arXiv:0909.2821v1 [gr-qc] 15 Sep 2009

Stability of the Einstein static universe in Hořava-Lifshitz gravity

Puxun Wu^∗ and Hongwei Yu^† Department of Physics and Institute of Physics, Hunan Normal University, Changsha, Hunan 410081, China

Abstract

We study the stability of Einstein static universe in the Hořava-Lifshitz (HL) gravity with the detailed-balance condition, where the Friedmann equation gets corrected by a 1/a^4 term. We find that, if the cosmological constant Λ is negative, there exists a stable Einstein static state. The universe can stay at this stable state eternally and thus the big bang singularity can be avoided. However, in this case, it is difficult for the universe to break this stable state and then enter an inflationary era. For a positive Λ, the system has both an unstable state and a stable one. The former corresponds to an exponentially expanding phase. The universe can stay at this stable state past-eternally. Once the equation of state w reaches infinity: w → ∞ or w → −∞, this stable critical point coincides with the unstable one. Thus the stable state is broken and then the universe enters an inflationary era. Therefore, the big bang singularity can be avoided and a subsequent inflation can occur.

PACS numbers: 98.80.Cq, 04.20.Jb

∗ wpx0227@gmail.com † hwyu@hunnu.edu.cn

I. INTRODUCTION

In the standard cosmological model, the existence of a big bang singularity in the early universe is still an open problem. In order to solve this problem, Ellis et al proposed, in the context of general relativity, a scenario, called an emergent universe [1, 2]. In this scenario, the space curvature is positive and the universe stays past-eternally in an Einstein static state and then evolves into a subsequent inflationary phase. Thus in this model the universe originates from an Einstein static state and not from the big bang singularity. The Einstein static state as the initial state of universe is also favored by the entropy considerations [3]. However, the Einstein static universe in the classical general relativity is unstable, which means that it is extremely difficult for the universe to maintain such an initial static state in a long time due to the existence of perturbations, such as the quantum fluctuations. Therefore, the original emergent model does not seem to solve successfully the big bang singularity problem.

Since in the early epoch, the universe is presumably under extreme physical conditions, new effects, such as those stemming from quantization of gravity, or a modification of general relativity or even other new physics, may become important. As a result, modified stability of Einstein static state have been discussed in various cases. In this regard, Carneiro and Tavakol [5] studied the stability in the presence of vacuum energy corresponding to conformally-invariant fields and reconstructed a non-singular emergent cosmological model. In Refs. [4, 6, 7, 8] the authors discussed the emergent scenario within the frameworks of loop quantum gravity and braneworld cosmology, and found that a successful model can be obtained. In Refs. [9, 10], it was found that in f(R) gravity the Einstein static state is unstable, while in f(G) gravity, it is stable, where G is the Guass-Bonnet term.

Recently, motivated by the Lifshitz theory in solid state physics, Hořava proposed a power-counting renormalizable theory of gravity, called Hořava-Lifshitz (HL) gravity [11]. In the ultraviolet (UV) limit, HL has a Lifshitz-like anisotropic scaling between space and time characterized by the dynamical critical exponent z = 3 and thus breaks the Lorentz invariance, while in the IR it flows to z = 1, which is just the classical general relativity gravity theory. Apparently the HL modifies the general relativity gravity theory mainly in the high energy regime. Hence its possible effects have recently been examined in the early universe. In Refs. [12, 13, 14], the authors studied the general cosmological field equation and found, in non-flat universe, that the Friedmann equation is corrected by a 1 a^4 term, where a is the scale factor. In Refs. [16, 17, 18, 19, 20, 21, 22, 26], the authors

analyzed the cosmological perturbations. In Ref. [23], Takahashi and Soda researched the generation of chiral gravitational waves from inflation. In Ref. [27], the classification of cosmology in HL theory was studied. In Ref. [25], Brandenberger discussed a bouncing universe in HL cosmology and in Ref. [26], Mukohyama studied the case of an integration constant in HL as a possible candidate for dark matter. In addition, some other issues in HL gravity have been investigated in Ref. [28].

In this paper, we discuss the stability of Einstein static universe in the context of HL gravity. In the following section, we briefly review the HL cosmology. In section III, we analyze the Einstein static solutions and discuss the stability of these solutions. Finally, in section IV, we present our main conclusions.

II. THE HOŘAVA-LIFSHITZ COSMOLOGY

In HL gravity, it is convenient to use the ADM decomposition of the metric

ds^2 = −N^2dt^2 + g_{ij}(dx^i + N^idt)(dx^j + N^j dt) , (1)

where g_{ij} is the 3-dimensional spatial metric, N is the lapse function, N^i is the shift vector, and the coordinates scale as t → ℓ^3t, x^i → ℓx^i.

The action of HL gravity consists of kinetic and potential terms. The former is given by S_k = 2 κ^2 ∫ dtd^3x √ gN(K_{ij} K^{ij} − λK^2) , (2) where K_{ij} =^1_{2N} (ġ_{ij} −∇_iN_j −∇_j N_i) is the extrinsic curvature, K = g^{ij}K_{ij} , K^{ij} = g^{ik}g^{jl}K_{kl}, and λ is a dimensionless parameter. When λ = 1, one gets the kinetic part of the 4- dimensional Einstein-Hilbert action. With the detailed-balance condition, the potential term has the form

S_V = ∫ dtd^3x √ gN ( βC_{ij}C^{ij} + γ ϵ^{ijk} √ g R_{il}∇_j R^l_k + ζR_{ij}R^{ij} + ηR^2 + ξR + σ ) . (3)

Here R_{ij} is the three-dimensional spatial curvature tensor, R = g^{ij}R_{ij} , ϵ^{ijk} is the antisymmetric tensor with ϵ^{123} = 1 and C^{ij} =^{ϵilk}√_g ∇_k ( R^j_l −^1_4 δ^j_l R ) is the Cotton tensor. The constants β, γ, ζ, η, ξ and σ are defined respectively as, β = − κ^2 2ω^4 , γ = κ^2μ 2ω^2 , ζ = − κ^2μ^2 8 , η = κ^2μ^2(1 − 4λ) 32(1 − 3λ) , ξ = κ^2μ^2 8(1 − 3λ) Λ, σ = − 3κ^2μ^2 8(1 − 3λ)

Λ^2 , (4)

where Λ is the cosmological constant, and μ and ω are two coupling constants.

In the IR limit, the action simplifies to S ≃ ∫ dtd^3x √ gN[ 2 κ^2

(K_{ij} K^{ij} − λK^2) + +ξR + σ] . (5)

Setting x^0 = c t, λ = 1, and c = √ ξκ^2/2, 16πG = √ ξκ^3/8, Λ_{EH} = − σκ^2 4 , (6)

this simplified action reduces to the Einstein-Hilbert one.

For a homogeneous and isotropic universe described by the metric

ds^2 = −dt^2 + a^2(t) ( dr^2 1 − kr^2 + r^2d^2Ω ) , (7)

the Friedmann equation in HL gravity can be expressed as 6 κ^2

(3λ − 1)H^2 = ρ − σ − 6kξ a^2 − 12k^2(ζ + 2η) a^4

. (8)

Here k = 0, ±1, and ρ is the energy density of a perfect fluid in the universe, which satisfies the conservation equation

ρ̇ + 3Hρ(1 + w) = 0 , (9)

where w = p/ρ is the equation of state. It is easy to see that, for a spatially flat universe, this Friedmann equation is the same as that in general relativity. Considering the case where 3λ−1 > 0, one can see, from Eq. (6), that a negative Λ is required. In Ref. [12], the authors point out that a positive Λ can be obtained by making an analytical continuation for parameters μ and ω^2 by μ → iμ and ω^2 → −iω^2.

In this paper, we only consider the case of 3λ − 1 > 0. For convenience, we define two new constants β = κ^2 6(3λ − 1) , α = μ^2κ^4 48(3λ − 1)(1 − 3λ)

. (10)

Apparently for the case 3λ − 1 > 0, β is positive while α is negative if μ^2 > 0. Using these new defined constants, the above Friedmann equation for a closed universe can be reexpressed as

H^2 = βρ + 3αΛ^2 − 6αΛ a^2 + 3α a^4

. (11)

Combining this equation and the energy conservation equation, we have ä a = − 1 + 3w 2 H^2 + 9 2 αΛ^2(1 + w) − 3αΛ(1 + 3w) 1 a^2 − 3α(1 − 3w) 2 1 a^4

. (12)

III. THE EINSTEIN STATIC SOLUTION

The Einstein static solution is given by the conditions ȧ = 0 and ä = 0, which imply

a = a_{Es}, H(a_{Es}) = 0 . (13)

From Eq. (12), it is easy to obtain two critical points P oint A : 1 a^2_{Es} = Λ (14) and P oint B : 1 a^2_{Es} = − 3(1 + w) 1 − 3w Λ . (15)

If Λ is negative, the Point A is physically meaningless, and the existence condition for Point B is −1 < w <^1_3 . For a positive Λ, Point A exists and so does Point B if w satisfies the condition w < −1 or w >^1_3 .

In order to study the stability of these critical points, we introduce two variables

x_1 = a, x_2 = ȧ . (16)

They obey the following equations

ẋ_1 = x_2 , (17)

ẋ_2 = −

1 + 3w 2 x^2 x_1 + 9 2 αΛ^2(1 + w)x_1 − 3αΛ(1 + 3w) 1 x_1 − 3α(1 − 3w) 2 1 x^3_1

. (18)

Linearizing the system described by above two equations near critical points, one can obtain the eigenvalues of the coefficient matrix, which determine the stability of these critical points. After calculations, we get the eigenvalue λ^2:

P oint A : λ^2 = 12αΛ^2 , (19)

P oint B : λ^2 = −12αΛ 1 a^2_{Es} . (20)

If λ^2 < 0, the corresponding equilibrium point is a center point otherwise it is a saddle one. In order to analyze the stability of the critical points in detail, we now divide our discussions into two cases, i.e., Λ < 0 and Λ > 0.

A. Λ < 0

For this case, α < 0 and Point A is physically meaningless. Therefore we only discuss the stability of Point B, which exists under the condition −1 < w <^1_3 . From Eq. (20), it is easy to see that λ^2 < 0 under this condition. This means that the point is stable. If the universe stays at this stable state initially, it can maintain this state eternally and undergo an infinite oscillation. Thus the initial big bang singularity can be avoided. However, in this case it seems to be very hard for the universe to break this stable state and enter an inflationary era.

B. Λ > 0

As pointed out in Ref. [12], in order to obtain a positive Λ, we must make an analytical continuation of the parameters μ and ω^2 by μ → iμ and ω^2 → iω^2, which leads to α becoming a positive constant (α > 0). Now, critical point A can also exist and it corresponds to an inflation phase. But this point is a saddle since λ^2 > 0. The critical point B exists, if w >^1_3 or w < −1, and it is a center since λ^2 < 0. If the cosmic scale factor satisfies Eq. (15), the universe can stay at this stable state past-eternally and undergo an infinite oscillation. Once the equation of state w of a perfect fluid reaches infinity: w → ∞ or w → −∞, the stable critical point coincides with the saddle one. Thus the stable state is broken and then the universe enters an inflationary era. As a result, the big bang singularity can be avoided and a subsequent inflation can occur.

IV. CONCLUSION

The Hořava-Lifshitz gravity is a power-counting renormalizable theory, which has an anisotropic scale between space and time in the UV limit, and thus breaks the Lorentz invariance. Applying this theory to cosmology, one finds that the Friedmann equation for a non-flat universe gets corrected by the appearance of a^1_{a4} term. In the present paper, we study the influence of this correction term on the Einstein static state. If the cosmological constant Λ is negative, we find that there exists a stable Einstein static state. The universe can stay at this stable state eternally and thus the big bang singularity can be avoided. However, in this case, it is hard for the universe to break this stable state and enter an inflationary era. So the big bang singularity problem cannot be solved successfully. By making an analytical continuation of model parameters, a positive Λ can be obtained [12]. In this case, the system has both a unstable state and a stable one. The former corresponds to an exponentially expanding phase. If the cosmic scale factor satisfies some conditions, the universe can stays at this stable state past-eternally. Once the equation of state w of a perfect fluid reaches infinity: w → ∞ or w → −∞, this stable critical point coincides with the saddle one. Thus the stable state is broken and then the universe enters an inflationary era. Therefore, the big bang singularity can be avoided and a subsequent inflation can occur.

Finally, we must point out that, in order to avoid the big bang singularity and at the same time, have an inflationary era which occur subsequently, w must reach infinity. This does not seems to be a very normal condition. However, let us note that recently, Wang and Maartens [21] found that, in the case without the detailed-balance condition in HL gravity, the Friedmann equation is further modified by a new^1_{a6} term besides a^1_{a4} one. In the future, we hope to discuss stability of Einstein static universe in this case, and see whether this new correction term can alleviate the condition of phase transition between stable and unstable states.

Acknowledgments

This work was supported in part by the National Natural Science Foundation of China under Grants No. 10575035, 10775050, 10705055, the SRFDP under Grant No. 20070542002, the Programme for the Key Discipline in Hunan Province, and the FANEDD under Grant No 200922.

[1] G. F. R. Ellis and R. Maartens, Class. Quant. Grav. 21 (2004) 223. [2] G. F. R. Ellis, J. Murugan and C. G. Tsagas, Class. Quant. Grav. 21 (2004) 233. [3] G. W. Gibbons, Nucl. Phys. B 292 (1987) 784; Nucl. Phys. B 310 (1988) 636. [4] D. J. Mulryne, R. Tavakol, J. E. Lidsey and G. F. R. Ellis, Phys. Rev. D 71 (2005) 123512. [5] S. Carneiro and R. Tavakol, Phys. Rev. D 80 (2009) 043528 arXiv: 0907.4795. [6] L. Parisi, M. Bruni, R. Maartens and K. Vandersloot, Class. Quant. Grav. 24 (2007) 6243. [7] P. Wu and H. Yu, JCAP 05 (2009) 007.

[8] J. E. Lidsey and D. J. Mulryne, Phys. Rev. D 73 (2006) 083508.

[9] C. G. Bohmer, L. Hollenstein and F. S. N. Lobo, Phys. Rev. D 76 (2007) 084005; N. Goheer, R. Goswami and P. K. S. Dunsby, Class. Quant. Grav. 26 (2009) 105003 arXiv: 0809.5247; S. S. Seahra and C. G. Bohmer, Phys. Rev. D 79 (2009) 064009; S. del Campo, R. Herrera and P. Labrana, J. Cosmol. Astropart. P. 0711 (2007) 030; R. Goswami, N. Goheer and P.

K. S. Dunsby, Phys. Rev. D 78 (2008) 044011; U. Debnath, Class. Quant. Grav. 25 (2008) 205019; B. C. Paul and S. Ghose, arXiv: 0809.4131.

[10] C. Bohmer and F. S. N. Lobo, Phys. Rev. D 79 (2009) 067504 arXiv: 0902.2982 [11] P. Horava, JHEP 0903 (2009) 020 arXiv: 0812.4287; Phys. Rev. D 79 (2009) 084008 arXiv:

0901.3775; Phys. Rev. Lett. 102 (2009) 161301 arXiv: 0902.3657.

[12] H. Lu, J. Wei and C. N. Pope, Phys. Rev. Lett. 103 (2009) 091301 arXiv: 0904. 1595. [13] E. Kiritsis and G. Kofinas, arXiv: 0904.1334. [14] G. Calcagni, arXiv: 0904.0829.

[26] S. Mukohyama, JCAP 0906 (2009) 001 arXiv:0904.2190. [16] X. Gao, arXiv:0904.4187.

[17] R. Cai, B. Hu and H. Zhang, Phys. Rev. D 80 (2009) 041501 arXiv:0905.0255. [18] B. Chen, S. Pi and J. Tang, arXiv: 0905.2300.

[19] X. Gao, Y. Wang, R. Brandenberger, A. Riotto, arXiv: 0905.3821. [20] K. Yamamoto, T. Kobayashi, G. Nakamura, arXiv: 0907.1549. [21] A. Wang, R. Maartens, arXiv: 0907.1748.

[22] T. Kobayashi, Y. Urakawa, M. Yamaguchi, arXiv:0908.1005. [23] T. Takahashi and J. Soda, Phys. Rev. Lett. 102 (2009) 231301 arXiv:0904.0554. [24] Y. Piao, arXiv:0904.4117.

[25] R. Brandenberger, arXiv:0904.2835. [26] S. Mukohyama, arXiv:0905.3563.

[27] M. Minamitsuji, arXiv:0905.3892; A. Wang, Y. Wu, JCAP 0907 (2009) 012 arXiv:0905.4117 [28] H. Nikolic, arXiv:0904.3412; R. Cai, Y. Liu, Y. Sun, JHEP 0906 (2009) 010 arXiv:0904.4104; G. E. Volovik, JETP Lett. 89 (2009) 525 arXiv:0904.4113; E. Colgain, H. Yavartanoo, JHEP 0908 (2009) 021 arXiv:0904.4357; B. Chen, Q. Huang, arXiv:0904.4565; S. Mukohyama, K. Nakayama, F. Takahashi, S. Yokoyama, arXiv:0905.0055; D. Orlando, S. Reffert, Class. Quant. Grav. 26 (2009) 155021 arXiv:0905.0301; T. Nishioka, arXiv:0905.0473; R. A. Konoplya, Phys. Lett. B 679 (2009) 499 arXiv:0905.1523; S. Chen, J. Jing, Phys. Rev. D 80 (2009) 024036 arXiv:0905.2055; M. Li, Y. Pang, JHEP 08 (2009) 015 arXiv:0905.2751; J. Chen, Y. Wang, arXiv:0905.2786; Y. Kim, H. Lee and Y.

Myung, arXiv:0905.3423; E. N. Saridakis, arXiv:0905.3532; G. Calcagni, arXiv:0905.3740; Y. Myung, arXiv:0906.0848 ; C. Germani, A. Kehagias, K. Sfetsos, arXiv:0906.1201; A. Castillo, A. Larranaga, arXiv:0906.4380; S. Mukohyama, arXiv:0906.5069; J. Peng, S. Wu, arXiv:0906.5121 S. Koh, arXiv:0907.0850; T. Harko, Z. Kovacs, F. S. N. Lobo, Phys. Rev. D 80 (2009) 044021 arXiv:0907.1449; S. Kim, T. Kim, Y. Kim, arXiv:0907.3093; C. Appignani, R. Casadio, S. Shankaranarayanan, arXiv:0907.3121; J. Kluson, arXiv:0907.3566; H. Lee, Y. Kim, Y. Myung, arXiv:0907.3568; N. Afshordi, arXiv:0907.5201; Y. Myung, arXiv:0907.5256; Y. Myung, arXiv:0908.4132; T. Harko, Z. Kovacs, F. S. N. Lobo, arXiv:0908.2874; M. R. Setare, arXiv:0909.0456; R. Cai, L. Cao, N. Ohta, Phys. Rev. D 8 (2009) 024003 arXiv:0904.3670; Y. Myung, Y. Kim , arXiv:0905.0179; J. Tang, B. Chen, S. Pi, arXiv:0908.2271; R. Cai, L. Cao, N. Ohta, Phys. Lett. B 679 (2009) 504 arXiv:0905.0751; Y. Myung, arXiv:0905.0957; S. Chen, J. Jing, arXiv:0905.1409; C. Ding, S. Chen, J. Jing, arXiv:0909.2490; L. Iorio, M. L. Ruggiero, arXiv:0909.2562; S. Nojiri, S. D. Odintsov, arXiv:0905.4213; Y. Myung, arXiv:0909.2075; S. Carloni, E. Elizalde, P. J. Silva, arXiv:0909.2219; S. Maeda, S. Mukohyama, and Shiromizu, arXiv:0909.2149.