin}.

3.3 Solution of the Gauss constraint

In the preceding section we saw that the change of the configuration variable from A_θ to the holonomies h[A_Γ] allows for a well defined scalar product and consequently,

4From now on we restrict ourselves to the gauge group SU(2).

a Hilbert space. Although one cannot define a local operator Â_θ acting in H_{kin} because of the discontinuity of the scalar product [6, 7, 8], one can do it for the holonomy operator ĥ[A_θ, γ] associated to a path γ at constant z: ⟨A_θ|ĥ[A_θ, γ]|Γ, f⟩ = h[A_θ, γ] ⟨A_θ|Γ, f⟩ , (3.20) for any basis vector |Γ, f⟩. The resulting right-hand-side is indeed an element |~Γ, ~f⟩ of Cyl, associated to a new graph ~Γ equal to the union Γ ⋃ {γ} and to the function f̃ = ĥ[A_θ, γ]f. On the other side, the conjugate operator Â_zI defined in (3.2) is well defined due to (see (3.12)) Â_z^I (z, θ)h(γ_{z′,θ1,θ2} ) = {_i κ δ(z − z^′)h(γ_{z,θ1,θ})τ_I h(γ_{z,θ,θ2} ) , if θ_1 < θ < θ_2 , 0 , otherwise .

As a consequence of the nonexistence of an operator Â_θ, we cannot apply the Gauss constraint as it stands in (3.4). Instead of this, as in the standard LQG approach [6, 7, 8], we will impose the constraint in the form of the invariance under all finite gauge transformations. More precisely, taking into account the phase factor Ψ_∘ in (3.11) or (3.17), we will demand the gauge invariance of the reduced wave functional ψ given by (3.14) in terms of holonomies. In view of the transformation law (3.13), it is clear that the gauge invariant reduced functionals are functions of the trace of the holonomies along closed paths (cycles), i.e. of the Wilson loops

h_z = Tr h(γ_{z,θ,θ}) , (3.21)

which depend on the coordinate z, but not on the base angle θ. Thus the graphs are now sets C of cycles, each cycle being characterized by its “height” z: C ↔ (z_1, · · · , z_n).

This condition of gauge invariance defines the Hilbert space H_{Gauss}. Its basis is the orthonormal set of “spin network” vectors |C, J⟩ which are given by the traces of the basis vectors of H_{kin}: ⟨A_θ|C, J⟩ = Ψ_∘(A_θ) n∏ k=1 χ^{jk} (h_{zk} ) , with χ^j (h_z) = Tr R^j(h_z) , (3.22)

where J stands for (j_1, · · · , j_n) and R^j is the spin j representation of SU(2). One has the orthonormality property ⟨C, J|C^′, J^′⟩ = δ_{C,C}′ δ_{JJ} ′ . (3.23) Let us define S_0 as the vector space of all finite linear combinations of spin-networks, |Ψ⟩ = N∑ n=1 c_n |C_n, J_n⟩ . (3.24)

The Hilbert space H_{Gauss} is the Cauchy completion of S_0. It decomposes in orthogonal subspaces in a way analogous to H_{kin}:

H_{Gauss} = ⨁ C H^C_{Gauss} . (3.25)

The Hilbert space H^C_{Gauss} associated to a single graph C is separable, but H_{Gauss} is not, since the graphs are indexed by n-arrays of real numbers.

3.4 Diffeomorphism invariance

We observe that H_{Gauss} is not invariant under the space diffeomorphisms. In particular, its basis vectors |C, J⟩, depend explicitly on the z coordinates of the cycles constituting the graph C and are therefore not invariant under changes of the coordinate z. (They are however invariant under changes of the coordinate θ.) This has to be contrasted with the situation in the classical theory, where the fulfilment of the Gauss constraint automatically ensures full space diffeomorphism invariance (see (2.8)). We note from (2.8) that a diffeomorphism along the z coordinate generated by a vector field ξ = (ξ^z, 0), acts on the configuration variable A_θ as L_ξA_θ ≈ D_θ(ξ^zA_z), i.e. as a gauge transformation of parameter ξ^zA_z. However, when applied to a wave functional, A_z must be replaced by the operator defined in (3.2). Such a “gauge transformation” was not contemplated when we solved the Gauss constraint in Subsection 3.3. Therefore, we have still to implement this part of diffeomorphism invariance, namely invariance under the diffeomorphisms

z^′ = z^′(z) , θ^′ = θ . (3.26)

In the same way as we have proceeded with the Gauss constraint, we will impose invariance under the finite diffeomorphisms (3.26) due to the difficulty of defining their infinitesimal generator.

We will follow the standard group averaging method [6, 7, 8], based here on the Gelf’and triple [20] S_0 ⊂ H_{Gauss} ⊂ S^′_0, where S_0 is the subspace of finite linear combinations of spin-networks defined at the end of the preceding subsection, dense in H_{Gauss}, and S^′_0 its dual, whose elements are the complex valued linear functionals Φ of S_0:

Φ : S_0 →^|C , Ψ → ⟨Φ, Ψ⟩ ∈^|C , (3.27)

where we are using Schwartz notation ⟨ , ⟩ for functionals [21]. The scalar product in H_{Gauss} being explicitly invariant under space diffeomorphisms, any such diffeomorphism ϕ is represented by a unitary operator U_ϕ. The action of ϕ in S^′_0 is then defined by duality:

⟨U_ϕΦ, Ψ⟩ = ⟨Φ, U_ϕ−1 Ψ⟩ . (3.28)

We will concentrate on the z-diffeomorphisms (3.26).

The diffeomorphism invariant states are now given by vectors of S^′_0 constructed from any vector |Ψ⟩ of S_0 by applying to it the operator P_{Diff} – a functional “projector”:

P_{Diff} : S_0 → S^′_0 , ⟨P_{Diff} Ψ, Ψ^′⟩ = ∑ Ψ^{′′} ⟨Ψ^{′′}|Ψ^′⟩ , ∀ |Ψ^′⟩ ∈ S_0 , (3.29)

where the sum is done over all the vectors |Ψ^{′′}⟩ of S_0 which may be obtained from |Ψ⟩ by a diffeomorphism: |Ψ^{′′}⟩ = U_ϕ |Ψ⟩. The sum in (3.29) is always finite. Indeed, the vectors |Ψ⟩ and |Ψ^{′′}⟩ are both finite superpositions of spin-networks vectors – see (3.24): |Ψ⟩ = M∑ m=1 c_m |C_m, J_m⟩ , |Ψ^{′′}⟩ = N∑ n=1 c^{′′}_n |C^{′′}_n, J^{′′}_n ⟩ . Since two spin-network vectors are orthogonal if their respective graphs are different, the summation in (3.29) is restrited to those |Ψ^{′′}⟩ which have at least one graph C^{′′}_n in its expansion which coincides with a graph C_m of the expansion of |Ψ⟩. But, in the present theory where space is one-dimensional, given a spin-network vector |C_m, J_m⟩, there are only two such spin-network vectors: |C_m, J_m⟩ itself and the vector |C^{′′}_n, J^{′′}_n ⟩, with C^{′′}_n, obtained from the first one by inverting the order of the “edges” of the graph C_m , i.e. of the coordinates z_k which label these edges – with still the restriction that the spins j^{′′}_k atributed to the edges still match after this inversion.

The functionals P_{Diff} Ψ defined in this way are diffeomorphism invariant, as a consequence of the equation (3.28) which defines the way elements of S^′_0 transform. They span by definition the vector space H_{Phys} ⊂ S^′_0, which we will show to be the physical Hilbert space of the theory.

We observe that the only element of this space which is also an element of H_{Gauss} is the trivial state |0⟩ – the “vacuum” – defined by

⟨A_θ|0⟩ = Ψ_∘(A_θ) , (3.30)

where Ψ_∘ is the phase factor (3.5), which is obviously diffeomorphism invariant, in particular under the z-diffeomorphisms considered here.

We define now the scalar product in H_{Phys} by

⟨P_{Diff} Ψ_1| P_{Diff} Ψ_2⟩ := ⟨P_{Diff} Ψ_1, Ψ_2⟩ (3.31)

where |Ψ_1⟩ , |Ψ_2⟩ ∈ S_0. This product is independent of the particular state |Ψ_2⟩ we used to define |P_{Diff} Ψ_2⟩.

By construction (see (3.29)), vectors of H_{phys} only depend on the equivalence classes of vectors of S_0 under z-diffeomorphisms. In particular, a vector defined by (3.29) from a spin-network |C, J⟩ does not depend on the particular positions z_k of the cycles constituting the graph C, but only on the number of such cycles – and of the spin values associated to each of them. Following the LQG terminology [6], let us call such a vector an s-knot and denote it by |j_1, · · · , j_N ⟩ ≡ |J⟩:

|J⟩ = P_{Diff} |C, J⟩ (3.32)

The scalar product of two s-knots is given by ⟨J|J^′⟩ = ⟨j_1, · · · , j_N |j^′_1, · · · , j^′_N ′ ⟩ = δ_{NN} ′ ( δ_{j1j}′_1 · · · δ_{jN jN′} + δ_{jN j}′_1 · · · δ_{j1j}′_{N′} ) . (3.33)

The second term in the right-hand side is due to the existence, mentioned above, of diffeomorphisms which preserve a graph but reverse the order of its cycles. Thus, provided one identifies a vector |j_1, j_2, · · · , j_N ⟩ with its “reversed” |j_N , · · · , j_2, j_1⟩, the s-knot states provide an orthonormal basis of H_{Phys}.

These vectors are clearly invariant under all space-time diffeomorphisms, beyond being solutions of the Gauss constraint. H_{Phys} is thus the physical state space of the Chern-Simons theory on a cylinder. The set of s-knots vectors being countable, this Hilbert space is separable.

4 Conclusions

We found in Chern-Simons theory a great opportunity to discuss the main ideas of loop quantum gravity, concerning the method by itself. In fact, this theory fits exactly in the framework which was used to think on quantum gravity in the beginning [22], where the quantum states were generated by Wilson loops of the Ashtekar connection [23], the so called “loop states”.

What we have concretely done here is a continuation of [4]. In this reference the authors showed the path to get a physical quantum state based on the implementation of the Gauss constraint, which could not be implemented in the usual way because of the difficulty to define the quantum operators based on the choice of a Schrödinger representation. In order to really define a Hilbert space, we needed, after having fixed a particular topology (as suggested in [4]) for the spatial slice Σ, to change the configuration variables from the connection to its holonomies, following the prescriptions of Loop Quantum Gravity. The result, for the chosen topology, is a physical Hilbert space whose basis is indexed by a nonnegative integer N and, for each N, by a ordered set of N half integer numbers j_1, · · · , j_N – the spins. We have taken SU(2) as the gauge group. Generalization to other compact Lie groups looks straightforward. The consideration of more general topologies, as well as the construction of physical observables along the same lines are left for future works.

Let us finish by noticing that the loop quantization of Chern-Simons theory proposed here is one quantization among possibly many other, inequivalent, quantizations. In particular, it is obviously inequivalent to the one currently known in the literature, first exemplified in [1], where Hilbert space is finite dimensional, instead of being infinite dimensional as in the present paper’s case.

Acknowledgments. We would like to thank Laurent Freidel and Galen Sotkov for most valuable discussions.

References

[1] E.Witten “Quantum Field Theory and the Jones Polynomial´´, Commun.

Math. Phys. 121 (1989) 351. 1, 2, 13

[2] E. Witten; “2 + 1 dimensional Gravity as an Exactly Soluble system”, Nucl.

Phys. B311 (1988) 46. 1, 2

[3] D. Birmingham, M. Blau, M. Rakowski and G.T. Thompson, “Topological Field Theory”, Phys. Rep. 209 (1991) 129. 1, 2

[4] G.V. Dunne, R. Jackiw, C.A. Trugenberger, “Chern-Simons Theory in the Schrodinger Representation”, Ann. Phys. (N.Y.) 194 (1989) 197. 2, 3, 5, 6, 12 [5] E.Guadagnini, M.Martellini, M.Mintchev, “Braids and Quantum Group Symmetry in Chern-Simons Theory´´, Nucl. Phys. B336 (1990) 581. 2

[6] C. Rovelli; “Quantum Gravity”, Cambridge University Press, 2004 [arXiv:gr-qc/9710008 ]. 2, 9, 10, 12

[7] T. Thiemann,“Modern Canonical Quantum General Relativity”, Cambridge Monographs on Mathematical Physics, 2007. 2, 9, 10

[8] A. Ashtekar and J. Lewandowski, “Background Independent Quantum Gravity: A Status Report.”, Class. Quantum Grav. 21 (2004) R53, [arXiv:gr-qc/0404018]. 2, 9, 10

[9] A. Perez, “Introduction to loop quantum gravity and spin foams”, Lectures given at 2nd International Conference on Fundamental Interactions, Domingos Martins, Espirito Santo, Brazil, 6-12 Jun 2004, published in “Proceedings of Second International Conference on Fundamental Interactions 2004”, p. 221, [arXiv:gr-qc/0409061]. 2

[10] J.C. Baez, “An Introduction to spin foam models of quantum gravity and BF theory”, Lect. Notes Phys.543:25-94,2000, [arxiv:gr-qc/9905087]. 2

[11] K. Noui and A. Perez, “Three-dimensional loop quantum gravity: Physical scalar product and spin foam models”, Class. Quantum Grav. 22 (2005) 1739, [arXiv:gr-qc/0402110]. 2

[12] J. Manuel Garcia-Islas, “Observables in three-dimensional quantum gravity and topological invariants”, Class. Quantum Grav. 21 (2004) 3933, [arXiv:gr-qc/0401093]. 2

[13] C.P. Constantinidis, A. Perez and O. Piguet, “Quantization of the Jackiw- Teitelboim model”, Phys. Rev. D79 (2009) 084007, [arXiv:0812.0577[gr-qc]]. 2

[14] P.A.M. Dirac, “Lectures on Quantum Mechanics”, Dover, 2001. 2, 3, 4

[15] M. Henneaux, C. Teitelboim; “Quantization of Gauge Systems”, Princeton University Press, 1994. 2, 3, 4

[16] L. Freidel and E. Livine, “Spin networks for noncompact groups”, J. Math.

Phys. 44 (2003) 1322, [arXiv:hep-th/0205268]. 3

[17] C.P. Constantinidis, G. Luchini and O. Piguet, “Loop quantization of Chern- Simons theory as a pedagogical introduction to Loop Quantum Gravity”, paper in preparation. 3

[18] H.J. Matschull “Dirac’s canonical quantization program”,

[arXiv:quant-ph/9606031]. 3

[19] A.O. Barut, “Theory of Group Representations and Applications”, Polish Scientific Publishers, 1977. 7

[20] I. M. Gelf’and and N. J. Vilenkin, “Generalized Functions, vol. 4: Some Applications of Harmonic Analysis. Rigged Hilbert Spaces”, Academic Press, New York, 1964.

R. de la Madrid, “The role of the rigged Hilbert space in Quantum Mechanics”, [arXiv:quant-ph/0502053v1]. 10

[21] Laurent Schwartz, “Théorie des distributions”, Hermann, 1997. 10

[22] C. Rovelli and L. Smolin, “Knot Theory and Quantum Gravity”, Phys. Rev.

Lett. 61 (1988) 1155;

C. Rovelli and L. Smolin, “Loop Space Representation of Quantum General Relativity”, Nucl. Phys. B331 (1990) 80. 12

[23] A. Ashtekar, “New Hamiltonian Formulation of General Relativity”, Phys.

Rev. D36 (1987) 1587. 12