arXiv:0908.3061v1 [gr-qc] 21 Aug 2009

Information-theoretic natural ultraviolet cutoff for spacetime

Achim Kempf Departments of Applied Mathematics and Physics, University of Waterloo Waterloo, Ontario N2L 3G1, Canada

Fields in spacetime could be simultaneously discrete and continuous, in the same way that information can: it has been shown that the amplitudes, ϕ(xn), that a field takes at a generic discrete set of points, xn, can be sufficient to reconstruct the field ϕ(x) for all x, namely if there exists a certain type of natural ultraviolet (UV) cutoff in nature, and if the average spacing of the sample points is at the UV cutoff scale. Here, we generalize this information-theoretic framework to spacetimes themselves. We show that samples taken at a generic discrete set of points of a Euclidean-signature spacetime can allow one to reconstruct the shape of that spacetime everywhere, down to the cutoff scale. The resulting methods could be useful in various approaches to quantum gravity.

PACS numbers: 04.60.-m, 03.67.-a, 04.62.+v, 02.90.+p

At the heart of any candidate theory of quantum gravity is an attempt to describe the structure of spacetime at the Planck scale. The problem is hard because general relativity and quantum theory provide seemingly contradictory indications. While general relativity describes spacetime as a manifold, quantum field theories appear to be well-defined only if spacetime is discrete.

In this context, it has been proposed that spacetime could be simultaneously discrete and continuous, in the same way that information can [1]. The underlying mathematical structure, Shannon sampling theory [2], is at the heart of information theory and is of ubiquitous use in communication engineering and signal processing. Sampling theory explains that any signal, ϕ(t), with a bandlimit, Ω, can be reconstructed perfectly for all t from the knowledge of the samples ϕ(t_n) at sample points t_n whose average density (technically, the Beurling density) is at least 2Ω. The reconstruction of ϕ(t) is numerically most stable when the samples are taken equidistantly, with spacing t_{n+1} −t_n = (2Ω)^{−1}, in which case the reconstruction formula reads: ϕ(t) = ∑ n sinc(2(t−t_n)Ω) ϕ(t_n). For later reference, we note that then also, ∑ n ϕ(t_n)ψ(t_n) = 2Ω ∫ dt ϕ(t)ψ(t), which is useful to solve hard-to-sum series (e.g., in analytic number theory): view the terms of the series in question as samples of bandlimited functions, rewrite the series as an integral, then apply integration tools such as integration by parts or contour integration.

The idea that physical fields could possess the sampling property was first proposed in [1], where it was shown that fields possess the sampling property if the uncertainty relations are modified in the ultraviolet so that there is formally a finite lower bound, Δx_{min}, on the uncertainty in position. Such uncertainty relations have indeed arisen in various studies of quantum gravity and string theory, see e.g., [3]. This UV cutoff has then been applied, in particular, to the space-like hypersurfaces in inflationary cosmology. Possible signatures in the scalar and tensor spectra of the cosmic microwave background have been calculated, see e.g. [4].

Sampling theory of fields. Let us briefly review the generalization of sampling theory to physical fields in curved Euclidean-signature spacetimes, such as the fields that are being summed over in the path integral of Euclidean quantum field theory (QFT), [5, 6].

To this end, consider a spacetime described by a compact smooth Riemannian manifold. For simplicity, let us assume it has no boundary. For the covariant inner product of fields on the manifold we use the usual bra-ket notation inspired by first quantization: (ϕ|ψ) = ∫ d^dx √ |g| ϕ(x)ψ(x), so that one has, for example:

ϕ(x) = (x|ϕ). We use the sign convention in which the spectrum of the Laplacian is positive and we choose c = ℏ = G = 1. The Laplacian is self-adjoint, with Δv_{λi} = λ_iv_{λi} solved by normalizable eigenfunctions with discrete eigenvalues. The generalization of the assumption of bandlimitation is the assumption that there exists a natural hard UV cutoff, Λ, of the spectrum of the Laplacian, with Λ, for example, at the Planck scale. In QFT, the space of fields, F, that is being integrated over in the path integral, is then spanned by the eigenfunctions v_{λi} of the Laplacian whose eigenvalues, λ_i, are below the cutoff, λ_i < Λ. Let P denote the projector onto F and let us denote the Laplacian restricted to F by Δ_c = Δ|_F . The fields |ϕ) ∈ F that occur in the path integral obey ϕ(x) = (x|ϕ) = (x|P |ϕ). Notice that this means that the point-localized fields |x) are now indistinguishable from the fields P |x) in which wavelengths shorter than the cutoff scale are removed. Intuitively, this expresses a minimum length uncertainty principle.

Since the Laplacian’s spectrum does not possess accumulation points, the dimension, N, of the space of fields is finite, dim(F) = N. It was shown that therefore any field ϕ(x) ∈ F can be reconstructed everywhere if known only on N generic points of the manifold. The fields, actions and equations of motion therefore possess a representation on the smooth spacetime manifold as well as equivalently also on any lattice of N generic points. Under mild conditions, Weyl’s asymptotic formula was shown to imply that as the infrared (IR) cutoff is removed by letting the volume of the manifold diverge, V → ∞, one has N → ∞ such that the density of samples necessary for reconstruction, N/V , indeed stays finite [6].

Sampling theory of spacetime. The aim in this Letter is to generalize sampling theory to spacetime itself. Assuming the natural hard UV cutoff above, can the shape of a Euclidean-signature spacetime be reconstructed everywhere from suitable samples taken at a discrete set of points?

For most purposes, a spacetime’s shape is best described in terms of the affine connection. Here, however, a different description appears more useful. Let us recall a comment by Einstein [7], who pointed out that the nontrivial shape of a manifold manifests itself not only in the nontriviality of the parallel transport of tensors. Crediting Helmholtz, Einstein emphasized that the shape of a manifold can also be thought of in terms of the nontriviality of the mutual distances among points: In d-dimensional flat space, consider M points. In cartesian coordinates, the points possess Md coordinates x^{(n)}_i with n = 1, ..., M and i = 1, ..., d. By Pythagoras, the M(M − 1)/2 mutual distances s_{n,n}′ obey the equations s^2_{n,n}′ = ∑_d i=1(x^{(n)}_i −x^{(n′ )}_i )^2. If M > 2d+1, the Md coordinates can be eliminated in these M(M −1)/2 equations, to leave M(M −1)/2−Md nontrivial equations that must hold among the mutual distances s_{n,n}′ if the manifold is indeed flat. If the manifold is curved this manifests itself in the way in which these equations are violated.

Let us try, therefore, to reconstruct the shape of a spacetime of finite volume by sampling at a sufficient number, N, of generic points a quantity that is closely related to their mutual distances. To this end, we sample the propagator, or correlator, G(x^{(n)}, x^{(n′ )}), of a scalar field for each pair of the N chosen points. Generally, the larger the distance between x^{(n)} and x^{(n′ )}, the smaller is the correlator. For a free scalar we have, e.g.: G(x^{(n)}, x^{(n′ )}) = (x^{(n)}|P (Δ + m^2)^{−1}P |x^{(n′ )}). Indeed, the knowledge of the N(N − 1)/2 matrix elements G(x^{(n)}, x^{(n′ )}) suffices to reconstruct the shape of the spacetime up to the UV cutoff scale. To see this, we note first that the matrix (G(x^{(n)}, x^{(n′)}))_{nn}′ represents the correlator, (Δ_c + m^2)^{−1}, in a basis, namely the basis {P |x^{(n)})}, which means that we can determine its eigenvalues. Since the correlator is diagonal in the same basis as the Laplacian Δ_c, we also obtain the spectrum of Δ_c. (Also in interacting theories the Laplacian’s spectrum can be calculated since the functional dependence of the correlator on Δ_c is still determined by the action.)

Crucially now, the eigenvalues of Δ_c provide us with the shape of the spacetime from large length scales down to the cutoff scale. To see this, let us recall key results of the discipline of spectral geometry which studies the relationship between the shape of a manifold (or domain) and the spectrum of its Laplacian or Dirac operator. (Note that spectral geometry thereby naturally combines functional analysis and differential geometry, i.e., the mathematical languages of quantum theory and general relativity.) In particular, isospectral manifolds are generally also isometric, though there are exceptions. One cannot always “hear the shape of a drum”, see, e.g., [8]. Even pairs of isospectral but non-isometric manifolds that are compact and simply connected have been constructed [9]. It is known, however, that the eigenvalues change continuously as a function of the shape of the manifold. Also, the eigenvalues are nondegenerate for generic manifolds, and a manifold can have degenerate eigenvalues only if it possesses a continuous group of isometries [10].

For our purposes, we are led to consider classes of manifolds whose Laplacians share the same eigenvalues (and their multiplicities) only up to the cutoff Λ, and which we may therefore call Λ-isospectral. This is because the samples of the matrix elements of the correlator, (G(x^{(n)}, x^{(n′ )}))_{nn}′ , determine only the N eigenvalues of the Laplacian Δ_c. The eigenvalues that the full Laplacian, Δ, possesses beyond the cutoff remain undetermined. This tells us what the UV cutoff means for the shape of spacetime itself. The cutoff does not directly mean a cutoff for the curvature, for example. Instead, the fact that the eigenvalues of the Laplacian beyond the cutoff remain undetermined by any measurement possible means that all Λ-isospectral manifolds are physically indistinguishable and thus equivalent. When referring to a “spacetime with UV cutoff”, specified by N eigenvalues, λ_1 ≤ ... ≤ λ_N < Λ, we will therefore henceforth mean an equivalence class of Λ-isospectral manifolds.

Intuitively, the higher the eigenvalues of the Laplacian the higher the “squared momentum” that they represent, and therefore the smaller the wrinkles which they determine in the manifold. The eigenvalues up to Λ essentially determine the shape of a spacetime with UV-cutoff from large scales down to lengths as small as the cutoff scale. The undetermined eigenvalues beyond the cutoff would describe wrinkles on length scales smaller than the cutoff scale. At distances smaller than the cutoff scale the shape of a spacetime with UV cutoff is not determined.

This can be viewed as a matter of representation theory. In general relativity, the choice of coordinate system is merely a choice of representation for an underlying Riemannian manifold. With the UV cutoff, even the choice of Riemannian manifold is merely a choice of representation for an underlying “spacetime with UV cutoff” that is defined through the first N eigenvalues of the Laplacian.

To be precise, however, the picture is slightly more subtle. A theory may contain additional fields with interactions that allow one to physically distinguish among certain Λ-isospectral manifolds. At the very least, we have to divide each equivalence class of Λ-isometric manifolds into sub-equivalence classes of manifolds that are continuously deformable into each other within their class of Λ-isospectral manifolds. This is because at least for those subclasses we can define what we may call “geometric quantum numbers” that distinguish them and that could be measurable in the full theory. Consider, for example, a manifold in the shape of a potato’s surface, with N points singled out. The same N points on the manifold with the shape of the mirror-imaged potato clearly possess the same correlators. Thus, the two potato surfaces, similar to enantiomeres in chemistry, are Λ-isospectral. However, if the action contains a parity-breaking interaction, such as the weak interaction, then the two manifolds become distinguishable. Apart from parity, also the dimension of the manifold can be viewed as a geometric quantum number. This is because Λ-isospectral manifolds of different dimensions cannot be continuously deformed into another. Note that the scaling of the Laplacian’s spectrum for asymptotically large eigenvalues is in one-to-one correspondence to the manifold’s dimension [11]. It should be interesting to study the set of possible geometric quantum numbers, and their relation to cohomology, by methods similar to those used to construct isospectral non-isometric manifolds, see e.g. [9].

A “spacetime with UV cutoff” is, therefore, an equivalence class of manifolds that are Λ-isospectral and possess the same geometric quantum numbers. An intriguing possibility is that it may not be necessary to keep track of geometric quantum numbers as variables that are separate from the spectrum after all, namely when working with the full Laplacian, dδ + δd, on all differential forms, and the Dirac operator. Their spectra may well include all information about the geometric quantum numbers. It is known, for example, that the multiplicity of the eigenvalue 0 of the Laplace operator on p-forms coincides with the p’th Betti number of the manifold.

Let us summarize the sampling and reconstruction for both spacetime and field. Abstractly, a spacetime is specified by the eigenvalues λ_1, ..., λ_N of Δ_c. A field, |ϕ), on the spacetime is a vector in the N-dimensional Hilbert space on which Δ_c acts, conveniently specified through its coefficients ϕ_n in an ON eigenbasis {|v_{λi} )} of Δ_c, as |ϕ) = ∑_N i=1 ϕ_i|v_{λi} ). Now consider a continuous representation of the spacetime as a manifold that possesses the right geometric quantum numbers, such as the dimension, and whose Laplacian Δ possesses the spectrum of Δ_c up to Λ. Choosing coordinates, the eigenvectors of Δ_c are represented as eigenfunctions v_{λi} (x) of Δ. The field is represented by the function ϕ(x) = ∑_N i=1 ϕ_iv_{λi} (x).

We obtain a lattice representation by choosing N generic points x^{(1)}, ..., x^{(N)} at which we sample and record the matrix of correlators G(x^{(i)}, x^{(j)}) and the field’s amplitudes ϕ(x^{(i)}). From these data we can fully reconstruct the λ_1, ..., λ_N and ϕ_1, ..., ϕ_N that abstractly define the spacetime and field. First, the diagonalization of the matrix of correlators yields the eigenvalues of Δ_c. To obtain the coefficients ϕ_j = (v_{λj} |ϕ) we insert a resolution of the identity in (x^{(n)}|ϕ) = ∑_N j=1(x^{(n)}|v_{λj} ) (v_{λj} |ϕ), i.e., ϕ(x^{(n)}) = ∑ j E_{nj} ϕ_j . The change of basis matrix E_{nj} = (x^{(n)}|v_{λj} ) is known from the diagonalization of the matrix of correlator samples. Since the ϕ(x^{(i)}) are known samples, we obtain ϕ_i = ∑ j (E_{ij} )^{−1} ϕ(x^{(j)}).

Thus, from the samples of field amplitudes and correlators, we have obtained the spacetime in terms of the eigenvalues of its Laplacian Δ_c and the field as a vector in the N-dimensional vector space on which Δ_c acts. At this point we are free to represent the abstract spacetime by the same or any other member of its equivalence class of Λ-isospectral manifolds, choose coordinates and express the field as an explicit function. Note that the choice of real-valued orthonormalized eigenfunctions, while normally ambiguous up to a factor of −1, is here fixed by continuity. The formalism establishes, therefore, an equivalence between discrete and continuous representations of spacetimes and fields.

Note that the reconstruction of the spacetime and the field is possible even when the sample points x_n are chosen close together, possibly leaving large regions without samples. As mentioned, also in Shannon sampling the reconstruction from irregularly-spaced samples is possible but requires increased numerical precision. This can be understood by considering Shannon’s channel capacity formula, C = B log(1 + S/N) and the phenomenon of superoscillations [2]. While holding the overall information density, C, fixed, the sample density, or Nyquist rate, B, can be locally lowered, at the cost of needing an exponentially higher signal to noise ratio S/N, which represents the reconstruction instability. In our case here, we notice that if the x_n are chosen close, the basis vectors P |x_n) acquire significant overlap and thus form small angles in the Hilbert space F. This means that the condition number of the change of basis matrix E to the ON eigenbasis of Δ_c, deteriorates, which indicates the need for increased numerical precision. It should be very interesting to develop the corresponding classical and quantum capacity formulas for the sampling of manifolds.

A simple example of a partition function. Consider a matter action of the form S_{matter} = ∫ d^nx √ |g| (_1 2 ϕ(x)(Δ + m^2)ϕ(x) + J(x)Φ(x) ) where we made a scalar field explicit and where J can be a source or stand for a background of other fields. Representation independently, the action reads: S_{matter} =^1_2 (ϕ|Δ + m^2|ϕ) + (J|ϕ) = T r (_1 2 (Δ + m^2)|ϕ)(ϕ| + |J)(ϕ| ) . Representing the action in an ON eigenbasis of the Laplacian, we have: S_{matter} = ∑_N i=1 1 2 ϕ_i(λ_i + m^2)ϕ_i + J_iϕ_i.

The action already contains the degrees of freedom, λ_i, which describe the shape of the spacetime. However, an action is still needed for the degree of freedom, N, which describes the overall size of the system. The simplest choice is S_{size} = αN = αT r(1), where α remains to be determined. We obtain: S_{total} = T r ( α 1 +^1_2 (Δ + m^2)|ϕ)(ϕ| + |J)(ϕ| ) . To understand S_{size}, let us represent the spacetime as a manifold. Then,

N, being a scalar, is expressible as an integral over the curvature scalars. Indeed, in four dimensions, [12]: N = 1 16π ∫ d^4x √ |g| { 1 2Λ^2 + 1 6Λ R + 1 180 (R^{μνρϵ}R_{μνρϵ} −R_{μν} R^{μν} + 6ΔR − 5 2 R^2) + O(Λ) } (1) The first term yields a cosmological constant. It implies that the average density of sample points needed for the reconstruction of the field and spacetime obeys N/V = (32πΛ^2)^{−1}, except for corrections due to the curvature terms. Curvature can therefore be viewed as a spatial modulation of the average sample density, or density of degrees of freedom. The second term in S_{size} becomes the Einstein action after we set α = 6Λ.

We could now represent the spacetimes and fields in the formal partition function Z[J] = ∫ e^{−Stotal} D[ϕ] D[g] as concrete manifolds and concrete functions on those manifolds. This would yield an unwieldy expression whose evaluation would be plagued, as usual, by the need to mod out physically equivalent configurations. Alternatively, the sampling-theoretic view suggests working with the well-defined partition function Z[J] = ∞∑ N=1 ∫ D[ϕ] ∫ D[λ] e^{−T r}(^{6Λ1+ 12 (Δ+m2)|ϕ)(ϕ|+|J)(ϕ|}) (2) which reads in the eigenbasis of the Laplacian: Z[J] = ∞∑ N=1 1 N! ∫_Λ 0 dλ_1... ∫_Λ 0 dλ_N ∫_∞ −∞ dϕ_1... ∫_∞ −∞ dϕ_N

exp ( −6ΛN − N∑ i=1 ( 1 2 (λ_i + m^2)ϕ^2_i − J_iϕ_i ))

Discussion. Note that we here tentatively assumed that it is necessary to sum over all discrete spectra (up to Λ), irrespective of what type of Riemannian manifold, if any, they correspond to. Also, in the full theory, there could be additional terms that induce the cutoff dynamically, for example [5], (counter-) terms that form a power series in the Laplacian, (ϕ| ∑ r c_rΔ^r|ϕ) = T r ( ∑ r c_rΔ^r|ϕ)(ϕ|), whose radius of convergence is Λ. This removes fields that contain components beyond the cutoff by letting their Boltzmann factor vanish. In general, the terms responsible for the cutoff may of course not be quadratic in the fields. Further, it may be necessary to handle manifolds with infinite volume and a continuous spectrum. In this case, one may have to suitably re-scale Δ_c as N → ∞, to keep its spectrum discrete and therefore indicative of the manifold’s shape.

Since any candidate quantum gravity theory must recover QFT for sufficiently large length scales, we discussed how the sampling theoretic natural UV cutoff would impact the QFT path integral. The new framework for the sampling and reconstruction of spacetimes and fields could be useful, however, also beyond QFT in various studies of quantum gravity, in particular, in studies in which spacetime is modelled as discrete, see e.g. [13]. There, the new sampling methods could be used to give discrete structures a continuous representation. This could establish and stabilize the effective dimension of a lattice and it could make it unnecessary to take a continuum limit. It could also serve as a mere mathematical tool in these theories, for example, to rewrite hard-to-sum series as integrals, or to rewrite hard-to-solve finite difference equations as differential equations that are easier to handle.

In the literature, formulations of general relativity in terms of the eigenvalues of the Dirac operator have been discussed, see e.g., [14]. It should be very interesting to try to transfer results of those works into the information theoretic framework here.

Acknowledgement. This work has been supported by the Discovery and CRC Programs of NSERC.

[1] A. Kempf, Phys. Rev. Lett. 85, 2873 (2000) [2] C. E. Shannon, W. Weaver The Mathematical Theory of Communication, Univ. of Illinois Press (1963), J.J. Benedetto, P.J.S.G. Ferreira, Modern Sampling Theory, Springer Verlag, Heidelberg (2001), P.J.S.G. Ferreira, A. Kempf, IEEE Trans. Sign. Proc. 54, 3732 (2006) [3] D.J. Gross, P.F. Mende, Nucl. Phys. B303, 407 (1988), D. Amati, M. Ciafaloni, G. Veneziano, Phys. Lett. B216 41, (1989), A. Kempf, J. Math. Phys. 35 (9), 4483 (1994), D.V. Ahluwalia, Phys. Lett. B339, 301 (1994), M.-J. Jaeckel, S. Reynaud, Phys. Lett. A185, 143 (1994), E. Witten, Phys. Today 49 (4), 24 (1996), G. Amelino-Camelia, J. Ellis, N.E. Mavromatos, D.V. Nanopoulos, Mod. Phys. Lett.A12 2029 (1997) [4] A. Kempf, Phys. Rev. D63 083514, (2001), A. Kempf, J. C. Niemeyer, Phys. Rev. D64 103501 2001), R. Easther, B. R. Greene, W. H. Kinney, G. Shiu, Phys. Rev. D64 103502 (2001), R. Easther, W.H. Kinney, H. Peiris, JCAP 05 009 (2005) [5] A. Kempf, Phys. Rev. Lett. 92, 221301 (2004), A. Kempf, Phys. Rev. D69, 124014 (2004) [6] A.Kempf, R.T.Martin, Phys.Rev.Lett.100 021304 (2008) [7] A. Einstein, Grundzüge der Relativitätstheorie, p12, Vieweg & Sohn, Baunschweig, 5th Edition (1979) [8] C. Gordon, D.L. Webb, S. Wolpert, Bull. Amer. Math.

Soc. 27, 134 (1992) [9] D. Schueth, Ann. of Mathematics, 149, 287 (1999) [10] S. Bando, H. Urakawa, Tühoku Math. J. 35, 155 (1983) [11] S. I. Andersson, M.L. Lapidus (Eds) Progress in Inverse Spectral Geometry, p.5, Birkhäuser, Boston (1997) [12] P. Gilkey, J. Diff. Geom., 10, 601 (1975), S.W. Hawking, Phys. Rev. D18, 1747 (1978) [13] C. Rovelli, Quantum Gravity, CUP, Cambridge (2004) [14] W. Kalau, M. Walze, J. Geom.. Phys. 16, 327 (1995), A.H. Chamseddine, A. Connes, Commun. Math. Phys. 186, 731 (1997), G. Landi, C. Rovelli, Phys. Rev. Lett. 78, 3051 (1997)