arXiv:0909.2562v1 [gr-qc] 14 Sep 2009

Hořava-Lifshitz gravity and Solar System orbital motions

L. Iorio^∗, M.L. Ruggiero^{§,||} ∗INFN-Sezione di Pisa. Address for correspondence: Viale Unità di Italia 68 70125 Bari (BA), Italy. e-mail: lorenzo.iorio@libero.it § UTIU, Università Telematica Internazionale Uninettuno, Corso Vittorio Emanuele II 39, 00186 - Roma, Italy.

|| Dipartimento di Fisica, Politecnico di Torino, Corso Duca degli Abruzzi 23, 10129 - Torino, Italy. e-mail: matteo.ruggiero@polito.it

Abstract

We focus on Hořava-Lifshitz (HL) theory of gravity, and, in particular, on a spherically symmetric and asymptotically flat solution that is the analog of Schwarzschild black hole of General Relativity. In the weak-field and slow-motion approximation we analytically work out the secular precession of the longitude of the pericentre ϖ of a test particle induced by this solution. Its analytical form is different from that of the general relativistic Einstein’s pericentre precession. Then, we compare it to the latest determinations of the corrections Δϖ̇ to the standard Newtonian/Einsteinian planetary perihelion precessions recently estimated with the EPM and the INPOP ephemerides. It turns out that the inner planets of the solar system, taken singularly one at a time, allow to put upper bounds on the adimensional HL parameter ψ_0 of the order of 10^{−12} − 10^{−11}. The retrograde perihelion precession of Saturn, recently determined by processing large collections of Cassini ranging data by Pitjeva and Fienga et al., could, in principle, be explained by the HL model for ψ_0 ≈ 1−0.7×10^{−18}, which is in agreement with the constraints from the rocky planets taken singularly one at a time. Such a value is, instead, not able to account for the Pioneer anomalous acceleration for r > 20 AU. The ratios of the determined corrections to the perihelion rates for some pairs of inner planets cannot be explained by the corresponding theoretically predicted ratios of the HL precessions at more than 1σ level.

Keywords: Modified theories of gravity- Celestial mechanics PACS 04.50.Kd; 95.10.Ce

1 Introduction

Hořava [1, 2] has recently proposed a four-dimensional theory of gravity, that can be thought of as a candidate for a UV completion of General Relativity (GR), since it is power-counting renormalizable. This theory admits the Lifshitz scale invariance : x → bx, t → b^qt, and, after this, it is referred to as Hořava-Lifshitz (HL) theory. It is q = 3 in the UV, and hence HL theory exhibits anisotropy between space and time, while relativistic scaling with q = 1 is recovered in the IR. Actually, GR is reproduced at large distances, by suitably setting a running parameter of HL theory [3].

Since its formulation, HL gravity has been deeply investigated, and its applications (e.g. cosmology, study of exact solutions, lensing, black holes and termodynamics of black holes) have been analyzed (see [4, 5] and references therein). In particular, a static spherically symmetric solution has been found [3]: this solution is the analog of Schwarzschild solution of GR and, moreover, it asymptotically reproduces the usual behaviour of Schwarzschild spacetime. Since the Newtonian and lowest order post- Newtonian limits of this solution coincides with those of GR, it is manifest that HL gravity is in agreement with the classical tests of GR, as it has been recently showed in [6]. In this paper we focus on the first corrections to the GR behaviour, in order to evaluate the impact of these corrections on the solar system orbital motions. Furthermore, we use data from solar system observations to constrain HL gravity. In particular, we want to investigate the weak-field and slow-motion approximation of the HL model by working out the induced pericentre precession of a test particle (Section 2) and comparing it to recent observations-based determinations of the non-standard rates of the perihelia of some planets of the solar system (Section 3). Section 4 is devoted to the discussion and the conclusions.

2 Calculating the perihelion precession

In order to study orbital motion in the gravitational field of the Sun, we start from a static and spherically symmetric metric

ds^2 = e^{ν(r)}c^2dt^2 − e^{λ(r)}dr^2 − r^2dΦ^2, (1)

with dΦ^2 = dϑ^2 +sin^2 ϑdφ^2, in Schwarzschild-like coordinates. In particular, we consider the Kehagias and Sfetos’s asymptotically flat solution, which yields [3] e^{ν(r)} = e^{−λ(r)} = 1 + ψr^2 − √ ψ^2r^4 + 4ψMr, (2) with M ≡^{GM}_{c2} , so that

ds^2 = ( 1 + ψr^2 − √ ψ^2r^4 + 4ψMr ) c^2dt^2− dr^2 ( 1 + ψr^2 − √ ψ^2r^4 + 4ψMr

) −r^2dΦ^2. (3) Let us re-write e^{ν(r)} as

e^{ν(r)} = 1 + ψr^2 [ 1 − √ 1 + 4M ψr^3 ] . (4)

Let us focus on a typical Sun-planet system so that r ≈ 1 AU; it is clear that some limiting condition on ψ must hold so that e^{ν(r)} → 1 − 2M r , (5)

as in the Schwarzschild case. After posing ψ .=^{ψ0}_{M2} , it turns out that it must be ψ_0 ≫ 4 ( M r )_3

≈ 4 × 10^{−24} (6)

for M = M_⊙ and r ≈ 1 AU. Indeed, in this case, one has e^{ν(r)} ≈ 1 − 2M r + 2 ψ_0 ( M r )_4 , (7)

so that

ds^2 = ( 1 − 2M r + 2M^4 ψ_0r^4 ) c^2dt^2 − 1 ( 1 −^{2M}_r +^{2M4}_{ψ0r4}

)dr^2 − r^2dΦ^2. (8)

By inspection of the metric (8), it is clear that the first ψ_0−type corrections to the GR behaviour for large distances are of order r^{−4}; We aim at investigating the effects of these corrections that depend on terms in the form

M^4 ψ_0r^4 and we neglect the higher order effects of Schwarzschild metric (i.e. the

terms that are proportional to (_M r )_k , k ≥ 2). To this end, we introduce the isotropic radial coordinate r̄ r̄ = r ( 1 − M r + 1 4 M^4 ψ_0r^4 ) (9) and substitute in (8). After approximating, the metric becomes

ds^2 = ( 1 − 2M r̄ + 2M^4 ψ_0r̄^4 ) c^2dt^2 − ( 1 + 2M r̄ − 1 2 M^4 ψ_0r̄^4 ) ( dr̄^2 + r̄^2dΦ^2 ) (10) or, introducing Cartesian coordinates such that r̄^2 = x^2 + y^2 + z^2,

ds^2 = ( 1 − 2M r̄ + 2M^4 ψ_0r̄^4 ) c^2dt^2 − ( 1 + 2M r̄ − 1 2 M^4 ψ_0r̄^4 ) ( dx^2 + dy^2 + dz^2 ) ; (11) in the following we will re-name r̄ as r.^1

From eq.(11) and from the post-Newtonian equations of motion of a test particle [7]

ẍ^i = − 1 2 c^2h_{00,i}− 1 2 c^2h_{ik}h_{00,k}+h_{00,k}ẋ^kẋ^i+ ( h_{ik,m} − 1 2 h_{km,i} ) ẋ^kẋ^m, i = 1, 2, 3, (12) valid for time-independent space-time metrics without off-diagonal terms, it is possible to obtain the following expression for the ψ_0−dependent acceleration ⃗A_{ψ0} = G^4M^4

ψ_0c^6r^5 [( 4 + v^2 c^2 ) r̂ − 10 ( v_r c^2 ) ⃗v ] , (13)

where r̂ =^{⃗r} is the planet’s unit vector in the radial direction, ⃗v is the planet’s velocity, and v_r is its component in the radial direction, i.e. v_r = ⃗v · r̂. Since typical solar systems’s planetary speeds are of the order of v ≈ na ≈ 10^4 m s^{−1}, where a is the semi-major axis and n = √ GM/a^3 is the Keplerian mean motion related to the orbital period by P_b = 2π/n, we can neglect the terms

v^2 c^2 and, especially, (_{vr} c^2 ) v, which is even smaller since v_r is proportional to the planet’s eccentricity e [8]. Thus, ⃗A_{ψ0} reduces to the entirely radial term

⃗A_{ψ0} ≈ 4G^4M^4 ψ_0c^6r^5 r̂ (14)

whose magnitude, in the case M = M_⊙ and r ≈ 1 AU, is quite smaller than the Newtonian monopole for ψ_0 > 4 (_M r )_3

. As a consequence, it is possible to apply the standard Gauss perturbative approach [9] to derive the secular,

1It useful to remember that the isotropic form of Schwarzschild metric is, up to (_M r )_2 , ds^2 = ( 1 − 2M r + 2M^2 r^2 ) c^2dt^2 − ( 1 + 2M r + 3 2 M^2 r^2 ) ( dr^2 + r^2dΦ^2 ) .

i.e. averaged over one orbital period, precession of the longitude of the perihelion [8] ϖ = Ω + ω, where Ω is the longitude of the ascending node and ω is the argument of the perihelion. The Gauss equation for the node’s variation is [9]

Ω̇ = 1 na √ 1 − e^2 sin I A_n ( r a ) sin(ω + f), (15)

where A_n is the component of the perturbing acceleration ⃗A, whatever its physical origin may be, normal to the orbital plane, I is the inclination^2 to the ecliptic and f is the true anomaly reckoning the planet’s position from the the perihelion [8]. The Gauss equation for the variation of ω is [9]

ω̇ = √ 1 − e^2 nae [ −A_r cos f + A_τ ( 1 + r p ) sin f ] − cos IΩ̇, (16)

where p = a(1 − e^2) is the semi-latus rectum, and A_r and A_τ are the components of ⃗A along the radial and transverse directions, respectively, both in-plane. The un-perturbed Keplerian ellipse, on which the right-hand-sides of eq. (15) and eq. (16) have to be evaluated, is [8] r = a(1 − e^2) 1 + e cos f

, (17)

while the average over one orbital period has to be performed by means of [8] dt = (1 − e^2)^{3/2} n(1 + e cos f)^2 df. (18) Since, in this case, there is no normal component of ⃗A_{ψ0} , the node is left unaffected. The calculations with eq.(16) are made simpler by the absence of the transverse component of ⃗A_{ψ0} as well. As a consequence, we obtain that the advance of the perihelion per orbit is

Δϖ_{ψ0} = −

3πM^4(4 + e^2) ψ_0n^2a^6(1 − e^2)^3

; (19)

thus, the secular precession of ϖ, reintroducing physical units, is ⟨ϖ̇⟩_{ψ0} ≡ Δϖ ( n 2π ) = − 3(GM)^4(4 + e^2) 2ψ_0c^6na^6(1 − e^2)^3 = − 3(GM)^{7/2}(4 + e^2) 2ψ_0c^6a^{9/2}(1 − e^2)^3

. (20)

Note that eq. (20) is analytically different from the gravitoelectric O(c^{−2}) Einstein precession which is proportional to (GM)^{3/2}a^{−5/2}(1 − e^2)^{−1}.

2Ω, ω, I can be thought as the three Euler angles determining the spatial orientation of a rigid body, i.e. the un-perturbed Keplerian ellipse which changes neither its size, fixed by a nor its shape, fixed by e, with respect to an inertial frame.

2.1 Alternative derivation of the perihelion precession We present here a different way of calculating the perihelion precession, based on the general approach for spherically symmetric spacetimes, outlined in [6].

To this end, we start from the metric (2), and define the constants of motion e^{ν(r)} dt ds = E, r^2 dφ ds = L, (21)

where s is an affine parameter. Then, we can write the equation for the radial motion ( dr ds )_2 + e^{−λ(r)} L^2 r^2 − e^{−λ(r)} [ E^2e^{−ν(r)} − 1 ] = 0 (22)

and perform the change of variable u .= 1/r; furthermore, according to (21), we set d/ds = Lu^2d/dφ. We obtain an equation in the form ( du dφ )_2

+ u^2 = G(u). (23)

where G(u) .= [ 1 − e^{−λ(r)} ] u^2 +

E^2 L^2 e^{−ν(r)−λ(r)} − 1 L^2 e^{−λ(r)} (24)

By differentiating this equation with respect to φ, we eventually obtain

d^2u dφ^2 + u = F (u), (25)

where the explicit expression of F (u) in the metric (3) turns out to be [6]

F (u) = ψ L^2u^3 ( 1 − √ 1 + 4M ψ u^3 ) + 3M ( 1 + 1 L^2u^2 ) u^2 √ 1 +^{4M}_ψ u^3

. (26)

According to what we did in Section 2, after setting ψ =^{ψ0}_{M2} , we perform an approximation with respect to the small parameter ϵ .=^{4M3}_{ψ0} u^3. Consequently, eq. (26) becomes

F (u) ≈ F (u)_{GR} + F (u)_{ψ0} , (27)

where F (u)_{GR} .= 3Mu^2 + M L^2

, (28) is the usual GR contribution (see e.g. [10]) and

F (u)_{ψ0} .= 6

M^4 ψ_0 u^5 − 4

M^4 ψ_0L^2 u^3 (29)

is the correction due to HL gravity. The perihelion advance per orbit, according to the approach described in [6], is given by Δϖ = π ( dF du ) u_0

, (30)

where u_0 = M/L^2 and L^2 = Ma ( 1 − e^2 ) . Accordingly, we obtain

Δϖ = Δϖ_{GR} + Δϖ_{ψ0} (31)

where Δϖ_{GR} = 6πM a (1 − e^2)

, (32)

is the usual general relativistic result (see e.g. [10]) while

Δϖ_{ψ0} = −

12πM^4 ψ_0n^2a^6 (1 − e^2)^3

, (33)

is the correction due to HL gravity which, to lowest order in the eccentricity, is in agreement with (19).

3 Confrontation with the observations

The expression of eq.(20) can be compared to the latest determinations of the corrections Δϖ̇ to the standard Newtonian/Einsteinian periehlion precessions of some planets of the solar system recently estimated by contrasting large planetary data sets of various types with accurate dynamical force models of (almost) all known Newtonian and general relativistic effects [11, 12, 13].

First, it is interesting to check if the precession of eq.(20) is able to accommodate the anomalous retrograde perihelion precession of Saturn [14] recently estimated by processing huge collections of Cassini ranging data with both the EPM [12] and the INPOP [13] ephemerides. From the result by Pitjeva [12] (Δϖ̇_{Sat} = −6 ± 2 milliarcsec cty^{−1}) it can be obtained

ψ_0 = (1.2 ± 0.4) × 10^{−18}, (34)

Table 1: Estimated corrections Δϖ̇, in arcsec cty^{−1}, to the standard Newtonian/Einsteinian precessions of the longitude of the perihelia of the inner planets obtained with the EPM ephemerides [11, 12]; the value for Venus has been obtained by processing also radiotechnical data from the Magellan spacecraft. The quoted errors are not the mere formal, statistical ones: E.V. Pitjeva has re-scaled them by a factor up to 5 to give realistic uncertainties. The corrections Δϖ̇ account for any un-modelled dynamical effects, classical (i.e. Newtonian/general relativistic) or not.

Mercury Venus Earth Mars

−0.0036 ± 0.0050 −0.0004 ± 0.0005 −0.0002 ± 0.0004 0.0001 ± 0.0005

while the figure by Fienga et al. [13] (Δϖ̇_{Sat} = −10 ± 8 milliarcsec cty^{−1}) yields ψ_0 = (7 ± 6) × 10^{−19}. (35)

Such values are consistent with the original assumption ψ_0 > 4 (_M r )_3 and yield a posteriori a justification of our perturbative treatment because, in the case of Saturn, A_{ψ0} is about 9 orders of magnitude smaller than the Newtonian monopole. It turns out that our values for ψ_0 from Saturn are compatible with the much larger upper bounds on it which can be obtained from the upper bounds on the corrections Δϖ̇ to the usual perihelion precessions of the inner planets [11] taken singularly one at a time; indeed, the uncertainties δ(Δϖ̇) in the corrections to the usual perihelion precessions quoted in Table 1 yield the values of Table 2. The uncertainties in ψ_0 have been evaluated as δψ_0 ≤ | | |− 3(GM)^{7/2}(4 + e^2) 2Δϖ̇c^6a^{9/2}(1 − e^2)^3 δ(Δϖ̇) Δϖ̇ | | | . (36) Moreover, let us note that ψ_0 = 1.2 × 10^{−18} [6] yields for Mercury a precession of −20, 670.3 arcsec cty^{−1}, which is quite different from the standard Einstein precession of +42.98 arcsec cty^{−1}. Concerning the ability of eq.(20) to explain the anomalous perihelion precession of Saturn, it must be recalled that also a recently proposed form of the External Field Effect (EFE) in the planetary regions of the solar system in the framework of the MOdified Newtonian Dynamics (MOND) [15], and a distant body of planetary size [16] may be able to account for it.

Table 2: Values of ψ_0 obtained from the corrections Δϖ̇ to the standard perihelion precessions of the inner planets of Table 1 by using the predicted rate of eq. (20).

Mercury Venus Earth Mars (0.9 ± 3) × 10^{−11} (0.8 ± 4) × 10^{−11} (1 ± 7) × 10^{−12} (−2 ± 8) × 10^{−13}

Let us, now, check if the precession of eq. (20) survives the test of the ratio of the perihelia [17]. Let us take the corrections Δϖ̇ for the inner planets, quoted in Table 1, and construct their ratios

Π_{AB} .=

Δϖ̇_A Δϖ̇_B

(37)

for all the pairs {AB} of rocky planets. Let us, now, construct the theoretical ratios

R_{AB} .= a^{9/2}_B (4 + e^2_A)(1 − e^2_B)^3 a^{9/2}_A (4 + e^2_B)(1 − e^2_A)^3

(38)

of the ψ_0−precessions of eq. (20) for the same pairs of planets and compare them to the corresponding ratios Π_{AB}. If, for some pairs {AB}, Π_{AB} ≠ R_{AB} ⇐⇒ Γ_{AB} ≡ |Π_{AB} − R_{AB}| ≠ 0 (39) within the errors δΓ_{AB}, i.e. if Γ_{AB} > δΓ_{AB}, (40) then the existence of the precession of eq.(20) is challenged. Concerning the evaluation of δΓ_{AB}, it has been conservatively evaluated as

δΓ_{AB} ≃ δΠ_{AB} ≤ |Π_{AB}| [ δ(Δϖ̇_A) |Δϖ̇_A| + δ(Δϖ̇_B) |Δϖ̇_B| ] , (41)

in which δ(Δϖ̇) are taken from Table 1. It turns out that the (formal) errors in the semi-major axes and eccentricities [18] yield negligible contributions to δΓ_{AB}, even if they are re-scaled by a factor 10. As a result, 3 pairs of planets (A=Earth B=Mars, A=Venus B=Mars, A=Mercury B=Mars) yield^3 δΓ_{AB} Γ_{AB}

< 1, (42)

3It turns out that this result does not change if we subtract from Δϖ̇ the gravitomagnetic Lense-Thirring precessions [19], which are standard general relativistic effects not modelled in the EPM ephemerides.

which means that Π_{AB} and R_{AB} are not compatible with zero for that pairs of planets, i.e. the theoretically predicted precession of eq. (20) is not able to explain the ratios Π_{AB} of the determined non-standard perihelion precessions for that pairs of planets. The level of accuracy of such a negative outcome is more than 1σ, i.e.

Γ_{AB} δΓ_{AB}

≳ 1. (43)

More specifically, for A=Mercury B=Mars, A=Venus B=Mars and A=Earth B=Mars it is 6σ, 4σ and 1σ, respectively.

Finally, let us note that since ⃗A_{ψ0} is a radial acceleration, although directed outward the Sun and not spatially uniform, it may be interesting to see if our value for ψ_0 may, at least, explain the magnitude of the anomalous Pioneer acceleration (A_{Pio} = 8.74×10^{−10} m s^{−1}) experienced by the two twin probes after 20 AU [20]. The answer is negative because A_{ψ0} = 6 × 10^{−15} m s^{−2} for r = 20 AU and ψ_0 = 1.2 × 10^{−18}; the upper bounds of Table 2 yield even smaller values for A_{ψ0} .

4 Discussion and conclusions

In this paper we considered a spherically symmetric solution of HL gravity, whose Newtonian and lowest order post-Newtonian limits coincides with those of GR, and we focused on the first corrections to the GR behaviour, in order to evaluate the impact of these corrections on the solar system orbital motions and use the available data to constrain HL gravity. After analytically calculating the pericentre precession of a test particle averaged over one orbital revolution, we compared our theoretical prediction to the corrections to the standard Newtonian/Einsteinian perihelion precessions of some planets of the solar system, recently estimated by E.V. Pitjeva by fitting the dynamical models of the EPM ephemerides to large data sets of several types. The upper bounds on the estimated corrections to the perihelion precessions of the inner planets, taken singularly one at a time, yield upper bounds on ψ_0 of the order of 10^{−13} − 10^{−11}. The anomalous perihelion precessions of Saturn, recently estimated by different teams of astronomers by processing some years of radio-tracking data from the Cassini spacecraft with the EPM and INPOP ephemerides, could be, in principle, be explained by the HL precession, but this would imply ψ_0 = 1 − 0.7 × 10^{−18}, in agreement with the much larger upper bounds on it from the inner planets. Such values for ψ_0 yield a retrograde perihelion precession of about 10^4 arcsec cty^{−1} for Mercury, quite different from the standard general relativistic one. By taking the ratios of the perihelia for all the pairs of rocky planets, some of them cannot be explained by the corresponding predicted ratios of the HL precessions at more than 1σ level. If and when other teams of astronomers will estimate their own corrections to the standard rates of the planetary of perihelia, it will be possible to repeat the present analysis. A further, complementary approach that could be followed, although very time-consuming, consists in re-processing all the planetary data sets with the fully modelled KS metric and looking at the values of the estimated parameters, including also ψ_0 itself.

References

[1] P. Hořava, Phys. Rev. D 79, 84008 (2009), [arXiv:0901.3775].

[2] P. Hořava, Phys. Rev. Let. 102, 161301 (2009), [arXiv:0902.3657].

[3] A. Kehagias and K. Sfetsos, Phys. Lett. B 678, 123 (2009), [arXiv:0905.0477].

[4] S. Chen, J. Jing, Phys. Rev. D 80, 024036 (2009), [arXiv:0905.2055].

[5] R. A. Konoplya, Phys. Lett. B 679, 499 (2009), [arXiv:0905.1523].

[6] T. Harko, Z. Kovács and F.S.N. Lobo, [arXiv:0908.2874].

[7] V.A. Brumberg, Essential Relativistic Celestial Mechanics, Adam Hilger, Bristol, 1991.

[8] A.E. Roy, Orbital Motion. Fourth Edition, IoP, Bristol, 2005.

[9] B. Bertotti, P. Farinella and D. Vokrouhlicky, Physics of the Solar System, Kluwer, Dordrecht, 2003.

[10] C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation, W. H. Freeman and Company, San Francisco, 1973

[11] E.V. Pitjeva, Astron. Lett. 31, 340 (2005).

[12] E.V. Pitjeva, paper presented at Journées “Systèmes de référence spatio-temporels” and X. Lohrmann-Kolloquium 22-24 September 2008 - Dresden, Germany.

[13] A. Fienga, J. Laskar, P. Kuchynka, C. Leponcin-Lafitte, H. Manche and M. Gastineau, [arXiv:0906.3962].

[14] L. Iorio, Astron. J. 137, 3615 (2009), [arXiv:0811.0756]. [15] M. Milgrom, Mon. Not. Roy. Astron. Soc., at press, doi:10.1111/j.1365- 2966.2009.15302.x (2009), [arXiv:0906.4817].

[16] L. Iorio, [arXiv:0907.4514].

[17] L. Iorio, Proc. of Sci. ISFTG 018, (2009), [arXiv:0905.4704]. [18] E.V. Pitjeva, Use of optical and radio astrometric observations of planets, satellites and spacecraft for ephemeris astronomy, in W.J. Jin, I. Platais and M.A.C. Perryman (ed.) A Giant Step: from Milli- to Microarcsecond Astrometry Proceedings IAU Symposium No. 248, 2007, Cambridge University Press, Cambridge, 2008, pp. 20-22.

[19] J. Lense and H. Thirring, Phys. Z. 19 156, (1918).

[20] J.D. Anderson, P.A. Laing, E.L. Lau, A.S. Liu, M.M. Nieto and S.G.

Turyshev, Phys. Rev. Lett. 81, 2858 (1998), [gr-qc/9808081].