arXiv:0908.2693v1 [gr-qc] 19 Aug 2009

Generalized virial theorem in Palatini f(R) gravity

A. S. Sefidgar^∗, K. Atazadeh^† and H. R. Sepangi^‡

Department of Physics, Shahid Beheshti university, Evin, Tehran 19839, Iran

August 20, 2009

Abstract

We use the collision-free Boltzmann equation in Palatini f(R) gravity to derive the virial theorem within the context of the Palatini approach. It is shown that the virial mass is proportional to certain geometrical terms appearing in the Einstein field equations which contribute to gravitational energy and that such geometric mass can be attributed to the virial mass discrepancy in cluster of galaxies. We then derive the velocity dispersion relation for clusters followed by the metric tensor components inside the cluster as well as the f(R) lagrangian in terms of the observational parameters. Since these quantities may also be obtained experimentally, the f(R) virial theorem is a convenient tool to test the viability of f(R) theories in different models. Finally, we discuss the limitations of our approach in the light of the cosmological averaging used and questions that have been raised in the literature against such averaging procedures in the context of the present work.

PACS: 04.20.-q, 04.20.Cv Key words: Dark matter, Palatini f(R) gravity, virial theorem, relativistic Boltzmann equation, velocity dispersion relation.

1 Introduction

Dark matter is presently one of the most exciting open problems in cosmology. There are some compelling observational evidence for the existence of dark matter for which, the galaxy rotation curves and mass discrepancy in cluster of galaxies are two prominent examples. According to Newtonian gravity, galaxy rotation curves give the velocity of matter rotating in a spiral disk as a function of the distance from the center of galaxy according to v(r) = √ GM(r)/r. If we assume that the cluster mass obeys the relation M(r) = ρ^{4πr3}_3 , where ρ is considered as a constant density in the cluster, then the velocity increases linearly within the cluster and drops off as the square root of r outside the cluster. However, observation shows that the velocity remains approximately constant, that is M ∼ r. This points to the possible existence of a new invisible matter which is referred to as dark matter and is distributed spherically around galaxies [1].

What is now known as the mass discrepancy of clusters can be understood when estimating the total mass of a cluster in two different way; cluster masses can be deduced by summing the individual member masses which we shall call M in total. Alternatively, the virial theorem can be used to estimate the mass of a cluster, M_V , by studying the motions of each member of the cluster. As it turns out, M_V is nearly 20 − 30 times greater than M and this difference is known as the virial mass discrepancy [1]. The prime tool in dealing with the above discrepancy is to postulate dark matter. There are several candidates for dark matter. One possible categorization tells us that dark matter

∗e-mail: a-sefidgar@sbu.ac.ir †e-mail: k-atazadeh@sbu.ac.ir ‡e-mail: hr-sepangi@sbu.ac.ir

can be baryonic or non-baryonic. The main baryonic candidates are the Massive Compact Halo Objects (MACHO) which include brown dwarf stars and black holes. The non-baryonic candidates are basically elementary particles which have non-standard properties. Among the non-baryonic candidates, we can point to axions as a solution to the strong CP problem. However, the largest class is the Weakly Interacting Massive Particle (WIMP) class which consists of hundreds of, as yet, unknown particles [2]. The most popular of these WIMPs is the neutralino from supersymmetry. WIMP’s interaction cross-section with normal baryonic matter is extremely small but non-zero, so their direct detection is a possibility. Neutrinos, may also be considered as possible candidates for dark matter. Another important categorization tells us that dark matter can be hot or cold. A dark matter candidate is called hot if it was moving at relativistic speeds at the time when galaxies were just starting to form. It is called cold if it was moving non-relativistically at that time. Of the above candidates only the light neutrinos would be hot, all the others would be cold. There is, as of now, no non-gravitational evidence for dark matter. Moreover, accelerator and reactor experiments do not support the scenarios in which dark matter emerges.

To deal with the question of dark matter, a great number of efforts has been concentrated on various modifications to the Einstein field equations [3]. One such modification is that of f(R) where R is the Ricci scalar. Theories of f(R) modified gravity have had some success in explaining the accelerated expansion of the universe [4, 5] and account for the existence of dark matter [6, 7, 8]. In this paper we study f(R) gravity in the context of the Palatini formalism. As is well known, starting with the usual Einstein-Hilbert action, both the Palatini and metric approaches result in the same field equations. However, if the action is taken as a generic function of R, then the two approaches result in different field equations [9]. Here, we study the virial theorem within the framework described above. In general, virial theorem plays an important role in astrophysical objects like galaxies, clusters and super clusters. By using the virial theorem and studying the observational data from the velocity of each member, one can estimate the mean density of such objects, rendering the prediction of the total mass possible. The virial theorem also offers interesting predictions on the stability of the astrophysical objects. Several authors have studied the virial theorem in models with a cosmological constant [10, 11], brane world scenarios [12] and metric f(R) theories [13]. Our main purpose in this paper is to obtain the generalized form of the virial theorem in f(R) Palatini formalism by using the collisionless Boltzmann equation. Of course, some extra terms emerge in virial theorem which are originated from the modified action and are geometric in nature. We show that one may account for the virial mass discrepancy by taking into account such extra terms. The components of the metric tensor inside the galaxies may also be derived in terms of physical observable quantities like the temperature of intra cluster gas and radius and density of the cluster core. Finding the components of the metric tensor leads to the form of the Lagrangian in f(R) gravity in terms of observable quantities. Thus, the virial theorem is a convenient tool to test the validity of f(R) models.

In what follows, we first give a brief review of the Palatini formalism and the gravitational field equations are derived in scalar tensor representation of f(R) gravity. Next, we introduce the relativistic Boltzmann equation from which we deduce the virial theorem with the aid of the field equations and discuss the limitations of the assumptions made. The geometric mass and density of a cluster is then identified in terms of the observable quantities and the metric components are calculated inside the cluster. We then move on to study the velocity dispersion relation in galaxies. Finally, we present the Lagrangian which represents the f(R) theory inside the cluster. Conclusions are drawn in the last section.

2 Palatini f(R) gravity in scalar-tensor representation

Let us start with the action S_{palatini} = − 1 2κ ∫ d^4x √ −gf(R) + ∫ d^4x √ −gL_m(g_{μν} ), (1) where L_m is the matter lagrangian and κ = 8πG. The Ricci scalar is written as R in the context of the Palatini formalism to point out that it is different from the Ricci scalar, R, in the context of metric f(R) gravity. It is necessary to stress that R = g^{μν} R_{μν} (Γ), where R_{μν} (Γ) is constructed from the connection which is independent of the metric. In addition, in Palatini approach, the lagrangian corresponding to matter does not depend on the connection. Varying the action with respect to the metric and connection, respectively, yields F (R)R_{μν} − 1 2 f(R)g_{μν} = −κT_{μν} , (2)

−∇_λ( √ −gF (R)g^{μν} ) + ∇_σ( √ −gF (R)g^{σ(μ})δ^{ν)}_λ = 0, (3)

where we have used δR_{μν} = ∇_λδΓ^λ_{μν} −∇_ν δΓ^λ_{μλ} with ∇_μ being the covariant derivative which is defined with the independent connection and (μν) and [μν] define the symmetric and anti-symmetric parts of the relevant parameter and T_{μν} is the energy-momentum tensor. We also denote F (R) =^d_{dR} f(R). By contracting equations (2) and (3), the field equations can be written as F (R)R − 2f(R) = −κT, (4) −∇_λ( √ −gF (R)g^{μν} ) = 0. (5)

It is useful to define a metric conformal to g_{μν} as follows h_{μν} ≡ F (R)g_{μν} , (6) which yields √ −hh^{μν} = √ −gF (R)g^{μν} . (7) Now, equation (3) becomes the definition of the Levi Civita connection of h_{μν} and can be solved algebraically to give

Γ^λ_{μν} = 1 2 h^{λσ} [∂_μh_{νσ} + ∂_ν h_{μσ} − ∂_σh_{μν} ]. (8)

By using equation (6), we can write the connection in terms of g_{μν}

Γ^λ_{μν} = g^{λσ} 2F (R) [∂_μ(F (R)g_{νσ} ) + ∂_ν (F (R)g_{μσ}) − ∂_σ(F (R)g_{μν} )]. (9)

We now have an expression for Γ^λ_{μν} in terms of R and g_{μν} so the independent connection can be eliminated from the field equations. In fact, using conformal transformation in equation (6), the Riemann tensor, Ricci scalar and Einstein tensor in Palatini formalism can be derived in terms of the metric ones [14] R_{μν} = R_{μν} − 3 2 1 [F (R)]^2

∇_μF (R)∇_ν F (R) + 1 F (R) (∇_μ∇_ν + 1 2 g_{μν} □)F (R). (10) Contracting equation (10) by g^{μν} yields the Ricci scalar R = R − 3 2 1 [F (R)]^2 ∇_μF (R)∇^μF (R) + 3 F (R) □F (R). (11) Substituting equations (10) and (11) in (2), we may calculate the Einstein tensor G_{μν} = − κ F T_{μν} + 3 2 1 F^2 [ ∇_μF ∇_ν F − 1 2 g_{μν} ∇_λF ∇^λF ] − 1 F (∇_μ∇_ν − g_{μν} □)F − 1 2 g_{μν} ( R − f F ) . (12)

As a result, the independent connections disappear and the theory is brought to the form of GR with a modified source which only depends on the metric and matter fields. We are now ready to introduce a Legendre transformation {R, f} → {ϕ, V } defined as ϕ ≡ F (R), V (ϕ) ≡ R(ϕ)F − f(R(ϕ)). (13) The theory in the new representation is given by the action S_{palatini} = − 1 2κ ∫ d^4x √ −g[ϕR − V (ϕ)] + ∫ d^4x √ −gL_m(g_{μν} ). (14) Let us write the field equations in terms of the new parameters [9] G_{μν} = − κ ϕ T_{μν} + θ_{μν} , (15)

where θ_{μν} = 3 2ϕ^2 (∇_μϕ∇_ν ϕ − 1 2 g_{μν} ∇^λϕ∇_λϕ) − 1 ϕ (∇_μ∇_ν − g_{μν} □)ϕ − V 2ϕ g_{μν} . (16)

It is now easy to realize that this result is the same as that of the Brans-Dicke theory with ω =^3_2 . Introducing a modified action, f(R), results in the appearance of an effective gravitational constant. Note that κ_{eff} =^κ_ϕ = 8πG_{eff} . Therefore, we may find from equation (15) that G_{eff} =^G_ϕ . The θ_{μν} tensor on the right hand side of equation (15) emerges as a new additional source for the gravitational field.

3 Field equations for a system of identical and collision-less point particles

Let us now consider an isolated and spherically symmetric cluster being described by a static and spherically symmetric metric

ds^2 = −e^{ν(r)}dt^2 + e^{λ(r)}dr^2 + r^2dθ^2 + r^2 sin^2 θdφ^2. (17)

Suppose that the clusters are constructed from identical and collision-less point particles (galaxies), being described by the distribution function f_B. The energy-momentum tensor may be written in terms of f_B as [15] T_{μν} = ∫ f_Bmu_μu_ν du, (18) where m is the cluster’s member mass, u is the four velocity of the galaxy and du =^{dur duθ duφ}_{ut} is the invariant volume element of the velocity space. The energy momentum tensor of the matter in a cluster can be represented in terms of an effective density ρ_{eff} and an effective anisotropic pressure, with radial p^r_{eff} and tangential p^⊥_{eff} components [10]. In other words, we have ρ_{eff} = ρ⟨u^2_t ⟩, p^{(r)}_{eff} = ρ⟨u^2_r⟩, p^{(⊥)}_{eff} = ρ⟨u^2_θ⟩ = ρ⟨u^2_φ⟩, (19) where ⟨ ⟩ represents the usual macroscopic averaging.

Before going any further, a word of caution is in order at this point. There is an interesting subtlety concerning the energy momentum tensor appearing on the right hand side of the Einstein field equations defined in terms of the averaged velocities; the fact that one can average over velocities to obtain an averaged energy-momentum tensor does not necessarily mean that there exists a corresponding averaged space-time metric associated to that averaged energy-momentum tensor.

This point was first raised by Flanagan [16] and Olmo [17]. Later on, Motta and Shaw, using genal averaging arguments [18] claimed that the averaged metric is almost indistinguishable from that of General Relativity. Subsequently however, it was shown in [19] that such conclusions are not always correct because of the existence of counter examples; infrared corrected models do not allow such averaging of the metric. Models with high energy corrections do admit such averaging, but it is not guaranteed in general.

The above arguments boil down to the fact that in modified gravity theories such as f(R) and within the context of the Palatini approach, it may not be reasonable to replace the microscopic energy-momentum tensor by its cosmological average. Modified gravity theories imply non-linear correction terms to the energy-momentum tensor. When applying the field equations to cosmological scales, one may consider the microscopic structure of all particles in the system. The existence of non-linear terms means that one should average over all the microscopic structure of matter and it seems as if in cosmological scales the usual macroscopic averaging procedure is no longer valid. In Einstein general relativity, the field equations are approximately linear on microscopic scales. Therefore, the microscopic structure of matter is not particularly important on macroscopic scales. The condition in metric f(R) gravity is the same as in Einstein general relativity. But what about the Palatini formalism? The Palatini formalism has been applied to f(R) gravity in the Einstein frame [16, 17, 19] and the field equations thus obtained are non-linear in terms of the energy-momentum tensor even on the smallest scales. In fact, this non-linearity leads to the problem of averaging in Palatini theories. In other words, the standard averaging procedure may no longer be valid and results in incorrect predictions. In addition, if one takes into account all the microscopic structure of the matter, the palatini formalism of f(R) gravity will be indistinguishable from the standard General Relativity with a cosmological constant [18]. Interestingly, although Palatini theories were designed to modify gravity on large scales, they actually modify physics on the smallest scales and leave the large scales practically unaltered. In this work, we study clusters containing collision-less point particles (galaxies) within the Palatini formalism in the Jordan frame. Here we take the cosmological averaging of the energy momentum tensor without studying the microscopic structure of the matter. Of course, the validity of our results should be taken in the light of the discussion presented above.

Using T_{μν} = (ρ + p)u_μu_ν + pg_{μν} and u^μu_μ = −1 with above definitions, the field equations become e^{−λ} [ λ^′ r − 1 r^2 ] + 1 r^2 = − κ ϕ ρ⟨u^2_t ⟩ − 3 2ϕ^2 (∇_tϕ∇^tϕ − 1 2 ∇^λϕ∇_λϕ) + 1 ϕ (∇^t∇_t − □)ϕ + V 2ϕ , (20)

e^{−λ} [ ν^′ r + 1 r^2 ] − 1 r^2 = − κ ϕ ρ⟨u^2_r ⟩ + 3 2ϕ^2 (∇_rϕ∇^rϕ − 1 2 ∇^λϕ∇_λϕ) − 1 ϕ (∇^r∇_r − □)ϕ − V 2ϕ , (21)

e^{−λ} [ ν^′ − λ^′ 2r − ν^′λ^′ 4 + ν^{′′} 2 + ν^{′2} 4 ] = − κ ϕ ρ⟨u^2_θ⟩ + 3 2ϕ^2 (∇_θϕ∇^θϕ − 1 2 ∇^λϕ∇_λϕ) − 1 ϕ (∇^θ∇_θ − □)ϕ − V 2ϕ , (22)

e^{−λ} [ ν^′ − λ^′ 2r − ν^′λ^′ 4 + ν^{′′} 2 + ν^{′2} 4 ] = − κ ϕ ρ⟨u^2_φ⟩ + 3 2ϕ^2 (∇_φϕ∇^φϕ − 1 2 ∇^λϕ∇_λϕ) − 1 ϕ (∇^φ∇_φ − □)ϕ − V 2ϕ . (23)

Another useful equation is obtained by summing the above four equations e^{−λ} [ 2ν^′ r − ν^′λ^′ 2 + ν^{′′} + ν^{′2} 2 ] = − κ ϕ ρ⟨u^2⟩ − 3 2ϕ^2

(2∇_tϕ∇^tϕ) + 1 ϕ (2∇^t∇_t + □)ϕ − V ϕ , (24)

where ⟨u^2⟩ = ⟨u^2_t ⟩ + ⟨u^2_r⟩ + ⟨u^2_θ⟩ + ⟨u^2_φ⟩. Since we are interested in the extra-galactic region, we assume a small deviation from standard general relativity in which we have ϕ = 1. Let us take ϕ = 1 + ϵg^′(R) in our case where ϵ is a small quantity and g^′(R) describes the modification of the geometry due to the presence of tensor θ_{μν} [20]. Using 1/ϕ ≃ 1 − ϵg^′(R), equation (24) can be written as follows e^{−λ} [ 2ν^′ r − ν^′λ^′ 2 + ν^{′′} + ν^{′2} 2 ] = −κρ⟨u^2⟩ − κρ_ϕ, (25) where −κρ_ϕ ≃ κρ⟨u^2⟩ϵg^′(R) + { − 3 2ϕ^2

[2∇^tϕ∇_tϕ] + 1 ϕ [2∇^t∇_t + □]ϕ − V ϕ } | | ϕ=1+ϵg^′(R) . (26)

It is not difficult to see that equation (26) can be written as e^{−λ} [ ν^′ r − ν^′λ^′ 4 + ν^{′′} 2 + ν^{′2} 4 ] = −4πGρ⟨u^2⟩ − 4πGρ_ϕ. (27) 4 The virial theorem in Palatini f(R) gravity

To derive the virial theorem, we need the Boltzmann equation which governs the evolution of the distribution function. Integrating this equation on the velocity space when accompanied by the gravitational field equations can yield the virial theorem. We consider an isolated spherically symmetric cluster which is described by equation (17). The galaxies in the cluster behave like identical, collisionless point particles. The distribution function is denoted by f_B which obeys the general relativistic Boltzmann equation. Space-time is a time oriented Lorantzian four dimensional manifold. The tangent bundle T (M) is a real vector bundle whose fibers at a point x ∈ M is given by the tangent space T_x(M). The state of a particle is given by the four momentum p ∈ T_x(M) at an event x ∈ M. The one particle phase space P_{phase} is a subset of the tangent bundle given by [13, 15] P_{phase} := {(x, p)|x ∈ M, p ∈ T_x(M), p^2 = −m^2_0}, (28) where m_0 is the particle mass. A state of a multi particle system can be described by a continuous non-negative function f(x, p). It is defined on P_{phase} and gives the number dN of the particles crossing the volume dV with momenta p lying within a corresponding three-surface element d⃗p in the momentum space. The mean value of f_B equals to the average number of occupied particle states (x, p) [13, 15]. Let {x^α} with α = 0 · · · 3 be a local coordinate system in M, defined in some open set U ⊂ M. Note that ∂_t is timelike future directed and ∂_a, a = 1, 2, 3 are spacelike. Then {^∂_{∂xα} } is the natural basis for tangent vectors. Each tangent vector in U can be written as p = p^{α ∂}_{∂xα} . We can define a system of local coordinates {z^A}, A = 0, ..., 7 in T_U (M) as z^α = x^α and z^{α+4} = p^α. A vertical vector field over T (M) is given by π = p^{α ∂}_{∂pα} . The geodesic field σ, which can be constructed over the tangent bundle, is defined as σ = p^α ∂ ∂x^α − p^αp^γ Γ^β_{αγ} ∂ ∂p^β = p^αD_α, where Γ^β_{αγ} are the connection coefficients. Physically, σ describes the phase flow for a stream of particles whose motion through spacetime is geodesic. Therefore the transport equation for the propagation of a particle in a curved arbitrary Riemannian spacetime is given by the Boltzmann equation [13, 15] ( p^α ∂ ∂x^α − p^αp^βΓ^i_{αβ} ∂ ∂p^i ) f_B = 0, (29)

where i = 1, 2, 3. In many applications, it is convenient to introduce an appropriate orthonormal frame or tetrad e^a_μ(x), a = 0 · · · 3 which varies smoothly over some coordinates neighborhood U and satisfies the condition g^{μν} e^a_μe^b_ν = η^{ab} for all x ∈ U. Any tangent vector p^μ at x can be expressed as p^μ = p^ae^μ_a , which defines the tetrad components p^a. In the case of the spherically symmetric line element given by equation (17), we introduce the following frame of orthonormal vectors [13, 15]

e^0_μ = e^{ν/2}δ^0_μ, e^1_μ = e^{λ/2}δ^1_μ, e^2_μ = rδ^2_μ, e^3_μ = r sin θδ^3_μ, (30)

where u^μ is the four velocity of a typical galaxy, satisfying the condition u^μu_μ = −1 with tetrad components u^a = u^μe^a_μ. The relativistic boltzmann equation in tetrad components can be written as u^ae^μ_a ∂f_B ∂x^μ + γ^i_{bc}u^bu^c ∂f_B ∂u^i = 0, (31)

where the distribution function f_B = f_B(x^μ, u^a) and γ^a_{bc} = e^a_{μ;ν} e^μ_b e^ν_c are the Ricci rotation coefficients [10, 13, 15]. We may assume that f_B depends only on the radial coordinate r. Using equation (9), the relativistic Boltzmann equation in Palatini formalism is obtained as u_1^{∂fB}_{∂u1} − (_1

2 u^2_0^{∂ν}_{∂r} −^{u2+u23}_r )_{∂fB} ∂u_1 − 1 r u_1 ( u_2^{∂fB}_{∂u2} + u_3^{∂fB}_{∂u3} ) −^1_r u_3 cot θe^{λ/2} ( u_2^{∂fB}_{∂u3} − u_3^{∂fB}_{∂u2} )

−^{F ′}_{2F} [( u^2_0 + u^2_1 − u^2 − u^2_3 )_{∂fB} ∂u_1 + 2u1u2 ∂f_B ∂u_2 + 2u1u3 ∂f_B ∂u_3 ] = 0. (32)

Since we have assumed the system to be spherically symmetric, the term proportional to cot θ must be zero. Let us take [15]

u_0 = u_t, u_1 = u_r, u_2 = u_θ, u_3 = u_φ. (33)

Multiplying equation (32) by mu_rdu, integrating over the velocity space and assuming that f_B vanishes sufficiently rapidly as the velocities tend to ±∞, we obtain ∂ ∂r [ ρ⟨u^2_r ⟩ ] + 1 2 ∂ν ∂r ρ [ ⟨u^2_t ⟩ + 2⟨u^2_r ⟩ ] − 1 r ρ [ ⟨u^2_θ⟩ + ⟨u^2_φ⟩ ] + 2 r ρ⟨u^2_r⟩ + F^′ρ 2F [ ⟨u^2_t ⟩ + 9⟨u^2_r ⟩ − ⟨u^2_θ⟩ − ⟨u^2_φ⟩ ] = 0. (34)

It is worth mentioning that in integrating equation (32) we note that the functions F and F^′ depend on the average of the square of velocities according to equation (19) via equation (4), which are assumed to be constant quantities. Now, it is useful to multiply equation (34) by 4πr^2 and integrate over the cluster volume to obtain ∫_R 0 ρ [ ⟨u^2_r ⟩ + ⟨u^2_θ⟩ + ⟨u^2_φ⟩ ] 4πr^2dr − 1 2 ∫_R 0 ρ [ ⟨u^2_t ⟩ + 2⟨u^2_r ⟩ ] ∂ν ∂r 4πr^3dr − ∫_R 0 F^′ 2F ρ [ ⟨u^2_t ⟩ + 9⟨u^2_r ⟩ − ⟨u^2_θ⟩ − ⟨u^2_φ⟩ ] 4πr^3dr = 0, (35)

where R is the radius of the cluster.

At this point, it is appropriate to introduce some approximations. First, consider that λ^′ and ν^′ are small quantities. Then the terms proportional to ν^′λ^′ and ν^{′2} in equation (27) may be ignored. Then, assuming that e^{−λ} ≈ 1 inside the cluster [13], we can write equation (27) as 1 2r^2 ∂ ∂r ( r^2 ∂ν ∂r ) = −4πGρ − 4πGρ_ϕ. (36)

Second, consider that the galaxies in the cluster have velocities much smaller than the velocity of light. In other words, ⟨u^2_r ⟩ ≈ ⟨u^2_θ⟩ ≈ ⟨u^2_φ⟩ ≪ ⟨u^2_t ⟩ ≈ 1. Now equation (35) can be written as

2K + 1 2 ∫_R 0 ρ ∂ν ∂r 4πr^3dr + ∫_R 0 F^′ 2F ρ4πr^3dr = 0, (37)

where K = − ∫_R 0 ρ[⟨u^2_r ⟩ + ⟨u^2_θ⟩ + ⟨u^2_φ⟩]2πr^2dr, (38)

is the kinetic energy of the galaxies. Multiplying equation (36) by r^2 and integrating yields GM(r) = − 1 2 r^2 ∂ν ∂r − GM_ϕ(r), (39) where we have used M = ∫_R 0 dM(r) = ∫_R 0 4πρr^2dr as the total mass and we have also defined M_ϕ(r) = 4π ∫_r 0 ρ_ϕ(r^′)r^{′2}dr^′ as the geometric mass of the system. Now, consider the definitions

Ω = − ∫_R 0 GM(r) r dM(r), (40) and Ω_ϕ = ∫_R 0 GM_ϕ(r) r dM(r). (41) Multiplying equation (39) by^{dM(r)}_r which is equal to^{4πρr2dr}_r and integrating gives

Ω = Ω_ϕ + 1 2 ∫_R 0 ρ ∂ν ∂r 4πr^3dr, (42)

where Ω refers to the usual gravitational potential energy of the system. In the end, using equation (37) leads to the generalized virial theorem in palatini formalism of f(R) gravity

2K + Ω − Ω_ϕ + ∫_R 0 F^′ 2F ρ4πr^3dr = 0. (43)

Recalling that F = ϕ in scalar-tensor representation of the theory, the virial theorem may be written in the form

2K + Ω − Ω_ϕ + ∫_R 0 ϕ^′ 2ϕ ρ4πr^3dr = 0. (44)

The fourth term on the left hand side of the virial equation is originated from the relativistic Boltzmann equation in Palatini formalism. This correction term does not exist in metric variational approach. To represent the virial theorem in an alternative form, we write equation (43) as 2K − G ∫_R 0 M(r)dM r − G ∫_R 0 M_ϕ(r)dM r + G ∫_R 0 F^′ 2F G r^2 dM r = 0, (45) or 2K − G ∫_R 0 M(r)dM r − G ∫_R 0 [ M_ϕ(r) − F^′ 2F G r^2 ] dM r = 0. (46)

This equation becomes simpler by the definition M^{new}_ϕ = M_ϕ −^{F ′}_{2F G} r^2 2K − G ∫_R 0 M(r)dM r − G ∫_R 0 M^{new}_ϕ dM r = 0. (47)

It is convenient to introduce the radii R_V and R_ϕ

R_V =

M^2 ∫_R 0 M(r) r dM(r) , (48) and R_ϕ =

(M^{new}_ϕ )^2 ∫_R 0 M^{new}_ϕ (r) r dM(r) . (49)

In addition the virial mass M_V is defined as [13]

2K = GMM_V R_V . (50)

Substituting these definition in equation (47) yields M_V M = 1 +

(M^{new}_ϕ )^2R_V M^2R_ϕ

. (51)

For most of the observed galactic clusters, the relation M_V /M > 3 is true. Therefore one can easily approximate the last equation M_V M ≈ (M^{new}_ϕ )^2R_V M^2R_ϕ

. (52)

One of the motivations of Palatini f(R) gravity models is the possibility of explaining dark matter. We noted above that some geometric terms appear in the Einstein field equations which could effectively play a role in gravitational energy. These geometric terms may be attributed to a geometric mass at the galactic or extra galactic level. They can be interpreted as dark matter which originate from modified gravity theory. On the other hand, dark matter provides the main mass contribution to clusters. It means that one can ignore the mass contribution of the baryonic mass in the clusters and estimate the total mass of the cluster by M_{tot} ≈ M^{new}_ϕ . We also know that the virial mass is mainly determined by the geometric mass, so that the geometric mass could be a potential candidate for the virial mass discrepancy in clusters. As a result, we conclude that M^{new}_ϕ ≈ M_V ≈ M_{tot}. (53) Therefore, equation (52) can be written as M_V ≈ M R_ϕ R_V . (54)

This shows the the virial mass is proportional to the normal baryonic mass of the cluster, whose proportionality constant has geometrical origins.

5 Astrophysical applications

5.1 Typical values for the virial mass and radius Virial mass density can be written as ρ_V =^{3MV}_{4πR3V} , where M_V and R_V are the virial mass and radius respectively. Astrophysical observations together with cosmological simulations show that the virial mass is a measure of a fixed density such as a critical density, ρ_c(z) at a special red-shift. It means that the virial density can be represented as ρ_V = δρ_c(z), where δ ∼ 200. As is well known, ρ_c(z) = h^2(z)3H^2_0 /8πG. The Hubble parameter is therefore normalized to its local value, h^2(z) = Ω_m(1 + z)^3 + Ω_λ, where Ω_m and Ω_λ are the mass density and dark energy density parameters respectively [23]. By knowing the integrated mass of the galaxy cluster as a function of the radius, one can estimate the appropriate physical radius for the mass measurement. The commonly used radii are r_{200} or r_{500}. These radii lie within the radii corresponding to the mean gravitational mass density of the matter ⟨ρ_{tot}⟩ = 200ρ_c or 500ρ_c. A useful radius is r_{200} to find the virial mass. By studying the values of r_{200} for various clusters, one can deduce that a typical value for r_{200} is 2Mpc approximately. The corresponding masses for these radii are defined as M_{200} and M_{500}. In general, M_V = M_{200} and R_V = r_{200} are assumed as a virial mass and radius [21].

5.2 Geometric mass and geometric radius from galactic cluster observations Intra cluster gas has an important contribution to the baryonic mass of the clusters of galaxies. The following equation provides a reasonably good description of the observational date [13, 21]

ρ_g = ρ_0 ( 1 + r^2 r^2_c

)_−^{3β}_2

, (55)

where r_c is the core radius and ρ_0 and β are constants. If we assume that the observed X ray emission from the hot, ionized intra cluster gas is in isothermal equilibrium, then the pressure p_g of the gas satisfies the equation of state p_g = (_{kB Tg} μm_g ) ρ_g, where k_B is the Boltzmann constant, T_g is the gas temperature, μ ≈ 0.61 is the mean atomic weight of the particles in the cluster gas and m_p is the proton mass [13, 21]. Using Jeans equation [1], the total mass distribution can be obtained as [12, 13, 21] M_{tot}(r) = − k_B T_g μm_pG r^2 d dr ln ρ_g. (56)

Substitution of the mass density of the cluster gas in equation (55) gives the total mass inside the cluster [13, 21] M_{tot}(r) = 3k_B βT_g μm_pG r^3 r^2_c + r^2

. (57)

Now, f(R) theory tells us that the total mass of the cluster is M_{tot}(r) = 4π ∫_r 0 (ρ_g + ρ_ϕ)r^2dr, where it is assumed that the main part of the baryonic mass of the cluster is in the form of intra cluster gas. Therefore, M_{tot}(r) satisfies the relation dM_{tot}(r) dr = 4πr^2ρ_g(r) + 4πr^2ρ_ϕ(r). (58)

Since we have estimated the quantities M_{tot}(r) and ρ_g, the expression for the geometric mass density can be readily obtained

4πρ_ϕ(r) = 3K_B βT_g ( r^2 + 3r^2_c ) μm_p (r^2_c + r^2)^2 − 4πGρ_0 ( 1 +^{r2}_{r2c}

) 3β_2 . (59)

In the limit r ≫ r_c, the geometric density takes the simple form 4πρ_ϕ(r) ≈ [ 3K_B βT_g μm_p − 4πGρ_0r^{3β}_c r^{2−3β} ] 1 r^2

. (60)

Also, using equation (59), we can easily write the geometric mass as GM_ϕ(r) = 4π ∫_r 0 r^2ρ_ϕ(r)dr = 3K_B βT_g μm_p r 1 +^{r2c}_{r2} − 4πGρ_0 ∫_r 0 r^2dr (1 +^{r2}_{r2c} )^{3β}2

. (61)

In the limit r ≫ r_c, the geometric mass takes the simple form GM_ϕ(r) ≈ [ 3K_B βT_g μm_p − 4πGρ_0r^{3β}_c r^{2−3β} 3(1 − β) ] r. (62)

Observations show that the intra cluster gas has a small contribution to the total mass [13, 22, 21, 23, 24]. This means that the gas density and mass contributions can be neglected compared to the geometric density and mass, hence 4πGρ_ϕ(r) ≈ ( 3K_B βT_g μm_p ) r^{−2}, (63)

GM_ϕ(r) ≈ ( 3K_B βT_g μm_p ) r. (64)

Now, it is easy to derive the metric tensor component e^ν inside the cluster. From equation (36), we deduce that r^2ν^′ = −2GM_{tot}(r) ≈ −2GM_ϕ(r), which leads to

e^ν ≈ C_ν r^{2s}, (65)

where C_ν is the integration constant and s is defined as s = − 3k_B βT_g μm_p . (66)

The other coefficient in the metric tensor, e^{−λ}, can be estimated approximately as e^{−λ} ≈ 1 − 2GM_{tot} r , (67)

which is the standard expression which, assuming M_{tot} ≈ M_ϕ, may be written as e^{−λ} ≈ 1 −^{6kB βTg}_{μmp} = 1 + 2s. Of course, there is no guarantee as to the accuracy of this approximation inside the cluster. As a result, astrophysical observations can be helpful in deriving the metric components inside the cluster in the context of f(R) theory . However, how can we estimate the upper bound for the cut off of the geometric mass? This happens in a special point where the decaying density profile of the geometric density associated with the cluster becomes smaller than the average energy density of the universe. We assume that the two densities become equal at the radius R^{cr}_ϕ . In other words, we can write ρ_ϕ(R^{cr}_ϕ ) = ρ_{universe}. Let us set ρ_{universe} = ρ_c =^{3H2}_{8πG} = 4.6975 × 10^{−30}h^2_{50}g/cm^{−3} where H = 50h_{50}km/Mpc/s [13, 21]. By using equation (63), we obtain

R^{(cr)}_ϕ = ( 3k_B βT_g μm_pGρ_c ) 1_2

= 91.33 √ β ( k_B T_g 5keV ) 1_2 h^{−1}_{50} Mpc. (68)

We may also derive the total geometric mass in equation (64) corresponding to this radius as

M^{(cr)}_ϕ = M_ϕ(R^{(cr)}_ϕ ) = 4.83 × 10^{16}β^{3/2} ( k_B T_g 5keV ) 3_2 h^{−1}_{50} M_⊙. (69)

This value is consistent with the mass distribution observations in clusters. Within f(R) gravity, geometric mass effects are beyond the virial radius, which is about a few Mpc.

5.3 Radial velocity dispersion in galactic clusters We can write the virial mass in terms of the characteristic velocity dispersion σ_1 as [24]

M_V = 3 G σ^2_1 R_V , (70)

where 3σ^2_1 = σ^2_r . Let us consider an isotropic velocity dispersion. Then, we have ⟨u^2⟩ = ⟨u^2_r ⟩ + ⟨u^2_θ⟩ + ⟨u^2_φ⟩ = 3⟨u^2_r ⟩ = 3σ^2_r where σ^2_r is the radial velocity dispersion. Radial velocity dispersion relation for clusters in f(R) gravity can be obtained from equation (34) as d dr (ρσ^2_r ) + 1 2 ρ dν dr + F^′ 2F ρ = 0, (71)

from which one can deduce a relation for ν^′. Also equation (36) yields a relation for ν^′

ν^′ = − 1 r^2

[2GM_ϕ(r) + 2GM(r) + 2c], (72)

where c is an integration constant. By eliminating ν^′ from the last two equations, we obtain d dr (ρσ^2_r ) = − F^′ 2F ρ + 1 r^2

[GM_ϕ(r) + GM(r) + c]ρ. (73)

Integration now gives the solution as follows

σ^2_r (r) = − 1 ρ ∫ F^′ 2F ρdr + 1 ρ ∫ [GM_ϕ(r) + GM(r) + c] ρdr r^2 + c^′ ρ . (74)

We can apply equation (74) to a special case where the density ρ is chosen as [13]

ρ(r) = ρ_0r^{−γ} , (75)

with ρ_0 and γ ≠ 1, 3 being positive constants. As ρ is the normal matter density inside the cluster, it yields the normal matter mass profile M(r) = 4πρ_0r^{3−γ} /(3 − γ). According to equation (64), the geometric mass GM_ϕ(r) ≈ q_0r, where q_0 = 3k_B βT_g/μm_p. The radial velocity dispersion for γ ≠ 1, 3 will be

σ^2_r (r) = −r^γ ∫ F^′ 2F r^{−γ} dr − q_0 γ − 2πGρ_0 (γ − 1)(3 − γ) r^{2−γ} − c γ + 1 1 r + c^′ ρ_0 r^γ . (76)

For γ = 1 we find

σ^2_r (r) = −r ∫ F^′ 2F r^{−1}dr − q_0 + 2πGρ_0r ln r − c 2r + c^′ ρ_0 r, (77)

and for γ = 3 we have

σ^2_r (r) = −r^3 ∫ F^′ 2F r^{−3}dr − q_0 3 + πGρ_0 ( ln r + 1 4 ) − c 4 1 r + c^′ ρ_0 r^3. (78)

The observed data can usually be translated to a specific function for velocity dispersion relation. Then one can compare the observed velocity dispersion with prediction in modified f(R) gravity to compare the different theoretical scenarios.

6 The Lagrangian

We recognized the possibility of finding the metric tensor components in f(R) gravity using the virial theorem in the previous sections. One of the other consequences is to find the lagrangian f(R) of the theory, in other words, the form that f(R) can take. We start from the field equations in the standard representation. Equations (20) and (21) then yield F^{′′} − ν^′ + λ^′ 2 F^′ + ν^′ + λ^′ r F − 3 2 F^{′2} F = 0. (79)

Also, from Equations (22) and (23) we have − ν^′λ^′ 4 + ν^{′′} 2 + ν^{′2} 4 + 1 r^2

(e^λ − 1) = − 3 4 ( F^′ F )_2 + 1 2 F^{′′} F + ( ν^′ − λ^′ 4 − 1 r ) F^′ F . (80)

Equation (2) with μ = ν = 0, using equation (10) leads to f = F e^{−λ} [ ν^′λ^′ 2 − ν^{′′} − ν^{′2} 2 − 2ν^′ r + ( 3ν^′ − λ^′ 2 + 2 r ) F^′ F + F^{′′} F ] . (81)

Now, we can write the Ricci scalar from equations (4) and (11) as follows R = 2f F − 3e^{−λ} [ − 1 2 ( F^′ F )_2 + ( F^{′′} F ) + ( ν^′ − λ^′ 2 + 2 r ) ( F^′ F )] . (82)

Here, R is derived in the context of metric formalism. In fact, we have replaced all the parameters in terms of those appearing in the metric formalism which would then lead to the metric Ricci scalar. In the derivation of the above equations, we have neglected the contribution from the baryonic matter. Equation (65) together with the assumption e^λ =const. inside the clusters then become reasonable to use. Now, equation (79) can be written as F F^{′′} − s r F^′F − 3 2 F^{′2} + 2s r^2

F^2 = 0, (83)

for which a solution is F = 4(s^2 + 6s + 1)r^{(−s−1−√s2+6s+1)} c , (84)

where c is an integration constant and we set c = 1. The component e^λ can be derived from Equation (80) by using the expression for F

e^λ = 1 + s − s^2 +

(s + 1 + √ s^2 + 6s + 1) 4 ( 5 − 3s − √ s^2 + 6s + 1 ) . (85)

Now, equation (81) gives f F = e^{−λ} r^2 [ −2s − 2s^2 + (s + 1 + √ s^2 + 6s + 1)(−2s + √ s^2 + 6s + 1) ] , (86)

and equation (82) results in R = e^{−λ} r^2 [ (s + 1 + √ s^2 + 6s + 1)(−5s + 3 + √ s^2 + 6s + 1) 2 − 4s − 4s^2 ] . (87)

Recall that R is the Ricci scalar in Palatini formalism whereas R is the Ricci scalar in metric formalism. Finally, we can easily obtain f as a function of R as follows

f = f_0R^{s+3+}

√_{s2+6s+1}

2 , (88) where

f_0 =

4(s^2 + 6s + 1) [ −2s − 2s^2 + (s + 1 + √ s^2 + 6s + 1)(−2s + √ s^2 + 6s + 1) ] [_{(s+1+}√_{s2+6s+1)(−5s+3+}√_{s2+6s+1)} 2 − 4s − 4s^2

]^{s+3+√s2+6s+1} 2 e^{λ (s+1+}

√_{s2+6s+1)}

2 . (89)

One may also obtain the action in terms of the Ricci scalar in Palatini formalism. In either case, knowing the physical parameters such as gas density and temperature, one can deduce the action for modified gravity.

7 Conclusions

Virial theorem is a convenient tool with which to derive the mean density of galaxy clusters and it can therefore predict the total mass of clusters. We have used the relativistic Boltzmann equation within the context of Palatini f(R) theory to derive the virial theorem. To write the field equations, we have applied the standard cosmological averaging for the energy-momentum tensor. The virial mass is mainly determined by the geometric mass which is associated to the geometrical terms in the gravitational field equations. The generalized virial mass implicitly includes the effects of dark matter and may therefore be used to describe the dynamics of clusters. If equations (54) and (68) accompany the assumption R_ϕ ≈ R^{(cr)}_ϕ , one can estimate the virial mass as M_V ≈ 91.33 √ β(^{kB Tg}_{5keV} )^12 h^{−1}_{50}^M_{RV (Mpc)} which, by having the physical parameters of a cluster, leads to a specific value. In fact the virial mass can be approximated to give the total mass of clusters. In this paper, we have found that the virial mass or the total mass of clusters can also be obtained from the velocity dispersion relations. However, uncertainties in observational data suppresses the exact value of the virial mass. It seems that the gravitational lensing of light in f(R) theories gives more exact values for the total mass of clusters. In any case, since the virial theorem results can be compared with observational data, one can apply it to different theories to test their viability. We also derived, in effect, the Lagrangian of the theory in terms of the metric Ricci scalar. Finally, we discussed the limitations of our approach which is rooted on the assumption that there exists an averaged metric which is the outcome of putting on the right hand side of the field equations an averaged energy momentum tensor.

Acknowledgement

We would like to thank the anonymous referee for invaluable comments and criticisms.

References

[1] J. Binney and S. Tremaine, Galactic Dynamics, Princeton, Princeton University Press, (1987);

M. Persic, P. Salucci and F. Stel, Month. Not. R. Astron. Soc. 281, 27 (1996), arXiv:astroph/9506004;

A. Borriello and P. Salucci, Month. Not. R. Astron. Soc. 323, 285 (2001), arXiv:astroph/0001082;

P. Salucci, A. Lapi, C. Tonini, G. Gentile, I. Yegorova and U. Klein, Mon. Not. Roy. Astron. Soc. 378, 41 (2007), arXiv:astro-ph/0703115 (2007).

[2] J. M. Overduin and P. S. Wesson, Phys. Repts. 402, 267 (2004), arXiv:astro-ph/0407207.

[3] M. Milgrom, Astrophys. J. 270, 365 (1983);

R. H. Sanders, Astrophys. 136, L21 (1984);

J. Bekenstein and M. Milgrom, Astrophys. J. 286, 7 (1984); R. H. Sanders, Astron. Astrophys. 154, 135 (1986);

P. D. Mannheim, Astrophys. J. 419, 150 (1993), arXiv:hep-th/9212304;

J. W. Moffat and I. Y. Sokolov, Phys. Lett. B378, 59 (1996); P. D. Mannheim, Astrophys. J. 479, 659 (1997);

M. Milgrom, New Astron. Rev. 46, 741 (2002), arXiv:astro-ph/0207231; M. Milgrom, Astrophys. J. 599, L25 (2003);

M. K. Mak and T. Harko, Phys. Rev. D70, 024010 (2004), arXiv:gr-qc/0404104; J. D. Bekenstein, Phys. Rev. D70, 083509 (2004), arXiv:astro-ph/0403694; M. D. Roberts, Gen. Rel. Grav. 36, 2423 (2004);

J. R. Brownstein and J. W. Moffat, Astrophys. J. 636, 721 (2006), arXiv:astro-ph/0506370; J. R. Brownstein and J. W. Moffat, Mon. Not. Roy. Astron. Soc. 367, 527 (2006), arXiv:astroph/0507222;

T. Harko and K. S. Cheng, Astrophys. J. 636, 8 (2006), arXiv:astro-ph/0509576; C. G. Böhmer and T. Harko, Class. Quantum Grav. 24, 3191 (2007), arXiv:0705.2496.

[4] S. Capozziello, S. Nojiri, S. D. Odintsov and A. Troisi, Phys. Lett. B639, 135 (2006), arXiv:astrpph/0604431.

[5] S.Nojiri and S. D. Odintsov, Phys. Rev. D74, 086005 (2006), arXiv:hep-th/0608008;

S. Nojiri, S. D. Odintsov and P. V. Tretyakov, Phys. Lett. B 651, 224 (2007), arXiv:0704.2520; S. Nojiri and S. D. Odintsov, Phys. Lett. B 652, 343 (2007), arXiv:0706.1378.

[6] S. Capozziello, V. F. Cardone and A. Troisi, JCAP 0608, 001 (2006), arXiv:astro-ph/0602349;

S. Capozziello, V. F. Cardone and A. Troisi, Mon. Not. R. Astron. Soc. 375, 1423 (2007), arXiv:astro-ph/0603522.

[7] A. Borowiec, W. Godlowski and M. Szydlowski, Int. J. Geom. Meth. Mod. Phys. 4, 183 (2007), arXiv:astro-ph/0607639.

[8] C. F. Martins and P. Salucci, Mon. Not. Roy. Astron. Soc. 381, 1103 (2007), arXiv:astroph/0703243.

[9] T. P. Sotiriou and V. Faraoni, arXiv:0805.1726 (2008).

[10] J. C. Jackson, Month. Not. R. Astr. Soc. 148, 249 (1970).

[11] M. Nowakowski, J. C. Sanabria and A. Garcia, Phys. Rev. D66, 023003 (2002);

A. Balaguera-Antolínez, C. G. Böhmer and M. Nowakowski, Class. Quantum Grav. 23, 485 (2006), arXiv:gr-qc/0511057;

A. Balaguera-Antolínez, D. F. Mota and M. Nowakowski, Mon. Not. Roy. Astron. Soc. 382, 621 (2007), arXiv:0708.2980.

[12] T. Harko and K. S. Cheng, Phys. Rev. D76, 044013 (2007), arXiv:0707.1128.

[13] C. G. Böhmer, T. Harko and F. S. N. Lobo, JCAP 0803, 024 (2008), arXiv:0710.0966.

[14] K. Atazadeh and H. R. Sepangi, Int. J. Mod. Phys. D16, 687 (2007), arXiv:gr-qc/0602028.

[15] R. W. Lindquist, Annals of Physics 37, 487 (1966);

R. Maartens and S. D. Maharaj, J. Math. Phys. 26, 2869 (1985); S. Bildhauer, Class. Quantum Grav. 6, 1171 (1989); Z. Banach and S. Piekarsky, J. Math. Phys. 35, 4809 (1994).

[16] E. Flanagan, Phys. Rev. Lett. 92, 071101 (2004).

[17] G.Olmo, Phys. Rev. Lett. 98, 061101 (2007).

[18] B. Li, D. F. Motta and D. Shaw, arXiv:0801.0603.

[19] G. Olmo, Phys. Rev. D 77, 084021 (2008).

[20] G. J. Olmo, Phys. Rev. D75, 023511 (2007), arXiv:gr-qc/0612047. [21] T. H. Reiprich and H. Böhringer, Astrophys. J. 567, 716 (2002), arXiv:astro-ph/0111285. [22] T. H. Reiprich and H. Böhringer, K. Arzner and T. H. Reiprich, Astron. Astrophys. 370, 715 (2001), arXiv:astro-ph/0102439.

[23] M. Arnaud, X-ray observations of clusters of galaxies, in Background Microwave Radiation and Intracluster Cosmology, Proceedings of the International School of Physics Enrico Fermi, edited by F. Melchiorri and Y. Rephaeli, published by IOS Press, The Netherlands, and Societ‘a Italiana di Fisica, Bologna, Italy, p.77, (2005).

[24] R. G. Carlberg, H. K. C. Yee and E. Ellingson, Astrophys. J. 478, 462 (1997).